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1. Introduction

The Glimm ideal space of a C*-algebra A, Glimm(A), arises from the complete regular-
ization [8] of the primitive ideal space Prim(A) of A. Define an equivalence relation ~ on
Prim(A4) by P ~ Q if f(P) = f(Q) for all (bounded) continuous functions f on Prim(A).
Denoting by [P] the equivalence class of P, we obtain a bijection between the quotient
space Prim(A)/ ~ and the set of Glimm ideals, given by the assignment

[P] = k([P) =({Q: Q € [P]}.

Glimm(A) carries the quotient topology obtained from Prim(A). Clearly, Glimm(A) =
Prim(A) precisely when Prim(A) is Hausdorff.

Apart from being vital to understanding the fine structure of the topology of Prim(A),
the Glimm ideal space of A plays an important role in the problem of representing A as a
maximal full algebra of cross-sections with varying fibre algebras over a locally compact
Hausdorff space. Indeed, if a C*-algebra A is representable as a maximal full algebra of
cross-sections over a locally compact Hausdorff space X such that the fibres are so-called
primal ideals throughout a dense subset of X, then X is canonically homeomorphic to
Glimm(A) [3]. Such C*-algebras are called quasi-standard, and it turned out that A is
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quasi-standard if and only if the quotient map from Prim(A) onto Glimm(A) is open and
every Glimm ideal I of A is primal [3] (that is, there is a net in Prim(A) converging to
every point of the hull A(I) of I).

In this paper we investigate the Glimm ideal space of the C*-algebra C*(G) of a
two-step nilpotent locally compact group G. Firstly, we establish a parametrization of
Glimm(C*(@)) through triples (X, F, 7), where ) is a character of the centre Z(G), F) is
a closed subgroup of G associated to A, and 7 is a G-invariant character of F) extending
A, and we describe the topology on Glimm(C*(G)) in terms of this parametrization
(Theorem 3.7). We proceed to characterize openness of the mapping from Prim(C*(G))
onto Glimm(C*(G)) by means of the mapping A — F (Theorem 4.2), and thereby also
deduce necessary and sufficient conditions for C*(G) to be quasi-standard (Corollary 4.4).

In general, it seems to be a difficult problem to determine the Glimm class [P] of a
primitive ideal P, even for P the kernel of the trivial representation 1¢. In § 5 we add some
partial results, including a description of [ker 1] under the assumption that the closure of
the commutator subgroup of G has a maximal compact subgroup (Theorem 5.5). Finally,
in §6 we present some examples for which the Glimm ideal space can be computed
explicitly.

2. Preliminaries

We first recall some notation and basic facts from representation theory. As is customary,
we shall use the same letter, for example 7, to denote a unitary representation of a locally
compact group G and the associated x-representation of the group C*-algebra C*(G).
Then ker m will denote the C*-kernel of 7, and m — ker 7 defines a mapping from the
dual space G of G onto Prim(C*(G)). If S and T are sets of unitary representations of
G, then S is weakly contained in T (S < T') if N{kero : 0 € S} D N{ker7: 7 € T}, and
S and T are weakly equivalent (S ~T) if S < T and T < S (see [10] and [12]).

Throughout the paper Z(G) (or simply Z) will denote the centre of G. Then, for an
irreducible representation w of G, 7 | Z ~ A, for a unique character A, € Z,and m ~ o
implies that Ax = A,. This defines a mapping

r: Prim(C*(G)) = Z, kerm — A,

which is well known to be continuous and surjective. For a closed subgroup H of G and
a representation 7 of H, indg 7 denotes the representation of G induced by 7. Then, for
any representation m of G, ™ ® indﬁv T = indg(ﬂ | H® 7), with ® denoting the tensor
product of representations. The following two simple lemmas will be frequently used in
the sequel in the special case where G is two-step nilpotent and N contains the centre.

Lemma 2.1. Let G be an arbitrary locally compact group and N a closed normal
subgroup of G with abelian quotient group G/N. Then the assignment (x,kerw) —
ker(m ® x) for w € G and x € CT/J\V defines a continuous mapping (x, P) — x - P from
CT/]\V x Prim(C*(G)) onto Prim(C*(Q)).
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Proof. Clearly, 7 ® x € G for 7 € G and X € CT/Z\V and TR ~ pRYX, p € G, implies
7w~ p. Thus & : (x, P) = x - P is well defined. Similarly, we have a mapping

J/:G{/Z\Vxéﬁé, (x,m) = TR X.
Since coordinate functions ¢ of m ® x are of the form

o(x) = ((m @ x)(x)§, 1) = x(z)(7(x)&,n),

where &, € Hrgy = Hax, it follows from [10,18] that the map ¥ is continuous. Now,
consider the commutative diagram

G/N x G —z, G

idx kerJ{ J{ker

G/N x Prim(C*(G)) —2— Prim(C*(G)),

where ker is the kernel map sending 7 to ker 7. Since ¥ is continuous and the topology
on G is the inverse image of the hull-kernel topology on Prim(C*(G)) under ker, we
conclude that @ is continuous. g

Lemma 2.2. Let H and N be closed subgroups of G such that N is normal and G/N
is abelian, and suppose that « is a G-invariant character of N. Then

(ind§ @) | H ~ ind® y(a | HNN).

Proof. The set of all characters o | H, where o € CT/]\V , forms a subgroup of the dual
group H /TJFN which separates the points of H/H NN and hence is dense in H /TJFN .
Since « is G-invariant, there exists a representation m of G such that 7 | N ~ «a (for
instance, ™ = indg «). Weak containment is preserved under tensor products, so that

(ind§ o) | H ~ (indS (7 | N)) | H = (r@md§ 1y) | H=7 | H® (ind§ 1g) | H
~{r|Hoo|H:0€G/Ny~{r|HoT:7e H/HNN}
~indd y(m | HON) ~ind? (| HON).

O

For a locally compact group G, let K(G) be the set of all closed subgroups of G and
S(G) the set of all pairs (H,7), where H € K(G) and 7 is a unitary representation of
G. Endow K(G) with the compact-open topology [11] and S(G) with Fell’s so-called
subgroup representation topology [12]. For details concerning the latter compare §3
of [12], in particular Theorem 3.1’ and the remark following it. Both I(G) and S(G) are
compact. The projection (H,7) — H from S(G) onto K(G) is continuous. The properties
that will be most useful to us are continuity of restriction and continuity of induction.
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Theorem 2.3 (see [12]). Let W, = {(F,H,7): F € K(G@), (H,7) € S(G), FC H}
and Wy = {(F,H,7): F € K(G), (H,7) € S(G), F 2 H}.

(i) The mapping (F,H,7) — (F,7 | F) from W, into S(G) is continuous.
(ii) The mapping (F,H,7) — (F,ind}; 7) from W, into S(G) is continuous.

For instance, (ii) implies that if ((Ha,7a))a is @ net in S(G) converging to (H,7)
and p is an irreducible representation of G that is weakly contained in indg T, then,
after passing to a subnet if necessary, we can assume that there are p, € G such that
Po = indga To and pq — p in G.

Now, let G be a two-step nilpotent locally compact group with centre Z. For \ € VA ,
let Ky ={z¢€ Z:A(z) =1} and G, the preimage in G of the centre of G/K). Let ¢ be
a character of G with ¢ | Z = A. Then ker(indgA ) is a primitive ideal of C*(G), and
every P € Prim(C*(G)) is obtained in this way. More precisely, denote by P the set of
all triples (A, Gy, ), where A € Z and ¢ € Gy such that ¢ | Z = X. Then we have the
following lemma (see [15, Proposition 5] and [17, Lemma 2]).

Lemma 2.4. The map (A\,Gx,p) — ker(indgA ©) is a one-to-one correspondence
between P and Prim(C*(G)).

In [6], for G a second-countable two-step nilpotent locally compact group, Baggett
and Packer described the hull-kernel topology on Prim(C*(G)) in terms of the parame-
ter space P and Fell’s [12] subgroup representation topology on the set S(G) of all pairs
(H, 1), where H € K(G) (the set of all closed subgroups of G) and 7 is a representation
of H. In so doing they used the existence of a Borel cross-section for G/Z and cocycles
on G/Z. However, this can be avoided, as can the assumption that G be second count-
able. In what follows we restate their result in the general case and give the necessary
modifications. It is easy to check that the following definition of convergence defines a
topology on P.

Definition 2.5. A net A/ in P converges to (A, G, ) € P if every subnet N’ of N
contains in turn a subnet (A,, G, ¥a)a such that

(i) Ao = Ain Z, and
(ii) (Gx,,®a) converges to some (H,v) in S(G) with H C G and ¢ | H = 9.

Theorem 2.6 (see Theorem 1.6 in [6]). Let G be a two-step nilpotent locally
compact group. With the topology defined as in Definition 2.5, the mapping

(A, Gx, ) — ker(indg, )

is a homeomorphism between P and Prim(C*(G)).
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In a similar way, the topology of Prim(C*(G)) was previously described for certain
semi-direct product groups in [5]. This study, in turn, was extended to a wider class of
semi-direct product groups by Williams [23].

Carefully checking the proof of Theorem 2.6 as given in [6] for second-countable G, one
observes that all arguments except one carry over to the non-second-countable case when
nets are substituted for sequences. The exception is when cross-sections and cocycles are
employed to show that if (Ay)q is a net in Z such that A\, — )\ in Z and Gy, —» Fin
K(G), then F' C G,. However, this can be seen as follows. Given z € F, after moving to
a subnet if necessary, we can assume that there are z, € G, so that z, — « [11]. Then,
denoting by [a,b] the commutator of a and b, we have [x,,y] — [z,y] for every y € G
and Ao ([Za,y]) = 1 for all a. Since (u, z) — p(z) is a continuous function on Z x Z, we
conclude that A([z,y]) =1 for every y € G, whence z € G.

3. The Glimm ideal space of C*(G)

Let G be a two-step nilpotent locally compact group. The aim of this section is to
find an appropriate parametrization of Glimm(C*(G)) and to describe the topology on
Glimm(C*(G)) in terms of this parametrization and convergence of nets. We continue to
denote by Z the centre of G.

Lemma 3.1. Given \ € Z, there exists a smallest closed subgroup Fy of G (containing
Z) such that [P] = G/F)y - P for every P € r=()\).

Proof. Since every continuous function on Z composed with r defines a continuous
function on Prim(C*(G)), we have that [P] C r=1()\) for each P € r~1(\). Also, recall
that r~'(\) = G/Z - P.

Fix P € r~}(\), and let Xp = {x € GT/\Z :x- P € [P]}. Then Xp is a closed subgroup
of CT/\Z . To see this, notice first that since the mapping

G/Z x Prim(C*(G)) — Prim(C*(G)), (x.Q) — x-Q

is continuous, Xp is closed in GT/\Z , and we can associate to every continuous function f
on Prim(C*(@)) and x € G/Z a new continuous function g by setting ¢(Q) = f(x - Q).
It follows that, if x, p € Xp, then

f((xp)-P)=g(p-P)=g(P)= f(x-P)= f(P),

and, similarly, f(x~! - P) = f(P). Thus Xp is a closed subgroup of CT/\Z and hence
Xp = G/Fp for a unique closed subgroup Fp of G, and Fp O Z. If H is an arbitrary
closed subgroup of G, containing Z, such that [P] = G/H - P, then G/H C Xp, whence
H D Fp.
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Finally, if @ € r=(\) and hence Q = p - P for some p € CE/\Z7 then

Xo={x€G/Z: f(p-(x P))=f(p-P) for all f € C(Prim(C*(G)))}
={x€G/Z:g(xP)=g(P) for all g € C(Prim(C*(G)))} = Xp.

Thus Fg = Fp for all Q € r~!()\) and we can unambiguously set Fy = Fp. O

Obviously, F\ C Gy for every A € Z. Let G denote the set of all (Glimm) triples
(A, Fx,7), where \ € Z and 7 is a character of Fy such that 7 | Z =\

Corollary 3.2. The map (\ F,7) — ker(ind% T) is a bijection between G and
Glimm(C*(@Q)).

Proof. Let A € Z and ¢ € G be such that ¢ | Z = A, and let P = ker(indgA ®).
Then
k([P]) = ker(indf, (¢ | Fx)).

Indeed, since CX/? )\ - ¢ is weakly equivalent to indgj (¢ | F), we obtain from Lemma 3.1
that

R(IP) = ({x- P:x € G/F} = Nker(x ® indd, ¢) : x € G/F}

= Mker(indg, (x| Gx ) : x € G/Fa} = (fkex(indg, (p0) : p € Ga/Fr}
— ker(indg, (indf2 (¢ | F1))) = ker(ind, (o | Fy).

This shows that (A, F, 7) — ker(ind% 7) maps G onto Glimm(C*(@G)). To verify that this
mapping is also injective, let \; € Z and T; € FA” i=1,2, be such that 7, | Z = \; and
the representations m = ind%1 71 and T = ind%2 7o have the same kernel in C*(QG).
Then Ay = Ay and, since 71 and 79 are G-invariant characters, it follows that, with
F=F\ =F,,

71N7'&'1|FN7T2 IFNTQ.
Thus 7 = 79, as required. ([l
We now define a topology on G which will turn out to make the bijection of Corollary 3.2
a homeomorphism.

Definition 3.3. A net
(/\ayF)\aaTa)aeA cg

converges to (A, F,7) in G if every subnet ()\aﬁ,F)\aﬁ,Taﬁ)geg of (Ao, F,.s Ta)acA cON-

tains in turn a subnet ()\(w7 , F,\aﬁ ,Taﬁ’y),yec such that
Yy
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(i) Aag, = Ain Z, and

(ii) (FXQBW,TQM)%C converges to some (F, o) in S(G) such that F' O Fy and o | F) =

T.

It is easy to check that this definition of convergence defines a topology on G. The
following lemma is the first step in proving that, with this topology, G is homeomorphic

to Glimm(C*(Q)).
Lemma 3.4. The map G — Glimm(C*(QG)) is continuous.

Proof. Let N' = (Ao, F).,,7a)a be a net in G converging to (A, F),7) in G. Then
uﬂ,Toéﬂ)@ such that A\, — X in Z and
(F,\aﬁ ' Tag)p — (F,0) in §(G) with F 2 F) and o | F\ = 7. By continuity of inducing,

every subnet of A/ contains a subnet (Aq,, F)

ind%aﬁ Tay = indg o.

Choose P € h(ker(ind% o). Then there exist Py € h(ind%a Tay) such that P, — P in
Prim(C*(@)). Since the quotient map ¢ : Prim(C*(G)) — Glimm(C*(G)) is continuous,

Ker(ind$, | 7a,) = a(Pa) — a(P) = K([P]),
However, since o | F\ = 7, we have that o < ind?A 7 and hence
P & h(ker(ind% 0)) C h(ker(ind% 7).

As ker(imd%}vA 7) is a Glimm ideal, it follows that ker(ind% 7) = k([P]). Thus we have
seen that every subnet of the net (ker(indgM Ta))a contains a subnet converging to
ker(ind% 7). This proves the lemma. O

Lemma 3.5. If \, — \ in Z and F\, — F in K(G), then F D F).

Proof. Choose any P € r~!()\). Then [P] = G//R - P by Lemma 3.1. To prove that
F\ C F, it suffices to show that x - P € [P] for every x € C/J]F (compare the proof of
Lemma 3.1). With this in mind, fix x € C/;']F

Now, for any locally compact abelian group A, by [22] the map H — m is a home-
omorphism between K(A) and K(A). Since Fy,/Z — F/Z in K(G/Z), it follows that
m — C/;'/\F in K(C?}?‘) Therefore, for each «, there exists x. € CﬁF\Aa such that
Xo — X I G//\Z On the other hand, since ker(indg Aa) — P, for each «, we find some

P, € r71()\,) such that P, — P in Prim(C*(G)). Since the mapping

G/Z x Prim(C*(G)) — Prim(C*(G)), (0,Q) = - Q
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is continuous, we conclude that x - P, — x-P in Prim(C*(G)). Now, as X P € [Pa] and
hence f(xa - Pa) = f(Pa) for every a and every continuous function f on Prim(C*(G)),
it follows that f(x - P) = f(P) for each such f, as required. O

The preceding lemma will be used to prove the next lemma as well as later in the
paper (§4).

Lemma 3.6. The map P — G, (A\,Gx,¢) — (A, Fx, ¢ | F)\) is continuous.

Proof. Let N be a net in P converging to some (A, Gy, ) in P, and let N’ be a
subnet of A/. Then N’ possesses a subnet (A, Gi,,¥a)e such that A, — A in 7 and
(Gr,s0a) — (H,¥) in S(G) with H C Gy and ¢ = ¢ | H.

Since K(G) is compact, by passing to a further subnet if necessary, we can assume
that Fy, — F in K(G). As F,, C G, for all u € Z, it follows that F C H and hence
(B, o | Fr,) = (F,o | F) in S(G). On the other hand, F' O F) by Lemma 3.5.

Thus, with p : P — G denoting the map (A, G, p) = (A, F), p | F)), we have seen that
the subnet p(N”’) of p(N') contains a subnet converging in G to p(\, G, ¢). This proves
that p is continuous. O

We are now ready to establish the main result of this section.

Theorem 3.7. Let G be a two-step nilpotent locally compact group. With the topol-
ogy on G as defined in Definition 3.3, the map from G to Gimm(C*(G)) given by
(N, F,7) — ker(ind% T) is a homeomorphism.

Proof. Denote this map by I'. Then I' is continuous by Lemma 3.4. In order to prove
the openness of I'; consider the following commutative diagram, where g is the quotient
map, p is the map of Lemma 3.6 and I : P — Prim(C*(G)) the parametrization map
of Theorem 2.6:

Prim(C*(G)) —0 Glimm(C*(Q))

n] [r
P — g

For an open subset V of G, ¢~ *(I"(V')) = II(p~*(V)) is open since p is continuous (Lemma
3.6) and IT is open (Theorem 2.6). Since Glimm(C*(G)) carries the quotient topology,
it follows that I'(V) is open. O

In §6 we will present examples illustrating Theorem 3.7, Heisenberg groups over the
p-adic numbers on the one hand and universal two-step nilpotent simply connected Lie
groups on the other. We conclude this section with a remark concerning the Glimm ideal

space of discrete groups [18].
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Remark 3.8. Let G be an amenable discrete group, and let FC(G) denote the normal
subgroup consisting of all elements of G with finite conjugacy classes. Let E(FC(G), G)
be the set of all indecomposable normalized G-invariant (with respect to conjugation)
positive definite functions on FC(G), endowed with the topology of pointwise conver-
gence. For ¢ € E(FC(G),G), denote by m, the Gelfand-Naimark-Segal representation
of FC(G) associated with ¢. Then the mapping ¢ — ker(indFGC(G) T,) is a homeomor-
phism between E(FC(G),G) and Glimm(C*(G)) [18, Theorem 3.6]. In particular, if G
is a torsion-free nilpotent discrete group, then FC(G) equals the centre Z of G and
hence Glimm(C*(G)) is naturally isomorphic to the dual group Z. However, the family
of amenable discrete groups (more generally, amenable groups with small invariant neigh-
bourhoods of the identity) is the only larger class of groups, for which such a complete
description of the Glimm ideal space is known.

4. Quasi-standardness

A C*-algebra A is said to be quasi-standard if the failure of separation by open sets
defines an open equivalence relation on Prim(A). This condition is a natural substitute
for the stronger condition that Prim(A) should be Hausdorff. In the separable case, quasi-
standardness of A is equivalent to A being representable as a maximal full algebra of
cross-sections over a locally compact Hausdorff space, namely Glimm(A), such that the
fibres are primitive throughout a dense subset [3]. By [3, Theorem 3.3], a C*-algebra A
is quasi-standard if and only if the quotient map from Prim(A) onto Glimm(A) is open
and every Glimm ideal I in A is primal, that is, there exists a net (Py), in Prim(A) such
that P, — P for each P € h(I).

The C*-algebras of the continuous and the discrete Heisenberg groups have been known
to be quasi-standard for some time (see [1] and [19]). A more systematic study of quasi-
standardness of group C*-algebras was only recently undertaken in [18], [2] and [4].
C*(@G) turned out to be quasi-standard for every amenable discrete group G [18], while
for a two-step nilpotent simply connected Lie group G, C*(G) is quasi-standard if and
only if the maximal coadjoint orbit dimension in the dual vector space of the Lie algebra
of G equals the dimension of G/Z (see [2]).

In this section we are going to characterize, for an arbitrary two-step nilpotent locally
compact group G, openness of the quotient map and the property that every Glimm is
primal in terms of the maps A — Fy and A — G, from Z into K(G), respectively.

Lemma 4.1. Let u € Z, and let L be a closed subgroup of G such that Z C L C G,.
Then G/L - I is closed in Prim(C*(QG)) for every I € r=1(u).

Proof. Let (xq - I)a be a net in G//\L - J converging to some J € Prim(C*(G)). Then
J € r~Y(u), and so I and J are of the form I = ker(indg“ o) and J = ker(indgH 7) for
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certain characters o, 7 extending A. Now
Xo I =ker(xa ® indg“ o) = ker(indgM Xa |Gp-0)) — ker(indg“ T),

and hence (xq | G,) -0 — 7in G,,. Since x, | L =1 for all a, we get that o | L=7 | L
and hence 7 = on for some n € CTH/\L Now choose any x € Cj/\L extending 7. Then, as
required,

J= ker(indg“ (o)) = ker(x ® indgu oc)=x-1¢€ Cj/\L -1

O

Theorem 4.2 answers the question of when the quotient map from Prim(C*(G)) onto
Glimm(C*(@Q)) is open.

Theorem 4.2. For a two-step nilpotent locally compact group G with centre Z the
following two conditions are equivalent.

(i) The map A — Fy from Z into K(G) is continuous.
(ii) The quotient map from Prim(C*(G)) onto Glimm(C*(G)) is open.

Proof. To prove that (i) implies (ii), suppose that there is an open subset V of
Prim(C*(G)) such that Sat(V'), the saturation of V' with respect to ~, fails to be open.
Then there exists P € Sat(V) and a net (P,), in Prim(C*(G)) \ Sat(V') converging to P
in Prim(C*(@)). With A, = 7(P,) and X = r(P), we get that A, — A in Z and hence,
by hypothesis, that F)\_, — F) in K(G). This implies that CﬁF\AQ — (T/F)\ in IC(GT/\Z)

Now, since P € Sat(V), there exists x € CT/FA such that x - P € V (Lemma 3.1). As
CW-FTQ — (T/FA, for each a there exists xq € CWFT\Q such that x, — x. It follows that
Xo - Pa — x - P. Since V is open, xq - P, € V and hence P, € Sat(V') eventually. This is
a contradiction.

Conversely, suppose that (ii) holds. Since KC(G) is compact, the map p — F), is contin-
uous at A if for every net (Aq)q converging to A, whenever F, — H for some H € K(G),
then H = F). Notice that by Lemma 3.5, if F)\, — H and A, — A, then H D F). By
way of contradiction, suppose there is a net (\y)q in Z such that A, — A and F\, - H
with F\ properly contained in H.

Choose P € r~'()). There exist P, € r~1(\,) such that P, — P in Prim(C*(Q)).
Now let

¢=JG/F, -P.\JG/H-P.

We claim that C is closed in Prim(C*(G)). To that end, notice first that each of the sets

(ﬁF\)\a - P, and (T/?[ - P is closed in Prim(C*(G)). Indeed, this follows from Lemma 4.1,
since F, C G, and hence also H = lim, F\, C G). It remains to consider a net
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(Xas * Pag)p, converging to some @ € Prim(C*(G)), with the additional property that,
for no Gy is

Xag 'Paﬁ S G/F)\ao 'Pao
for some ag and all 3 > fBy. We need to show that then Q € 67/7{ - P. Tt follows that
Aay — A, whence @ € 7~ 1(X). Let
P, = ker(indgka Ya), P= ker(indgA ¢) and Q= ker(indgA ),

where ¢, € (/}’; and p, ¥ € (/}':\ Since P, — P we can assume, after passing to a subnet
if necessary, that

(Gkaﬁ,,@ag) - (L750 | L)

in S(G) for some subgroup L of G. Clearly, then H = limg Fy., € L and
(F)\QB?SDQB | F)\QB) - (H,SD | H)

On the other hand, xa, - Po, — @ and Xa, | F,\aﬁ = 1. Hence
(F)\aﬁvgoa/j ‘ FAQB) - (Hv/(/) ‘ H)?

which yields that yp~! € G/A/?{ Choose any x € (T/?I such that x | Gy = et It
follows that

Q= ker(indgA Y) = ker(indgA (X | Gx-p)) =ker(x ® indgA p)=x-P.

This finishes the proof that C' is closed in Prim(C*(G)).

Finally, let V' = Prim(C*(G)) \ C. Then V is open in Prim(C*(G)), but Sat(V) is not.
In fact, since F) is properly contained in H, [P] \CT/]\Y - P is a non-empty subset of V
and, therefore,

[P] = Sat([P]\ G/H - P) C Sat(V).

If Sat(V) were open, then P, would eventually belong to Sat(V), contradicting the fact
that [Py] = G/F», - P, C C for all a. The quotient map is, therefore, not open, and this
contradiction proves that (ii) implies (i). O

The proof of the next lemma also makes substantial use of the properties of continuity
of induction and continuity of restriction.

Lemma 4.3. Let A€ Z and 7 € I be such that 7 | Z = \. Then kelr(indgA T) is a
primal ideal of C*(G) if and only if there exists a net (Ao)a in Z such that Aq — X in Z
and Gy, — F\ in K(G).
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Proof. Let I = ker(ind% 7), and suppose first that such a net in Z exists. Then, since
Ao = A and Gy, — F), there exist ¢, € G, such that ¢, | Z = A\, and (Ga,, @) —
(Fy,7) in S(G) (Theorem 2.6). It follows that P, = ker(indgxa va) — P for every
P € h(I), whence I is a primal ideal.

Conversely, let I be primal and let (Py), be a net in Prim(C*(G)) converging to P for
every P € h(I). Let Ay = r(P,) and P, = ker(indgxa ©a), as usual. Then A, — A and
after passing to a subnet if necessary, we can assume that G, — H for some H C K(G).
Now, since

indgM Do — ind% 7 and (indgxa ©Ya) | Gry ~ Qo

the theorem on continuity of restriction implies that (Ga_, ¢a) — (H, ) for every char-
acter ¢ of H that is weakly contained in (ind% T) | H. Since obviously F C H,

(indf 7) | H~{p e H:p|F\ =1}

Thus there can be only one such . Equivalently, H = F and hence G, — F) in K(G),
as was to be shown. (]

Since a C*-algebra A is quasi-standard if and only if every Glimm ideal of A is primal
and the quotient map ¢ : Prim(A) — Glimm(A) is open [3, Theorem 3.2], the following
corollary is an immediate consequence of Theorem 4.2 and Lemma 4.3.

Corollary 4.4. Let G be a two-step nilpotent locally compact group and Z its centre.
Then C*(G) is quasi-standard if and only if the following two conditions are satisfied.

(i) The map A — Fy from Z into K(G) is continuous.

(ii) For each \ € Z there exists a net (Ao )q in Z such that Ao, — X in Z and G, — F
in K(QG).

Remark 4.5. Suppose that G is a simply connected two-step nilpotent Lie group with
the property that every Glimm ideal of C*(G) is primal. Then C*(G) is quasi-standard [2,
Theorem]. Equivalently, condition (ii) of Corollary 4.4 already ensures condition (i). It
is unlikely that this same conclusion holds true for arbitrary locally compact two-step
nilpotent groups. However, we are unaware of a counterexample. On the other hand, it
is worth pointing out that there are three-step nilpotent simply connected Lie groups
G such that every Glimm ideal of C*(G) is primal, yet nevertheless C*(G) fails to be
quasi-standard (see [2, Proposition 4] and [4]).

5. The Glimm class of a primitive ideal

For an arbitrary locally compact group G, let FC™(G) denote the normal subgroup
consisting of all elements with relatively compact conjugacy classes. If G = FC™ (G),
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then Prim(C*(G)) is a Hausdorff space [16], and, for connected groups, the converse is
true [7]. Thus it is not surprising that, when studying the extent to which the Hausdorff
property fails for Prim(C*(G)), the subgroup FC™ (G) of G is of importance.

Tits [21] has shown that FC™ (G) is closed in G provided that G is connected. However,
it need not be closed in general [21]. In passing we give an example of a two-step nilpotent
group G for which FC™ (G) fails to be closed.

Example 5.1. Let C be the compact group (Zs)%, and let
D ={(zn)n € C: 2, =0 for all n < n, for some n, € Z},
endowed with the topology that makes the subgroups Dy, k € Z, with
Dy, ={(zn)n € D:x, =0 for all n < k},

a neighbourhood basis of the identity. Let G’ denote the group of upper triangular matrices

S O =
=

Y

)

1

where z € C and y, z € D. It is then easily verified that such a matrix belongs to FC™ (G)

if and only z € D. Hence FC™ (G) is a proper dense subgroup of G.

From now on, let G be a two-step nilpotent locally compact group. Note that, in this
case, € FC™ (G) if and only if the subgroup [G, z] of Z is relatively compact. For every
compact subgroup K of Z,let G(K) = {z € G : [z,G] C K}. Then FC™ (G) = U{G(K) :
K a compact subgroup of Z}. In particular, if G is compact free (that is, no non-trivial
element of G generates a relatively compact subgroup), then FC™ (G) equals the centre

of G.

Lemma 5.2. Let N = FC—(G) and 7 € G. Then
[ker 1] € h(ker(ind$ (7 | N))).

Proof. Let P = kerm and A = r(P), and consider any @ € [P]. Then r(Q) = A, and
hence there are characters o and 7 of G extending A such that P = ker(indgA o) and
Q= ker(indgA 7). Since G/N is abelian,

indgA T < indg((indgA T) | N).
Moreover, by Lemma 2.2, since 7 is G-invariant,

(indg 7) | N ~indyy, on (7 | GANN),
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and similarly for o. Therefore it suffices to verify that
. N . N
deAnN(T | GANN) ~ dean(a | GxNN),

which is equivalent to 7 | GA\NN = o | Gy N N. Of course, it is enough to show that
7| GANG(K) =0 | GyNG(K) for every compact subgroup K of Z. Now, fix K and let

L:G)\QG(K) and M =K,NK.

Since [L,G] € K\ N K, L/M is contained in the centre of G/M. Notice next that, since
T|M=0c|M=1, Pand Q are elements of Prim(C*(G/M)), and since M is compact,
Prim(C*(G/M)) is open and closed in Prim(C*(G)). Thus P and @ cannot be separated
by a continuous function on Prim(C*(G/M)). Finally, since L/M is contained in the
centre of G/M, we obtain that 7 | L = o | L, as required. This finishes the proof of the

lemma. O

It can happen that, for 7 € G, the inclusion of Lemma 5.2 is strict. Examples can be
found within the class of two-step nilpotent simply connected Lie groups (see [4] and
Example 6.3 below). However, it is not unlikely that for the trivial representation 1o we
always have [ker 1¢] = h(ker(ind§ 1x)) = Prim(C*(G/N)). Such a conjecture is strongly
supported by the partial results that follow. In the sequel we shall always identify the
dual group G//ZF;) with the corresponding closed subset of Prim(C*(G)) and write [1¢]
for [ker 1¢5].

Lemma 5.3. Let H be a system of open subgroups of G each of which contains the
centre, and suppose that H is upwards directed by inclusion and satisfies

JiH:-HeNn} =G
If [1y] = H/Z(H) for all H € H, then [1¢] = G/Z(G)
Proof. Let Z = Z(G), and for Hy € H set
= J{G/H : H € #, Hy C H}.
By the hypotheses on H, Xg, is a subgroup of C?/\Z and
(VZH):HiCHeH}=2

Thus Xy, separates the points of G/Z and hence is dense in G/Z

Let S denote the open subset of G/Z consisting of all points of G/Z that can be
separated from 1¢ by a continuous function on Prim(C*(G)). We are going to prove that
SN Xy, =0 for some Hy € H. Since Xy, is dense in (5/\2, this will show that S =, as
required.
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For each H € H, let puy denote normalized Haar measure on the compact subgroup
Cj/-T{ of C?/\Z Now, since the mapping (x, Q) — x - @ from C?/\Z x Prim(C*(G)) onto
Prim(C*(@G)) is continuous, to every continuous function f on Prim(C*(G)) we can
associate a function fy on Prim(C*(G)) defined by

fu(P)= [ __ f(x-P)dun(x).
G/H

Using the continuity property again and the fact that 67/7{ is compact, we see, easily,
that fy is continuous. Moreover, since Cj/-T{ — {1} in K(G) as H — G, it follows that
fu converges to f pointwise on Prim(C*(G)) as H — G.

Now, let x € S and fix a continuous function f on Prim(C*(G)) such that f(x) #
f(1g). By what we have shown above there exists Hy € H such that fu(x) # fu(lg) for
all H € H containing Hy. We claim that for every such H, x | H can be separated from
1p by a continuous function on Prim(C*(H)). To that end, recall first that the action of
G on H by conjugation gives rise to an action (z, Q) — Q7 of G on Prim(C*(H)), and let
Prim(C*(H))/G denote the space of all ideals I of C*(H) of the form I = N{Q* : z € G},
where @ € Prim(C*(H)). The ideals in Prim(C*(H))/G are precisely the maximal closed
G-invariant ideals of C*(H). Endow Prim(C*(H))/G with the hull-kernel topology. Then

we have continuous mappings
s : Prim(C*(H)) — Prim(C*(H))/G,
defined by s(Q) = N{Q* : z € G} for Q € Prim(C*(H)), and
t: Prim(C*(G)) — Prim(C*(H))/G,

by t(P) = P N C*(H) for P € Prim(C*(G)). Since G/H is compact and Prim(C*(G))
is a T}-space, C?/TJ - P is closed in Prim(C*(G)) and hence equal to t~1(¢(P)) for every
P € Prim(C*(G)). In particular, for every open subset V of Prim(C*(G)), t=1(t(V)) =
CT/?{ -V is open, and this implies that ¢ is actually open. Since fy is constant on G//?{ -P
for every P € Prim(C*(QG)), we can therefore define a function gy on Prim(C*(H))/G
by setting gu(t(P)) = fu(P), and gy is continuous. Then gy o s is a continuous function

on Prim(C*(H)) satisfying

guos(x|H)=gu(t(x) = fulx) # fu(le) = gu o s(1n).

This proves the claim.
Finally, by hypothesis, [1g] = H/Z(H). Thus we have shown that

x ¢\ JIG/Z(H) : H e H, H 2 Hy),

and this finishes the proof of the lemma. |
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Recall that an element of a topological group is called compact if the closure of the
cyclic group it generates is compact. A locally compact group G is said to be compact-free
if the unit element is the only compact element of G. These notions generalize those of a
torsion element and torsion-freeness for discrete groups. If G is nilpotent, then the set G°¢
of all compact elements of G forms a closed normal subgroup of G, G/G¢ is compact-free,
and G° is compact whenever G is compactly generated [13].

The proof of the following lemma imitates an argument from [20, Lemma 2.5], where
it has been used to determine the support in G of the conjugation representation of G
on L?(G) for a compactly generated, compact-free, two-step nilpotent group.

Lemma 5.4. Suppose that G has a closed central subgroup N such that [G,G] C N

e

and N is of the form N =RP x Z%, p,q € Ng. Then [1¢] = G/Z(G).

—

Proof. Let A € Z(G) and = A | N. There exist (a1,...,a,) € R? and (b1,...,bq) €
R such that

S+ Yo

j=1 k=1

) = exp (27

for all z = (x1,...,2p) € RP and y = (y1,...,y,) € Z9. For n € N, define p, € N by

R (TEX S ST )

Then u, — 1y, and therefore we can extend u, to a character A\, of Z(G) such that

An = 1z7(q) as n — oo. Now

P q
Ky, NN = {(xay) : ijaj + Zykbk € 2"2}7
j=1 k=1
and hence, since [G,G] C N,
Gy, ={ueG:[u,G)C K\, NN}C Gy, , CG)y
for all n > 2. It follows that the sequence (Gy, ), converges in K(G) to

.
n=1

By Theorem 2.6, for every n € N, we find a character ¢,, of G, such that ¢, | Z(G) = \,
and (G, ,¢n) = (H,1x) in S(G). By continuity of inducing,

indgkn ©On — indg 1,
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and hence the sequence (P,),, where P, = ker(indgA ,pn) for n € N, converges in
Prim(C*(@G)) to every point in G/H. Since H C G it follows that G/Gx C [1¢]. Finally,

since [[{Gr: X € Z/(\G)} = Z(@G), the subgroup of G//ZR?) generated by all CT/E)\, A€
Z/(\G), is dense in G//Z(\G) This proves that [1g] = //Z(\G) O

Theorem 5.5. Let G be a two-step nilpotent locally compact group such that the clo-
sure of its commutator subgroup contains a maximal compact subgroup K. Let G(K) =
{r € G:[z,G] C K}. Then

6] = G/G(K).

In particular, if G is compact-free, then [1¢] = G/Z(G).

Proof. Recall first that since K is compact and normal, Prim(C*(G/K)) is open and
closed in Prim(C*(G)). Hence the Glimm class of 1¢ in Prim(C*(G)) coincides with
the Glimm class of 1,k in Prim(C*(G/K)). Since G(K)/K equals the centre of G/K,
after passing to G/K, we can therefore assume that G has a closed central subgroup F
such that/Fis compact-free and [G,G] C F. It suffices to show that, in this situation,
[le] = G/Z(G).

To that end, let H denote the set of all open subgroups H of G such that H contains
Z(G) and H/Z(G) is compactly generated. We claim that [1g] = //ZEI) for every
H € H. Once this is shown, an application of Lemma 5.3 yields that [1g] = G//Z(\G)

Now, being compact free, F' is of the form F' = RP x L, p € Ny, where L is discrete
and torsion-free. Since H/Z(H) is compactly generated, so is [H, H] C F. Therefore the
closed commutator subgroup H’ of H is contained in some closed subgroup of F of the
form RP x M, where M is a finitely generated subgroup of L and hence isomorphic to

7.4 for some q € Ny. Thus Lemma 5.4 applies to H and establishes the claim. O

Let P € Prim(C*(G)) and A = r(P). We call P a Glimm point if its Glimm class [P]
equals the singleton {P}. Now, if P = ker(indgA ©), then k([P]) = ker(ind% (¢ | Fn)).
This implies that P is a Glimm point if and only if G, = F). However, this latter equality
may be difficult to verify because in general F is not easily computable.

If P is a Glimm point, then in particular P is a separated point of the topological space
Prim(C*(@)), that is, P can be separated from every distinct point in Prim(C*(G)) by
open sets. Conversely, suppose that V' is an open subset of Prim(C*(G)) consisting of
separated points. The argument of [9, Proposition 7] then shows that each point in V' is
even a Glimm point. This fact, in conjunction with the following lemma, can be used to
identify Glimm points in Prim(C*(G)) (see [4] and Example 6.3).

Lemma 5.6. P € Prim(C*(QG)) is a separated point of Prim(C*(G)) if and only if the
map A — G is continuous at r(P).
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Proof. Let P be a separated point, so that {P} = h(P) is a maximal limit set in
Prim(C*(G)). Since K(G) is compact, it suffices to show that if (Ay)a is a net in Z
converging to A = r(P) and G, — H in K(G) for some H, then H = G. We know
that H C G, so suppose that H is strictly contained in G. Since A\, — A, there are
Py € r71(Aa) such that P, — P in Prim(C*(G)). Let P, = ker(ind@, ¢q) and P =
ker(indgA ©). Then, by Theorem 2.6, after moving to a subnet if necessary, we can assume
that (Ga.,9a) = (H,¢ | H) in S(G). By continuity of inducing, h(ker(ind§(p | H)))
is a limit set in Prim(C*(G)), containing P. However, since H is a proper subgroup of
G, there exists 1 € G, such that 1 # ¢, but ¥ | H= ¢ | H. Then Q = ker(indgA Y) €
Prim(C*(@G)), Q # P and Q is a limit point of (P,)a, a contradiction.

Conversely, suppose that P is not separated, and choose @ € Prim(C*(G)) such that
Q # P and Q cannot be separated from P by open subsets. Then P,Q € r~!()\) for
some A € Z, and hence P = kelr(indgA ) and Q = ker(indgA ) for certain ¢, € C/?\A
such that ¢ | Z = XA =4 | Z. Since there is a net in Prim(C*(G)) converging to both
P and @, by Theorem 2.6 there are (Ao, Gx,,¢a) € P such that A, — X in Z and
(G, o) — (H,p) for some (H, p) € S(G) such that H C Gy and ¢ | H=p =1 | H.
Since ¢ # 1, we necessarily have that H is properly contained in G. This shows that
u — G, is discontinuous at A. O

6. Examples

We conclude the paper with three examples, two of which are Heisenberg type groups,
while the third one are the universal two-step nilpotent simply connected Lie groups. At
least for Examples 6.2 and 6.3 below, the description of Glimm(C*(G)) as a set and of
its topology requires the results of § 3.

Example 6.1. Let k be a locally compact field and G the group of upper triangular
matrices

S O =
S = 8

z
Yyl

1

where x,y,z € k. It is easy to check that G, = Z for all A € Z, A # 1z. As for

the real Heisenberg group it follows that C*(G) is quasi-standard and the mapping
A — ker(ind$ \) is a homeomorphism between Z and Glimm(C*(G)).

Example 6.2. Let p be a prime, {2, the p-adic number field and A, the subring
of p-adic integers. We first study the two-step nilpotent group G of upper triangular

matrices

o O =
o = 8
[ SR N
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where y, z € 2, and x € A,,. In what follows we write this matrix as a triple (z,y, 2), and
denote by N the abelian normal subgroup consisting of all elements (0, y, z). Since G/N
is compact, G is of type I and hence, with the usual identification, G = Prim(C*(Q)).
Our aim is to determine the Glimm ideal space of C*(G).

For k € Z, pkAp is a compact open subgroup of {2, and such groups are the only
non-trivial closed subgroups of (2, (see [14, (10.16)(a)]). Note that

pFA, D pMTIA,, U p*A, =0, and m p*A, = {0}
keZ kez

Fix a character x of £2, with kernel A, and for each y € (2, define A\, € f); by Ay(x) =
X(ym) x € {2,. Then the mapping y — A, is a topological isomorphism between 2, and
Q We now compute G, for y # 0. There is a unique k € Z such that y € pFA, \p’“‘lA
Then

K/\y = {(0,0,2) cG: x(yz) = 1}
= {0} x {0} x 51 A, = {0} x {0} x p~"A,,

and this implies that

r, = {(@,y,2) € G (2,y,2), Gl € Ky, }

={(z,y,2) € G:(0,0,zy’ —2'y) € K, for all 2’ € A, and ¢/ € £2,}
={(z,y,2) € G: 202, CpFA, and yA, C p~FA,}
={(0,y,2) € Gy ep ™A} = {0} x p "D, x 2.

Let Ay = {\, : y € p"A, \ p*T1A,}, k € Z. Then Qp \ {1g,} is the disjoint union of
the open sets Aj. The above computation shows that the map u — G, is constant on
each set Ag. Moreover, if (\,), is an arbitrary sequence in A \ {12} converging to 1z,
then G, — N. Indeed, if A\,, = A, with y,, € Ay, then necessarily k,, — oo and hence
Gy, = {0} x p~* A, x 2, = N in K(G).

These facts now lead to the description of Ghmm(C *(@)). Indeed, by Lemma 5.6 and
the remark preceding it, every point of G \G / Z is a Ghmm point and hence F)\ = Gy =
{0} x p7*A, x 2, for A € A, k € Z. Now let v € G/Z It follows from Lemma 5.2
or from the fact, that the quotient space N/G is Hausdorff, that [y] C v - 5/7\7 . On
the other hand, if (\,), is an arbitrary sequence in Z\ {1z} converging to 1z, then
(Ex,,v | Fa, - An) = (N,v] N) in S(G) and hence

ind?_(v] Fy, - An) = ind$(y | N).
Thus v - CT/J\V is a limit set in G, and this proves that [y] =~ - CT/J\V Therefore, as a set,

Glimm(C*(G)) = U {ker(indf—mpmp(a/\)) A€, ac€ pf’ﬂxp}
kez

U{ker(ind% a):a€ ﬁ/?},
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and the topology is given by Theorem 3.7. In particular, we have seen that conditions (i)
and (ii) of Corollary 4.4 are satisfied, so that C*(G) is quasi-standard.

Example 6.3. For n > 2, let v, denote the two-step nilpotent real Lie algebra with
basis {X1,..., X, U{Y;; : 1 < i < j < n} and non-zero products [X;, X;] = Y; ;.
Note that tvs is the Heisenberg Lie algebra. Let W,, = exptv,, be the associated simply
connected Lie group, and denote by Z, and 3, the centre of W, and tv,,, respectively.
These groups W,, are universal in the sense that every two-step nilpotent simply con-
nected Lie group is a quotient of some W,,. In [4, § 2], separation properties of W, and
quasi-standardness of C*(W,,) have been studied. In what follows we assume the reader
to be familiar with the usual notation in Kirillov theory.

Suppose first that n is even. Then the maximal coadjoint orbit dimension in tv}, equals
n = dimj;} [4, Theorem 2.4]. It follows from [2, Lemma 1] that C*(W,) is quasi-
standard and that the mapping A — ker(ind%f A) is a homeomorphism between Zn
and Glimm(C*(W,,)).

Now let n be odd. This case requires a more detailed analysis. For

n
f= ZQTX: + Z Bi;Yi; € vy,
r=1 1<i<jsn

let By denote the skew-symmetric n x n matrix with entries —3; ; for 1 <4 < j <n and
T the linear mapping from R™ into 3+ with matrix B ¢ relative to the standard basis in
R™ and the basis {X},..., X} in 3. Then [4, Lemma 2.3]

Ad* (W) f = |+ T§(R™),

and 7 is a separated point of W, (equivalently, f has maximal coadjoint orbit dimension)
if and only if dimT¢(R™) = n — 1. In particular, C*(W),,) fails to be quasi-standard [4,
Theorem 2.4]. We identify 3% with Zn by the map f — Ay, where

Af(x) =exp2mif(logz), =z € Z,,

and write Fy and G instead of F), and G,, respectively. Let U be the open subset of
all f €3 with dimT((R™) =n — 1. Then, for f € U,

Fr =Gy =exp{X €, : g(X) =0 for all g € Tf(R")}.

It follows from Lemma 5.6 or can be seen directly that the mapping f — Fy = Gy from
U into K(W,,) is continuous. If f € 3% \ U, then, for every g € f + 3., m, cannot be
separated from 7 in W, [4, Theorem 2.6]. Hence Fy = Z,,. Thus, as a set,

Glimm(C*(W,,)) = {ker(indgi:* Af): f €3, [ non-generic}
U{ker(ind‘g" T):TE ﬁ;, T| Zn = Xf, [ €3, generic}.
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The topology on Glimm(C*(W,,)) can be described by Theorem 3.7 as follows. The first
set on the right is closed in Glimm(C*(G)) and homeomorphic to 3 \ U. The second
set on the right is homeomorphic to the subset {(Ff,7): f € U, 7 € Fy, 7| Zn = A\s}
of S(W,,). Finally, a sequence (ker(ind‘g" 71)); converges to ker(ind?i" Ar), fE€3\U, if
fn — fin 3} and the sequence (FY,,7); is convergent in S(W,,).
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