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GENERALIZED SIEGEL MODULAR FORMS AND
COHOMOLOGY OF LOCALLY SYMMETRIC VARIETIES

MIN HO LEE

ABSTRACT. We generalize Siegel modular forms and construct an exact sequence
for the cohomology of locally symmetric varieties which plays the role of the Eichler-
Shimura isomorphism for such generalized Siegel modular forms.

1. Introduction. Let G be a semisimple Lie group over R, and let K be a maxi-
mal compact subgroup of G. We assume that the associated symmetric space has a G-
invariant complex structure. Let ö: G ! Sp(m,R) be a homomorphism, and let ú: D !

Hm be a holomorphic embedding of D into the Siegel upper half space of degree m sat-
isfying ú(gz) ≥ ö(g)ú(z) for all g 2 G and z 2 D. If Γ is a torsion-free cocompact
arithmetic subgroup of G, such a pair (ö, ú) determines a Kuga fiber variety over the lo-
cally symmetric variety X ≥ Γ n D whose fibers are polarized abelian varieties (see e.g.
[4], [6], [9], [12]).

For each ç 2 Γ, let the map z 7! J(ç, z) be the Jacobian determinant of the holomor-
phic map of D into itself. We denote by j: Sp(m,R) ð Hm ! C the automorphy factor
given by

j(g, Z) ≥ CZ + D

for g ≥

 
A B
C D

!
2 Sp(m,R) and Z 2 Hm. Then the space Sk(Γ, ú, ö) of generalized

Siegel modular forms consists of holomorphic functions f : D ! C satisfying

f (çz) ≥ j
�
ö(ç), ú(z)

�k
J(ç, z)�1f (z)

for all z 2 D and ç 2 Γ.
In this paper we construct a certain line bundle L and a vector bundle Vk over X for

a nonnegative integer k such that there is an embedding fVk !̈ fL�k of the sheaf fVk of
locally constant sections of Vk into the sheaffL�k of locally constant sections of the k-th
tensor power of the dual bundle L�1 of L. We then show that there exists a natural exact
sequence of the form

0 ! Hn�1(X,fL�kÛfVk) ! Hn(X, fVk) ! Sk(Γ, ú, ö) ! 0,

where n is the complex dimension of X ≥ ΓnD. Such an exact sequence was constructed
by Nenashev [11] for G ≥ Sp(m,R) and a congruence subgroup Γ ² Sp(m,Z) as a
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generalization of the Eichler-Shimura isomorphism for elliptic modular forms (see e.g.
[1], [8]).

2. Vector bundles on locally symmetric varieties. In this section we construct a
vector bundle Vk and a line bundle L over a locally symmetric variety by extending the
construction of Nenashev [11] of such bundles over Siegel modular varieties. We fix a
positive integer m and set

Ψm ≥

( 
U
V

! þþþþþ U, V 2 Mm(C), tUV ≥ tVU, rank
 

U
V

!
≥ m

)
,

where Mm(C) denotes the set of m ð m matrices with entries in C. Given an element 
U0

V0

!
2 Ψm and a nonnegative integer k we define bëk

 
U0

V0

!
to be the map

bëk

 
U0

V0

!
: Ψm ! C

on Ψm given by

bëk

 
U0

V0

! 
U
V

!
≥ det k

 
U0 U
V0 V

!
for all

 
U
V

!
2 Ψm.

Let Wk be the vector space over C generated by the functions û: Ψm ! C of the form

bëk

 
U0

V0

!
for

 
U0

V0

!
2 Ψm. Then the real symplectic group Sp(m,R) acts on Wk by

õ Ð bëk

 
U0

V0

!
≥ bëk

0
B@õ

 
U0

V0

!1CA
for õ 2 Sp(m,R). The group Sp(m,R) also acts on the Siegel upper half space

Hm ≥ fZ 2 Mm(C) j tZ ≥ Z, =Z × 0g

of degree m by

õ Ð Z ≥ (AZ + B)(CZ + D)�1 for õ ≥
 

A B
C D

!
2 Sp(m,R)

and Z 2 Hm. We set
j(õ, Z) ≥ det(CZ + D).

Then j: Sp(m,R)ð Hm ! C is an automorphy factor, i.e., it satisfies

j(õñ, Z) ≥ j(õ,ñZ)j(ñ, Z)

for õ,ñ 2 Sp(m,R) and Z 2 Hm. If Z 2 Hm and if Im denotes the mðm identity matrix,

then the matrix
 

Z
Im

!
is an element of Ψm. Now we define the map ëk: Hm ! Wk by

ëk(Z) ≥ bëk

 
Z
Im

!
2 Wk

for all Z 2 Hm. From the action of Sp(m,R) on Wk described above we have

õëk(Z) ≥ bëk

0
B@õ

 
Z
Im

!1CA
for õ 2 Sp(m,R) and Z 2 Hm.
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LEMMA 2.1. The map ëk satisfies

ëk(õZ) ≥ j(õ, Z)�kõëk(Z)

for all õ 2 Sp(m,R) and Z 2 Hm.

PROOF. See [11, (2.1.4)].
Let G be a semisimple Lie group over R, K a maximal compact subgroup of G, and

D ≥ GÛK the associated Riemannian symmetric space. We assume that D has a G-
invariant complex structure. Let ö: G ! Sp(m,R) be a homomorphism and ú: D ! Hm

a holomorphic embedding such that

ú(gz) ≥ ö(g)ú(z)

for all g 2 G and z 2 D (see [12] for detailed descriptions and applications of maps ö
and ú of this type). Then G acts on Wk by

g Ð bëk

 
U
V

!
≥ bëk

0
B@ö(g)

 
U
V

!1CA.

We define the map òk: D ! Wk by òk(z) ≥ ëk

�
ú(z)

�
for all z 2 D. Then for each g 2 G

and z 2 D we obtain

òk(gz) ≥ ëk

�
ú(gz)

�
≥ ëk

�
ö(g)ú(z)

�
≥ j

�
ö(g), ú(z)

��k
ö(g)ëk

�
ú(z)

�
≥ j

�
ö(g), ú(z)

��k
ö(g)òk(z)

by using Lemma 2.1.

LEMMA 2.2. Let ∆ be a subset of D whose image ú(∆) under ú contains a nonempty
subset of Hm. Then the set

fòk(z) j z 2 ∆g

is a linear span of the complex vector space Wk.

PROOF. Let ∆0 be a nonempty open subset of Hm that is contained in ú(∆). Then it
follows from [11, Lemma 2.1.1] that the set

fëk(z0) j z0 2 ∆0g

is a linear span of Wk. However, since òk(z) ≥ ëk

�
ú(z)

�
for z 2 D, we have

fòk(z) j z 2 ∆g ¦ fëk(z0) j z0 2 ∆0g;

hence the lemma follows.
Let Γ be a torsion-free cocompact arithmetic subgroup of G. Then Γ acts on the space

D ð Wk by
ç Ð (z, x) ≥

�
çz, ö(ç)x

�
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for all ç 2 Γ and (z, x) 2 D ð Wk. The group Γ also acts on D ð C by

ç Ð (z,ï) ≥
�
çz, j

�
ö(ç), ú(z)

�
ï
�

for ç 2 Γ and (z,ï) 2 D ð C. We set

Vk ≥ Γ n D ð Wk, L ≥ Γ n D ð C,

where the quotients are taken with respect to the actions of Γ described above. Then the
natural projection map D ! Γ nD induces the structures of a vector bundle on Vk and a
line bundle on L over the locally symmetric space X ≥ ΓnD. Since the map òk: D ! Wk

satisfies
òk(gz) ≥ j

�
ö(g), ú(z)

��k
ö(g)òk(z)

for all g 2 Γ ² G, the map òk can be regarded as a holomorphic section of the vector
bundle

Vk 
 L�k

over X ≥ Γ nD, where L�k denotes the k-fold tensor power (L�1)
k of the dual bundle
L�1 of L.

Now we define a bilinear pairing h , i: Wk ð Wk ! C on Wk obtained by extending
linearly to the whole vector space Wk the map*

bëk

 
U
V

!
, bëk

 
U0

V0

!+
≥ det k

 
U U0

V V0

!

for the generators bëk

 
U
V

!
and bëk

 
U0

V0

!
of Wk with

 
U
V

!
,
 

U0

V0

!
2 Ψm.

LEMMA 2.3. The bilinear pairing h , i on Wk is nondegenerateand is invariant under
the action of G on Wk.

PROOF. The nondegeneracy follows from [11, Lemma 2.3.1]. For the G-invariance,
we have

*
g Ð bëk

 
U
V

!
, g Ð bëk

 
U0

V0

!+
≥

*
bëk

0
B@ö(g)

 
U
V

!1CA, bëk

0
B@ö(g)

 
U0

V0

!1CA
+

≥ det k

0
B@ö(g)

 
U U0

V V0

!1CA ≥ det k
 

U U0

V V0

!

≥

*
bëk

 
U
V

!
, bëk

 
U0

V0

!+

for each g 2 G, since det
�
ö(g)

�
≥ 1 due to the fact that ö(g) 2 Sp(m,R). Therefore h , i

is G-invariant.
Since the pairing h , i is G-invariant, it induces a fiber-wise pairing

h , i: Vk ðVk ! X ð C
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on the vector bundle Vk over X. We shall now introduce a fiber-wise conjugation opera-
tion on Vk which will be used in the next section. If x 2 Wk, we define the conjugate x̄
by

x̄
 

U
V

!
≥ x

 
Ū
V̄

!
,

 
U
V

!
2 Ψm.

Thus we have a conjugation on Wk, which induces a fiber-wise conjugation operation on
the vector bundle Vk over X.

3. The cohomology. Let J: ΓðD ! C be the Jacobian determinant on the hermitian
symmetric space D, i.e., for each ç 2 Γ the function z 7! J(ç, z) is the determinant of
the Jacobian matrix of the holomorphic map z 7! çz of the complex manifold D. We set

J ≥ Γ n D ð C,

where the quotient is taken with respect to the action of Γ on D ð C given by

ç Ð (z,ï) ≥
�
çz, J(ç, z)ï

�
for ç 2 Γ and (z,ï) 2 D ð C. If KX ≥ ^nTŁ(X) is the canonical bundle on X (see e.g.
[13, p. 218]), then KX can be identified with the dual bundle J�1 of J . If B is a vector
bundle over X, then we shall denote by fB the sheaf of locally constant sections of B.

DEFINITION 3.1. Let ú: D ! Hm, ö: G ! Sp(m,R), Γ ² G and j: Sp(m,R)ðHm !

C be as in Section 2, and let J: ΓðD ! C be the Jacobian determinant described above.
Given a nonnegative integer k, a generalized Siegel modular form on D of type (k, ú, ö)
for Γ is a holomorphic function f : D ! C such that

f (çz) ≥ j
�
ö(ç), ú(z)

�k
J(ç, z)�1f (z)

for all ç 2 Γ and z 2 D. We shall denote by Sk(Γ, ú, ö) the space of all generalized Siegel
modular forms on D of type (k, ú, ö) for Γ.

REMARK 3.2. Generalized Siegel modular forms in Definition 3.1 generalize mixed
automorphic forms of type (2, k) described in [5], [7] and certain types of mixed Siegel
modular forms studied in [9] in the case of cocompact Γ. Certain aspects of more general
automorphic forms were studied in [10].

LEMMA 3.3. The space of generalized Siegel modular forms Sk(Γ, ú, ö) is canoni-
cally isomorphic to the space H0(X,fLk 
 eJ�1) of sections of the sheaf fLk 
 eJ�1.

PROOF. The lemma follows easily from the construction of the bundles Lk and J
and the fact that the section of the bundle Lk can be identified with a function f : D ! C

satisfying f (gz) ≥ j
�
ö(ç), ú(z)

�k
for all ç 2 Γ and z 2 D.

Let n ≥ dimC X be the complex dimension of the locally symmetric space X, then we
obtain the Serre duality

Hn(X,fL�k) ð H0(X,fLk 
 eJ�1) ! C
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that is given by
([°],ß) 7!

Z
X
ß° ^ dz,

where [°] 2 Hn(X,fL�k) is the cohomology class represented by a differential form ° of
type (0, n) with coefficients in fL�k and ß is a section of the sheaf fLk 
 eJ�1 over X. On
the other hand, if òk is the section of fVk 
 fL�k constructed in Section 2, we can define
an inner product hh , ii on the space H0(X,fLk 
 eJ�1) of sections of fLk 
 eJ�1 by

hhf , gii≥
Z

X
f ḡhò̄k, òki dz̄ ^ dz

for all f , g 2 H0(X,fLk 
 eJ�1), where ḡ, ò̄k are the conjugates of g, òk, respectively,
and h , i: Vk ð Vk ! X ð C is the fiber-wise pairing in described in Section 2. Then to
each cohomology class [°] 2 Hn(X,fL�k) represented by differential n-form ° we can
associate a unique section †° of fLk 
 eJ�1 satisfying

hhß, †̄°ii≥
Z

X
ß° ^ dz

for all ß 2 H0(X,fLk 
 eJ�1). Thus we obtain an antilinear isomorphism

Hn(X,fL�k) ¾≥ H0(X,fLk 
 eJ�1)

given by [°] 7! †°.
Since the fiber-wise pairing h , i: Vk ðVk ! X ð C induces a map

h , i: fVk ð (fVk 
 fL�k) ! fL�k,

we obtain a map ó: fVk ! fL�k given by ó(s) ≥ hs̄, òki.

LEMMA 3.4. The map ó: fVk ! fL�k is injective.

PROOF. Suppose hs̄, òki ≥ 0 with s 2 Γ(U, fVk) for an open set U ² X. Recall that
the bundle Vk can be considered as the quotient of the trivial vector bundle DðWk ! D
by Γ with respect to the action

ç Ð (z, x) ≥
�
çz, ö(ç)x

�
for ç 2 Γ and (z, x) 2 DðWk. Let s0 2 Γ

�
ô�1(U), DðWk

�
be a locally constant section

of the bundle D ðWk on ô�1(U), where ô: D ! X is a natural projection. Given a point
v 2 ô�1(U) there is a neighborhood U0 ² D of v such that s0 ≥ ñ on U0 for some ñ 2 Wk.
Then we have hñ̄, òk(z)i ≥ 0 for all z 2 U0. Since ú is an embedding, ú(U0) is an open set
in Hm; hence by Lemma 2.2 the set fòk(z) j z 2 U0g generates Wk. Thus it follows that
ñ̄ ≥ 0 and ñ ≥ 0. Therefore ó is injective.

The embedding ó: fVk ! fL�k of fVk into fL�k thus induces a map óŁ: Hn(X, fVk) !
Hn(X,fL�k) and therefore a map

ûŁ: HŁ(X, fVk) ! Sk(Γ, ú, ö),
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if we use the canonical isomorphisms

H0(X,fLk 
 eJ�1) ¾≥ Sk(Γ, ú, ö)

in Lemma 3.3 and the antilinear isomorphism

Hn(X,fL�k) ¾≥ H0(X,fLk 
 eJ�1)

described above.
Now we shall construct a mapping ûŁ: Sk(Γ, ú, ö) ! Hn(X, fVk). Since Sk(Γ, ú, ö) is

canonically identified with H0(X,fLk 
 eJ�1) and òk is a section of the vector bundle
L�k 
 Vk over X, for each f 2 Sk(Γ, ú, ö) the differential form fòk dz is a differential
n-form on X with values in the vector bundle Vk. Thus by the de Rham theory fòk dz
determines a cocycle in Hn(X, fVk). We set

ûŁ(f ) ≥ [fòk dz] 2 Hn(X, fVk).

PROPOSITION 3.5. The composite ûŁŽûŁ is the identity map on the space Hn(X, fVk).

PROOF. First, we extend the morphism ó: fVk ! fL�k to a map ó: fVk
Ap ! fL�k


Ap for each p by
ó(°) ≥ h°(p,0), òki 2 Γ(U,fL�k 
A0,p)

for each ° 2 Γ(U, fVk 
Ap), where Ap is the sheaf of differential p-forms on X, U is an
open subset of X, and°(p,0) is the (p, 0)-component of °. Let f be an element of Sk(Γ, ú, ö)
regarded as a section of the sheaffLk 
 eJ�1. Then the differential form fòk dz becomes a
section of fVk 
An and we have ûŁf ≥ [fòk dz]. Since fòk dz is holomorphic, we obtain
(fòk dz)(n,0) ≥ fòk dz and

óŁû
Łf ≥ [hfòk dz, òki] 2 Hn(X,fL�k).

From the antilinear isomorphism Hn(X,fL�k)
³
!Sk(Γ, ú, ö) it follows that there is an ele-

ment f1 2 Sk(Γ, ú, ö) such that for each g 2 Sk(Γ, ú, ö) we haveZ
X

gf̄1hò̄k, òki dz̄ ^ dz ≥
Z

X
ghfòk dz, òki ^ dz

≥
Z

X
gf̄ hò̄k, òki dz̄ ^ dz,

i.e., hhg, f1ii≥hhg, f ii. Thus we obtain ûŁ(ûŁf ) ≥ f1 ≥ f , and the proposition follows.
From the embedding ó: fVk ! fL�k in Lemma 3.4 we obtain the short exact sequence

0 ! fVk ! fL�k ! fL�kÛfVk ! 0,

which induces the long exact sequence

Ð Ð Ð ! Hn�1(X, fVk) ! Hn�1(X,fL�k) ! Hn�1(X,fL�kÛfVk)

! Hn(X, fVk) ! Hn(X,fL�k) ! Hn(X,fL�kÛfVk) ! Ð Ð Ð

on the cohomology of X ≥ Γ n D.
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THEOREM 3.6. Let ö: G ! Sp(m,R), ú: D ! Hm and X ≥ Γ nH be as in Section 2,
and assume that ö(Γ) is contained in an arithmetic subgroup of Sp(m,Q). If n ≥ dimC X,
then we have Hn�1(X,fL�k) ≥ 0.

PROOF. Let Γ0 be an arithmetic subgroup of Sp(m,Q) that contains ö(Γ), and let Y be
the corresponding Siegel modular variety Γ0 nHm. Then we can consider the Baily-Borel
compactification YŁ of Y (cf. [2]). The holomorphic embedding ú: D ! Hm induces an
embedding úX: X ! Y ² YŁ. Let (úX)ŁfL be the direct image sheaf on Y obtained from
the invertible sheaf fL on X via the map úX. By [2] there is a positive integer N such

that
�
(úX)ŁfL�N

defines a map of YŁ into a complex projective space whose restriction to
Y is an embedding. Thus it follows that fLN defines an embedding of X into the same
projective space, and consequently fL is an ample invertible sheaf on X. Then fL�k is
also an ample invertible sheaf, and therefore by Kodaira’s vanishing theorem (see e.g.
[3, Remark III.7.15]) we have

Hj(X,fL�k) ≥ 0 for j Ú n.

Hence the proposition follows.

THEOREM 3.7. If n ≥ dimC X, then there is an exact sequence

0 ! Hn�1(X,fL�kÛfVk) ! Hn(X, fVk) ! Sk(Γ, ú, ö) ! 0.

PROOF. By Proposition 3.5 the map ûŁ is surjective; hence we have

Hn(X,fL�kÛfVk) ≥ 0

in the long exact sequence described above. Therefore the theorem follows from Theo-
rem 3.6 and the antilinear isomorphism

Hn(X,fL�k) ¾≥ Sk(Γ, ú, ö).

REMARK 3.8. Nenashev [11] obtained the exact sequence in Theorem 3.7 when X
is a Siegel modular variety and showed that his exact sequence is a generalization of
the Eichler-Shimura isomorphism (see e.g. [1]) for elliptic modular forms. The exact
sequence in Theorem 3.7 also generalizes a result of [8] in the case of cocompact Γ.
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