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Abstract

We prove a new representation of the generator of a subordinate semigroup as limit of bounded operators.
Our construction yields, in particular, a characterization of the domain of the generator. The generator
of a subordinate semigroup can be viewed as a function of the generator of the original semigroup. For
a large class these functions we show that operations at the level of functions has its counterpart at the
level of operators.
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0. Introduction

Let {T,},>0 be a contraction semigroup of type (Cp) (that is, strongly continuous
semigroup) on a Banach space (X, || - ||) with infinitesimal generator (A, D(A)).
Subordination (in the sense of Bochner) is a method of getting new (Cp)-semigroups
from the original one {T;},-o by integrating {7,},>¢ (as function of r) with respect
to a subordinator, that is a vaguely continuous semigroup {4, },>¢ of sub-probability
measures on [0, 00). Thus, the subordinate semigroup {T,f }¢>0 1s given by the Bochner
integral

0.1) T u =/ Tup,(ds), t=>0,uclX.
(0,00

The superscript f in T refers to the Bernstein Sunction f : (0, 00) — [0, oo) which
is the logarithm of the (one-sided) Laplace transform of x4/,
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[2] Subordination in the sense of Bochner and a functional calculus 369

(0.2) I (x) = / e uds)=e?, 1,x>0,
[0.00)
and is given by the Lévy-Khinchine-type formula

0.3) f(x) =bx +/ A—e™ud), x>0,

0,00)

where b > 0 and f(o_oo) t/(1 +t)u(dt) < oo. The generator of {T,f},zo will con-
sequently be denoted by (A/, D(AY)). In [15] Phillips obtained the following repres-
entation formula for A/:

0.4) Alu=bAu +/ (T,u — u) u(dt), u € D(A).

0,00)

If we write ¢4 for 7,, this result shows—at least at a formal level—that A =
—f(—A). In fact, it gave rise to a functional calculus which is sometimes referred
to as Bochner-Phillips calculus, see [2]. It is well-known for contractive semigroups
{T;};>0 and one-sided «-stable subordinators f(x) = x%, a € (0, 1), that A/ is
indeed the fractional power —(—A)“ (in the sense of Balakrishnan), see [23, 13]. In
[11,2, 19] the complete Bernstein functions, a sufficiently rich subclass of the Bernstein
functions (containing, for example, the above fractional powers), was considered and
the relation A = — f(—A) established whenever f is defined on the spectrum of
—A, see Proposition 1.3. Here, — f(—A) is characterized via its resolvent in terms of
the Dunford-Taylor integral, see Section 4 and [2, 19].
In [11, 2, 19] the representation formula

0.5) Afu = bAu +/ A(A =27 p(dr), u e D(A),

(0,00)

for A/ was used, where f(x) = bx + f(o,oo) x(A+x)7! p(d)) is a complete Bernstein
function with a representation which is particular to this class of functions. Note
that (0.5) generalizes Balakrishnan’s formula for fractional powers, [23, Chapter
IX.11]. Both formulae (0.4) and (0.5) are only defined for u € D(A) and fail, in
general, to describe A/ as a whole. There is little information on D(A”), only that
D(A") Cc D(A’), n € N, is an operator core for A/ and that D(A) = D(A) if
and only if lim,, . x~'f(x) # 0, see [19]. In [18, 19] we used for self-adjoint
Hilbert space operators A, B and complete Bernstein functions f a Heinz-Kato type
theorem so as to compare D(A/) and D(B): if the graph norms of A and B are
comparable, so are those of A/ and B/ and, in particular, D(A/) = D(B’). This
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370 René L. Schilling 13

technique can be fruitful if one works in concrete situations, see [12] for an application
to pseudo-differential operators.

In this paper we will give an alternative description of (A/, D(A')) by approx-
imating A’ through a sequence of bounded infinitesimal generators. The idea itself
does not seem to be new and was employed by Westphal [22] in order to get a similar
approximation of Balakrishnan’s fractional powers —(—A)“ of an infinitesimal gen-
erator A. Westphal showed that there is a sequence g,(x) — x* as n — 00 such
that Q,(x) = g,(x)x~° is a Laplace transform of a measure g, ,(x)1¢ ) dx. Putting
formally x = —A, we can interpret 0,(—A) as bounded operator and approximate
(—A)*. Since the densities g, ,(x) can be explicitly calculated, the reasoning in [22]
was straightforward and could easily be made rigorous.

We will go along similar lines, although we cannot use explicit formulae when
approximating the complete Bernstein function f. Here we will construct an approx-
imating sequence { f,},.y for f consisting of bounded complete Bernstein functions.
Now the operators A/ are well-defined, for example, by Phillips’ formula (0.4), and
the following definition makes sense:

Af = weak- lim,_, o, A’

(0.6)
D(Af) = {u € X : the above weak limit exists} .

We show that (A7, D(A')) is a closed dissipative extension of (A/, D(A/)), hence

Af = A/,
In particular, the above characterization of D(A') yields the following asymptotic
result
0.7) 17w — ull = O : ) as €0 for ueD@),
feh)

which allows for a comparison of the domains of A’ and A¢, where g is some other
Bernstein function.

In our final section we make some first steps towards a functional calculus for gen-
erators of subordinate semigroups. We show that operations at the level of complete
Bernstein functions—scalar multiplication, addition, composition, multiplication, and
convergence—have their counterparts at the level of operators. In particular, we can
show for complete Bernstein functions f, g,

(0.8) if f - g is a complete Bernstein function, then A'¢ = —A/ 0 A* = —Af 0 Af

where equality is understood in the sense of operators. Putting — f(—A) = A/ we
can extend (0.8) to the case where f - g is no longer a Bernstein function:

0.9) (fe)(—A) = f(—A) o g(-A) = g(—A) o f(-A).
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Hirsch derived in [11] a representation of (A/, D(AY)) for the class of complete
Bernstein functions that is basically identical with (0.6) but uses a different approx-
imation of the function f. In fact, Corollary 2.10 and Theorem 4.1 (5) can already
be found there. However, the method used in [11] is quite different from ours. It is
motivated by potential theoretic considerations and uses an approach via the resolvent
rather than the semigroup. Since our results in sections 3 and 4 strongly depend on
our approach we will, nevertheless, include our proofs in full.

1. Notations and auxiliary results

Let us recall some results from semigroup theory, see, for example, [8] and [14].

A (Cyp)-semigroup of type wy € [—00, 00) on a Banach space (X, || - ||) is a one-
parameter family of operators {7,},>0 on X satisfying 7, ,u = T,T,u forall¢t,s > 0,
and lim,_¢ ||T,u — u)| = O forall u € X, and

(1.1) 1T < Mue™, t>0,

forall w > wy with a suitable constant M,, > 0. The infinitesimal generator (A, D(A))
of {T,},» is the operator

Tu —
(12) Au = lim i on D(A),
t—
where
(1.3) D(A) = {u € X : the limit (1.2) exists strongly}.

The resolvent set p(A) of A contains the complex half-plane {z € C : Rez > wy},
and the following estimate holds for z € p(A),Rez > w, w > ay:

M,
(1.4) I(z—A)'ull < =——|lull, forallu € X.
Rez—w
If A is the generator of a contraction semigroup, that is, a semigroup where (1.1)
becomes || T;|| < 1 forall r > 0, it is a dissipative operator:

(1.5) |Au — zu|l > Rezjlull, z€C, Rez >0,

holds for all 4 € D(A). In the general situation, we can always turn a semigroup
{T:};>0 into a contraction semigroup with generator A=A—won(X,| - I)) where
T, = e T, is defined on X equipped with the new norm |[ufj = M_' sup;.o N T,ull.
Hence, (1.4) and (1.5) are, in this sense, the same properties. Let us recall from [21,
pp- 22-24] the following result for dissipative operators.
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THEOREM 1.1. For any [closed] operator B on a Banach space (X, || - ||) the
Jollowing assertions are equivalent:

(1) B isdissipative, that is, ||(B — A)u|| > Re A||\u|| for allu € D(B) and some [all]
A € CsuchthatRel > 0.

2) (B —MNull = Al\ul| for all u € D(B) and some [all] . > 0.

(3) Forallu € D(B) thereis a ¢ € X* such that ||u|® = ||¢)|? = x(u, p)x- and
Re  (Bu, $)x. < O.

If B is closed, dissipative, and densely defined with (A — B)(D(B)) = X for some
A > 0, (3) holds for all ¢ € X* with |u||* = ||¢|12 = x{u, ) x-.

By the above remark, the operator B = A —w, where @ > wy and A is the generator
of a (Cyp)-semigroup of type wy, satisfies the conditions of the above theorem.

A subordinator is a vaguely continuous convolution semigroup {u,};»o of sub-
probability measures u, on [0, o0). By Bochner’s theorem the Laplace transform of
1, has the form

(1.6) a0 = [ e un = e, xzo0
0
where f is a Bernstein function (%.%), that is a C*®-function on (0, oo) with repres-
entation
1.7 f(x)=a+bx +/ (1 —e™) u(de)
(0,00)

with ¢, b > 0 and a measure u on (0, 00) such that fwm) t/(1 4+ 1) u(dt) < oo. We
will also need the related class of completely monotone functions € .# which consists
of the Laplace transforms of measures in [0, 00). For an exhaustive account on #.%
and €.# we refer to [3, §9].

If the semigroup {T;},>¢ is not equi-bounded but of type wp, not every subordinator
is eligible for subordination. If, however, fwm) e’ u,(ds) < oo for some w > axy
from (1.1), the Bochner integral

(1.8) T 'u= f Tuu,(ds), ueX,t>0,
[0.00)

makes sense and defines a new (Cp)-semigroup {T,f }iso-

DEFINITION 1.2. Let {T}};>0 be a (Cy)-semigroup of type wy and {u,},»0 be an
admissible subordinator with f € %.%. Then the semigroup {7,/ }i»0 of (1.8) is calied
subordinate (in the sense of Bochner) with respect to {7} },5¢.
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The idea of subordination is probably due to Bochner [4], also [5, Chapter 4.4]. The
following result characterizes those subordinators which can be used for subordination
if the semigroup is not equi-bounded, see [18, Satz 2.13] or [19]. This, in particular,
allows us later on to restrict ourselves to contractive semigroups.

PROPOSITION 1.3. Let {11,},»0 be a subordinator with f € BF asin (1.7). For all
B = 0 the following assertions are equivalent:
(D) f[o.oo) e*f u,(ds) < oo forallt > 0;
(2) f extends analytically onto {z € C : Rez > —B} and continuously up to the
boundary;
€) f“vm) e*f u(ds) < oo.

Obviously, the type w({ of {T,f }isoisless orequal to — f(—wyp) = inf,,. ., (— f (—w)).
Later on, we will only consider a subset of Z.%.

DEFINITION 1.4. A function f : (0,00) — R is a complete Bernstein function
(CRBZF), if

(1.9) fx) = xzf e p(s)ds, x>0,
(0,00)

holds with some ¢ € B.%.

Complete Bernstein functions are sometimes also called operator monotone func-
tions, see, for example, [9]. Our notation follows closely [16].

Examples for complete Bernstein functions are x — x/(x +¢), ¢ > 0, x — x°,
(0 <a <1),orx +— log(l 4+ x), whereas x = 1 — ™, (¢ > 0), is contained in
BF \ €BF. The following theorem gives a precise characterization of the class
CRBF:

THEOREM 1.5. (see [18]) Each of the following five properties of f : (0,00) > R
implies the other four:
(1) feCRF;
(2) x — f(x)/x is a Stieltjes transform, that is

1
_f(x)=g+b+/' o(dt), x>0,
X X oyt +X

with a, b > 0 and a measure o on (0, 00).

3) f:(0,00) = [0, 00) extends analytically onto C \ (—00, 0] such that f(z) =
f(@)andImz Im f(z) > 0. (Inotherwords: f preservesupper and lower half-planes
in C).
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@) f € BF with representation

f(x)=a+bx +/ (1 —e* m(s)ds, x>0,
(0,00}

wherea, b > 0, m(s) = f(o,w) e~ p(dt), andf(o'oo) 1/(t(1+1)) p(dt) < oco. (Infact,

p(dt) =to(dt) of (2).)

B) x/f(x) e €BZF.

Some of the above implications can be found in [2] and [9], a detailed proof for (1)-
(4) is given in [18]. Only (5) seems to be new, but it is straightforward that (1) and (3)
imply (5), whereas (1) follows from (5) because of the identity f(x) = x/(x/f (x)).

ASSUMPTION 1.6. Throughout this paper, {T;},>p will always be a (Cp) contraction
semigroup on the Banach space (X, || - ||), its generator will be denoted by (A, D(A)),
and {u,},50 will be a subordinator with Bernstein function f. The subordinate semi-
group is denoted by {T,’},, and its generator by (A7, D(A”)).

2. On the domain of A/

In his 1952 paper on the generation of semigroups of linear operators [15] Phillips
showed that D(A) C D(A’) is a core of A’ and gave the following representation
formula for the generator of the subordinate semigroup

@e.n Afu = —au + bAu +f (T,u — u) u(ds), u e D(A);

0.00)

the spectrum of A/ satisfies 0(A”) D — f(—0 (A)). Little seems to be known about
the domain D(A*) of A”. It was shown in {19, Theorem 5.1} that D(A’) = D(A) if
and only if either A is bounded or if lim, o, x~' f(x) = b > 0.

LEMMA 2.1. Let f be a Bernstein function with representation (1.7) wherea = b =
0. Then f is bounded if and only if n((0, 00)) < oo. The operator A/ is bounded if
A is bounded or if f is bounded.

PROOF. If 1£((0, 0)) < o0, we have forall x > 0

Fox) = f (1 — e™™) u(dt) < ] 1(dr) < oo,
(0,00)

(0,00)

Conversely, if f is bounded, we find from Fatou’s lemma

X—>00 x>0

f wu(dt) < liminf/ (1 —e™)yu(dt) = sup f(x) < oc.
(0,00) (0,00)
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Suppose now that ||A|| < oc. Then foru € D(A) = X
1%l < [ 1T =
(0,00)

< / T — ul (e + / w(dnul
0,1)

{1,00)

<(1an [ tuan+ [

[1,00)

w@n) lull,

©.1)

hence, |Af|| < oo (use Proposition 1.3 (3)). If f is bounded, we have by much the
same calculation

1Aull < f w@d)lull,
(0,00)
hence, |A7] < 0. ]

In what follows we will always assume that f is a complete Bernstein function
€BF. As aconsequence of the above Lemma we may furthermore assume that f
is not bounded, that is, that 1¢((0, 1)) = oo and has no linear part. Thus,

fx)= / (1 — e™)m(t) dt,
(0,00)

(2.2) o(ds)

m(t) =/ e * p(ds), with —_— <
{0.00) ©.00) S(1 +5)

The following approximations of f will be important

filx) = / (1 —e™)m(t)dt, keN

(2.3) 000

m(t) = f e p(ds) with p as in (2.2).
©.k)

Note that f, € €% F and is bounded, since

d
fex) 5/ my(t) dt =f / e dt p(ds) =/ plds) < 00,
©.00) ©.0 J (0,00 ok S

and that f(x) = lim,_, », fi(x) for all x > 0. We use f; in order to give an alternative
definition of the operator A/.
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DEFINITION 2.2. Let {T;},>0 and A be as in Assumption 1.6, {1,},>0 be a subordin-
ator with f € A% as in (2.2), and the sequence { fi},.y given by (2.3). Then the
Bochner integral

(2.4) A'u = weak- lim (Tou — wym, () dt

k—>00 (0,00)

defines an operator on X with domain
(2.5) D(AY) = {u € X : the limit (2.4) exists weakly} .

Obviously, D(A) C D(A’) and A’ extends A/|D(A). We shall show that, in fact,
A/ = A7|D(A) = A’. In order to do so, we need some preparations.

LEMMA 2.3. Let f, fi be as in (2.2), (2.3). Then there exist (possibly signed)
measures y;(depending on a constant b > 0) such that

(2.6) b+ Nv=b+ fi, keN,
holds for the one-sided Laplace transform v, of yi.

PROOF. Since f € BF, f # 0, implies 1/(b + f) € €4 for any b > 0, see [3,
example 9.9], we find

1

2.7 T

/ e v(dt) =V(x)
[0,00)

with a suitable measure v on [0, 0c0). By the convolution theorem for Laplace trans-
forms we have

b+ fi(x) 1 . 1
bt S () (” * fw,w) m(t) d’) e

(b + / m(t) dt) V(x) — m; (x) V(x)
(0,00)

= ((b + f m(t) dt) vV —my % V) “(x),
(0,00)

and so

(2.8) y(ds) = (b + / m () dt) v(ds) — m; x v(s)ds. 0
(0,00)
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In fact, under the above assumptions on f and f;, the measures y, are positive
measures as the following Lemma shows.

LEMMA 2.4, Let f, fi, v, and b > 0 be as in Lemma 2.3. Then the function
x = (b+ fi(x))/(b+ f(x)) is completely monotone and its representing measure
Vi IS positive.

PROOF. Assume that b > 0. Since f, € €#.%, we know from Theorem 1.5 (3)
that f; is analytic on C \ (—00, 0] and maps {Imz > 0} onto itself. Thus, z —
(f @) — i)/ (b + fi(2)) is an analytic function on C \ (—o0, 0], maps (0, 0o) into
(0, ), satisfies

i SO i) SO = £O)
=0+ b+ filx) b+ £(0) ’

and

f@ - fi@ _ f@)— fi(@) _ (f(Z) - fk(Z))
b+ fi(@) b+ f:(2) b+ fiz) )’

and preserves the upper complex half-plane:

I f@ - fi(@
m_——
b+ fi(2)

= m(“w@ ~ /@) Im(b + £ @)
+ (Im(f(2) — f(2)) Re(b + £u(2)))

= m(lm(f(z) — f(2)) Re(b + fi(2)))
— (Re(f (@) ~ fi(@)) Im fu(2))).

Using the Stieltjes representation (see Theorem 1.5 (2)) for f and f, we get

fi@) = f % p@n) and f(z)= / 2 pan)
0,k)

t+z (0,00) +z

and since forz = x + iy

z ty 2 tx+x’4y?

Im = and Re =
t+z  (t+x)?+y? t+z  (E+x)2+)y?
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is valid, we have

f@)— fi2) 1 /‘ /‘ ty sx + x4+ y?
" b+ fiz) b+ fil)P tek,00) Jse(0.6) [(t +x)2 + y? (b * (s+x)?+ )’2)

tx +x2+y? sy
Xy s+ y2] p(ds) p(dn)

_ 1 / / (t —s)y(x* + y)
b+ fi(DP? Jiew.oo) Jseony | (8 + )+ y)((s + x)? + y?)

bty

m] p(ds) p(dt)

which is positive whenever y = Imz > 0. Hence, Theorem 1.5 shows that (f ~
/b + fi) € CBF, thus (b+ f)/(b+ fi) = (f — f)/ b+ fi) +1 € BF and,
by [3, example 9.9], its reciprocal value is completely monotone. Now Bernstein’s
theorem, see [3, Theorem 9.3] shows that the representing measure y; (from Lemma
2.3) of this completely monotone function is positive.

We still have to treat the case where » = 0. In this situation choose a se-
quence {b,},.y such that b, > 0 and b, — 0 and observe that the pointwise limit
Six)/ f(x) = lim,_, (b, + fi(x))/(b, + f(x)) is again a completely monotone
function. In particular, y, is positive. a

The measures y, are even (sub-)probability measures,

ey b i)
‘/[Om) Ye(dt) = }%Vk(x) = chl—%rf(x) =

(if b = 0, a limiting argument as above still gives y,([0, 00)) < 1), whose Laplace
transforms approach the function x > 1 as k — 0o. By Lévy’s continuity theorem
we have

Y —> 68 as k— 00

vaguely, and by the uniform boundedness of the sequence {y;},.y also weakly. We
can use this fact to construct approximations for every u € X.

LEMMA 2.5. Let {T, };50, A, {t:}:0 be as in Assumption 1.6, f € €BF with
representation (2.2) and {yi },cn as in Lemma 2.3. Then the Bochner integrals

2.9) f Tuy(dt), ueX, keN,
[0,00)
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define a sequence of bounded operators on X which strongly converges to the identity
operator on X.

PROOF. Write a = 1/ f[O.oo) vi(dt) and observe that lim;_, o & = 1. Since

oo [ Tunan] <,
[0,00)
(2.9) defines indeed a bounded operator. For some small § > 0 we find

ak/ Tiuy(dt) —u akf (Tiu — u) yi(dr)
[0,00) [0.00)

< / 1T — ull () + 204 f ve(d?) lul
[0.8) [8,00)

< sup | Ty — ull + 20 / ye(dr) ful
[8,00)

t<§

Letting first k — oo and then § — 0 we get both
ak/ Tuy(dt) > u and / Tu yi(dt) — u (strongly)
(0,00) (0,00)
as k — oo since a; — 1. O

Lemma 2.5 enables us to mimic the usual proof of the closedness of an infinitesimal
generator of a (Cy)-semigroup.

PROPOSITION 2.6. Let {T},50, A, {it:}:150 be as in Assumption 1.6, f € € B.F with
representation (2.2), and {y,},.y as in Lemma 2.3. We then have the identity

(f (T, — Dmy(2)dt — b) 0/ Tou yi(ds)
(0,00) 10,00)

= (/ (T, — Dmy(t) dt — b) o/ Tou yi(ds)
0.00) [0,00)

forallk,l e N,b>0,andu € X.

(2.10)

PROOF. Using the Stieltjes representation of f,

X
Fx) = /«)m) e,
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it is seen that for v € X

|[ @-vom@ar]< [ 1= tim ol
(0,00) (0,00)

< f / " dt p(ds) Iv]
(0.k) V(0,00)
p(ds)
_ vl
ok S

that is, both sides of the identity (2.10) are well-defined. Fixing k,! € N, k # 1, we
observe

( f (T, - 1)mk(t)dt—b)o f T,u yi(ds)
Q,00) {0,00)
- f / (T, — V) Tumy (tyi(ds) dt — b / T yi(ds)
(0,00) J10,00) [0.00)
=/ / T, sum(t)y,(ds) dt
(0,00) J[0,00)
—/ / Tsumk(t)yl(dS)dt—b/ Tu y(ds)
(0,00) J[0,00) {0.00)

= / Tu(my x y;))(r)dr — <b+/ mk(f)dt>/ T.u yi(dr)
0,00) (0.00) {0.00)

= [ T.u ((mk * Y1) (F)Xj0.00) — (b +f my(t) dt) )’1) (dr)
[0,00) (0,00)

where Ay ., denotes the one-dimensional Lebesgue measure on the half-line. The
Laplace transforms of

((mk * Y1) A0.00) — (b +/ m(t) dt) }’1) “(x) = bt fI(X)( b — fi(x))
(0,00)

b+ f(x)
and of
~ b+ filx)
(01 % 7200y = (B+ f(o M@ de)n) 00 = 5L = i)
coincide, therefore the measures coincide and the same calculation as above with k
and / interchanged proves (2.10). O

REMARK 2.7. The key in the proof of Proposition 2.6 was to show that the rep-
resentation measures of both sides of (2.10) are the same. This was done via their
Laplace transforms. This, however, amounts to checking the identity (2.10) just for
the semigroup {€"*},59, x > 0 fixed.
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We shall combine (2.10) with the approximation result of Lemma 2.5 to show the
closedness of (Af, D(AY)).

THEOREM 2.8. Let {T;},50, A, {it:}i0 be as in Assumption 1.6, f € ‘ﬁ@fﬂfthe
form (2.2) and {yi}yen as in Lemma 2.3. Then we have [ . T,u yi(dt) € D(AY) for
allk e Nandallu € X,

(2.11) (A = b) T,u yi(dt) = —bu +/ (T, — Dumi(t)dt, ucX,
[0,00) (0,00)

and if u € D(AY),

/ T.(A’ — byu y(dt)

(2.12) (0.0

= —bu +/ (T, — Dum(t)dt, wuce D(Af).
(0,00)

Moreover, D(A) is dense in X and (Af, D(AY)) is a closed operator.

PROOF. Throughout the proof we denote by {-, -} the dual pairing of X, X* and ¢
always denotes an (arbitrary) vector of X*.

In the proof of Proposition 2.6 we saw that u > f(o,oo)(Tr“ —u)ym(t)dt is a
(strongly) bounded operator. Lemma 2.5 therefore allows us, for fixed k € N, to pass
to the weak limit / — oo in the identity (2.10). This yields on the left-hand side

lim <(/ (T, — Dm(t)dr — b) o/ T,u y,(ds), ¢>
=0 Y\ J(0,00) [0.00)
- <<f (T, — Dme () dt — b) u, ¢>
(0.0¢)

forall u € X and ¢ € X*. Since the limit on the right-hand side exists, the very
definition of A/ gives

lim <(f (T, — )m(t)dt — b) o/ T.u yi(ds), ¢>
=20 Y\ \J(0.00) 0,00)

= <(/if —b) T.u yi(ds), ¢>>.

[0.00)

The definition of D(A/) now implies—note that the limit on the left side exists—that
we have fwm) T.u y(ds) € D(A’). Since there were no restrictions on ¢ € X*,
(2.11) follows; (2.12) is derived similarly. Just observe that

(/ (T, — Dmy (1) dr — b) O/ Tu yi(ds)
(0,00) [0,00)
= / I, (/ (T, — Dm(t) dt — b) u ye(ds)
[0.00) (0,00}
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holds for all 4 € X and that for u € D(A’)

weak- lim (T, = Dum(t)dt — bu = (AT — b)u.

>0 J0,00)

That D(A) C X is (strongly) dense follows at once from Lemma 2.5. In order
to check the closedness of A/ on D(A'), we choose any sequence {u,},.y in D(A”)
satisfying

u, >ucX strongly and A’u, > veX strongly as n— oo.

We have to show that u € D(A’) and A”u = v. By (2.12) we have for any ¢ € X*
( / TG = by i), 8= [ (T = Do) dt = bu 9),
[0,00) (0,00)
andasn — 00
(f T,(v - bu) (), ¢) = (f (T, = Dumy(t) dt = bu, ¢).
[0,00) (0,00)
By Lemma 2.5 the strong limit

strong- lim T,(v — bu) yi(dt) =v — bu

k—o00 [0,00)
exists, and according to the definition of D(A/),

ue DA and Alu=v. 0O

We can now identify the generator of the subordinate semigroup, A/, and the
operator A/ given by (2.4), (2.5).

COROLLARY 2.9. With the assumptions of Theorem 2.8 we have AT = A/

PROOF. Clearly, the operators (A%, X), k € N, generate (C,) contraction semig-
roups. An application of Theorem 1.1 yields

(2.13) Re({Afu,¢) <0

forallu € X and all ¢ € X* (note: for all k we have D(A%) = X as |A] < o0)
satisfying ||u||*> = |¢|2> = (u, ¢). Passing to the limit k — oo in (2.13) we get

(2.14) Re(A/u,¢) <0
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for all u € D(A”) and all ¢ € X* such that [lu||> = ||$||> = (u, ¢). This is but the
dissipativity of A/,

Since (A/, D(A’)) generates a (Cy)-semigroup it is maximal dissipative (see [17,
p- 237, Lemma 4.17], [8, p. 21, Proposition 4.1]). But A7 is a closed, dissipative
extension of (A/, D(A’)) and this is impossible unless A/ = A/ as operators.  [J

COROLLARY 2.10. Let {T,},0, A, {it:}:»0 be as in Assumption 1.6 and f € € BF
as in (2.2). Then for the domain of A’ (as generator of the subordinate semigroup
{T};>0) we have

k— 00

DA = {u € X : lim / (Tu — u) my(¢) dt exists strongly}
2.15) O
= {u € X : lim (Tu — u) m(t) dt exists weakly} .

k—o0 (0,00)

PROOF. Write (only in this proof) A”* = A/ and A/ for the strong version of
Definition 2.2. We then have

AT C AP C At

where ‘C’ means the extension in the sense of operators. By Corollary 2.9, however,
we also have

Alv c A7,

which completes the proof. d

REMARK 2.11. A closer look at our method reveals that every approximation
{fu)nen of some f € BF (not necessarily in € B.F) satisfying

lim f,(x) = f(x) forallx >0 and f, € BF,

and, writing ¥, = f,/f (y. is a signed measure, the proof of Lemma 2.3 remains
valid),

¥» — 8 weakly in the sense of signed measures

leads to the same operator, namely lim,_,, A" = A/.
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3. An asymptotic result

We will now study a converse of (2.6). Consider the equality

(3.1) }% b+ fONBx)=1—e, x>0,1l¢eN,

where b > 0 and B} is the (one-sided) Laplace transform of the (signed) measure
(3.2) B = f(l)(V—51/1*V)$

recall that v is the representing measure of

1
3 —_— = Thx )
(3.3) bt ) Am) e " udt)

Assume moreover that v has a decreasing density n with respect to Lebesgue measure
on [0, oo)—this is always the case when f € ¥&.F since then 1/(b + f(x))isa
Stieltjes transform with representing density n € %.#. Then §; has a density

d
34 Zi—l(x) = O (n(x)) = g s@nx ~17H), x>0

Since n is decreasing, the total variation of g, satisfies

_[ |
81l = Am) I (x)

= () ([ n(x)dx+/ (n(x =171 = n(x)) dx)
[0.1-1) [I-1,00)

- f)
=2fd dx <2f x dx <2 2
JAO) [o,z—l)n(X) x <2f( )e‘/[wl)e n(x)dx < 2e b1 70 < 2e

dx

Thus, the family of measures {8;},.y has uniformly bounded total mass. This imme-
diately gives the following resulit.

LEMMA 3.1. Let {T,},50, A, {tt:}:50 be as in Assumption 1.6, f € B.F and v(dt) =
n(t)1.0)(t) dt as above, and B; as in (3.1). Then

(3.5) sup / T,u B(dr)
[0.00)

leN

< 2e||ull

holds for allu € X.

Exactly as in the proof of Theorem 2.8, we obtain the following result.
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PROPOSITION 3.2. Let {T,},50, A, {i4:}i50 be as in Assumption 1.6, f € BF as in
Lemma 3.1, and B; given by (3.1). Then

fO,, -1 T.u y,(dt)

[0,00)

- (f (T, — Dmy(t) dr —b) o [ Tupas
0.50) [0.00)
holds for allk,l € N, and u € X.

(3.6)

REMARK 3.3. One should observe that in equality (3.6) both y; and §; will depend
onb > 0.

PROOE. As in the proof of Proposition 2.6, see Remark 2.7, it suffices to check (3.6)
for the semigroup e~'* with x > O fixed:

e_x/l) filx) +b
f&x)+b

1 — —x/1
fx)+b

= —(fi(x) + b) B(x). O

—fOU — e D) = —fOA -

=—(fix) +b) f(1)

The combination of Lemma 3.1 and Proposition 3.2 yields the analogue of The-
orem 2.8.

THEOREM 3.4. Let {T,},0, A, {it:}i»0 be as in Assumption 1.6, f € €BF asin
(2.2), and (Bi};cn » {Vilien as before. Then f[O,oo) Tu Bi(dt) € D(AY) forallu € X
andl € N. Moreover

(3.7 FD(Ty = Hu = (A7 - b) TupBi(ds), uelX,
[0.00)

and, ifu € D(A’), also

(38  fOTy - Du= / T.(A” — byu fi(ds), u € D(AT).

[0.00)

Note that the proof of (3.8) uses the closedness of the operator A/ — b.

COROLLARY 3.5. With the assumptions of Theorem 3.4 we have
1
fle)

(3.9) ||(TE—1)u]|=0( ) as €—0

forallu € D(AY).
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PROOF. If u € D(AY), (3.8) gives for I™! = ¢,
1
(3.10) NTew —ull < ——— 1Bijel(ds) (bllull + 1A ul),
FED Joor ( )

and the assertion follows from || §;]| < 2e, see Lemma 3.1. O

The following corollary contains the converse of Lemma 2.1.

COROLLARY 3.6. Under the assumptions of Theorem 3.4, the operator A’ is
bounded if and only if either A is bounded or f is bounded or both are bounded.

PROOF. The sufficiency has already been established (under less restrictive assump-
tions) in Lemma 2.1. In order to see the necessity, let A’ be a bounded operator, that
is, |A7u|l < c|lu|| for some ¢ > 0 and all ¥ € X, and A be an unbounded operator.
Suppose lim, , o, f(x) = oc. In this case, (3.10) gives

1Tew —ull <

2e
~fle)

(Bllull + A7 ul)) <

2e
ey GOl

forall u € X. Thus,

Teu — C

sup LN 7y < S S ec@.D.
oruex  [lull fle”

with a constant C not depending on €. Letting ¢ — 0 we find

C C
n = lim —
-0 f(e7") iso0 f(I)
that is, {T,},>o is continuous in the uniform operator norm. Therefore, see [14, p. 2,
Theorem 1.2}, its generator A is bounded which contradicts our assumption. g

llm 7. —1|| < 11m =0,

Our next corollary is a generalization of the well-known relation D(A?) C D(A®)
f0o<a<pg<l.

COROLLARY 3.7. Let {T;},>0, A, {it:}s50 be as in Assumption 1.6, [ € € BF given
by (2.2) and g be another, not necessarily complete, Bernstein function of the form
(1.7) with representing measure % anda = b = 0. If

(3.11) ‘/(‘076) l;g(it_if; <00  forsomee >0,

then we have D(A%) D D(AY).
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PROOF. If u € D(A’), we get forany € > 0

/ (T — u) (1) s[ ||T,u—unu8<dz)+/ W) ful
(0,00) (0,¢)

[e,00)
(o)
C 2 (y1Af
< /«m s (14 + )

with a constant C depending on g, €, and b. Assumption (3.11) allows us to choose
€ € (0, 1) such that the above integral converges. Therefore, u € D(A#), and the
proof is complete. g

REMARK 3.8. It is easy to see that

W@, ) < —— [ (= e Pyurids) < —— g(67)
(1—e) 16.00) e—1

holds for any 0 < § < €. Since

ey
50 Jis.ep ST - ©.€) fan’

whenever the integral on the right hand side exists, and, since by integration by parts

pidn)  pf([S, €)) / 12t
[3,€)

ué([t, €)) dt

o fE  fG e
e (8@ f 12 g™
T e— l(f(a_l) + (5, e dt)
for some fixed € > 0 and § — 0, it is a sufficient condition for (3.11) to hold that
f(r)g(x)
’__) ——
fi ()

is integrable in some neighborhood of +00 and that

g(1)

f(o)
The above remark contains an interesting special case. Since for Bernstein functions
f'(x)/f(x) < 1/x holds (see, for example, [12]), both conditions in Remark 3.8 are
met if g(x)/f(x) decays like some power x~*. Let us state this criterion in the

following corollary.

=0() ast—> o0.

COROLLARY 3.9. Let {T,};50, A, {tti}is0, f € €BF, and g € BF be as in
Corollary 3.1. If for some . > 0 the ratio g(x)/f(x) = O(x™) as x — 00, then
D(A%) D D(AY).
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4. Towards a functional calculus

In our last section we will show that subordination in the sense of Bochner gives
rise to a reasonable functional calculus for the generators of subordinate semigroups.
In particular, we will prove some multiplication rule for these generators. First of
all, however, let us discuss the relation to other functional calculi. In {2] and [19] it
was shown that the above construction of A/ extends the Dunford-Taylor functional
calculus [7, Chapter VIL.3, VIL9] in the following sense: the resolvent of (A — €)”,
€ > (, is given by

“4.1) A=A-e)u=0+fle-A)"u, i>—f(-o),

where the right hand side is to be understood in the sense of the Dunford-Taylor
functional calculus. Both sides of (4.1) converge as € — 0, see [19, Theorem 4.3] or
[2, Proposition 5.17; Theorem 4.2]. It is therefore justified to write — f(—A) = A/
for f € €BEF.

From now on we will, however, follow a somewhat different route which is closer
to Dunford and Schwartz’s definition of functions of an infinitesimal generator, see
[7, Chapter VIIL2] and [10, Chapter XV.1,2]. In particular, our definition of A’ for
bounded f, for example, for the approximations f; of (2.3), matches the definition
given in Hille and Phillips [10, equation (15.4.1)].

Here are some rules for generators of subordinate semigroups.

THEOREM 4.1. Let {T;},50, A, {t:}i>0 be as in Assumption 1.6 and f, g € €BF
with representations of type (2.2). Then we have
1) af e ¢BF (x> 0)and A" =aA’
(2 f+geCRBF and AT+8 = AT + As
() fogeCRBF and AP = (as)’
@) ifa>0then AP/ = —a+ A+ A
(5) iffg € CRBF then A/ = —Af 0 A2 = —A%0 A/
(5-bis) g(x) =x/f(x),8 € ECRBF and A = —Af 0 A% = —A% o0 A/
where the right-hand sides of (1)—(5-bis) are equalities in the sense of closed operators
with the usual domains for sums, compositions, and so on, of operators. Note, that
we can always identify A/, A%, and A% with — f(—A), —g(—A), and —(fg)(—A),
respectively.

PROOF. Clearly, f, g € €BF implies that «f, f + g, f o g € CRBZF, see, for
example, [2, 18]. Since D(A) C D(A') N D(AS#), all of the above operators are
densely defined. By the linearity of the definition of A/, that is, of A/ (Definition
2.2), (1), (2), and (3) are immediate, (3) being a consequence of the transitivity of
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subordination, (T,g )f = T/, see [5, Theorem 4.4.3]. In order to prove (4), observe
that A/ is an A-bounded operator in the sense that | A7u|| < €||Au|| + ccl|ull, see, for
example, the proof of Lemma 2.1 or [19, Theorem 5.1]. Thus, (b + A + A/, D(A))
is a closed operator and the assertion follows from formula (2.1).

For (5) we proceed as in the proof of Theorem 2.8 (with b = 0) and note the
following identity (k, I, m € N)

4.2) )@ )T = (fOmOTE T (x)
where we used the notation of Lemma 2.3, that is,

hy(x)
h(x)

with h = f, g, fg and h;, means the truncation as done in (2.3). Now (4.2) shows for
allu e X

c€Hs, x>0 keN,

Vi) =

(43) Ahas / T y*(dr) = — AUPn / f ot v (d1) v (ds).
[0.00) 0,00) J[0,00)

Ifu € D(A 0 A%) = {u € X : u € D(A®) and A%u € D(A')}, we find by letting
I = o0, k — 00, and then m — oo in (4.3) that u € D(A7#), defined as in Definition
2.2, hence A/ o A® C —A’* and, by symmetry, A% o Af C —A/%.

If, conversely, u € D(A/¢) (given by Definition 2.2 and Corollary 2.10), we first let
m — ooin (4.3) and afterwards/ — oo and k — 00. This shows thatu € D(A' 0 A%)
and therefore —A/¢ C A/ o A® and —A'¢ C A% o A/, respectively.

Assertion (5-bis) follows directly from (5) and Theorem 1.5. Note, that with our
assumptions on f one has lim,_, o, g(x)/x = 0 (that is, g has no linear part) but it
might occur that lim, o g(x) = 1/£(0) > 0 (f f'(0) < oo). Thus, g is up to a trivial
part of the form (2.2) and (5) is indeed applicable (see also (4)). O

REMARK 4.2. (a) Theorem 4.1 shows, in particular, that for f, g € ¥%8% such
that fg € €B.F always D(A o A%) = D(A% o A') = D(A’®) holds true. This is
but to say

ue D(A’)and A’u € D(A®) ifandonlyif u € D(A®)and A%u € D(AY).

Therefore, it is possible to speak of A/ and A# as commuting operators whenever
feEeCHRZF.
(b) Another consequence of 4.1 (5) is that for f € ¥ B.F

—A) = (AY7)" hence —+v-Af=AYT
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(c) The representing measure of fg can be explicitly calculated. If f has the
representation

fx) =/’ o/ (dt) Je(x) =/ oli(dt)
( (

x 0oy L+ x’ x ow tH+x’

with o/ = 1(4(-)o/—see Theorem 1.5 (2), (2.2), (2.3)—and similarly x ' g(x) and
x7'gi(x), we can use a convolution-type theorem for the Stieltjes transform, see [20,
(2),(3)], that implies

P
[{ (

0.00) ¥ — 1 000) Y — 1

Here, the integrals are to be understood as Cauchy principal values.
(d) It might be instructive to note that Theorem 4.1 covers the case of the Yosida
approximation of an infinitesimal generator A. The Yosida approximation is the family

Ay =AA0L—-A)"Y, A>0

of bounded linear operators that strongly approach A on D(A) as A — o0.
If we put y(A; x) = Ax(A + x)~', we find on X

AR = —y(; —A) =20 - A) = A,
and similarly
Y& _ AvaafO) — (af
(A" = 47000 = (),
forany f € €#F.

The requirement that fg € €BF for f,g € €BF in (5) of Theorem 4.1 is
quite restrictive. We can overcome this difficulty if we use Berg’s result [1] that the
cone of Stieltjes functions is logarithmically convex, that is to say that for all Stieltjes
transforms ®, " and any 0 < A < 1, ®*I"'* is again a Stieltjes transform. Combining
this with Theorem 1.5 (1), (2) we get

4.4) fre' e €RBF forall f,gc€CRBF 0<r<]l.

This observation together with Theorem 4.1 enables us to write down a consistent
formula for the operator (fg)(—A) and all f, g € €%B.F —even if A’¢ has no longer
any meaning since it cannot be the generator of a subordinate semigroup if fg ¢ BZF.

DEFINITION 4.3. For f1, f5,..., fv € €#B%, N € N, we set
4.5) (fi- o fo)(=A) = [(—Afulm) o (_Alem) oo (_Aj-’lv/N)]N

on its natural domain.
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Let & ={fifo---fv : NeN,f, €« €B8%,0 < j < N} denote the set of
all finite products of ¥ %.% -functions. We want to show that the above definition
extends Theorem 4.1 (5) to the set &/. First, however, we have to check that (4.5)
gives a well-defined operator. Let F € & with representations F = f, f,--- fy and
F=g8g" -85 M=>N, f,g € ¢BF. Extending (4.4) to N-fold products we
see, by Theorem 4.1 (5)

N

[(—Af,'/N) o (A7)0 0o (_Af,b’")]N = (- [prv]"’ _ [__AF.,N]

(note that (—1)¥ = (—1)"’) and an analogous formula for the other representation
of F. In particular, we find F'/N F'/M ¢ €2BF and it remains to show that
[—AF"™ ¥ = [-AF"™ | However,

/M
[[—AF”N]N] _ [_AFI/N]N/M _ _Afl/M,

where the first equality is well-known for (arbitrary) powers of closed operators, while
the second identity follows from Theorem 4.1 (3). (All equalities are to be understood
in the sense of closed operators.) Thus, (4.5) is well-defined for & and the following
corollary shows that it indeed extends Theorem 4.1 (5).

COROLLARY 4.4. Let {T,},50, A, {it:h»0 be as in Assumption 1.6, f, g € €RBF
with representations of type (2.2yand put H = fg € «f. Then

(4.6) H(—A)=AT 0 A = A%c A
4.7 (xf)(—A)=AocAf = AT 0 A.

More generally, if H = FG with F, G € €B%, then
4.8) H(—~A)=F(—A)oG(—A) =G(—A)o F(—A).
The above equalities are to be understood in the sense of closed operators.

PROOF. Put B = AY/2. By definition, H(—A) = B2, and B = AV2 = AT o
AY® = A% o AV7 by Theorem 4.1 (5). Since

D(B?) = {u eX:ueDATE) and AVTVE e D(Aﬁﬁ)}
= {u € X : u € D(AY), AV%u € D(AY7), AYT AVEu € D(AYF)

and AVEAYT AVEy € D(AYT))
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we get from Remark 4.2 (1) that D(B?) = D(A’ o A%) = D(A® o AY) and, again by
Remark 4.2 (1), (2), that

B = (A74%) 0 (474%) = (AV747) 0 (AFAF) = AT 0 A% = A¥o A/,

This proves (4.6). Now (4.7) follows from (4.6) since we have xf (x) = /x/x f (x)
and /x € ¥%B.F which has also a representation of type (2.2).

Finally, (4.6), (4.7), and Theorem 4.1 (5) prove (4.8) if F, G are in € 8%, butdo not
necessarily have the form (2.2). Assume now that F € ¥ 8% and G = g2 - gu
withg, € ¥B%. Then H =F - g,8,---gu € & and

H(—A)=F(—A)ogi(—A)o---ogy(—A) = F(—A) o G(—A)

which proves (4.8) first for F € ¥%.% and G € & and, by iteration, for F, G € &.
O

Let us point out the connection of Corollary 4.4 with results obtained by deLauben-
fels [6] where automatic extensions of (bounded) functional calculi to wider classes of
functions are considered. Our extension resembles Method 11 introduced there, see in
particular [6, Examples 4.1, 4.2]. However, in our situation these constructions seem
not directly applicable since neither ¥ #.%# nor & are algebras. It is obvious that we
cannot transfer our results to the algebra generated by ¥ %.% or & without losing all
the nice properties, for example, information on closedness and so on.

We finally prove some convergence results for sequences of subordinate generators.

THEOREM 4.5. Let {T,};50, A, {it:}:0 be as in Assumption 1.6 and {f"},cn be a
sequence of complete Bernstein functions of the form (2.2) with pointwise limit f. If
f has no linear part, that is, if im,_, o, x™' f(x) = 0, then

(4.9) strong- lim A”"u = A’u

forallue D(AT)N;Z, D(A’™). (Note that always D(A) C D(A")N\;Z, D(AT™).)

PROOF. As pointwise limit of complete Bernstein functions f is itself in € B.%.
Define as in (2.3) for k € N the truncation ( f ™), of f™ withn € N being fixed. Since
f® is of the form (2.2), some elementary calculations show ™ (x) = f(o‘oo) x/(t(x+
H)p™(dty and (f™)(x) = f(ovk)x/(t(x + 1)) p"™(dt), see also Theorem 1.5 (2)
and (4).

We claim that

4.10)
lim (f(x) = Jim lim (f™)(x) = lim lim (f")e(x) = f(x), x>0,
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holds true. In order to prove (4.10) we note

| F) = (FU@)] < |F @) = FO@)] + | F7 @) = (FP))

= |f @) = fP )| + / PP (d).

lk.ooy (X +t)

Moreover, for every [ > 1

X ™ (g <Jc%—k/l‘/ xl ™ gy
_/[km)t(x+t)p @ = foiGien? (@)

k)1
< £ f el
which implies
k)l !
lim Tim 2% o gy = lim lim / XKL ooy = LD
k—00 n—>00 x+ l

Since f has no linear part, lim;_, o, f(xI)!~! = 0, and (4.10) follows.
Using the results of Section 2 we get

(n) — (n)
(1}("))" =y"  and LA =y®  kneN

f
for suitable sub-probability measures 3" and ™. Hence,
(f("))k — (f("))k f(n) ( (n) (,,)) —~
I G
with another sub-probability measure y." « y ™. Therefore, Remark 2.11 applies and
shows that the double sequence

lim AV = ATy

k,n—00

converges strongly for all u € D(A).
For fixed u € D(A’) and any € > 0 there is a number N = N (e, u) such that

”Afu _ A(f("))ku

{ <e forall n,k>N.
By the triangle inequality we get foru € D(A/) andn, k > N(e, u)
”Afu - Af‘"Ju” < “Afu _ A(ﬂ"))‘u“ + ”A‘fw)"u _ Af(n)u”
< et AT 4]

Ifalsou € D(A™") foralln > N(u, €), we find that lim,_, o |A u — A" u|| < € for
k — oo and the assertion follows as € — 0. O
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The assumption lim,_, ., x ' f (x) = 0 in the statement of Theorem 4.5 is essential.
For example, put f™(x) = nx(n + x)~' which is a complete Bemnstein function
with limiting function f(x) = x as n — oo (note that — f®(—A) is just the Yosida
approximation of A). Clearly, p™ = n§, and therefore

lim lim (f@)(x) =x # klim lim (f™)(x) =0, x>0,

n—00 k— 00

though still lim,_,,, A”” = A strongly on D(A). The reason that the proof of
Theorem 4.5 fails is that p™ as n — oo pushes too much mass too fast to co—this is
the only way to produce linear growth in the limiting function if for the approximations
lim,_ . x~' f™(x) = 0, n € N, holds. Therefore we have to adapt our truncation
procedure, that is, we have to choose in (f™), the truncation k € N in dependence of
neN.

COROLLARY 4.6. In the situation of Theorem 4.5 assume that the sequence f™
has a limit f such that lim,_, .o x™' f(x) = b > 0. Then D(A’) = D(A) and for
u € D(A) we have lim,_, o A" u = A’ u in the strong topology.

PROOF. That D(Af) = D(A) if (and only if) b > 0 was, for example, shown
in [19]. Since f[(),oo)(t(l + 1) p™(dr) < oo for every n € N, we can choose a
k = k(n) € N such that f(k(n),oo) t=2 p™(dt) < n~'. Thus,

| F &) = (F @] < |F) = F2@)| + [ £ @) = (F e ()|
1
<|fx) = r7@)| + -

that is, lim, oo (f™)km(x) = f(x) and with the same reasoning as in the proof of
Theorem 4.5 we find for every € > 0 and u € D(A) a number N (u, €) such that

’AW—AWWWHSGfdenszxy

Since lim, oo AY""u = A" uforalln € Nandu € D(A), we may choose a natural
number M (u, €, n) > N(u, €) such that

“Af(n)u . A(f(n))"'u

‘ + ”A‘f'"”'u — AUy,

|§k forall m,l> M(u,e,n).
Enlarging k(n) such that k(n) > M (u, €, n), if necessary, we find
[ a
< “Afu _ A(f"")k(n)u” + ”A(f"")umu _ A(f"")mu“ + ”A(f‘"’)mu _ Af"”u“

< 3¢

ifn> N(u,¢)and k(n), m > M(u, €, n), and the claim follows as n — oc. |
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Note added in proof

All results of Section 2 and those of Section 4 that do not rely upon the log-convexity
of the cone ¥ %% —it is used only in Corollary 4.4—hold also for Z.% and not only
for the subclass ¥%.%. In order to see this, we remark that for any g € A% with
gx)=a+bx+ f(o.oo)(l — e7%%) u(ds) we have

1 — e
@=g+b+/ —eu(ds)=2+b+/ e u([r,o0))dr e €4,
X X (0,00) X X (0,00)
and thus, see [3, Exercise 9.10], g o f/f € €. # for all f € BF. We use now the
Yosida approximation y(n; x) = nx/(n + x), n € N, which is itself in B.% —see
Remark 4.2(d) for details—and find

yn; f(x))
o Yu(x) € €4

with positive sub-probability measures y,. By Lévy’s continuity theorem, y, — &g
(the argument of Lemma 2.4, 2.5 applies), hence the conditions of Remark 2.11 are
met (with obvious changes in the notation, for example, f, of Section 2 has to be
redefined as f, := y(n; f(-)) etc.).

lim y(n; f(x)) = f(x)  and
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