AN APPLICATION OF SOME SPACES OF LORENTZ
P. G. ROONEY
1. Introduction. The spaces A(a) and M (a) were defined by Lorentz (2)

as follows. Let 0 < @ < 1,0 < I < «; let ¢ be measurable on (0, /), and, in
casel = o, let the set where |¢(x)| > ¢ have finite measure for each positive e.

Define .

I He() o =01J‘0xa_1¢*(x) dx

where ¢*(x) is the equi-measurable rearrangement of |¢| in decreasing order,
and

I 19w = sup (BN [ o(@)] e, E S 0,1,

The spaces A(a) and M (e) consist of those ¢ for which
[[6()a@ < @, [l < @

respectively.

Lorentz (2; §5) found, among other things, necessary and sufficient condi-
tions that a given sequence be the moment sequence of a function in either
A(a) or M (), for I = 1. It is the object of this paper to find necessary and
sufficient conditions that a function f(s) on s > 0 be the Laplace transform

of a function in A(a) or M(a) for I = ». To this end we make use of the
Widder-Post inversion operator,

o= S (1) (1),

whose theory may be found in (4; chap. VII).

Section 2 of this paper contains the theory for the spaces A(a), and §3 the
theory for the spaces M («).

Henceforth when ! < o, we shall denote the spaces A(a), M (a), L,, over
(0,2) by A(a,!), and their respective norms by ||¢(+)||sc,n- We shall continue
to denote the spaces A(a) on (0, ») by A(e) and the norms by ||¢(+)||aw-

2. The space A(a). The first theorem yields some properties of the Laplace
transform of a function in A («), while the second theorem is the representation
theorem.

THEOREM 1. If ¢ € A(a), and
_ ® st
6 = [Tt a
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then
J; sTHf(s)]| ds < .

If ¢ is positive and decreasing, then the above condition is necessary and sufficient
that ¢ € A(a).

Proof. Suppose ¢ € A(a). Then
J;cs‘“] f(s)] ds < J;ms_“ds fome'”w(t)] dt

= ﬁmlcp(t)[dt J;me‘”s‘ ds = T'(l — a) J;wt“_llcb(t)l dt
<a'T(l = )|[6()law < .

Conversely, suppose ¢ is positive and decreasing. Then
[ ©tas = v - @) 160l

and ¢ € A(a).

THEOREM 2. Necessary and sufficient conditions that a function f(s), defined
for s > 0, be the Laplace transform of a function in A(a) are that

(1) f has derivatives of all orders in (0, ©) and f®(s) >0 as s > ®
(k=0,1,2...),

2) [|Lx,. [f)la < N, where N is independent of k (£ = 0,1,2,...).

Proof of necessity. Let
6= [Terewan, ¢ € A,

The necessity of (1) is well known; see (4; chap. 2, §5).
Now by (4; chap. 7, §6),

L)) = [ K w o) du
where K (¢, u) = (k/H)¥1 e */t(4*/k!). Thus K (¢, u) > 0, and
J;mK(t, u) du = J:DK(t, u)dt = 1.
Hence, by! (3; Theorem 3.8.1), for each ¢ > 0,
Jrpora< [soa
and thus by (3; Theorem 3.4.3), for any @ > 0,
aj;ata_l . f)dt < fo at““¢*(t) dt.

1This theorem, like all of Lorentz’s, is stated for the case = 1. However, all of Lorentz’s
theorems used here with one exception (to be noted later) are true for / infinite, as a glance at
the proof shows.
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Letting a — «, we have

[1Lg,. [f()]a@ < 1[é() s

and (2) is necessary.

Proof of sufficiency. By (2;3.5(7)), if g(¢) is positive and non-increasing

fo PP < K,,{ J;mlg(t)l dt}p, p>1

Let p = 1/a, g(t) = t«=1 L, [f(s)]*. Then, the above result yields
Joimsoma = [T or e
< Kl/a{ fmta_lLk. sz(s)]*dt}”a < KyaNY2

Hence,
e [f)zam <N
where N/ = K% ,, N.
Thus, by (4; chap. 1, §17, and chap. 7, §15), ¢ € L(1/a), and an increasing
unbounded sequence {k;} exist such that

@) [l llzam <N,

@) 56) = [ e a

(i) for any y € L((1 — o)),

im [0 Lo tsota = [Tvo s a

i3m0

It remains to be shown that ¢ € A(a).
But by (3; Theorem 3.6.1), for any ¢ € M (),

f Y0 Le L) dt| < () lm@||Le, S ()]][a@ <N ¥ me-

Hence, by (iii), and since, by (2; 1.3(4)), L((1 — @) !) € M (a), for any
v€L((1—a)),

f v(1) () dt‘ = lim

1300

[ 90 L rora) < N ¥l

Changing ¢ to ¢ sgn ¢, we have for any positive ¢ € L((1 — «)7?)

S v0le01a < ¥ 19Ol
and thus, by (3; Theorem 3.4.2), for any positive ¢ € L((1 — a)™Y),

90 ¢ 0a <N IO e
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Lety(t) = at*1,0 < 6 <t < R, ¢(t) = 0 otherwise. Then ¢ € L((1 — a)~1),
and |[¢(+)||me < 1. Hence

R
af 7% (t) dt < N,
é

and so, letting 6 — 0, R — », we have

e ()la@ < =,
and ¢ € A(e).

3. The space M (a). The first theorem of this section yields some properties
of the Laplace transform of a function in M («), while the second theorem is
the representation theorem.

THEOREM 3. If ¢ € M(a), and
16 = [Terew an
0

then s® f(s) is bounded for s > 0. If ¢ is positive and decreasing, then the condi-
tion that s* f(s) be bounded is necessary and sufficient for ¢ € M(a).

Proof. Let ¢ € M(a). Then if s > 0, by (3; Theorem 3.6.1),
o< J e 601 d < lleacwl 180 o

=a fomt"“e‘*‘dtl!qs(ﬁllma) = 5T (e + D|[6()|m»

and s* f(s) is bounded.
Conversely, suppose ¢ is positive and decreasing, and s=f(s) is bounded.

Let 6 > 0, and

1 1
2S<6<$.

Then
8 8 o
f (1) dt < e f ele(t) dt < ef elo(t) dt < Ms™ < M'57°,
0 0 0
so that [|¢(+)|Im@ < M’ and ¢ € M(a).

THEOREM 4. Necessary and sufficient conditions that a function f(s), defined
for s > 0, be the Laplace transform of a function in M () are that

(1) f has derivatives of all orders in (0, «), f®(s) >0ass— o (¢ =0, 1,
2,...

)
2) ||Le.. [f )My < N where N is independent of B (B =10,1,2,...).
Proof of necessity. Let

f(s) = J:oe‘%(t) dt, ¢ € M(a).

The necessity of (1) is well known.
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Now as in Theorem 2,

1 k k+1 kk+1 ©
Lt = 5 (8 )7 oo an = B [ emrou) au
kI\ ¢t 0 k! Jo
Hence, if m(E) = 3,

—a k+1
6°“f |Le, [f($)]] dt < k f _k“ukduf | (tu)| dt
0 E
kk+1

= ——-f e du (ua)_"f |¢ ()] dt
k' 0 uk

where «E = {t|t = uv,v € E}, so that m(uE) = um(E).
Thus

i [ I <

K1 o
k e )IlM(a)f e U du

= H¢(')HM(a)P(k + ) /k°T (k).
Hence, since T'(k + «)/k* I'(k) is bounded, we have ||L;.. [f(5)]llmw@ < N

Proof of sufficiency. It is clear that

NLg, [f()]Imean < | Le.. [F()]] e
Further, by? (2; Theorem 4), M (e, /) € L((1 — ')~ 1, 1) and

Lk, [F )] zcaman-1,0 < Kol [Le [£($)]] [ stea, 0y
for every @/, 0 < &’ < a. Let &’ be fixed 0 < o’ < @ and let {/;} be a positive
increasing unbounded sequence. Then by (4; chap. 1, Theorem 17a), since
Lk, Lf ) zcaan-1, 00 < KoV

there is a function ¢1 € L((1 — &')~1, I) and an increasing unbounded sequence
{k:1} such that

[l6()|zca—an-2 1) < KN
and

im [0 L rla= [ v0 w0 a,

i-00

for every ¢ € L(l/a , I1). Further, since

L, [F (O [ 2ca—an-2,00 < KN

there is, by (4; chap. 1, Theorem 17a), a function ¢, € L((1 — &’)71, ;) and
an increasing unbounded sequence {k;,} C {k;} such that

p2()||zc1—an-2 1) < KN,
and

2] orentz states that this theorem is true for / infinite also. However, this is not the case, as
it would imply untrue relations between the L, spaces.
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lim ¢<t> Lo f1dt = | 00) o) a

i3c0

for every ¢ € L(1 /a ly). Inductively, since
1Lt s, - 2ctmanr 110 < KN

there is a function ¢; € L((1 —a')%, I;), and an increasing unbounded sequence
{ke;} S {4 41} such that

é;() zca=an-11p < KyN
and

im [0 L i@ = [ 00 600

for every ¢ € L(1/d/, 1;).

But, if j <j', ¢;(t) = ¢5(¢) for almost all ¢ in 0 < ¢ < I;. For ¢, — ¢,
€ L((1 —a')7% 1), and hence if y € L(1/a/,1;) and ¢ =4y, 0<t< 1,
Y =0,¢> 1, thensince y € L(1//,1;), and {3} € {k},

’w(t><¢f<t>—¢,r<t))dt= J v 0~ V0 s0a

= lim tl/(t) Lu;, df(s)] di — lim ) '//(t) Ly, dlf ()] dt

1300 1300

= llm{ f Y(t) Ly, [f(s)] dt — . 'I/(t) Ly 4lf(s)] dt} =

1500

Thus by (1; chap. IV, §4.2 and Theorem 3), ¢,(t) = ¢, (f) almost everywhere
in0 < t < lj

For each t > 0 let ¢(¢) = ¢,(¢) where j is the least 7 such that ¢ < I,. Then
clearly ¢ € L((l — o), l) foreachl > 0,and if k; = ki, and ¢ € L(1/, 1),

1
im [ 90 Lo r@1a = [ 90 o0 ar
Further, ¢ has a Laplace transform. For if s > 0, then
e 'sgn(e(t)) € L(1/, 1) N Ale)
and thus by (3; Theorem 3.6.1)

fole_”w(t)l dt = \ J;le—”sgn(qs(t)) o(t) dt'
= lim

i | ([’ sn00) L, 47601t
< 1167 aw lim sup|Z, -F5)]| o < 5T+ 1) N.

fwe”“¢(t) dt
0

Thus
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exists for s > 0. Also,
i [ ela = [ et a
for each s > 0. For, by (3; Theorem 3.6.1.),
J o O] < e o - [ e

< Naf e < e
i

and we may also choose / so large that

J‘me_”w(t)[ dt < e.
L
Then,

Lw"—”("’@ = Ly [f()]) dts

lim sup
1300

Joer 60 - L i ar| + 2= 26,

< lim sup
i
and thus since e is arbitrary,

fim f e L f(s)] dt = fme“”¢(t) .
i3 0 0

But by (4; chap. 7, Theorem 11b), this last limit is equal to f(s). Thus f(s)
is the Laplace transform of ¢, and all that remains to be shown is that
¢ € M(a).

But by (4; chap. 7, Theorem 6a)

}Cim Ly, [f(s)] = o) a.e.
-0
Hence if E is any subset, of measure §, then from Fatou’'s lemma

f 16(t)| dt < lim inf f \Le [7()]] dt < No*
E k E
Hence

Ho(®)|lme = sup o fE|¢(t)l d <N

and ¢ € M(a).

In conclusion it may be mentioned that results of the type obtained in
theorems 2 and 4 hold for considerably more general spaces than A(a) and
M (). For example, analogues of these theorems hold true if the values of f(s)
be in a reflexive Banach space; the proof of this fact is much like the proofs
given here.
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