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ON A CHARACTERIZATION OF MAXIMAL IDEALS

BY
JAMIL A. SIDDIQI

Let 4 be a commutative complex Banach algebra with identity e. Gleason [1]
(cf. also Kahane and Zelazko [2]) has given the following characterization of
maximal ideals in A.

THEOREM. A subspace X < A of codimension one is a maximal ideal in A if and
only if it consists of non-invertible elements.

The proofs given by Gleason and by Kahane and Zelazko are both based on the
use of Hadamard’s factorization theorem for entire functions. In this note we show
that this can be avoided by using elementary properties of analytic functions.

Clearly any maximal ideal satisfies the above condition, so it suffices to show that
if X is of codimension 1 and if X consists of non-invertible elements, then X is a
maximal ideal in A. Since each element of 4 is of the form x + «e where x € X and
« is scalar, we define a functional ¢ on A by putting ¢(x + «e) =c. Clearly ¢ is linear
on A. Suppose that ¢ is not bounded. Then there exists a sequence {x, + «,e} such
that :
lo| = [b(xntane)| > 7 x5+ el
This implies that ||x,/e, +e| < 1/n. Thus for large n, x,/e, is invertible which contra-
dicts the hypothesis that X consists of non-invertible elements.

We now show that ¢ is multiplicative. Let a € A be such that a#0. Put J(A)
=¢ [exp (Aa)] where A is a complex variable. ¢(A) is an entire function since

$(A) = ¢ [exp (\a)] = ¢ (; ,\nan) ;?5(0 ) y»

which is dominated in absolute value by ||¢| exp {|A| || }. Since #(X) has no zeros
it follows that log () is an entire function. We set

log ¥) = S 1"

so that
L[ logdWp oo

Cp = :
n 27l Al=1 Antl

Since ¢, =log ¥(0)=1log ¢#(e)=0, for n>0,

1 log ¥(X) 1 ( _ )
—_— \ = k g=ik0 ) p=n o=ind Jp
el B 2 A = 5- D orte r-te-in g
2n
= 2;; Ekrk-n , e~ tko~ind Jg
=0
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so that

1 dA
¢=—1|  Rellog¢N)] 7z

Tl 1Al

1 d\
= =] 1o )] 5

7L J Al

Since log |#(X)| < log ||¢] +|A| [a], it follows that
leal = (g [4]+]al N 2

so that ¢, =0 for n>2. Thus log $(X)=c;A. Hence

LOEDI=E
But
TORDRCEN,

so that ¢(a™)=c?=[¢(a)]" and, in particular, that $(a?)=[H(a)]>.
Since

¢l(a+0)°] = [pa+D)]* = [$(@)+4(B)])* = [$(@)]*+24(@)$(b) + [$(B)]*

and
$((a+b)%) = ¢(a®+2ab+b%) = $(a®) +2¢(ab) +$(b?),

it follows that ¢(ab) =¢(a) $(b) for all a, b in A. Since ¢ is a homomorphism with
kernel X, it follows that X is a maximal ideal.

As shown by Zelazko [3], a modification of the reasoning in the last paragraph
yields a proof of the above theorem when 4 is non-commutative.
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