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The Resolvent of Closed Extensions of
Cone Differential Operators

E. Schrohe and J. Seiler

Abstract. 'We study closed extensions A of an elliptic differential operator A on a manifold with conical
singularities, acting as an unbounded operator on a weighted L,-space. Under suitable conditions we
show that the resolvent (A — A) ™! exists in a sector of the complex plane and decays like 1/|)| as
|[A] — oo. Moreover, we determine the structure of the resolvent with enough precision to guarantee
existence and boundedness of imaginary powers of A.

As an application we treat the Laplace—Beltrami operator for a metric with straight conical de-
generacy and describe domains yielding maximal regularity for the Cauchy problem # — Au = f,
u(0) = 0.

1 Introduction

Understanding the resolvent of elliptic differential operators is of central interest for
many questions in partial differential equations. Following the approach suggested
by Seeley, it is crucial for the analysis of the heat operator or of complex powers. In
his classical paper [23], he showed how the parametrix to an elliptic operator on a
closed manifold can be constructed as a parameter-dependent pseudodifferential op-
erator and how the structure of the parametrix determines the essential properties of
the complex powers. He subsequently extended his methods to cover also boundary
value problems [24] and proved the boundedness of the purely imaginary powers
[25]. His results have attracted new interest in connection with modern methods in
nonlinear evolution equations, where one requires maximal regularity for the gener-
ator of the associated semigroup, which in turn is implied by the boundedness of its
purely imaginary powers.

In the present paper we study an elliptic differential operator A on a manifold B
with conical singularities (a “cone differential operator”). The investigation of these
operators started with the work of Cheeger [2]. Important contributions to the index
theory were made in particular by Briining and Seeley [1] and Lesch [12]; associ-
ated pseudodifferential calculi were devised by Melrose [15], Plamenevskij [17], and
Schulze [22].

While the picture of the conical singularity helps the intuition, one prefers to per-
form the actual analysis on a manifold B with boundary, thought of as the blow-up
of B. A cone differential operator of order x is by definition an operator that can be
written in the form

A=tH 'z aj(t)(—td,)
j=0
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in a neighborhood of the boundary. Here ¢ is a boundary defining function and a; a
smooth family of differential operators of order n — j on OB.

We consider A as an unbounded operator acting in a (weighted) L,-space. Our
goal is to find conditions which ensure the existence of the resolvent (A — A\)™! in
a sector of the complex plane with decay like 1/|A| as |[A\| — oo and to determine
its structure with enough precision to construct complex powers and to show their
boundedness for purely imginary exponents. We work with a variant of Schulze’s
cone calculus because the concept of meromorphic Mellin symbols makes it easy to
describe the connection between operators and function spaces with asymptotics.

A cone differential operator in general has many closed extensions, see e.g., Lesch
[12, Section 1.3]. While, a priori, there is no preference for any of these from the
analytical point of view, it is obvious that the resolvent will have good properties only
for a few of them. One basic problem therefore is to determine all possible choices.
Our Theorem 2.8 completes Lesch’s results in that we obtain an explicit formula for
the domain of the maximal extension in the general situation.

Extending Theorem 3.14 from [20], we next clarify the structure of the inverse of a
bijective closed extension of A. In Theorem 3.4 we show how A ™! can be decomposed
as the sum of two operators in the usual cone calculi for different weight data.

We then turn to the analysis of the resolvent. In order to keep the exposition short
and the proofs transparent, we restrict ourselves to the case where the coefficients a;
of the operator A are constant for small t. The general case will be treated in a subse-
quent publication.

Following a standard technique, we replace the spectral parameter A by n*,
where 1 is the order of A, and 7 varies in a corresponding sector of C. In close
analogy to Theorem 3.4 we prove in Theorem 3.5 that (A — 7*) ! is the sum of two
parameter-dependent cone operators; the parameter space is the new 7-sector. In
order to establish this fact we have to make assumptions which are restrictive but
nevertheless seem natural in this context. Clearly, we have to ask for the invertibil-
ity of the principal pseudodifferential symbol of A — n* in the sector, with a certain
uniformity as one approaches the singularity. Moreover, we require the invertibil-
ity of A — 1", where A is the “model cone operator” associated to A. It is given by
A=tn Z;‘;o aj(O)(—tG,)j on R, x JB and reflects the behavior of A near the sin-

gular point; A acts on a domain linked to that of A. As A — 1/ can be considered the
analog of an edge principal symbol for A —n, its invertibility appears to be necessary
for the above result. Finally, we assume for technical reasons that the domain of A (or
more precisely the associated domain of A) is invariant under dilations (“saturated”
in the language of Gil and Mendoza [10]).

It follows from Theorem 5.1 and Remark 5.5 in [3] that the structure of the re-
solvent we obtain from Theorem 3.5 is precisely that required for the construction of
complex powers and implies the boundedness of the purely imaginary powers; hence
we can extend the results of that paper as well as those in [4] to this new class of
operators.

The idea of analyzing the resolvent of a cone differential operator in terms of a
suitable pseudodifferential calculus is not new. In fact, writing the resolvent as a
parameter-dependent cone operator can be seen as a special case of the edge parame-
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trix construction, see Schulze [6, Section 9.3.3, Theorem 6]. Moreover, Gil [7, 8] and
Loya [13, 14] also in joint work [9], used this technique to derive results on heat in-
variants, complex powers, and noncommutative residues. While these are important
theorems, there is one drawback: In all articles, the authors rely on a special form
of the above ellipticity condition, namely the invertibility of A—nh acting between
weighted Mellin Sobolev spaces. One can show, however, that this assumption fails
in many cases, e.g., for the Laplace—Beltrami operator in dimensions < 4, acting in L2
with respect to any metric that has a straight conical singularity. Roughly speaking,
this approach works only for the minimal (and hence by duality for the maximal)
extension. The new point here is that we can now treat all closed extensions with
dilation-invariant (saturated) domains, opening the way for the analysis of larger
classes of operators.

As an application we study the Laplacian in weighted L,-spaces, 1 < p < oo.
Combining our analysis with techniques of Gil and Mendoza [10], we show in Theo-
rems 5.6 and 5.7 how one can always choose the domain in such a way that the above
ellipticity conditions are fulfilled. This yields maximal regularity for the Cauchy
problem &t — Au = f on 0, T[, u(0) = 0, which is the starting point for many
results in nonlinear evolution equations.

2 Cone Differential Operators and Their Closed Extensions
2.1 Operators on B

Let B be a smooth, compact manifold with boundary. A p-th order differential op-
erator A with smooth coefficients acting on sections of a vector bundle E over the
interior of B is called a cone differential operator if, near the boundary, it has the form

(2.1) A=t i aj(t)(—td,), aj € €*([0,1[, Diff" "/ (9B)).
j=0

In more detail: We assume (as we may) that E respects the product structure near the
boundary, i.e., E is the pull-back of a vector bundle Ey over 0B under the canonical
projection [0, 1] x B — OB. The coefficients a;(t) then are differential operators
acting on sections of Ey. In order to keep the exposition simple, however, we shall
not indicate the bundles in the notation.

Besides the standard pseudodifferential principal symbol UZ (A) € C°(T*intB \
0), we associate with A two other symbols: First, there is the rescaled symbol ¢/ (A) €
C>®((T*OB x R) \ 0) which, in local coordinates, is given by ‘

Il , .
T (A)(x, & 1) = 3 oy (a)(0,x,€)(—iT).
j=0
Secondly, we have the conormal symbol o;(A) defined by
I

ol (A)(z) = z%ajm)zf, zeC.
=
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It is a polynomial in z of degree at most y with values in differential operators on
OB of order at most 4. In particular, o}, (A) € A(C,L(H;(9B),H, "(8B))) for
alls € R, 1 < p < 00, where A(C, X) denotes the holomorphic, X-valued functions
on C.

Let us introduce some notions we shall frequently use throughout this paper.

A cutoff function, generally denoted by w, wy, wy, or g, 0y, 01, is a non-negative
decreasing function in €., ([0, 1[), which is identically 1 near zero.

comp

Definition 2.1

1. Ais called B-elliptic if both af/f (A) and &'f/f (A) are pointwise invertible.
2. A'is said to have t-independent coefficients near the boundary if the functions a;
in (2.1) are constant in .

The operator A induces continuous actions
(2.2) A:TH(B) — 30, MTTHB),  s,v€R, 1< p < oo,
in a scale of Sobolev spaces which is defined as follows:

Definition 2.2  Let s € Ny. The space of all distributions u € Hy o (intB) with

£ (10, 0% (wur) (£, x) € Ly([0, 1[x B, %dx) Vk+|a| <s

is denoted by i]-f;,’"Y (B). Here, w is an arbitrary cutoff function, and n = dim 9B.

This definition extends to real s, yielding a scale of Banach spaces (Hilbert spaces
in case p = 2) with two properties we want to mention explicitly: The embedding

TH;I'W’(]B%) — " (B) is continuous for s > 5,7’ > ~ and compactif s’ > s, 7" > ;
the scalar-product of J{g’O(IBE) induces an identification of the dual space (9{27(183))’
with 3{;,5’_7(]83), where p’ is the dual number to p, i.e., % + # =1.

Instead of considering A as a continuous operator in the Sobolev spaces, we shall
now study the closed extensions of the unbounded operator

(2.3) A: €2, (intB) C 7 (B) — 3,7 (B).
In the sequel, A will be assumed to be B-elliptic and of positive order ;& > 0. In
Sections 2.2-2.3 we shall give an explicit description of all possible closed extensions
of A. We shall need a few basic facts about the cone calculus which may be found
in the short introduction [27]. We refer in particular to [27, §2.4] for the notion of
Mellin pseudodifferential operators op3, and their mapping properties on the spaces
3,7 (B). Some material can also be found in the appendix; these two points, for
example are covered by (6.13) and Remark 6.16. We let w denote an arbitratry cutoft
function.
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2.2 The Minimal Extension

The following result was shown in [10, Proposition 3.6]. We give here a short proof,
using some results of [12].

Proposition 2.3  The domain of the closure Amin = AP of A from (2.3) is

min

(2.4) D(Amin) = D(Amax) N ﬂ :H:g;ﬁuis(B)
e>0
[ .
={ue mo FETHETEWB) | ZO a;(0)(—t,) (wu) € H) (B)}.
£> J=

In particular,
HyTH(B) — D(Amin) — HRTHT(B) Ve > 0.

We have D(Apmin) = 3{’;’”"(183) if and only if the conormal symbol o (A)(z) is invert-
ible for all z with Rez = ”T“ -y — U

Proof According to [12, Proposition 1.3.12], we may assume that A has f-indepen-
dent coefficients near the boundary. Now let u € D(Ann), i.e., there exists a se-

quence of functions u, € Cc‘fmp(int B) such that u, — wu and Au, — Au with

convergence in 3{?;7 (B). Choose a cutoff function w with www = w, and let B =
Gopy " 2 (o,(A)"")e# with arbitrarily small ¢ > 0 (and ¢ = 0 in case of the
invertibility of the conormal symbol). It follows from elliptic regularity that u,, — u

in Hg’.loc(int B). Thus (1 — w)u, — (1 — w)uin H,"™"(B) and A(wu,) — A(wu) in

U-Cg”’(]BE). Therefore wu belongs to D(Api,) and

wu <=2 wu, = BA(wu,) =2 BA(wu)

in 5{2’7 (B). The continuity of B: 9(?,‘7 (B) — 3,7 7°(B) implies that

D(Amin) C D(Amax) N () HETHE(B) =: V.

e>0

Since A has constant coefficients, D(A ) = D(Amin) @B E, where € has zero intersec-
tion with (0., H, 7" 7°(B), see [12, Proposition 1.3.11]. From this we immediately
obtain D(An) = V. |

2.3 The Maximal Extension

Before characterizing the domain of the maximal extension, we shall discuss a certain
type of operators, namely those of the form

25) G=w(opp *(g) —opp *(g)): € (IB") — CX(intB).

comp

https://doi.org/10.4153/CJM-2005-031-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2005-031-1

776 E. Schrohe and J. Seiler

Here, 9B := R, x 9B. Moreover, g is a meromorphic Mellin symbol with asymp-
totic type P as in [27] or Section 6.5. Let

p
(2.6) ST Rp(z— p)~ ™D Ry € LT°(OB),
k=0

denote the principal part of g around p € mcP. Recall that the Ry have finite rank
by definition.

Lemma 2.4 Let G beasin (2.5) withy; < 75, and Ryy as in (2.6). Then G is of finite
rank and, for u € C°__ (OB"),

comp

Gutx) =wt) Y S Cuw) P (logr)
pETCP 1=0
—m<Rep—1l<—y

with the linear maps Cp: C3, (6B") — im Ry +---+imR,,, C C>(IB) given by

comp

B ny (_1)1 ak—l
Cpl(u)(x) = kZ:l Ik — l)!Rpkazkfl

(Mu)(p, x),

where M = M;_,, denotes the Mellin transform.

The proof is a straightforward consequence of the residue theorem, since

mwmmz(é —A ) 56 (M) 2.) 42

= / t *g(2)(Mu)(z,x) dz
e

n+l

with a path € simply surrounding the poles of g in the strip = — 7, < Rez <
”T“ — 7. For the detailed calculations and an expression for rank G, see [12]. The
residue theorem also implies that we could replace g by g + h for any h € M/ (9B)

without changing G.

Remark 2.5 Let v with vy < 7 < 7, be given and let G; = w(op}é_%(g) —
opy 2(£)). Then G = G, — G, and

imG=1imG; ®im G,.

In fact, by the previous lemma, the images on the right-hand side have trivial
intersection, and G, u, only depends on finitely many Taylor coefficients of the Mellin
transform Mu, in the poles of g lying in the strip "T“ — 7 < Rez < ”T“ — .
The analogous statement holds for G;u;. Then the result follows from the following

observation: Given finitely many points p;,...,py € C and, in each of these, a

https://doi.org/10.4153/CJM-2005-031-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2005-031-1

The Resolvent of Closed Extensions of Cone Differential Operators 777

finite number of Taylor coefficients, there existsa u € €, (R;) such that the Taylor
expansion of Mu in each p; starts with these prescribed values.

Now let A be asin (2.1) and set
1~ .
(2.7) filz) = 1 ;)(dﬁaj)(mzf, 1=0,...,pu—1.
=

In particular, fy = o};(A) is the conormal symbol of A. Due to the B-ellipticity of A,
fo is meromorphically invertible and f; ' can be written as the sum of a meromorphic
Mellin symbol and a holomorphic symbol in M, " (9B) (see [22, Theorem 6, §2.3.1]).
We now define recursively,

-1 .
(28) gOZf()_la gl:_(Tilfo_l)Z(Tijﬁ—j)gja I= la"'7/j/_1a
j=0

with T7, o € R, acting on meromorphic functions by (77 f)(z) = f(z + o).

Moreover, choose an ¢ > 0 so small that every pole p of one of the symbols
80 - - - » 8u—1, either lies on one of the lines F% k=0,...,u,orhasadistance
to each of these lines which is larger than e.

—y—ptk>

Definition 2.6  Let g, ...,g,— beasin (2.8) and e > 0 as described before. Then
we set
E=¢&,=imGy+ - +imG,_,

where the operators G, = Z;(:o Gu: € (OB") — H;O’W/H(IB%) are defined by

comp
Go = Goo = w(opy ™ 2 (go) —opa T 2 (g0)
andif 1l <k<pu—-1,0<I1<k
e—k—1-1% e—k—1
Gu = wt'(opy ™ T 2 ) —opa T R (@)

The space € is a finite-dimensional subspace of €°°7**(B) and consists of func-
tions of the form

N

(2.9) u(t,x) =w(t) X > uple)t™ ¥ logkt
=0 k=0

with smooth functions uj; € €*°(9B) and complex numbers g; with

n+1 n+1

(2.10) 3 _'Y_MSReCIj<T_'Y

Note that in case A has constant coefficients we have, due to Remark 2.5,

(2.11) & :imGoo@---EBimG(ﬂ_l)o

—imw(opy T (oA —opi Fol(A)TH);

in particular, we have twice strict inequality “<” in (2.10). For A having non-constant
coefficients, equality in (2.10) is possible, see Example 2.9, below.
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Proposition 2.7 Forany 0 < k <yt — 1let ugy, ..., Uk, € Ggfmp@]BiA) be chosen
such that {Grougj | 1 < j < ni} is a basis of im Gyo. Then

{Grugj |0<k<pu—-1,1<j<m}cCé&
is a set of linearly independent functions such that
span{Giuj | 0 <k <p—1,1< j<m}ND(Anin) = {0}.
In particular,
dim € > dimimw(opy;~ * (ol5(A)™") —opy” T F (alh(A) ).

We have equality at least in the cases where A has constant coefficients near the boundary

or oh;(A)~! has no pole on the line Re z = ”T“ -y — U

Proof Letaj; € Cand
pn—1 ny
Y > apGruj = u € D(Amin) C Hy""°(B).
k=0 j=1

Setting [ = p — 1, we obtain

ny I—1 ny ny
Yo uiGouj =u— Y > apGuug — Y an(Gr — Go)uy;.
j=1 k=0 j=1 j=1

The right-hand side belongs to ng’”“’*E(]B%) + 3{2,7+1+5(B)_ The intersection of this
space with im Gy is trivial, hence Z;”:1 a1jGpuj; = 0. Therefore ay; = 0 for all
1 < j < m, since the Gjyuy; are linearly independent by assumption. Iterating this
process (i.e., takingl = p — 2,1 = p — 3, etc.), we see that all ajx must equal zero.

If A has constant coefficients, the result on the dimension follows from (2.11); the
second identity in (2.11) is always true and yields the lower bound for dim €. The
remaining claim we shall obtain as a by-product of the following theorem. ]

Theorem 2.8  The domain of the maximal extension Apa, = Ak of A from (2.3) is
D(Amax) = D(Amin) +&

with € from Definition 2.6. Recall that € does not depend on 1 < p < oo. The
sum is direct at least in the cases where A has constant coefficients near the boundary or

oh(A)~! has no pole on the line Rez = "1 — v — p. In any case,

D(Amin) N E Cimw(opy” " F (ol (A) ™) —opp ™™ (ol (A) ™).

Consequently, any closed extension A in fJ-C(;,’"Y (B) is given by the action of A on a domain

(2.12) D(A) = D(Amin) + &, € subspace of €.
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Proof For a cutoff function & supported sufficiently close to zero, the operatorg =
wtH Z‘;:O aj(O)(—t@)j + (1 — @)A is still B-elliptic, and D(Apin) = D(Amin) by
[12, Proposition 1.3.12]. Moreover,

D(Amax) = D(Amin) B €
with € given by the right-hand side of (2.11), and
dim D(Amax) / D(Amin) = dim D(Amay) / D(Apin) = dim €.

The latter statements are due to [12, Proposition 1.3.11, Corollary 1.3.17]. By Propo-
sition 2.7 it therefore suffices to prove that € C D(Ap,y). In fact, we shall show that
im Gy, belongs to D(A.x) for any k. Since this is easy to see for k = 0, we shall only
consider the case k > 1. With the holomorphic Mellin symbols f,, from (2.7) write

u=l .
A=t "3 thopy(f;) +t'A’
j=0

for a p-th order cone differential operator A’. Taking into account that im Gy is a
subset ofﬂf’vwﬁ*kﬂ*l (B), we thus obtain for u € C°__(OB"),

comp

k k—=j
A(Gru) € HY'(B) <= &3 3t op, (f))(Gun) € FH) ' (B).
j=0 =0

Choosing w with ww = w, using the elementary rule
(2.13) op (7 0pyy(g) = 17 0p3, (T g),

and rearranging the order of summation, we see that A(Gyu) € 3{2’7(183) if and only
if

Ytpte—k—1— Ytpte—k—

(opas (T f_)g) — oy (T ) (w)

M~

koo
oy
=0

0

€ 3,7 (B).

However, this expression actually equals zero, since by definition of the symbols g,
cf. (2.8), we have

j
ST fidg=6do;, 0<j<k,
1=0

with d¢; denoting the Kronecker symbol. This shows the claim.

Let us turn to the remaining claims of the theorem. If A has constant coeffi-
cients near the boundary, the intersection of D(An;n) and € is zero by (2.11). Using
the description of elements u from & given in (2.9), and the fact that D(An) C
U{g’W’h(s(IBE) for any positive §, we see that if u € D(Apin) N € then u is of the form
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(2.9) with Reg; = ”T“ — v — p. Letv :=t7# op,,(ch;(A))(u). Inserting the form

(2.9), the fact that v € 3{2’7(]8) implies that v € €5 (intB), in particular, v = 0

comp
. . ke — 1 _
for a suitable cutoff function &. We now set By, = opX;# T (oh (AT e+ for

small € > 0. Then
0=B_.(wv) =B_.v—B_.(1 -—@)v) =u—(B_. —B.)((1 =@)v) = B.((1 —@)v).

We conclude from Lemma 2.4 that the last term is zero and u € im(B_. — B.). In
particular, the intersection D(Apy;,) N € is trivial if o;(A) ™! has no pole on the line
Rez = %1 — 7 — . This then also proves the last claim of Proposition 2.7 as we
announced in the previous proof.

Since € is finite-dimensional, all the operators A in (2.12) are in fact closed exten-

sions of A. |

From Theorem 2.8 and Proposition 2.3 one might conjecture that

D(Amin) = H T (B) @ imw(opyy” " (0 (A7) — opy T ()
in case o};(A)~! has a pole with real part "T“ — v — p. This however is not true, for

then A: ng’W’ ‘B) — 9—(?,’7(183) would be a Fredholm operator, thus have invertible
conormal symbol (by equivalence of ellipticity and Fredholm property in the cone
algebra, cf. [20, Theorem 3.13]).

Example 2.9  Let B have dimension 2 and boundary 9B = S! the unit sphere.
Define

A= wt_z{ AII((t&)2 —t(t0y)) + Aa} + (1 —w)A,

where Ay is the standard Laplacian on S' and A some Laplacian on intB. Clearly,

A is elliptic; it is B-elliptic, since the rescaled symbol is —72 /4 — |£|?. The conormal
symbol

UIZVI(A)(Z) = %zz + Ay

has the non-bijectivity points z € 27, since the spectrum of Ay is {—k* | k € Ny }.
Considering A as an unbounded operator in 9{2’0(]8) we obtain from Proposi-
tion 2.3 that D(Anin) = 9{5,’2(18). From Theorem 2.8 and Proposition 2.7 we con-
clude that D(An.x) = 9{5,’2(]8) @ € with a two-dimensional space €. Actually, by
direct computation,
& = span{w, w(r +logt)}.

In the notation of Definition 2.6, the functions w, w log t are generated by Gy, while
wt comes from Gy;. The operator Gy equals zero, since 03,(A) ™! has no poles in the
strip —1 < Rez < 0.
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2.4 The Model Cone Operator

Freezing the coefficients of A at the boundary leads to the differential operator

(2.14) A=tF Zuj a;(0)(—td,)

j=0

on the infinite half-cylinder 9B" = R, x 9B. We shall refer to this operator as the
model cone operator of A. Let us first introduce a suitable scale of Sobolev spaces in
which the operator A acts.

To this end let OB = X; U - - - U X be an open covering of OB; let x;: X; — U; C
IR" be coordinate maps and {¢, . .., ¢ } a subordinate partition of unity.

Given a function u = u(t,x) on R x OB, we shall say that u € H} .. (R x IB)
provided that for each j, the function

Wt y) = @ult,x), x=r; (y/t]),

is an element ofH;(]R{ x R") (we consider the right-hand side to be zero for x ¢ U;).
In other words: ¢ ;u is the pull-back of a function in H ;(]R{”” ) under the composition
of the maps

idxrj: RxX; 3 (t,x) — (t,5j(x)) €e Rx U;

and
x: RxU; 3 (t,y)—(t, [tly) € R™,

so that the definition extends to distributions in the usual way fors € R, 1 < p < oc.

Definition 2.10 X" (OB") is the space of all distributions u € H

;,loc (Ry x OB)
such that, for an arbitrary cutoff function w,

wu € H,'(B) and (1 —w)u € H;

‘ cone (R X OB).
Then A acts continuously in this scale of Sobolev spaces,
A I (OBN) — KTTHOBY), s,y €R, 1< p < oo
We shall now consider the model cone operator as an unbounded operator, namely
A: €2 (OB") € K57 (OB — K57 (OBM).

comp

We first show that the domains of the closed extensions of A can be read off from
those of A provided A satisfies a mild additional ellipticity condition. In analogy to
Theorems 2.3 and 2.8 we have:
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Proposition 2.11  If A satisfies condition (E1) of Section 3.2, then

D(Amin) = {u € () KETH5(OB") | Au € K3 (B)} .
e>0

This simplifies to D(Amin) = Kl H(OBN) if and only if oy (A) is invertible on the line

——

TD(A\max) = D(A\min) D E.
Hence, any closed extension A ofﬁ is given by the action ofﬁ on a domain
D(A) = D(Apin) @&, & subspace of €.

Proof LetP = Z?L:O a j(O)(—@)j —n*. This is a non-degenerate parameter-depen-
dent differential operator with coefficients independent of ¢. It follows from (E1) in
Section 3.2 that the parameter-dependent principal symbol

po(x, &, 7,m) = Zﬂjoaﬁ,fj*j(a,-)(o,x, ) (—ir)i — 1
p=

of P is parameter-elliptic. Hence there exist parameter-dependent symbols gy of or-
der —p and ry, r, of order —1 such that

(215) 5050 =1+ T, qoﬁo =1+ 1.

The operator P = t*(A — 1) has the principal symbol

U:Z(p)(x7 t7§77-a 77) = ﬁO(xafa T, ”7)

Under the push-forward induced by T := x o (id x ;) the operator P transforms
into a weighted SG-pseudodifferential operator of order (u, 1t); modulo terms of or-
der (1 — 1, u — 1) its SG-symbol is given by the push-forward of ag(P). Indeed, for a
differential operator this is a simple calculation, a proof for the general pseudodiffer-
ential case is given in [19, Theorem 3.8]; details on SG-symbols can be found in [18].
Now equation (2.15) implies that the push-forward of Jf/f, (P) is SG-parameter-elliptic
if we restrict to a subset of Ry x OB away from the boundary, say to {t > 1}. Hence,
on this set, there is a parameter-dependent SG-parametrix S of order (—u, —u) to
the push-forward T..P of P (i.e., we have S o T,P = I + R, where R is an integral
operator with a rapidly decreasing kernel). As the operator of multiplication by #*
remains unchanged under the push-forward and is an SG-operator of order (0, u),
S o t* is an SG-parametrix of order (—p, 0) to the push-forward of A — n.

We now can describe the domain away from the boundary: Given u € ng” a
cutoff function w equal to 1 in {# < 1}, and a function ¢; in the partition of unity
on JB,

(2.16) Sothto T*((X— )1 —w)pju) = Ty(1 —w)pju+RT(1 —w)pju
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Letu € ZD(XmaX), so that Au € fK%”. Standard elliptic regularity implies that u €

Hﬁ,loc- Hence A\(l —w)pju € fK?;W, since outside a compact set, it coincides with
the function (1 — w)y;Au whose push-forward via T belongs to Hg(]R{"“). In view

of the fact that St*: HS(R”“) — Hy(R™") is bounded, we deduce from (2.16) that

(1—-—wue Hg’cone(]R{ x OB). On the other hand, we trivially have u € @(A\mm) for
every u in Hj, ;o (R x OB) supported in {t > 1}. As a consequence, the domains of
all extensions of A coincide with H' b.cone (R x OB) away from {t = 0}.

Close to {t = 0}, the analysis is the same as in the standard case. This completes
the argument. ]

3 Structure of the Resolvent

Let us now come to the main objective of this paper. We shall consider a closed exten-
sion of a cone differential operator and give conditions that ensure that its resolvent
exists in a given sector A (up to finitely many exceptional points). We shall describe
the structure of this resolvent in terms of a class of parameter-dependent cone pseu-
dodifferential operators.

Before considering the resolvent, we want to investigate the inverse of a given
closed extension. This is a simpler problem but already illustrates some of the struc-
tures we shall see in the discussion of the resolvent. We again refer to [27] and the
appendix for basic notions of the cone calculus.

3.1 The Inverse of a Closed Extension

Let A be a cone differential operator and assume that
A: D(A) = HTH(B) @ € — H)(B)
is bijective for a fixed choice of 7y and p. Since € is finite-dimensional,
Az HETH(B) — ) (B)

is a Fredholm operator. According to [20, Theorem 3.13], this is equivalent to the
ellipticity of A, i.e., A is B-elliptic and the conormal symbol is invertible on the line
1"%1_7_“. In other words, A is an elliptic element of the cone algebra C*(y + u, 7, k)
for any k € N.

Let us now set & = A(E). This space is finite-dimensional and .’H%A”(B) =
AT (B)) @ F.

Lemma 3.1  There exists an asymptotic type Q € As(7, k), k € N arbitrarily large,
such that § = A(E) C €5 (B).

Proof Let u be of the form (2.9), and choose a cutoff function w with bw = @.
Then, with A asin (2.1),

(Au)(t) = wt™" f: > aj(t)(ta,)j(cht_qlogk t)+ (1 —0)(#)(Au)(t).
j=0 g,k
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The second term belongs to €, (intB). Now a Taylor expansion of the coeffi-
cients a; in ¢ at 0 shows the claim. ]

Let us now denote by
T : Ufg’WIL(IB%) ®E—E&, 7y A(U{?W”(B)) eF —F
the canonical projections, and let
B=(1—mg)A™": 3" (B) — HLH(B)
be a left-inverse of A: ng’”W(B) — fJ-C(;,’"Y (B).
Lemma 3.2 1 — AB = mg belongs to Cs(v, v, k) for arbitrarily large k € N.

Proof By construction, it is clear that 1 — AB = mg. Let wy,...,wy be a basis
of F. Then we can write 75(-) = Z?I:l I;(-)w; with functionals I; on 9(?,‘7 (B).
By duality there exist v; € 9—[2’77(183) such that [;(-) = (-, Vj>}c§-°(:Bs)' Then, for all
u € H,(B),

N N

0= WE(AM) = Z<Au,1/j>:}c(2>‘o(:3)wj = Z<M’A*Vj>ﬂ{§=°(]l3€)wj’
= =

where A* denotes the formal adjoint of A, which belongs to C*(—v, —y — u, k).
Hencev; € ker A* for j = 1,..., N. Since with A also A is an elliptic cone operator,

ker A* C €377 (B) for some asymptotic type Q" € As(—, k) by elliptic regularity,
of. [22,§2.2.1, Theorem 8]. Thus 75 has a kernel in ¥ ® €77~ (B), and therefore is
a Green operator. |

Proposition 3.3 B is an element of C™"(~y, v + p, k) for arbitrarily large k € N.

Proof Since A is an elliptic element of C* (v + p, y, k) as we have seen above, there
exists a parametrix C € C™H(vy, v + u, k), i.e.,

AC — 1 =G € Cg(7,7,k), CA—1=GL € Cs(y+p,v+ k).

Multiplying these identities from the left, respectively from the right, with B yields
B =C — BGgrand B = CAB — G B = C — C(1 — AB) — GB. Inserting the first
equation into the second gives

B=C —Cﬂ'i— G1C + G1BGg.

The third term on the right-hand side is a Green operator, since these form an ideal in
the cone algebra. The same is true for the second term in view of Lemma 3.2 and for
the fourth due to the continuity of B and the mapping properties of Green operators.

|

https://doi.org/10.4153/CJM-2005-031-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2005-031-1

The Resolvent of Closed Extensions of Cone Differential Operators 785

Theorem3.4 A~' = B+ G for the above B € C™ (7, + p,k) and a suitable
G € Cg(v,7, k) with arbitrarily large k € N.

Proof We decompose A~ = (1 — 7T§)A71 +A717Tg = B+ G. By Proposition 3.3, B
is as claimed. From the proof of Lemma 3.2 we know that 75 has an integral kernel
inF® (‘38?’77(]83) for some type Q' € As(—~, k). Therefore, A~ ' 75 has a kernel in
E® @g?’ﬂ/ IB), hence is a Green operator. [

As we shall explain in Section 4.1, the invertibility is independent of 1 < p < oc.

3.2 Ellipticity Assumptions and Resolvent Analysis

Let A be a cone differential operator of order i whose coefficients on [0, 1] x OB are
independent of ¢ and let

A:D(A) = D(Amin) @ € C HYT(B) — H)"(B)

be a closed extension. Moreover, we assume
(E1) Both Uf/f (A) and 55, (A) have no spectrum in the sector A,

(E2) With the above choice of &, the domain D(A) = D(Apyi) ® &€ of the model
cone operator is invariant under dilations,
(E3) The sector A \ {0} contains no spectrum of the model cone operator

A:DA) C K5T(OB") — K5 (OBN).

In (E1) and (E3), A = Ay is a closed sector in the complex plane containing zero,
ie.,

Ag={zeC| |argz| > 0} U{0},

where 0 < 6 < mand —7w < argz < 7.

In order to simplify the exposition, we fix a sector X such that the mapping
1 — 7 induces a bijection ¥ — A. Instead of considering A — A for A € A we
then study n* — A forn € X.

Condition (E2) means the following: Whenever u = u(t, x) belongs to D(g), the
same is true for the functions u,(t,x) = u(ot,x), o > 0. It is easy to see that the
domain :D@ is invariant under dilations if and only if this is true for Ccogmp(ﬁlBiA) S5
€. Gil and Mendoza [10] call such a domain saturated. Condition (E2) is always
satisfied for the minimal extension, the maximal extension, and for extensions with
domain equal to D(Apax) N fH%”(IBE) and v — pu < o < ~. For concrete examples see
Section 5 below.

Theorem 3.5  Let A satisfy conditions (E1), (E2), and (E3) with respect to the sector A.
Then

(a) A has at most finitely many spectral points in A.
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(b) There exists a parameter-dependent cone pseudodifferential operator
c(n) € Co"(2) +C5"(E57,7,€)

with a certain € > 0, such that (n" — A)~! = c(n) for n € X with |n| sufficiently
large.

For the notation used in part (b) of this theorem we refer to the appendix (see
Definition 6.6 and Definition 6.13). Part (a) of the theorem follows from (b): Since
the domain of A is compactly embedded in ng’” (B), A has a compact resolvent, hence
a discrete spectrum.

The proof of Theorem 3.5 is the most technical part of the paper, and it relies on
the material in the appendix. The basic idea is as follows: We write a(n) = n* — A.
This is a parameter-dependent family of cone differential operators of order p;, i.e.,

a(n) € Co(X) C CM(Z57,9 — k)

for any ¥ € R and k € N. Assumption (El) ensures that a(n) is B-elliptic with
respect to the sector ¥. Hence the conormal symbol of a(n) (which is that of —A) is
meromorphically invertible as shown in [22, § 2.2.1, Theorem 14; § 2.3.1, Theorem
16]. As we do not require A to be conormally elliptic with respect to the weight v+,
the inverse might have a pole on the line {Rez = 1 — v — ;}; we fix g > 0 such
that there exists no pole with real part between "T“ — v — pand %1 — v — i £ 2e.
In Propositions 3.6 and 3.7, we next construct right and left parametrices modulo
parameter-dependent zero order Green operators. Using conditions (E2) and (E3)
we then can express (" — A)~! as a principal edge symbol, and finally understand

(" — A~

Proposition 3.6  Forany 0 < ¢ < g there exists a parameter-dependent cone opera-
tor br(n) € C™HM(35y — e,v+ pu — €, p) such that

(3.1) a(nbr(n) —1=gr(n) € C&(S37 —¢e,1 — 26,057 +¢,1 —2¢,Q)

with a suitable asymptotic type Q € As(y +¢,1 — 2¢). Moreover, for each 1), the action
of br(n) on 9{?;7’(]83) is independent of € and yields a bounded mapping

br(n): 07 (B) — D(Amin)-

Proof According to Theorem 6.8 there exists a flat parameter-dependent cone op-
erator b(n) € C,"(X) such that

(32)  alb(n) — 1= w(tln) o (HMwo(tln])  mod CA(E)w

with a holomorphic Mellin symbol )? € M5 (0B; X). Setting ]Af(;(z) = f(z, 0), we
have

(33)  w(tln){ops T (Hm) —opy * (fy) Ywoltln]) € CLUS37, 1,057, 1,0)
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for any ¥ € R. In fact, by a Taylor expansion, f(z, tn) = ]};(z) + Z?Zl(tm)ﬁ(z, tn)
for suitable fi(z, n) € C®(X, M, (0B)). Therefore, the operator family in (3.3)
pointwise has the mapping properties of Green symbols from R%(3; 7, 1, 0; 7, 1, O),
¢f. Definition 6.11. Moreover, it is homogeneous of order 0 for large || in the sense
of (6.9) with respect to the group action of (6.10), hence also satisfies the required
symbol estimates.

Next, we are going to modify E(n) by a smoothing Mellin term, i.e., we set

(3.4) br(n) = b(n) + w(tln]) " opay ~ * (Hwoleln),

where we determine f in such a way that the conormal symbol of a(n)bgr(n) — 1
vanishes, i.e.,

0 = oY (abg)(2)—1 = 0% (ab)(2) + oty (a)(z—p) f(2) =1 = fo(2)+0hs(a)(z—p) f (2).

Solving for f yields

(3.5)  fl2) = —ol(@) Nz — wfolz) = oly(a) " (z — p) — 03" (D) (2).

By our choice of €y in connection with Lemma 2.4, the action of bg(n) on J{jﬂ (B)
is independent of . Moreover, the description of D(Amin) given in Proposition 2.3
together with (3.5) implies that bg(n) maps 3—(?,’7(183) to D(Amin). Choose a cutoff
function w; with ww; = w;. We claim that

(3.6) a(br(n) — 1= wi(tln)) opry * (fodwolt[n])
+wi (t[nDaln)w(tn])t" OP;([E_%(f) wo(t[n])

modulo C&(3;y —¢,1—2¢,0;v+¢,1 — 2¢, 0). Indeed, this follows from (3.2) and
(3.3) together with the fact that changing w in (3.2) to w; only causes a remainder in
C%(¥) o0, and Lemma 6.14 (for v — ¢ instead of ).

Since a(n) = " —t~# op,,(ch;(a)) on [0, 1] x OB, an application of (2.13) shows
that the second term on the right-hand side of (3.6) equals

— it opy * F (folwo(eln]) +wi (e lpD (e opay ~ (N woltln))

— (i) opyy T (T ali(@) (1 — w)(tln) opay - (Hwoltn]).
The first term cancels with the first term of (3.6), and the other two belong to
Ce(S5y —&,1,0;7 +¢,1,Q),

where Q is the asymptotic type induced by the meromorphic structure of

(T *ohy(a)~1)* .
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In a similar way, one can also construct a rough left-parametrix for a(n):

Proposition 3.7 Let 0 < ¢ < ¢gg. Then there exists a parameter-dependent cone
operator by (n) € C™H(X;y — p+ e, + ¢, u) such that

(3.7) br(ma(n) —1 =g (n) € C&Ssv+e,7+e, ).

Passing in (3.1), (3.7) to the principal edge symbols, ¢f. (6.16), and solving for
(p* — A)~!yields

(3.8) (" — A" = 0" (br) () — 05" (br) () (gr) (1)
+ o (@) = A) o) (gr) ()
on 3(?,’7(813/\). We are now going to show that the second and third terms on the

right-hand side of (3.8) are the principal edge symbol of a parameter-dependent
Green operator. Let us set

(3.9) §/:§@imw(olez £— Z(UM(A) 1) ’HH’S_E(O'M(A) 1))

i.e., we add to € the asymptotic terms coming from the poles of o}, (A) ™! on the line
Rez = ﬂ ~ — . Note that these terms belong to D (Amin ).

Proposition 3.8 There exists a Green symbol § € R:" (35,7, u + €) for some
€ > 0 such that

T M (@)m) = o (bL) (&) () + o (&) (M (" — A) ol (gr) ()
and the integral kernel k, of g, cf. (6.1) and Theorem 6.12, satisfies
ke(n,t,x,t',x') € S (2,81, (0B") @ 8} (9B))
=5,"(%) ® S (0B") ® S, (0B,
where we set 8}, (OB") = 8711 (OB") & €.

Proof For brevity let us write g(n) = o»"(g)(n), and analogously for the principal
edge symbols of b, g, and gg. By the previous proposition, we have

5T (OBY) — K5 (0BY) L, 1 (9B — S5 (OBN),
where one considers Q € As(y+¢,1—2¢) as an asymptotic type Q € As(y—pu+e, 1)

for the last embedding. By standard mapping properties of cone operators there
exists an asymptotic type Q' € As(y + &, u) such that bz(n): Sgﬂﬁf(alBA) —
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82;5(8]83/\) — 8,/ (OB"), considering Q" as an element of As(7, y1+¢). Making sim-
ilar considerations for the adjoint, we thus obtain EL(T))gR(n) € R(Gfﬂ)(E; Y, E5Y, [+

).

Next, (7" — A)~! is a smooth function on X \ {0} with values in
L(X}7(9B"), D(A)).

In view of assumption (E2) on the scaling invariance of £, it is homogeneous of order
—u in the sense of (6.9). In particular,

(" — A)7" € ST KT (OB, Ky (OB))

for sufficiently small € > 0. But then it is clear that gz (1) (n* —A)*lg}(n) also belongs
to R(Giﬂ)(z; v, &7, it + €). If we now define

g(n) = x(M{=br(Zr(n) + & — A)~'g(n)}

with an arbitrary zero excision function x (1), theng € R;"(3;7, €;, u+¢), and the
principal edge symbol is given by the formula stated in the proposition. It remains to
investigate the kernel.

Since g(n) is a Green symbol of the given class (and by the kernel characterization)
there exists some asymptotic type Q € As(y, pu+ 5) such that the integral kernel k, of

() belongs to S () @ 85+6(8185/\) ®r 8. /2(8 B"). According to Definition 6.10,

Sy (OBY) = §1F/2(0B") & Eq.

By possibly shrinking €, we may assume that Q contains no triple (q,1,L) withRe g <
"“ — 7 — . By possibly enlarging Q, we can assume that &' C g, and therefore
EQ = &' @ V for a certain finite-dimensional space V. Therefore k, can be written
as k, = k9 + ky with k¢ containing the contribution of €', and k; that of V. However,

from 1dent1ty (3 8) one sees that g(n7) maps into the domain of A, and therefore k1
must equal 0. This then finishes the proof, since 8, el 2(OBN) = Sz;rz“ (OBM). [ ]

With bgr(n) from Proposition 3.6 and g(7) from Proposition 3.8 let us now define

(3.10) b(n) = br(n) + o g(n)og

—&—

= B(n) + w(tln)) t* opyy ~ () woltln)) + o g(n)a

with cutoff functions o, gy. Clearly, b(n): fH%A”(B) — D(A) for each 7. As explained

in Definition 6.6 and the subsequent paragraph, there are then h, p, and a cutoff
function oy such that

b(n) = o{ " opy; * (W) () +w(En)i* opay ~ 2 (NHwo(tln]) + )} o
+(1—0) ply) (1 — o).
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Since A has t-independent coefficients on [0, 1] x JB, we can also choose h to be
independent of ¢, i.e., h € M,"(9B; X). Then

(3.11) an(br)(n) =t" OPX/I_%(}I)(??) +wl(tn)t! Op&_g_g(f)wo(l‘\?ﬂ)-

As o, " (g)(n) = g(n) for large |n| by construction, we deduce from (3.8) and (3.11)
that

(3.12) b(n) = o — A) oo+ (1 — )p(m)(1 — 01),  |n| >R,

for a sufficiently large R > 0. Changing the cutoff functions only alters b(n) by a nice
remainder:

Lemma 3.9 Let o, 0,0, be cutoff functions satisfying the conditions posed in Defini-
tion 6.6 and the subsequent paragraph. Then

b(n) =5(n" — A5G0+ (1= F)p(m) (1 = 5) +r(n), [n| >R,
with a remainder r(n) having an integral kernel (with a certaine > 0)
k(. y,y") € 8(, €277 (B) &, CX77(B)).

Here, we have set 277 (B) = €27 @ &'. Hence we have not only

r(n) € C5=(3%57,7,6),
but also r(n) € 8(, L(H) (B), D(A))).

Proof This statement is easily seen using the representation of b(n) in (3.10).
Changing cutoff functions alters Z(n) only by a flat Green symbol in C; > (X),
which has in particular a kernel of the mentioned structure. It remains to note that
og(n)og — ag(n)ay = og(n)(oy — dp) + (0 — 0)g(n)dp and both these terms have
the required structure (recall that they are Green symbols of order —oo, since both
o — o and 0 — G, belong to €25, (10, 1[) ). [ ]

comp
Proposition 3.10  If b(n) is as in (3.12), then for |n| large enough,
(" —A)b(n) =1 =rr(n), bnn" —A) —1=r.n),

with
rR(n) € Co™(857,7,6), ri(n) € 8(X,L(D(A)))

for suitablee > 0. In particular, (n" —A): D(A) — 9{2’7’(]83) is invertible for sufficiently
large ).
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Proof Since A is a local operator, we can write (n* — A) = o(n* — A)og +
(1 —o0)(n"* — A)(1 — o1) with cutoff functions as above. Then

(" = A)b(n) = o — A)oo b(n) + (1 — o) (1" — A) (1 — 1)b(n).

To treat the first summand choose a representation of b(n) as in Lemma 3.9 with
50’0 = 0yp. Then

ot —A)oob(n) = o +on' —A)oyr(n),

where the second term on the right-hand side belongs to C;°°(3;7,, €), since A

maps Gzo,”’ to Gco(fmp(int IB). For the second summand we choose for b(n) a represen-

tation with &, such that 0,5, = &,. Then
1—-0)n" —=A)A -o)b(n) =0 —-0)+ (1 —o)(n —A)pn) — 1)1 —-01)

modulo a remainder of the prescribed form. Since p(7n) is a parametrix to n* — A
in the interior of 1B, the second term on the right-hand side is of the form
(1 —o)d(n)(1 — ;) with d(n) € L=°°(2B; ), hence is a remainder of the desired
form. The considerations for b(n)(n* — A) are analogous. [ |

To finish the proof of Theorem 3.5(b), it remains to modify b(n) in such a way
that we obtain the inverse of n* — A. To do so, we may assume that rz(7) of Propo-
sition 3.10 satisfies HrR(n)||£(%g~,(B» < % for all € ¥ (otherwise we multiply rr(n)

with a suitable zero excision function x(7)). Then 1 + rg(n) is invertible in J—Cg"ﬁ”(IBﬁ)
foralln € ¥ and

(L+rr(m) ™" =1 —=rr(n) + re()(L + rr()) " 'rr(n) =: 1 +s(n).

Clearly, s(n) belongs to C > (3; 7y, v, €), again. Hence, by Proposition 3.10 and equa-
tion (3.10),

(3.13) (" — A" = b)) (1 + ()" = b(n) + b(n)s(n) = b(n) +7(n)
for large |n|, with 7(n) € C;"(3;7,7,¢) (note that the smoothing Mellin term in

(3.10) belongs to Cy /f o(Z5v — e, v+ — e, 1) C C"(Z57,7,¢€)).

4 Spectral Invariance and Bounded Imaginary Powers
4.1 Independence on the Choice of 1 < p < o0

A closed extension A of A in ﬂ-(g’oﬁ’ (B) with domain D(Ani,) @ € as in Theorem 2.8
induces closed extensions A, in 3—(?,’7(183) forall 1 < p < oo by letting A act on

‘D(ép) = ﬁp(Amin) EB§7

where D, (Anin) is the domain of the closure of A in 5{2’7/(]83).
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Theorem 4.1 ~ Suppose A = A, satisfies the assumptions of Theorem 3.5 for one po,
and let c() be the inverse of 0 — A, for |n| > R. Then c(n), [n| > R, also yields the
inverse of " — A, forall 1 < p < oco.

Proof By (3.13), c(n) = b(n)(1+rr(n))~! with b(n) = br(n)+0g(n) 0. According
to Proposition 3.6, bg(n) maps 9(?,‘7 (B) into D, (Amin). By Proposition 3.8, 0g(n) oo
maps into C,” (B), which is a subspace of D(A,). Hence

c(n): H,"(B) — D(4,)
forall1 < p < oco. Moreover, ¢(n)(n* —Ap) =1lon Gé’(‘,’mp(int B) @ € for each p, since

this is true for p = po and the left-hand side of the latter equation is independent of
pon €3, (intB) @ €. Similarly, (" — A,)c(n) = 1 on €3, (intB) for all p. Thus

comp comp
a density argument gives the result. ]

o~

Equation (3.8) together with Proposition 3.8 shows that (7" — A,
of two principal edge symbols, namely those of an operator in C,"(2) and one in

)~ ! is the sum

R:" (35,7, €). Arguing similarly as above, we therefore obtain

Theorem 4.2 IfA = A, satisfies ellipticity assumptions (E1), (E2), and (E3) of Sec-
tion 3.2 for one p, then automatically for all 1 < p < oo.

4.2 Bounded Imaginary Powers

We have shown [3] that the closure of a cone differential operator (under elliptic-
ity conditions (E1) and (E3) with & = {0}) posseses bounded imaginary powers
whose operator-norm in 9{2’7(183) can be estimated by cpea|z|, where 6 is the angle
determining A = Ay. We also pointed out [3, Remark 5.5] that the validity of this
result “only” relies on the structure of the resolvent and not on the fact that we dealt
with the minimal extension. Theorem 3.5 now states that the resolvent of a general
closed extension has exactly this required structure (in [3] we described the resolvent
(A —A)~! in terms of anisotropic symbols, while here we described (n* — A)~!; both
ways, however, are obviously equivalent). Thus we have the following result:

Theorem 4.3  Let A be a closed extension of a cone differential operator A, satisfying
the ellipticity assumptions (E1), (E2), and (E3) with respect to A = Ay. Then the
resolvent (A — A) ™! exists for large X in A, and its norm in fJ-Cg”(lBS) decays like 1/|\|.
Moreover, there exists a constant ¢ > 0 such that A + ¢ has bounded imaginary powers
and, for a certain constant c, > 0,

H(A + C)iQHL(ng"W(]B%)) S Cp ee‘gl \V/Q & ]R

As the construction of complex powers shows, we can take ¢ = 0 if A has no spectrum
in A().

Let us mention that the operator A + ¢ does not satisfy the assumption of constant
coefficients near the boundary (since we have to write ¢ = t~#(t#¢)). However, the
structure of the resolvent remains unaffected by the shift with a constant c.
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5 The Laplace-Beltrami Operator

Let the interior of B be equipped with a metric that coincides with dt* + t>g on
10, 1[ x OB for some fixed metric g on OB (straight conical degeneracy). The associ-
ated Laplacian A is a second-order cone differential operator, and

A =t72{(td)* +(n— 1)td, + Ay}, n=dimaB,
near the boundary of B, where Ay denotes the Laplacian on 0B with respect to g.

Clearly, —A satisfies ellipticity condition (E1) of Section 3.2 for any sector A not
containing positive reals.

5.1 The Conormal Symbol
Let us first analyze the inverse of the conormal symbol
J&(A)(z) =22—(n—1)z+Ay.
To this end denote by 0 = A\ > A; > --- the eigenvalues of Ay and by Ey, Ei, ...
the corresponding eigenspaces. Moreover, let 7; € L(L,(9B)) be the orthogonal
projection onto E;.

The non-bijectivity points of o3;(A) are exactly the points z = q; and z = q;
with

2 .
(5.1) g7 =" () A e

Note the symmetry g = (n — 1) — g; . It is straightforward to calculate that

(Z2—(m—1z+Ay) "' =

RNt

1 ( 1 1 )
— — — ) ;.
q -4 2o d z—a;)

Hence, in case dim B > 3,

1
(ZZ—(m—1z+Ay) ' ==+ — mi(z — q;t)’1 near z = qji

4 —4;

modulo holomorphic germs. In case dim B = 2 the same formula holds near z = qji
if j > 1 but, since then g5 =g, =0,

2

(22 +Ap)" ' =7z nearz =0.
For dim B = 1, this simplifies to 03,(A)~'(z) = (> +2)~' = 1 — _5 with only two
polesin g, = —1 and g = 0 and associated “eigenspace” Ey = C.
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5.2 Maximal Domain and Dilation Invariance

With qji we associate the function space

+ +

qui =E@uwt U ={(t,x) »e(x)w(t)t™l |ecE;}, jeN,
+

and for gy we set

E +E logt dimB =2
(5.2) &+ = 0w i0®w0g o ’
4o E0®wtq°

dimB # 2.
Furthermore, for v € R, set

. n+1 n+1
L={gfljeN}n] o= —v-2,

. n—1
={g7 1jeENIN ] ———7—1,

— —y+1].
L
Applying Theorems 2.3 and 2.8 to A = A, we get the following:

Proposition 5.1 The domain of the maximal extension of A in }CZ’W(B) is
D(Amax) = D(Amin) @ @ Sq'
q€l,

In case q;—L #* ”T” — v — 2 for all j, the minimal domain is D(Amyin) = 5—(;"”2(]83).

Let us now describe the closed extensions A of A satisfying condition (E2) of Sec-
tion 3.2. For convenience we shall call such extensions dilation invariant. A straight-
forward calculation (or an application of [10, Lemmas 5.11; 5.12]) yields:

Proposition 5.2 Consider A as an unbounded operator in 9(?,‘7 (B). The dilation
invariant extensions A are precisely those with a domain of the form

(5.3) D(A) = D(Amin) ® P §q, §q subspace of €,

q€l,

where in case dim B = 2 either £, = {0} or £y = Ey @ w or £ = &y, cf. (5.2).

Let us point out that in (5.3) the sum is taken over all ¢ € I, and that the summand
&, = {0} may occur several times.
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5.3 Adjoint Operators

Since the scalar-product (-, - )0 of 9{2’0(]8) yields an identification of the dual space
of J—C%”’(IB%) with ﬂ{g’,_ 7(B), the adjoint A* of an extension A in 9{2’7(183) is the un-
bounded operator in 9{2’,_7(]83) given by the action of A on the domain

DA*) ={veH)7 (B) | If € H)7 B) Vu € DA) : (v, Au)oo = (f, u)oo}-
Itis easy to see that A* . = Apacand A = Apin.
We shall now compute explicitly the adjoints of the dilation invariant extensions.

For an analysis of adjoints of general cone differential operators (in case p = 2), see
[10]. Define

[ Ty " ]: ‘D;(Amax) X 'D;/A/(Amax) E— (C7 [M>V] = <Au7 V>0,0 - <u7 A1’)0,07

where the indices o, in DY now indicate that we consider the Laplacian in the
Sobolev space H%?(B). Then the domain of the adjoint operator A* is just the or-
thogonal space (with respect to this pairing) to the domain of A, i.e.,

D,(AY) = DH(A)

Since [u,v] = 0 whenever u or v belong to the minimal domain, we classify first
which elements of ©4¢;_, €, are orthogonal to a given element of @41 ;.

Letu = ewt ™ qw1thq =gqjorq = q; and e € Ej forsomeﬁxed] € Np. If
vy = fwt™ % with f € Ey,an elementary calculatlon ylelds

(AM)E - UAVi = 2(q]:<t — q) efww/tiqquifl

hence [u, v+] = 0 ifand only if g = g or (e, f)1,om) = 0.

IfdimB = 2 and u = cw + dwlogt with¢,d € Cand vy = fwt~% with f € Ey
and k # 0, then

-1
)

(Auyvr —ulvy = 2f(d + chi + qui log t)ww’t—qki

hence [u,v1] = 0, since (1, )18 = 0. If u is as before and v = cyw + dyw logt
with ¢y, dy € C, then

(Au)¥ — ulAv = 2(¢od — dyc)ww't 3,
hence if both u and v are different from zero, [u, v] = 0 if and only if ¥ is a multiple
of u.

From this we derive the following description of adjoints of dilation invariant ex-
tensions:
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Theorem 5.3  Let A be a dilation invariant extension of A in ng"ﬁ”(IBﬁ) with domain

Dp(A) = Dyp(Amin) & D &,

q€l,
as described in Proposition 5.2. Then the domain of the adjoint A™ is

— *\ _ Py . 1
DA = D) (B & D €5

where the spaces §;—i are defined as follows:

(i)  If either qji # 0 or dimB # 2 there exists a unique subspace E; C E; such that

+
§q¢ =E;® wt~ 9 . Then we set
7

_gF
EL =Ef @ut ¥,
q; J

where EJJ-' is the orthogonal complement oij in E; with respect to the L,(9B)-
scalar product.

(i) IfdimB = 2andq; = 0, define &5 = {0} if € = €, & = o if & = {0},
and & = &,if €, = By @ w.

Note that §;_,i is a subspace ofé'q_; or, equivalently, §;‘ is a subspace of €(y—1)—g-

7 J

Corollary 5.4  The selfadjoint dilation invariant extensions A of A in HY°(B) are
those with a domain of the form

q€ly

with §;‘ = Eu_1)—q for all q € Iy (in particular €, = Eq ® w in case diim B = 2).

Applying [10, Theorems 8.3 and 8.12], the Friedrichs extension of A has the do-

main
DI(Amin) B D ge1, €@ (Ey@w) dimB = 2,
:DO(A) — Re g<0
7= Dg(Amin) ©® @ q€ly Sq dlm B 7& 2.
Reg< 25t

In particular, the Friedrichs extension is dilation invariant.

Remark 5.5  All the results of Sections 5.2 and 5.3 hold true in an analogous form
for the model cone operator A considered as an unbounded operator in 3(?,’7(818%/\ ).
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5.4 Elliptic Extensions

Proposition 5.2 provides a complete description of the closed extensions A of A such
that — A satisfies the ellipticity conditions (E1) and (E2) of Section 3.2. We shall now
discuss condition (E3), assuming that |y| < 3 dimB = 3 (the choice of this range
is connected to the scale of natural L,-spaces on I3 as we shall explain below). It turns
out that for each given vy we find at least one extension having property (E3); in case
dimB < 3 we find more than one. However, the extensions we describe might not
represent all possible choices.

Theorem 5.6 Let A C C\ R, be an arbitrary sector. Consider — /A as an unbounded
operator in ﬂ{g’w(lBﬂ) and assume dimB > 4. Then conditions (E1), (E2), and (E3)
of Section 3.2 are fulfilled by —Amax i case 0 < v < % dim B and by —Amnin in case
—% dimB < v <0.

The assumption on the dimension of B in the previous theorem ensures that A in
HIO(B) is essentially self-adjoint or, in other words, the inverted conormal symbol
has no pole in the interval I. We shall omit the proof of this theorem, since it is a
simpler version of that for the following one (c¢f. also the proof of Theorem 7.1 in

(3]).

Theorem 5.7  Consider —A as an unbounded operator in U-C?,’W(]BE), assume dim B <
3, and let |y| < % dim B. An extension —A satisfies conditions (E1), (E2), and (E3) of
Section 3.2 for any sector A C C \ Ry, provided we choose its domain

DH(A) = Dy(Amin) © D E,
q€l,
according to the following rules:
(i) IfqelL NI, thenE =&, 1
(i) Ify>0andqe L, \I_,, then §q =&,
(iii) Ify<OandqeI_,\ L, then &= {0}.
In particular, Dy (A) = Dy (Amax) if v > 1and Dp(A) = D} (Amin) if v < —1.

Proof By Theorem 4.2 we may assume that p = 2, and by duality it suffices to
treat the case v > 0. Let A, denote the selfadjoint extension of A in 9{(2)’0(]8%) with
D(A) C DI(A,). Such an extension always exists due to assumption (i) on the
domain of A and by Corollary 5.4; its domain is

Dg(éo) = Qg(Amin) ® @ gq D @ éq.

qelﬂ\l—w qel,Nl—,

If we then pass to the associated model cone operators and use Remark 5.5, we get
that

(5.4) A+A:DIA) — KI(OBY), AR,

is injective, since spec(—@o) C R, and DZ(@) - DQ(AO).
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By Theorem 5.3 (in the formulation for model cone operators), the adjoint A* of
A has the domain
D, A =D, Amin) & D &,

q€LNI_,

Nowlet A € C\R; and u € D;W(A*) be an element of the kernel of \ + A*, ie.,
(A+A)u = 0. We shall show now that this implies # = 0. To this end write u = uy+u,
with 4y € D; 7 (Apin) and w1 € @,c; . &, Note that ug, uy € K5 (9B") by the
assumption on the dimension of B and the structure of the domain of A. Since

ﬁul S Gcog’mp(int IB) (as this is true for any linear combination of functions from the

spaces &), we obtain (A + E)uo = —Au — ﬁul S 5(2’0(8183/\). But this means that

o € DY Ama) N D3 (Apin) = DI Apin) @ B &, C DYA,).
g€\,

The last inclusion is valid by construction of A;. This yields u € 2)8(;0) and (\ +
E)u = 0, hence u = 0, since spec(—Ao) Cc R,.

This shows the bijectivity of (5.4), since there A + A is a Fredholm operator (this
follows from [12, Proposition 1.3.16] together with a parametrix construction on
OB as in the proof of Proposition 2.11), hence has closed range. ]

5.5 The Cauchy Problem

Let 1 < p < ooandlet L,(I3) denote the L,-space on int B associated to the measure
induced by the conical metric on intB. Then

1 1
L,(B) = 3, (B), 7= (n+ ”(z - ;) ,

In fact, away from the boundary these spaces coincide by definition; thus it suffices
to consider functions supported close to the boundary. But then, ¢f. Definition 2.2,

ntl

N dt
[ / 5 (e, )P L
I, 7 (B) (0,1] x OB t

= / lu(t,x)|Pt" dtdx = ||ul|? )
(0,1] x OB !

21 — 1 dim B when p ranges from 1 to co. Therefore the results of

Clearly, |v,| < 5= = 3
the previous Section 5.4 can be applied to the Laplacian in L,(IB), 1 < p < oc.
Combining these results with Theorem 4.3 and the Dore—Venni theorem [5, The-

orem 3.2], one obtains maximal regularity for solutions of the Cauchy problem:

Theorem 5.8 Consider A as an unbounded operator in L,(B), 1 < p < oco. For
each closed extension A from Theorems 5.6 or 5.7 associated with v = v, the Cauchy
problem

u(t) — Au(t) = f(t) on 0<t<T, u(0)=0,
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has for any f € L,([0, T],L,(B)), 1 < g < oo, a unique solution

u € Wi([0,T],Ly(B)) N Ly([0, T], Dy (A)).

6 Appendix: Parameter-Dependent Cone Pseudodifferential Opera-
tors

We try to give a concise review of the calculus of parameter-dependent pseudodif-
ferential operators on B introduced by Schulze [21, 22]. Our presentation follows
[11, 26]. While there the parameter-space was R?, we focus here on a subsector of the
complex plane. The proofs pass over to this situation without any changes, and thus
will be dropped here.

We split the presentation into two parts: In Sections 6.1-6.3 we describe a sub-
calculus of flat operators. Under suitable ellipticity assumptions it already allows
the construction of a rough parametrix to n* — A for a u-th order cone differential
operator A. To describe the resolvent (" — A)~! we need to enlarge this calculus.
This shall be explained starting with Section 6.4.

In the following, X is a closed sector in the complex plane (identified with IR?)
containing zero, i.e.,

Z:{UE(C|91§arg77§02}U{O}, —7r§91,92§7r.

For a Fréchet space E, we let C>° (X, E) denote the space of all continuous functions
3 — E that are smooth in the interior of > and whose derivatives have continuous
extensions to the whole sector .. A subspace is (32, E), consisting of those functions
that decay rapidly in n as |n| — oo in X.

We fix a smooth positive function [-] with [n] = |n| if || > 1. Also recall that a
cutoff function is a non-negative decreasing function in Cg,,,([0, 1[) which is iden-
tically 1 near zero.

6.1 Smoothing Elements of the Flat Calculus

The space €>*°°(IB), consisting of all functions that are smooth in the interior of B
and vanish to infinite order at the boundary, is Fréchet in a natural way. Taking the
projective tensor product yields the space

Co (B x B) = C°°(B) ® C>*°(B).

Definition 6.1 Let C;°°(X)o be the space of all operator-families
r(n): C°°(B) — C°°(B),

1 € 3, such that
(r(mu)(y) = /kr(n,y,y’)u(y’)dy',
B
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where dy’ is a measure induced by a conic metric on B and the kernel
k, € 8(32, €% (B x B))

is rapidly decreasing in ) € .

Besides this kind of smoothing operators — which act globally on B and decay
rapidly in the parameter — we shall also need a class of smoothing operators that are
localized near the boundary but have a non-trivial dependence onn € X.

To this end let §>°(JB”) denote the space of smooth functions Ry x 9B — C that
vanish to infinite order in t = 0 and decrease rapidly for t — co. We then define

8 (OB" x OB") = 8> (9B") ®8°°(8]B§/\).

Definition 6.2  Let R:(X)oo, 1 € R, denote the space of all operator-families
a(n): 8°(OB") — 8<°(dB"), n € %, such that

61)  (amu)t,x) = [ /

ka(n,tnl,x,t" (], x Yu(t',x")t"" dt'dx’,
oBA

with an integral kernel satisfying

ka(n,t,3, 8, x') € SU(S, 8% (OB" x OBM)) := (D) ® 8 (OB" x IB").

Using such operator-families, the so-called flat Green symbols are defined as fol-
lows:

Definition 6.3  For ;1 € R let Ci:(X)o denote the space of all operator-families
g(n): o (B) — C>*>(B), n € %, such that

(6.2) g(n) = oa(n)og +r(n)
for some cutoff functions o, oy € €°°([0,1[), a € RE(EX) o0, and r € C; ™ (¥) 0.
Note that if ¢ is as in (6.2), then g(n) = ga(n)dy + r(n) for any choice of cut-

off functions 7,5, € €*([0,1[) with a resulting 7 € C;°°(X)s. Moreover, the
(pointwise) composition of such operator-families yields a map

(63) (L)oo X Ol ()00 — CL1(8)
6.2 Holomorphic Mellin Symbols

A holomorphic Mellin symbol of order ;1 € R is a function h: R, x C — LE(IB; X)
depending smoothly on ¢t € R, and holomorphically on z € C. It has its values in the
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Fréchet space of parameter-dependent pseudodifferential operators on the boundary
of B. Moreover we require that

c(8) == sup[t]||Oh(z, § + iT)]|
t>0

is a locally bounded function of § € R for any I € Ny and any semi-norm || - ||| of
L1 (0B; R, x X). We denote the space of all such symbols by M4 (R, x 9B; X) and
write M7 (0B; ) for the subspace of t-independent symbols.

With h € Mg(@Jr x 0B; ) we associate an operator-family

op (W) (n): 8°(B") — 8= (OB")

by

(6.4)  (opy (M) (Mu)(t,x) = /tfzh(t,zv 1) (Mu)(z,x) dz, u € 8(IB"),
r

where I is an arbitrary vertical line in the complex plane (the arbitrariness is due
to the holomorphy of Mu and Cauchy’s integral formula). Note that on the right-
hand side of (6.4) we do not use the symbol h(t,z, ) itself, but the “degenerate”
one h(t,z,tn). We refer to operators of that kind as parameter-dependent Mellin
pseudodifferential operators or, shortly, Mellin operators.

Remark 6.4 If A is a cone differential operator as in (2.1) then, for any ¢ €
e (1o, 1),

ol —A) = ot P opy (), bt zm) =1 — 3 a2,

j=0

Mellin operators behave well under composition:

Theorem 6.5 Lethj € My (R, x OB;Y) for j = 0, 1. Then
: . ds
(6.5) (ho#hy)(t,2,1) = / / Shy(t,2 i 1,2, 7) © dr

defines an element hy#h; € M’C')")Jr”1 (Ry x OB; X2), the so-called Leibniz product, and
op(ho) (1) op (1) (n) = opy(ho#hi)(n) V€ X.

The right-hand side of (6.5) is understood as an oscillatory integral in a suitable
sense.

https://doi.org/10.4153/CJM-2005-031-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2005-031-1

802 E. Schrohe and J. Seiler

6.3 The Calculus of Flat Cone Operators

The operator-families we now consider are, roughly speaking, those which are usual
parameter-dependent pseudodifferential operators in the interior of B, and which
are parameter-dependent Mellin operators near the boundary. The global smoothing
elements are flat Green symbols. Let us make this precise:

Definition 6.6  Let n € R. Then Cf(X) denotes the space of all operator-families
G (B) — C°>°°(B) of the form

(6.6) c(n) = ot ™" opy(W)(noo + (1 —a)p(n)(1 — a1) +g(n),

where o, 0y, o) are cutoff functions satistying ooy = 0, 001 = 01, and

(a) h(t,z,n) € MS(Rr x 0B; X)) is a holomorphic Mellin symbol, ¢f. Section 6.2;
(b) p(n) € L!(2B; X) is a parameter-dependent pseudodifferential operator on 21B;
(c) g(n) € Ci(X) is a Green symbol, cf. Definition 6.2.

For any choice of 0 < ¢ < 1 one can achieve that the symbols h and p in the
representation (6.6) are compatible in the sense that

p{t " opy (M) = p(} ¥ € Ca™ (oo Vo, € T, (Jo, 1D

In order to formulate the calculus in a smooth way, we shall fix such a p and shall
always assume this compatibility relation to be satisfied. Moreover, we assume the
involved cutoff functions o, g9, 0 to be identically 1 in a neighborhood of [0, g].
Occasionally, we shall write c¢(n) = op(h, p, g) if c(n) is as in (6.6).

Theorem 6.7  The pointwise composition of operator-families yields a map
CH(X) x CH(E) — CHH(X).
More precisely, if cj(n) = op(hj, pj,gj) for j = 0, 1, then
co(n)er(n) = op((T" ho)#hy, pop1, &)

with a resulting Green symbol § € CH'™ (X)oo. Recall that (T°h)(t,z,m) = h(t,z +
4,m).

The operator-families from C/,(X) introduced above are a subclass of parameter-
dependent pseudodifferential operators on the interior of B. In particular, we can
associate with them the usual homogeneous principal symbol

(6.7) al (o) (y, 0,m) € C*((T*intB x ) \ 0)

with (y, o) referring to variables of the cotangent bundle of int B. In the coordinates
y = (t,x) near the boundary with corresponding covariables o = (7, &), the princi-
pal symbol has the form

Ug(C)(t, X, T, ga 77) - tiﬂa(/t)(ta X, tTa 57 ”7)
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with a function a,)(t, x, 7,£,7n), which is smooth in (¢,x) € Ry x R" and 0 #
(1,€,m) € R"™! x 3, and is positive homogeneous of order j in (7, &, 7). The local
symbol a,)(0, x, 7, £, 1) defines the rescaled principal symbol

(6.8) 5:;(c)(x, 7,6,m) € C¥((T*OB x R x X)\ 0).

Roughly speaking, this rescaled symbol describes the behavior of the principal sym-

bol in the conical singularity itself. We say that ¢ is B-elliptic if

(E) both the principal symbol ¢%/(c) and the rescaled symbol 55;(6) are pointwise
everywhere invertible. ‘

This condition allows the construction of a rough parametrix:

Theorem 6.8  Let c(n) = op(ho, po,g) € CH(X) be B-elliptic. Then there exists an
operator-family b(n) = op(hy, p1,81) € Co" (X) such that

b(n)c(n) =1+ w(t[n]) opp, (fu)(Mwo(tInl) + gL(n)
c(mb(n) = 1+ w(t[n]) op, (fr)(Mwo(t[n]) + gr(n)

with an arbitrary choice of cutoff functions w, wo, Mellin symbols fi, fr € Mg ™ (Ry x
OB; X), and flat Green symbols g1, g € CA(X)oo. Moreover, fi, = (TVhy)#ho — 1 and
fR = (T Phy)#h, — 1 on [O, 1[

Hence, B-elliptic symbols can be inverted up to smoothing remainders. However,
this parametrix is not quite satisfactory, since a smoothing Mellin term is present
and the Green symbols still have order 0. To improve the quality of the remainder,
one has to enlarge the calculus substantially (and has to pose additional ellipticity
conditions). The elements of this enlarged calculus will be described in the next
sections.

6.4 Green Symbols with Asymptotics

Let E°, E' be Banach spaces and x/ = {/@{, | 0 > 0} C L(E/) a strongly continuous
group on E/, i.e,, k] = 1 and k)k} = Kj,. We refer to x/ as the group action of E/.
A function a in €>°(X, L(E°, E')) is said to be a symbol of order 1 € R, if
153y O @G ey < e ()"
uniformly in i € 3 and for all multi-indices cv. We write a € S#(3; E°, E).
A function a € €>(X \ {0}, L(E°, EY)) is called (twisted) homogeneous of order
1€ R, if

(6.9) a(on) = o'rba)r?), Vo> 0,1+ 0.

We shall denote the space of such functions by % (3; E°, E'). The standard concept
of classical (polyhomogeneous) symbols having asymptotic expansions into homo-

geneous components extends to this operator-valued situation, resulting in the space
SH(5; E° EY).
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As a straightforward modification, one can admit E' to be a Fréchet space, which
is the projective limit of Banach spaces, E' = lim E} with E} «— E} « .-,
such that the group action on E} induces (by restriction) the group actions on all E},
k € N. Then we simply set

SHSSEY EYD = ) S5 EY, Ep).
keN

In the sequel we shall introduce various distribution spaces on B" = Ry x dB. The
group action x always will be that induced by

(6.10) (kou)(t,%) = 0" ulot,x), u € €, (IBM).

Definition 6.9 Let~,0 € Rand 6 > 0. An asymptotic type Q € As(~, 0) is a finite
set of triples (g, /, L), where q is a complex number with ”%1 —v—60 <Regq < ”zil -,
I € Ny, and L C €C°°(9B) is a finite-dimensional space of smooth functions. We shall
write Q = O if Q is the empty set.

The conjugate type Q € As(v,0) to Q is the set of triples (g,1, L), where

(1) € Q.
With an asymptotic type Q = {(q;,1;,L;j) | j = 0,...,N} € As(v,0) we asso-

ciate a finite-dimensional subspace of smooth functions supported in [0, 1[ x OB,
namely

N I
(6.11) 8Q = {(t,x) — w(t) Z Z ujk(x)tqu logkt | Ujk € Lj} .
j=0k=0

Here w is an arbitrary cutoff function.
Definition 6.10 Lets € Rand Q € As(v, #) be an asymptotic type. Then define

K5Q(OB) = Eq @ lim I~ (OB")

e>0

SHOB") = {u € K35 (OB") | (1 — w)u € 8(IB™)}.

In case Q is the empty set, we shall write 3(;},(8]83/\) and 8 (9B"), respectively.

The spaces are clearly independent of the choice of the cutoff function. Moreover,
they are Fréchet and can be written as projective limits of Banach spaces. This allows
us to introduce Green operators as operator-valued symbols in the above sense.

Definition 6.11 Let Q € As(—~,0), Q" € As(y’,0’) be given asymptotic types.
We denote by Ri5(X; 7,6, Q;7', 60, Q') the space of all functions

a: % — LI (OBM), K (OBM))
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with
ae ) SH(5557(0BM), 822/,(8IB§A)), a* e N S5 %577 (OBM), 85 (B™)).
seER sER

Here, the * refers to the pointwise adjoint with respect to the scalar product of
9(2’0(8183/\ ). Moreover, we set

RE(Z57,657',0") = QQ/ RE(Z57,6,Q:79',6',Q")

and write RE(X5v,7/,6) if = 6.

As an example, the flat Green symbols in Definition 6.2 are symbols of that type,
namely
RG(X)e = (1 RG(E57,0,057',0",0).
vy’ ,0,07

It is often important to know that Green symbols have integral kernels with a specific
structure. Set

Sy (OB) = {u € IZ7(OB") | (1 —w)u € $(IBM),
(log" Hwu € K77 (OB")  Vk € Ny}

Theorem 6.12 Let a: ¥ — L(XKY(OBM), ng’ﬁ’l(aBA)) for given asymptotic types
Q € As(—,0) and Q" € As(v',0"). Thena € R:(3;7,0,Q;7',0",Q’) if and only
if a satisfies (6.1) with a kernel

ko € S4(E) &, 8, (IBY) Br 857 (IB"),
where we have set
S5 (OB") Br 857 (OB) = [8,(9B™) & 8,7 (OB")] N [8] (9B") & 857 (9BM)].

To define general Green symbols on I3 we need to introduce some function spaces
on B:

CT(B) = {u € €°(intB) | wu € §}(IB™)},
€y (B) = {u € C*(intB) | wu € 8,(IB™)}.
These are subspaces of }C;A’/(B), independent of the choice of the involved cutoff

function w. We shall write €,°"(B) if Q = O € As(v,0) is the empty asymptotic
type.
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Now we define C;*°(%;7,0,Q;v',0’,Q’) as the space of all functions r: ¥ —
L (B), 337 (B)) such that

re S5 96G7B), €7 (B), e NSO (B), 65 (B)),
sER sER

where * refers to the adjoint with respect to the scalar-product of 9{2’0(183) and all
spaces are equipped with the trivial group action x = 1.
Similar as in Definition 6.1 above, such operator-families possess an integral ker-

nel )
k€ 8(2) ®x €37 (B) &r €57 (B),

where
ey (B) Er €27 (B) = (€7 (B) B, €7 1(B)] N [C7 (B) &, €2 (B)).
Taking the union over all possible asymptotic types leads to the spaces
Ca™(%57,6;7',0") and C;™(57,7',0)
ifod =10

Definition 6.13  Let Cf:(3;,6;7',6") denote the space of all operator-families
g(n) : C=7(B) — GOOvVl(B), 1 € %, such that

g(n) = aa(n)oo +r(n)
for cutoff functions o, ¢, and a € Ri:(3;,0;7',0"), r € C; (%57, 6;7',6").

The pointwise composition of such operator-families yields a map
CE(S577,007",0") x CE (537,057, 0") — CE (S5, 0;+,0").

Let us finish this subsection with a result we shall need for the proof of our main
theorem.

Lemma 6.14 Lety € Rand0 < e < % Then
Co(%57,1,057,1,0) C C4(S37,1 — 26,037 + 26,1 — 2¢, 0).

Proof Letg(n) € CA(;7,1,057,1,0). By Definition 6.13, we can write g(n) =
o a(n) og + r(n) with

a(n) € R4(%57,1,0;7,1,0) and  r(n) € C5¥(%;7,1,057,1,0).
We now have to show that

(6.12) a(n) € RE(%;7,1 — 26,057 + 2¢,1 — 2¢,0)
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and that r(n) € C;™°(X;7v,1 — 2¢, O; v + 26,1 — 2¢, O). We restrict ourselves to the
proof of (6.12), since the symbol (1) can be treated in an analogous, even simpler
way. By Theorem 6.12 it suffices to show that

87(OB™) &r 8;7(AB") C 81 (9B") ®r 8,7, (IB")

(recall that we write 8) = 8/, if O € As(~, ) is the empty asymptotic type). Clearly,
87(AB") &r 8, 7(AB") C 8](IB") &, 8, (AB") = 815 (IB") @, 8,7 (IB™),
where the last identity follows directly from the definition of the involved spaces. By

[27, Proposition 4.5] (in the version for operators on OB") we have

87(OBM) ®@r 8,7 (OB") = N SLOB") @, 8., (OBM).

0<o<1

Inserting o = 2¢ + §, § > 0 small, yields

87(OB™) ®r 8, 7(OB") C 8]_,;(OB") &, 8, 7,._;(OB")
C 87 (OB ®, 8,7, ;(OBM).
Passing to the intersection over all § > 0 gives
87(AB") ®r 8, 7(AB") C 87 (IB") &, 877, (IBM).

This finishes the proof. u

6.5 Meromorphic Mellin Symbols

An asymptotic type for Mellin symbols P is a set of triples (p,n,N) with p € C,
n € Ny, and N a finite-dimensional subspace of finite rank operators from L~>°(9B).
Moreover, we require that 7cP N {z € C | —§ < Rez < 4} is a finite set for each
& > 0, where

mcP ={p e C|(p,n,N) € Pforsomen,N}.

We shall write P = O if P is the empty set.

A meromorphic Mellin symbol with asymptotic type P is a meromorphic function
f: € — L™°°(9B) with poles at most in the points of wcP. Moreover it satisfies: If
(p,n,N) € P, then the principal part of the Laurent series of f in p is of the form
Spo Re(z — p)~F~1 with Ry € N; if x € €°°(C) is a mcP-excision function (i.e.,
identically zero in an e-neighborhood around 7¢P and identically 1 outside the 2¢-
neighborhood), then ¢(§) = |[|(x f)(d + i7)]|| is a locally bounded function in § € R
for each semi-norm of L~ °(0B; R,) = S(R,, L~>°(IB)).

As in (6.4) we can associate with meromorphic Mellin symbols a pseudodiffer-
ential operator. Now, however, the operator will depend on the choice of the line.
Letting I'; /,_ denote the vertical line {Rez = 1/2 — 6} we define op,(f) by

(6.13) (op?;/l(f)u)(t,x) = / 72 f(t, 2)(Mu)(z, x) dz.

r,
1-s
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Of course, we have to require that none of the poles of f lies on the chosen line; this
we shall always assume implicitly.

Definition 6.15 Let~,u € Rand k € N. Then C}, -(3;,7 — 11, k) denotes the
space of all operator-families C*°7(B) — €°°7~#(IB) of the form

k=1 j . o
614) w3 e opy T (fan®) Seln)) + g,

=0 al=0

where w, @ are arbitrary cutoff functions, g € CH(3;7,v — u, k), the fia are mero-
morphic Mellin symbols with certain asymptotic types Pj,, and vj, € Rwithy—j <

Changing the cutoff functions in (6.14) only yields remainders in Cf:(X;7,v —
s k).

6.6 The Calculus of Cone Pseudodifferential Operators
For v, € Rand k € N let

(6.15) CHM(E57y,y — p, k) = CH(E) + Chr (5 y, v — s k)

with C§(X) from Definition 6.6 and Cly, (3;7y,y — 1, k) as in Definition 6.15. The
elements of that space are operator-families C°°7(IB) — €°°7~#(IB). Pointwise com-
position induces a map

CHO (X5 7y — 1,y — 1 — o, k) X CH (5 7y, — iy, k) — CHOT (S5 7y, v — iy — pao, k).

Remark 6.16 Let c(n) € C*(X;~,~y — u, k). Then, for each 7, ¢(n) induces contin-

uous maps
c(n) : 1 (B) — 3¢, "7 (B)

foranys € Rand 1 < p < co. Moreover, to any asymptotic type Q € As(7, k) there
exists a type Q" € As(y — u, k) such that

c(n): €37 (B) — €37 " (B).

The construction of the parameter-dependent parametrix in Section 3.2 implicitly
relies on ideas from the edge calculus; in particular, in (3.8) the notion of principal
edge symbol is used to obtain a description of (1" — A)~!. We shall therefore recall
those symbolic structures. In order to put this into perspective, we shall give two
theorems that, although not needed in this paper, show how the different types of
ellipticity imply the existence of parametrices of corresponding quality.

Let ¢(n) € C*(3;7,y — u, k) be given; then

c(n) = ot oply t(W)(mog + (1 — o) p(n) (1 — o) + (m +g)(1),
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where the first two terms are as in (6.6) and (m+g)(n) is as in (6.14). Since (m+g)(n)
has, in particular, a smooth distributional kernel, ¢(n) is a parameter-dependent
pseudodifferential operator on the interior of B, and we can associate with it the
principal symbol and rescaled symbol as in (6.7) and (6.8), respectively.

The principal edge symbol is

(6.16) ol (c)(n) =t~" opyy  (hy)(1)

k=1 . N
+wMW(Za;IW”w$’%MMﬂwMW+gmm7
=0 |a|=j

where hy(z,n) = h(0,z,m) and g(,(n) is the homogeneous principal symbol of
g(n) € RE(Z;v,7 — w, k). We consider the principal edge symbol as an operator-
family

(6.17) ah(e)(n): K7 (OB") — XK, "TTHOBN), n#0,

forse Rand 1 < p < o0.

Finally, the conormal symbol of c(n) is the meromorphic function with values in
L!,(0B) given by

(6.18) ah(©)(2) = h(0,2,0) + foo(z): H,(0B) — » “(0B), zeC.

We shall call c(n) € C*(Z; v,y — w, k) elliptic, if

(E) both O'Z(C) and 5:2(5) are pointwise everywhere invertible (ie., c(n) is
B-elliptic),
(EA) the principal edge symbol o's (¢) in (6.17) is pointwise everywhere invertible.

Here, the second condition initially is required to hold for some s and p; but then it
holds for all. As soon as c(n) satisfies one of the conditions (E) or (Ex ), the conormal
symbol will be meromorphically invertible. It is bijective on the vertical line Dun
in case c(n) satisfies (Ex).

o

Theorem 6.17  Assume c(n) € CH(X;7,v — u, k) satisfies condition (E) and the
conormal symbol is invertible on the line F%—v' Then there existsab(n) € C™H(X;v—
4,7y, k) such that

b(n)c(n) — 1 € C&s57,7, k), c(mb(n) — 1 € CLSsy — p,y — p, k).

This (still rough) parametrix b(n) is uniquely determined modulo C;" (35~ — p, v, k).
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Theorem 6.18  Let c(n) € CH(3s5,y — i, k) be elliptic. Then there exists a b(n) €
C™H(35y — u, v, k) such that

b(nc(n) —1€ Ca= (557, 7,k),  clnbn) —1 € Co™ (555 — p,y — p, k).
The parametrix b(n) is uniquely determined modulo CZ ™ (X;y — , v, k).
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