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1. Introduction

For a field K, the class field theory for K is the theory which describes the Galois
group Gx = Gal(K*®/K) of the maximal Abelian extension K*® over K in terms
of a certain group Ckx endowed with a topology which is defined by using K-groups
of fields related to K. One of the main purposes of class field theory is to define
the group Ck as above and a continuous homomorphism pg : Cx — Gk, which
is ‘almost’ isomorphic.

The class field theory has been proven for certain fields which have an ‘arithmetic’
origin. In fact, the following theorem is known by works of many people including
Bloch, Parshin, Fesenko, K. Kato and S. Saito. (For precise statements, see
[R] and the papers listed in the references of [R], cf. Section 2.)

THEOREM 1.1 (Kato, Parshin, Fesenko, Kato and Saito). Let K be an
n-dimensional local field (n = 0) or a field which is finitely generated over its prime
field. Then, there exists a certain group Cg endowed with a topology which is defined
by using K-groups of fields related to K and a continuous homomorphism
Pk 1 Ck—> Gk such that the homomorphism py : Gy—> Ck induced by py is an
isomorphism. Here, for a group endowed with a topology T, we denoted the group
of continuous homomorphisms T—> Q)7 of finite order by T*.
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Remark 1.2. (1) When K is a local field, one can take the multiplicative group K*
as the group Ck, and when K is a number field, one can take the idele class group
of K as the group Ck.

(2) In the case of a two-dimensional local field, one can take the Milnor K-group
KY(K) (endowed with the topology of Kato, Parshin and Fesenko) as the group
Ck, as we review in Section 2. In the case of an n-dimensional local field (n > 3),
one can take the topological Milnor K-group K!°P(K) (endowed with the topology
of Parshin and Fesenko) as the group Ck. In the case n > 3, this group is not a
topological group in general, that is, the multiplication is not necessarily continuous
(although it is sequentially continuous). This is why we called Cx as ‘a group
endowed with a topology’.

Let K be one of the fields in the above theorem and for a finite Abelian extension L
over K, define the subgroup D; of Cg by
Dyp = Ker(Cx 25 Gx—sGal(L/K)).

Then, by the above theorem, the correspondence

Dy - finite Abelian finite index open
K -] extensions of K subgroups of Ck [’

which is defined by ®g(L) := Dy, gives a bijection.
For a finite Abelian extension L over K, one can define C; and p; : C,—> G in the
same way as Ck and pg. Moreover, we have the following theorem:

THEOREM 1.3 (Kato, Parshin, Fesenko, Kato and Saito). With the above notation,
there exists a homomorphism N : Cp—> Ck which is induced by the norm homomor-
phisms of K-groups such that NCy C Ck is open and the following diagram is com-
mutative:

CL L) GL

"] l

Pk
Cx — Gk,

where the right vertical arrow is induced by the inclusion K C L.

Assume that one already knows Theorems 1.1 and 1.3. Then one can immediately
obtain the following theorem, which is known as the existence theorem:

THEOREM 1 .4. (Kato, Parshin, Fesenko, Kato and Saito). Let K be as in Theorem
1.1 and L be a finite Abelian extension over K. Then we have NCy, = Dy. In particular,
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the correspondence

N finite Abelian finite index open
K] extensions of K subgroups of Ck [’

which is defined by Yg(L) :== NCy, is well-defined and it gives a bijection.

Now let us recall the class field theory for the fraction field K of a two-dimensional
complete normal local ring 4 with finite residue field, which is proven by S. Saito.
(For precise statements, see Section 2.) Let P be the closed point of Spec 4 and
let f: X—>Spec A be a proper birational morphism such that X is regular and
Y :=f"!(P),oq is a simple normal crossing divisor. (In this paper, we will call a
morphism X —>Spec A satisfying this condition as a resolution of A.) Let T' be
the dual graph of Y and define the rank r(K) of K by r(K) :=rk H{(T', Z).

Then we can describe the class field theory for K as follows:

THEOREM 1.5 (Saito). Let the notations be as above. Then there exists a certain
topological group Ck defined by using K-groups of fields related to K and a continuous
homomorphism py: Cx—> Gk such that the homomorphism py : Gy — Cy induced
by pg is surjective and Ker(p}) = Gal(K*/K)* = (Q/Z)®) holds. Here K is the
maximal c¢s extension of K (for definition, see Definition 2.3).

Let the situation be as above and for a finite Abelian extension L of K, define the
subgroup Dy by

Dy = Ker(Cx 2% Gx—>Gal(L/K)),
as before. Then, by the above theorem, the correspondence

Dy - finite Abelian finite index open
K] extensions of K subgroups of Cg

defined by ®k(L) := Dy is surjective, and it is bijective if and only if #(K) = 0 holds.
On the other hand, for a finite Abelian extension L over K, one can define the norm
homomorphism N : C;—> Ck such that NC; C Ck is open and the diagram

G —— G

SR

Ck k. Gk
is commutative (see Section 2). If the ranks of K and L are equal to zero, one can see
easily, as in the previous case, that NC; = D; holds. (This fact is remarked by Koya
[Ko].) But in general case, the situation is not so easy. Hence one may propose the
following problem:
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PROBLEM 1.6. Let K be the fraction field of a two-dimensional complete normal
local ring A with finite residue field. Then,

(1) Fora finite Abelian extension L D K, is the index of the group NCy in Ck finite? If it
is finite, how can we bound this index?
(2) Assume the former part of the problem 1. is true. Then, is the correspondence

y, - finite Abelian finite index open
K\ extensions of K subgroups of Ck |’
which is defined by Yk (L) := NCy, surjective?
(3) For a finite Abelian extension L D K, does the equality NCyp = Dy hold?

Remark 1.7. One can easily see the following: (3) implies (1), and if (3) is true for
any L, then (2) is also true, since we have WYx = ®g. Moreover, as we will see later
(Proposition 2.7), if (2) is true, then (3) is true for any L.

The purpose of this paper is to give an answer to the above problems.

Let K be as above, let L be a finite Abelian extension of K and put
d(L/K) :=[L: K]. Then, from the viewpoint of the class field theory for K, the
following three quantities seem to be important:

d(L/K):=[Ck :Dy]=[L:LNK%],
r(L/K) :=r(L) — r(K),
¢(L/K) :=[Ck : NC¢].

As for the relation between the above quantities, we obtained the following theorem,
which is the first main result in this paper:

THEOREM 1.8. Let | be a prime number. Let K be the fraction field of a
two-dimensional complete normal local ring with finite residue field, and let L be
a cyclic extension of K of degree I" (n € N). For 0 < i < n, let K; be the intermediate
field of K and L such that [K;: K] =1' holds. Let m be the integer such that
LN K =K, holds, and definer; (1 < i <n)byr; :=r(K;) — r(Ki_1). (So, in the above
notation, we have

dL/K)=1",  d(L/K)=I"" r(L/K):Zn:r,-.)
i=1

Then we have the following:

()  Forany i, r; =2 0 holds.
(2) 1 is divisible by I'"'(I — 1). (Hence r(L/K) is nonnegative and divisible by [ — 1.)

https://doi.org/10.1023/A:1026509119814 Published online by Cambridge University Press


https://doi.org/10.1023/A:1026509119814

A NOTE ON CLASS FIELD THEORY 309

(3) NCr C Ck is an open subgroup and the following inequality holds:

e

C(L/K) < [nferZi:erl/i—l(’,il)'

(In particular, the inequality

HL/K)

o(L/K) < d'(L/K)I"F

holds.) Moreover, if r(K) = 0 holds, there exists another inequality

r(L/K)

M < o(L/K),

where, for a real number q [a) denotes the least integer which is not less than a.
We have the following corollary:

COROLLARY 1.9. Let K be as above and let L be a finite Abelian extension. Let
d(L/K),d' (L/K), "(L/K), ¢(L/K) be as above and let P (resp. P') be the set of prime
numbers which divides d(L/K) (resp. d'(L/K)). Then,

(1) There exist non-negative integers a; (I € P)suchthat r(L/K) =), .p a;(l — 1) holds.
(2) NCp C Ck is open and the following inequality holds:

r(L/K)
«(L/K) < d(L/K) (]‘[ 11‘1) .

leP’

In particular, the former statement of (1) in Problem 1.6 is valid. (But the validity
itself is a rather easy consequence of class field theory (Lemma 3.1).)

In some cases, we can actually calculate the quantities d'(L/K), r(L/K) and ¢(L/K)
(see Section 4 and 5). For example, we can show the following:

PROPOSITION 1.10. Let [ be a prime and let a = 0 be an integer. Let k be a finite field
which contains primitive Ith root of unity and the order |k| is greater than a. Let K be
either Frac(k[[x, y]]) or Frac(W (k)[[x]]). Then, there exists a finite Abelian extension
L D K such that the following equalities hold.

d(L/K)=d(L/K)=1, rL)=al—-1), #K)=0, oL/K)=1I"".

In particular, NC; = D; does not hold in general, that is, 3. in Problem 1.6 is not
always true.

Remark 1.11. The examples in the above proposition attain the equality in the first
inequality in 2. of Theorem 1.8. So this inequality is best possible in a sense.
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Moreover, using Proposition 1.10, we can show the following theorem, which is
the second main result in this paper:

THEOREM 1.12. Let A be a two-dimensional complete normal local ring with finite
residue field k, and let K be the fraction field of A. Then:

(1) There exists an unramified extension K' O K such that the correspondence

W, finite Abelian finite index open
K"\ extensions of K" subgroups of Cg»

given by Wg»(L) := NCy is not surjective for any unramified extension K' C K.
(2) If k # Iy holds, then the correspondence

¥, - finite Abelian finite index open
K extensions of K subgroups of Ck

given by Wk (L) := NCy is not bijective.

Hence, (2) in Problem 1.6 is not true for many fields K. Moreover, the bijectivity of
W, which is known as the existence theorem (Theorem 1.4) in the case of the class
field theory for the fields in Theorem 1.1, does not hold for almost fields in our case.

Remark 1.13. The behavior of quantities d'(L/K), r(L/K) and ¢(L/K) (K C L1is as
in Corollary 1.9) is not so simple. We will give two remarks concerning this.

(1) Let M be an intermediate field of K and L. Then it is clear that »(L/K) =
r(L/M)+r(M/K) holds. But it is not always true that d'(L/K)=
d'(L/M)d'(M/K) and ¢(L/K) = ¢(L/M)c(M/K) hold. (See Examples 5.1 and 5.4.)

(2) By (2) of Theorem 1.8, the following statement holds: let K C L be a cyclic exten-
sion such that [L: K] is a power of a prime, and assume r(K)=0 and
r(L) > 0 hold. Then d'(L/K) < ¢(L/K) holds and so NCy is not equal to Djy.
But this conclusion is not always true if we drop the assumption ‘[L : K]is a power
of a prime’. In fact, there exists an example of cyclic extension K C L such that
[L:K]=6, (K)=0, r(L)=2 and d'(L/K) = ¢(L/K) = 6 hold. (See Example
54.)

The content of each section is as follows: In Section 2, we will give a review of class
field theory for two-dimensional local fields due to K. Kato and class field theory for
the fraction fields of two-dimensional complete normal local rings with finite residue
fields due to S. Saito. In Section 3, we will give a proof of Theorem 1.8 and Corollary
1.9. In Section 4, we will explain how to calculate the quantities d'(L/K), r(L/K) and
¢(L/K) under certain assumptions. The method is based on the argument by
Tsuchihashi ([T]) which gives a nice way to calculate the dual graph of
two-dimensional Abelian covering singularities and the argument by Saito ([S1])
which allows us to connect the Galois group of the maximal cs extension (defined
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in Section 2) with the first homology group of certain dual graph. In Section 5, we will
give two examples and show Proposition 1.10 and Theorem 1.12.

NOTATION. For an Abelian group M, denote the maximal torsion subgroup of M
by My,,. For a group G and a G-module M, denote the G-coinvariant of M by M.
For a graph (by which we always mean a connected finite one-dimensional CW com-
plex) A, denote the set of vertices (resp. edges) of A by vertex(A) (resp. edge(A)).

2. Review of Class Field Theory

In this section, we will review the class field theory for a two-dimensional local field
developped by K. Kato, and the class field theory for the fraction field of a
two-dimensional complete normal local ring with finite residue field developped
by S. Saito.

Let F be a two-dimensional local field, that is, a complete discrete valuation field
whose residue field is a local field. Then, on the second K-group K>(F) of F, Kato
defined a certain topology which makes this group a topological group (see [Kal]).
Then, the class field theory for F is described as follows:

THEOREM 2.1 (Kato). Let F be as above. Then there exists a canonical continuous
homomorphism pp : Ko(F)—> Gr (called the reciprocity map) which satisfies the
following:

(1) The homomorphism p%. : Gh—> K>(F)* induced by pp is an isomorphism.
(2) For a finite Abelian extension F C F’, the following diagram is commutative:

Kz(F/) L) Gpr

'] l

K(F) —"— Gr,
where N is the norm homomorphism of K-groups and the right vertical arrow is
induced by the inclusion F C F'. Moreover, the image NK;(F') of Ky(F') in
K, (F) is open.

As for the norm homomorphism of K-groups, we will use the following standard
fact later:

PROPOSITION 2.2. Let F C F’ be a finite separable extension of two-dimensional
local fields and let O (resp. O') be the ring of integers in F (resp. F'). Then, if
the extension F C F' is unramified, the norm map induces the surjection
K> (0')— K>(0).
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Next, let 4 be a two-dimensional complete normal local ring with finite residue
field and let K be the fraction field of A. Let Pk be the set of prime ideals of height
one in A and for x € Pg, let 4, be the x-adic completion of the localization of
A by the ideal x, and let K, be the fraction field of A.. (This is a two-dimensional
local field.) Then define the topological group Ck (which is called the K;-idele class
group of K) as follows:

Cx = (]‘[ ’1@(1@)) / Ky (K),
xePg

where ]  denotes the restricted product with respect to Ky(A4.) C K>(K,). The
topology of Ck is defined as follows: For a finite subset S in Pk, define Ck s by

Cks:= Im(l_[ K> (Ky) x HKQ(Ax)—> C1<>.
xeS X¢S

Then, Ck 1is the inductive limit of Ckys’s. First endow the group
[Lres Ko(Ky) x [] g5 Ko(Ay) with the topology induced by [],.p, K2(Ky), and then
endow Ck s with the topology induced by the above group. Finally, endow Cg with
the inductive limit topology induced by Ck s’s. Denote the natural morphism
Kz(Kx)—>CK by Ix.

Let L D K be a finite extension of K. Then the integral closure B of 4 in L is a
two-dimensional complete normal local ring with finite residue field which is finite
over A. So one can define Py, Cy etc. as in the case of K, by using B instead of A.

Next let us recall the notion of cs (= complete splitting) extension.

DEFINITION 2.3. Let K be as above. Then a (possibly infinite) Abelian extension
K C L is said to be a cs extension if any x € P splits completely by any finite
Abelian extension K C M satisfying M C L. Denote the maximal cs extenstion
of K by K.

Remark 2.4. We would like to note that, in this paper, a cs extension is assumed to
be Abelian.

Then, the class field theory for K is described as follows:

THEOREM 2.5 (S. Saito). Let K be as above. Then there exists a canonical con-
tinuous homomorphism pg : Cxk—> Gx (also called the reciprocity map) satisfying
the following:
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(1) For any x € P, the following diagram is commutative:

PKy

K(K,) —— Gk

T

Pk
Ck — Gk,

where pg_is the reciprocity map of two-dimensional local field K, and the right
vertical arrow is the homomophism induced by the inclusion K C K.

(2) The homomorphism py : Gy—>Cy is surjective and Ker(py) = Gal
(K= /K)* = (Q/Z2)Y® holds.

Remark 2.6. By statement (2) in the above theorem, the rank r(K) of K depends
only on 4 and independent of the choice of a resolution f: X—>Spec 4.

One can see, as a corollary of the above theorem, that the following diagram is
commutative for a finite Abelian extension K C L:

a —*— G

'] J

CK —pK_9 GKa
where the right vertical arrow is induced by the inclusion K € Land N : C;,—> Ckg is
the homomorphism induced by the norm homomorphism of K-groups.
Finally in this section, we will show what we remarked in Remark 1.7.

PROPOSITION 2.7. Let K be the fraction field of a two-dimensional complete normal
local ring with finite residue field and assume the following:

(1) Forany finite Abelian extension K C L, NCy is a finite index open subgroup of Ck.
(This is always true as we will see in Lemma 3.1.)
(2) The correspondence

¥, - finite Abelian finite index open
K] extensions of K subgroups of Ck
defined by Yg(L) := NCy is surjective.

Then, for any finite Abelian extension K C L, we have NC; = Dy.

Proof. Assume the conclusion is false and let L O K be a counter-example such
that [Ck : D] is minimal. Then, since Wk is surjective, there exists a finite Abelian
extension L' D K such that D; = NCp holds.
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Now let us assume that NC;, = Dy holds. Then we have D; = Dy/. Let L” be the
composite field LL'. Then we have

D;» = Ker(Cx — Gx — Gal(L"/K))
= Ker(Cx — Gx — Gal(L/K)) N Ker(Cx — Gx —> Gal(L'/K))
= DL ﬁ DL/ = DL.

On the other hand, we have

Im(Cx— Gx—>Gal(L"/K)) = Gal(L"/L" N K%),
Im(Cx—> Gx—>Gal(L/K)) = Gal(L/L N K%).

Hence the natural map
Gal(L"/L" N K*)— Gal(L/L N K*)

is injective. So we have L” = (L” N K*)L. In particular, we have L'K® C LK. By
the same argument, we also have LK% C L'K®, so LK® = L'K* holds. Let
K, K, be finite cs extensions of K such that L C 'K, C LK, holds. Then, we have

NCp = NCLK2 C NCL/KI =NCp,
NCp :NCL’Kl C NCy.

Hence, NC; = NCp = D; holds and this contradicts to the definition of L. So we
have NCL/ g DL/.

Then we have [Ck : Dy/] < [Ck : Dy] and then it contradicts to the definition of L
again. So the assertion is proved. OJ

3. Proofs (I)

In this section, we prove Theorem 1.8 and Corollary 1.9. First we prove Theorem 1.8
(1).

Proof of Theorem 1.8 (1). For any element ¢ € Gal(K;"}/K;_), 6(K) is a cs
extension of o(K;) = K;. Hence K;* is a Galois extension of K;_; and we have

the following exact sequences:

1 —>Gal(Kl°S/K,) —> Gal(KfS/K,-_l) —> Gal(K,»/K,»_l) —1 s
1—>Gal(K® /K ) — Gal(K®/Ki_1) — Gal(KS, /K;_1) —1,

Then one can see that the cokernel of the composite

S Gal(K;®/Ki)— Gal(K;* /Ki—1)— Gal(K;2, /Ki-1)
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is a Z/l7-module. Let p be a prime distinct from /. Then the homomorphism

Gal(K*/K;) ® Z./pZ
~ (Z/pZ7)®) — Gal(K®, /K1) ® 7./p7 = (7./pZ) &)

induced by f is surjective. So r; := r(K;) — r(K;_1) is nonnegative, as desired. []
Before giving the proof of Theorem 1.8 (2) and (3), we first prepare two lemmas.

LEMMA 3.1. Let K be the fraction field of a two-dimensional complete normal local
ring with finite residue field and let L be a finite Abelian extension of K. Then
NCy is a finite index open subgroup of Cx and we have the equality

[Cx : NC;] =[L:LNKS|LSNK® : LK*].

Moreover, if [L : K]isapower of a prime number [, then both sides are also powers of I.
Proof. First, by Proposition 2.2 and the class field theory for two-dimensional
local field, we have the following properties:

(1) For any x € Px and any y € P; lying above x, NK»(L,) C K»(K,) is open.

(2) Let x € P, and let y be an element in P; lying above x. Assume L, is unramified
over K, and denote the ring of integers of L,, K, by O,, O, respectively. Then
NK>(0y) = K>(Oy) holds.

One can easily check the fact that NCy is open in Ck, by using the above properties
and the definition of the topology of Ck.
Next let us consider the following diagram:

*

0 —— Gal(K¥/K) —— Gy —= s & — 0

l L

5

0 —— Gall®/L)f —— G —ts G — 0,

where horizontal lines are exact. By using the snake lemma, we obtain the following
exact sequence:

0—>Gal(L/L N K%)*—>(Cx/NCr)*—> Gal(L® N K** /LK*)*—0.

Pu}, d:=[L: K]. Then, since NCy is open in Cg and the composite Cx—>
Cp —> Cg (where the first map is induced by the inclusion K C L) is the d-th power
map, Cx/NCy is a discrete 7 /d7Z-module. Then one can check easily that |Cx/NCy|
is finite if and only if |(Cx/NCp)*| is finite, and if they are finite, they are equal.
Hence, it suffices to show the following:

(1) |Gal(L® N K*/LK)] is finite.
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(2) If p is a prime number such that (p, d) = 1 holds, then |Gal(L® N K* /LK) is
prime to p.

Put G := Gal(L® N K /LK*). Since it is a subquotient of Gal(L*/L) = 7™ it is
Abelian. For a prime p, let G, be the pro-p completion of G. Then G, is a finitely
generated Z,-module, since it is a subquotient of Z;(L). Hence, G, can be expressed
in the form

Gy = (Qp/Z,)" © T,

where @, € N and T}, is a finite Abelian p-group. On the other hand, since (Cx/NCp)*
is a Z/dZ-module, G* is a Z/dZ-module. Hence G is also a Z/dZ-module. Hence
a, =0 holds for any p (so G, = (G;)* is finite for all p) and if (d, p) =1 holds,
G, is trivial. Hence G = ]_[p G, is finite and |G| is prime to p if (d,p) =1 holds,
as desired. O

LEMMA 3.2. Let K be the fraction field of a two-dimensional complete normal local
ring A with finite residue field and let | be a prime number. Let L be a finite Abelian
extension over K and assume that the image of the homomorphism

1 Cx 25 Gx—Gal(L/K)

is isomorphic to 7./1"7 for some n € N. Then there exists an element x in Pg and
y € Pp lying above x such that [L, : K] = I" holds.

Proof. Let S be the subset of Px which ramifies in the extension K C L, and define
J by

J:=1Im (]‘[ Kz(Ax)—>CK>.
x¢S

By Proposition 2.2, J is contained in NCg, hence it is contained in Ker(f). So f
factors through

Ck/J = Coker (Kz(K)—> P KK/ Ka(4) & D Kz(Kx)>-
x¢S xeS§

Let g be the composite

P KK > Cx7 L Gal(/k),

xePg

where 7 is the natural surjection and f is the map induced by f. Then, by definition,
Im(g) =2 7 /1"7 holds. For each x € Pk, choose an element y(x) in Py lying above
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x. Then the following diagram is commutative:

Dok,

@xePk Kz(KX) —_— @xePK Gal(L}’(X)/KX)

| |

@xePK KZ(K‘C) —g> Gal(L/K),

where o, is the composite

Ky(K) 25 Gy —>Gal(Ly/Ky)

and i is the sum of natural inclusions. Then, we have

Im(g) = Y ioou(Kx(Ko)) = Y iGal(Lyw/Ky).

XGP]( XGPK

Then, since Im(g) = Z/["7 holds, there exists an element x € Px such that
i(Gal(Ly)/K)) = Im(g). Then we have [L) : K] = /", so we are done. O

Now we will prove the key proposition for the proof of Theorems 1.8 (2) and (3).

PROPOSITION 3.3. Let I, K and L be as in Theorem 1.8. Define the notations as
follows:

L (resp. K>y : the maximal pro-I cs extension of L ( resp. K),

G :=Gal(L/K)(= 72]1I"7),

M :=Gal(L™'/L), M;:= Mg, M;:=M/M o,

F; . the cs extension of L corresponding to Ker(M — M;)(i=1,2).

Then we have Fy = L' N K?° and F, = LK.

Proof. First we show the equality Fy = L/ N K. Since Ker(M — M) is
G-invariant, the extension K C F; is Galois and there exists the following exact
sequence:

l—M;—Gal(F;/K)— G—1.

Since the action of G on M| is trivial, M| is contained in the center of Gal(F;/K).
Then, since G is cyclic, the group Gal(F;/K) is Abelian. Hence, we have
Fi c L' N K*™, On the other hand, since the action of G to the group
Ker(Gal(L*! N K*/K)—>G)) is trivial, we have L/ N K% c F|. Hence we have
the equality F; = L/ N K2°.

Next we prove the inclusion LK C F,. Let us consider the composite of natural
homomorphisms

Gal(LK*' /L) — Gal(LK*>'/K) — Gal(K*!/K).
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One can easily see that it is injective. So Gal(LK*>'/L) is a free Z;-module. Moreover,
since Gal(LK*>//K) is Abelian, the action of G on Gal(LK*>//L) is trivial. Hence
there exists a natural surjection M>—sGal(LK*>'/L). So we have LK C F,.

Finally we prove the inclusion F» ¢ LK. Let us consider the following exact
sequence:

1— M>—>Gal(F>/K) — G —> 1.

Since G acts on M trivially and G is cyclic, Gal(F>/K) is Abelian. Hence it is a finitely
generated 7Z;-module. Let N be the intermediate field between K and F, which cor-
responds to Gal(F»/K),,,. Then, Gal(¥,/LN) is a torsion Abelian group, since it
is a subgroup of Gal(f»/N) = Gal(F»/K),,,- On the other hand, it is a free
Z;-module, since it is a subgroup of M;. Hence we have F, = LN. Now we have
the following claim:

CLAIM. N is a cs extension of K.
Proof. Let us consider the following homomorphism:

h: Cx 25 Gy —s Gal(N/K).

It suffices to show that / is a zero map. Let K C N’ be a subextension of K C N such
that Gal(N'/K) = 7Z/I"Z holds for some b € N and consider the homomorphism

W Cx -1 Gal(N/K) — Gal(N'/K) = 7,/I7.

Assume |Im(#')| is greater than /”. Then, by Lemma 3.2, there exists an element
x € Pg and an element y € Py lying above x such that [N} : K] > /" holds. On
the other hand, choose an element z € Py lying above y and let w € P, be the
element lying under z. Then, since LN’ D L is a cs extension, we have the inequality

[N}/,- K] < [(LN/)Z K] =1[Ly K] < "

This is a contradiction, so we have |Im(#)| < I".

Now assume that Im(/) is nontrivial and let « be a nontrivial element of Im(/).
Then there exists a surjection v : Gal(N/K)—7Z/I*7 (for some b € N) such that
the order of the image of o is greater than /", since Gal(N/K) is a free Z;-module.
If we define N’ to be the subfield of N corresponding to Ker(v), we have
[Im(%')| > [" and this contradicts to what we have shown in the above parapraph.
So Im(h) is trivial, that is, NV is a c¢s extension of K. O

By the above claim, we have F» = LN C LK/, as is desired. O

COROLLARY 3.4. Let the notations be as in Theorem 1.8 and put
G := Gal(L/K), M := Gal(L®/L). Then we have c¢(L/K) =1"""|Mg tor]-
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Proof. By Lemma 3.1, we have ¢(L/K) = I"""[L* N K** : LK*]. Since the index
[LN K2 : LK*] is a power of / again by Lemma 3.1, we have
[LCS N Kab . LKCS] — [LCSJ N Kab . LKCS,/]
and so we have
C(L/K) — In—m[Lcs,l n Kab . LKcs.l] — In_m|MG,tor|,

by Proposition 3.3. O
Now we will give a proof of Theorems 1.8 (2) and (3).

Proofof Theorem 1.8 (2). By replacing L by K;, we have only to show the assertion
in the case i = n. Define the notations as follows:

G .= Gal(L/K), G = Gal(L/K,_1),
M :=Gal(L®'/L),  M':=Gal(LK™/L),
Vi=M®y;Q, V’IZM’@ZQ.

Consider the following exact sequence:
1 — M — Gal(K®! /K, ) — Gal(LN K*! /K, 1) — 1.

From this sequence, one can see that M’ is isomorphic to Z;(K""). Hence r, is equal to
the dimension of Ker(V — V') as (Q;-vector space.

By Proposition 3.3, M’ = M /Mg 1or holds. So V' = Vi holds. Fix a generator o
of G=7/I"7. Since V is a ;-vector space with G-action, it can be regarded as a
module over 4 := Q[s]/(¢" —1). For 0 <j <n, let {; be a primitive /-th root
of unity and put 4; := Q;({;). Then one has the isomorphism of ();-algebras

A— | [ 4), o =)

n

j=0

Let Vj be 4;V. Then we have the natural decomposition V' = ., V;. Then, V" is
calculated as follows:

n—

V' =Ve =@ V)" -y, =@
Jj=0

~.
Il
(=]

Hence, we have the isomorphism Ker(}V — V’)= V,. Since V, is a finite-
dimensional 4,-vector spece, r, = dimg, V; is divisible by [4), : Ql=0r'-1.0

Proof of Theorem 1.8 (3). Let M be Gal(L*>'/L) and let G be Gal(L/K). Then, by
Corollary 3.4, one has ¢(L/K) = I"""|Mg tor|-

Let 4,V,A4;,V;(0<j<n) be as in the proof of Theorem 1.8 (2), and let
a; (1 <j < n) be the integer satisfying V; = A?af (as A4;-vector spaces). Then we have
the following:
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CLAIM.
Y ;
Cl():}’(K), Cl]:m (1 <]<n)
Proof. By the similar argument to the proof of Theorem 1.8 (2), we obtain the

equality

r(K;) = dimg, (@ Vj> =a+ Yy (-1

Jj=0 j=1

for 0 < i < n. The claim follows from it. O

Let @ be the projection V— @i, V; and define N and M, by N :=n(M),
M, := Ker(n) respectively. Then we have the following diagram:

0O —— M, _ M — N — 0
0 —— @V —— ¥V —— @Y —— O

Put G’ := Gal(L/K,,). Then, by the similar argument to the proof of Theorem 1.8 (2),
one can see that the morphism n: V'— 7" ¥} is nothing but the natural morphism
V— V. Hence we have N = Mg /Mg 1or. SO, by Proposition 3.3, we have

N =~ Gal(LK®' /L) =~ Gal(KS>! /K,,).
By taking G-coinvariant of the upper horizontal line in the above diagram, we obtain
the exact sequence

My, — Mg—> Ng— 0.
Now note the following claim:
CLAIM. Ng is a free Z;-module.

Proof. Let Kncj*l be the maximal pro-/ cs extension of K,,,. Then, since K, is a cs

extension of K, we have K&/ N K*® c K°!. The inclusion in the other direction

is trivial, so we have K,‘;f*’ NK*® =K! So, by Proposition 3.3,
Ng = Gal(K**!/K,,) € Gal(K®!/K) holds. So it is a free Z;-module. O

By the above claim, we have |Mgorl <|MoGor], so the inequality
c¢(L/K) < I"™| My g.i1or] holds. Hence, to show the first inequality in Theorem 1.8
(3), it suffices to show the equality

((Mo/(0 = D)Mo)ygp] = 121,

where o is as in the proof of Theorem 1.8 (2). Let || - || be the norm on Q; such that
I/ =/~" holds. Then, since o¢—1 induces an automorphism on
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My®7 Q= @7zm+1 Vi(=: W), we have
[((Mo/(c — 1)Mo)o | = |Mo/(0 — 1) M|
= || det(c — 1|~
=1 [] Najo =D

Jj=m+1

n
— ZZ/‘:nHrl 4
)

as is desired.
Finally, we prove the last inequality in Theorem 1.8 (3). By Proposition 3.3, we
have

MG/ Mg or = Gal(LK*! /L)
and by the assumption #(K) = 0, it is trivial. So we have
Mg torl = IMg| = Mg ®z, Fi| = (M ®z, F/)gl.

If we fix a generator ¢ of G, we can regard M ®z, I, naturally as a finitely generated
module over B:= F[6]/(c — 1)". So there exists integers b; € N(1 <j < /") such
that

"

M @z, T = D(B/(e — 1) B™

Jj=1

holds (as B-modules). Since M ®z, I, is an r(L)-dimensional vector space over [;, we
have the equality Z/lzl jbj =r(L). On the other hand, we have

.
M ®7, F))g = (M ®F)/(c — )M & Fy) = DT
Jj=1

So we have the inequality
n mo
(M @ Fi)gl = 120m" > [F25ma P — iy,

So we have |Mg ;| = """ and the desired inequality follows from this.
Finally we will give a proof of Corollary 1.9.

Proofof Corollary 1.9. If d(L/K) is a prime, then the extension K C L is cyclic. So
the assertion is contained in Theorem 1.8.

Let us prove the general case by induction on d(L/K). Let M be an intermediate
field of K and L such that [M : K] is a prime number. By definition, we have

r(L/K) =r(L/M)+r(M/K), d(L/M)|d(L/K), d(M/K)|d(L/K).
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By using this, the assertion (1) is easily deduced from the inductive hypothesis and
Theorem 1.8 for the extension K C M.
Before proving (2), note the following claim:

CLAIM. d'(L/M)d (M /K)|d(L/K) holds. In particular, we have the inequality
d'(L/M)d(M/K) < d'(L/K).
Proof. If K C M is a cs extension, d'(M/K) = 1 holds. So

d(L/M)d(M/K) =[L: M*NL]|[L: K*NL]=d(L/K)

holds. If K C M is not a cs extension, then M is not contained in K N L. Since
d(M/K) is prime, we have [M(K®“ N L): KN L] =[M : K]. Hence

d'(L/M)d' (M /K)
=[L: M®NL|M:K]
=[L: M®NLIMEK®NL): KSNL)[L: K*NL=d(L/K)
holds. N
Now we prove the assertion (2). By definition,

o(L/K) =[Cg : NCy][NCy : NCr] < o(L/M)c(M/K)

holds. Then, by using the above claim and the inductive hypothesis, we obtain

co(L/M)c(M/K)
r(L/M) r(M/K)
<d’(L/M)< I1 lﬁ) d’(M/K)( I1 zﬁ)
l|ld'(L/ M) Nld'(M/K)
HL/K)
<d’(L/K)< [1 zﬁ) ,
Nd'(L/K)
as is desired. O

4. Resolution of Two-Dimensional Abelian Covering Singularities

Throughout this section, let k& be a finite field of characteristic p, let 4 be either
K[[x, y]] or W(k)[[y]], and let K be the fraction ficld of A. In this section, we will
describe how to calculate the rank r(L) and the action of Galois group
Gal(L/K) on Gal(L*/L) for a Kummer extension L C K satisfying some conditions.
(If we can calculate them, one can calculate the quantities ¢(L/M), r(L/M) for an
intermediate field M such that M C L is cyclic and [L : M] is a power of a prime,
by using Corollary 3.4. We will do it in two examples in the next section.)

To calculate the rank r(L), it is important to resolve the singularities of the
spectrum of the integral closure B of 4 in L. The singularities which occur in this
way are sometimes called Abelian covering singularities, and in complex analytic
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case, the resolution of two-dimensional Abelian covering singularities is studied by
Tsuchihashi ([T]). We study the case of positive characteristics or mixed
characteristics, following his method. On the other hand, to see the action of
Gal(L/K) on Gal(L*/L), we slightly generalize an argument of Saito ([S1, II, Section
2]). This allows us to identify the group Gal(L®/L) with the completion of the first
homology group of a certain graph as Gal(L/K)-modules.

Let s be a natural number and let f; € 4, r; € N (1 <i < s). First we impose the
following assumption on k:

(A1l): Kk contains a primitive r;th root of unity for any 1 <i <s.

Let A be the unramified extension of 4 with residue field k (:= the algebraic closure
of k), and let K be the fraction field of A. Let L be K[z]; <; < ;/(z' — fi)1 < <5 Next
we impose the following assumption:

(A2): L is a field.

Then, L := K[zi]; <; </(z] — fi)1 <<, is a finite Abelian extension of K, and the
Galois group G := Gal(L/K) is naturally isomorphic to @;_, Z/r;Z(1). Define
B, B by

B = A[z;], <i <s/(Z:"i —fil <i<s B:= Z[Zi]l <i<s/(2? —fih <i<s

respectively. They are local integral domains.

Put X = Spec B, Y = Spec 4 and let P, Q be the closed point of X, Y respectively.
(Note that the Galois group G acts on X.) Let D; be the divisor of Y defined by the
ideal (f;) C 4, and put D:=) ;D;. Choose the minimal embedded resolution
0:Z—Y of (Y, D): That is, Z is regular, 0 is a proper morphism which induces
the isomorphism Z — 0~'(D)— Y — D and 0~'(D), is a simple normal crossing
divisor without (—1)-curves. Let I be the set of prime divisors with support in D
and for C eI, let Ec be the proper transform of C with respect to 0. Then
07'(D),oq is expressed as the sum

07 (D)yeg = ) Ec + ) B,

Cel jel

where J is an index set and for j € J, Ej is an irreducible divisor. Let £ be } .., E;.
Let W be the normalization of X xy Z. The action of the Galois group G on X
induces the action of G on W. Letv: W—Z (resp. A : W—>X) be the composite
of the normalization W—X xy Z and the projection X xy Z—Z (resp.
X xy Z—>X). Let us define E by E := 17 (P),og = v""(E)eq.
Let Y be Spec 4, let W be W xy Y and let E be the pull-back of E to . Now we
impose the following assumption:

(A3): The number of irreducible components of Eis equal to that of E, and for
any pair of distinct irreducible components (E;, E;) of E, the intersection
(E1 N Ey),eq 1s empty or a disjoint union of k-rational points.
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Let us fix a topological generator of ]_[,# Zy(1) and identify G = ;_, Z/r;Z(1)
with @;_, Z/r;7Z by using it. Denote the element

©,---,0,1,0,---,0) € G

simply by ¢; (1 < i <s). For C € I, define the element t¢ € G by 1¢ := ) }_, mc e,
where mc; € Z is the multiplicity of C in D,. For jeJ, define the element
7, € G by 1;:= )i, n;e;, where n;; € Z is the multiplicity of E; in 0*D;.

For i e IUJ, we define a subgroup G; C G as the subgroup generated by 1;’s
(GelUJ) such that E;NE; #¢, and for i,j e IUJ, we define a subgroup
G C G as the subgroup generated by t; and ;.

Let A be the dual graph of E = Zje/ E;. For o € vertex(A) corresponding to Ej,
define G, C G by G, := G;, and for o € edge(A) corresponding to E; N E;, define
G, C G by G, := Gj;. Now we define a graph A which is endowed with an action
of G (which we will call as a G-graph in the sequel) as follows: First, vertex(x)
and edge(Z) is defined as follows.

Vertex(Z) = {(a, A) | « € vertex(A), 4 € G/G,},
edge(A) == {(, A) | o € edge(A), 4 € G/G,}.

For («, 4) € Vertex(x) and (8, B) € edge(z), we define that («, 4) is a face of (8, B) if
and only if o is a face of f in the graph A and A contains B. The action of G
on the graph A is defined by g (o, A) := (o, g + A). (Note that the above definition
of the G-graph A is independent of the choice of a topological generator of
[ 112y Zi«(1), up to isomorphism.)

Then, our main theorem in this section is as follows (cf. Tsuchihashi [T, Section 3]):

THEOREM 4.1 Under the assumptions (Al),(A2) and (A3), there exists an
isomorphism of G-modules

H(A, 7) ®7 7 =~ Gal(L®/L).
(In particular, r(L) = rk H, (Z 7).)
We first show an easy lemma which we need for the proof of the above theorem:

LEMMA 4.2. Let R be a two-dimensional complete regular local ring with algebraic-
ally closed residue field of characteristic p, and x, y be a regular parameter of R. Put
U :=SpecR. Let Dy, D, be the divisor of U defined by x,y respectively and put
D:=D,UD,.

Let r; € N(1 <i<s) be integers prime to p and let a;,b; € N(1 <i<s) be
integers. Let S' be R[zi]; <;<,/(z/ — x4ybiy, <i<s and let S be the normalization
of S'. Put V :=SpecS. Fix a connected component Vy of V and let f : Vo—> U
be the natural map.
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Let

s 2
G:= Aut(V/U)(% 5 Z/r,Z(l)) and H := 1'*™(U, D) (g (]‘[ Z;(l)) )

i=1 I#p
and let ¢ : H—> G be the natural map. Then:

(1) {geGlg(Vo) = Vol = @(H) holds.
(2) The singularities of V are all toric singularities (in the sense of [Ka4]).
(3) [ (Di)req and 1 (Dy),eq are irreducible.

Proof. The assertion (1) is obvious. Let us define the homomorphisms of monoids
a: N —N? B: N°— N* by a(e;) = (a;, by), ple;) = rie;, where e; (1 <i<s) is the
natural basis of N’. Define the monoid Q by the push-out of the dlagram

INCIPLES NSNS N
in the category of monoids. Then S’ = R ® 7N 7[0), where y: Z[N*]—Z[0] is
induced by the homomorphism N°>—Q induced by the above diagram. Let Q%
be the saturation of Q. Then one can check that S = R ® 72y Z[0%'] holds, where
v+ ZIN?]—> Z[0%'] be the composite

ZIN?] L5 7[01— Z[0™].

Then, since (V, (Q** LA $)%) is log-étale over (U, (N> > R)?) (where § is the natural
morphism and ¢ is defined by &((1, 0)) = x, &((0, 1)) = y), (V, (O A S)Y) is log
regular. So it has only toric singularities ([Ka4]).

Finally we will prove (3). Since f: Vy—> U is a tame covering, there exists an
integer n>0 prime to p which satisfies the following: If we put
V.= = Spec R[z, w]/(z" — x,w" — y) and deﬁne f: V—uU ~as the natural homo-
morph1sm there exists a morphism g V—>V such that f f og holds. Then it
suffices to show that f 1(Dy),eq and f !(Dy);eq are irreducible, and this is obvious.[]

Remark 4.3. If we fix a topologlcal generator of [ [, 4 Z4(1) and identify G (resp. H)
with @;_, Z/riZ (resp. ([], 2 7:)*) by using it (resp. it and the regular parameter
X,y), the homomorphism ¢:H—G 1is expressed by ¢((1,0)) = (a)._,,

@((0, 1)) = (b
Proof of Theorem 4.1 Let us prepare the notation as follows:
Z:=ZxyY, Ei=E xyY(ielUJ), F::ZF-,
jeJ
v=vxyY: W—Z.

First let us note the following claim:
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CLAIM 1. With the above notations, we have the following:

(1) The singular_poinis of W (resp. W) is contained in V_](Uf,jeIuJ(Ei N E))) (esp.
Tl(Ui,_je/UJ(Ei N E)))), and they are all toric singularities.
(2) The intersections of irreducible components of E (esp. E) are double points.

Proof. It is easy to see the former assertion of (1). As for the latter assertion of (1)
and the assertion (2), it suffices to show for W and E. Let F be a double point of
Uiesus(Ei NE)), and let Z, W be the completion of Z, W at F, V"' (F) respectively.
Then, it suffices to show the assertions after pulling back to Z, W, since the
assertions are local. Then they are reduced to (2) and (3). of Lemma 4.2 for
V=Ww,U=Z. _ _

By (2) of the above claim, we can define the dual graphs F(E), F(E) of E, E
respectively. Since the action of G on W induces the action of G on E and E,
we can regard I (1~5), r (1’5) as G-graphs, and by the assumption (A3), there exists
a natural isomorphism of G-graphs 1"(1~5) =~ F(E). By this observation, it suffices
to show the following claims:

CLAIM 2. There is an isomorphism of G-graphs F(E) ~A.
CLAIM 3. There is an isomorphism of G-modules
H(T(E), 2) ® 7. = Gal(L®/L).

Proofof Claim 2. By using the assumption (A3), one can check that the dual graph
of E and that of E are also isomorphic. Since they are trees, it suffices to show the
following (cf. [T, Section 2]):

(1) For i,j € J, we have the isomorphism of G-sets
vil(ﬁf n Ej)red = G/GU
(2) For i € J, we have the isomorphism of G-sets

{ the irreducible components

of V,I(Fi) } = G/G,

First we prove the assertion (1). Let W be the completion of W at v-'(E; N E)).
Then, by definition of G; and by Lemma 4.2 (1) (for V' = W), the stabilizer of
an element of 7o(W) is Gj. Then, noting the isomorphism of G-sets

VN E NE))eq = mo(W),

we obtain the assertion.
Next we prove (2). By the argument of the previous paragraph and (3) of Lemma
4.2 (for V =W), one can see the following: For an irreducible component F in
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v !(E;) and for any j € I UJ such that E; N E; # ¥, we have
g€ Glg(F)=F} D Gy.

So, by definition of G;, we have {g € G| g(F) = F} D G;. On the other hand, one can
check that the covering F/G;— E; is unramified. Since E; is isomorphic to P% (where
k is the algebraic closure of k), we have F/G; = E; and {g € G|g(F) = F} = G,.
Hence, we obtain the assertion. O

Proofof Claim3. Let a: X'— X be the normalization of X and let P’ be the unique
point in a~'(P). Let b: X— W be a resolution of W defined by succesive toric
blow-ups at singular points such that b’l(E)red is a simple normal crossing divisor.
(Note that W has only toric singularities.) Then, there exists a morphism
¢ : X— X' such that the following diagram is commutative:

X — X
R
X — w

Let Xy be X — P(=2 X' — P’). Then we have the following diagram:

(X)) ——— X)) —F— (T (P)yed)
(X)) ——— (W) —— o (E).

It induces the following diagram:

(X)) ——— 7P (P)reg)

H J

X)) —L s (B,

where 7§° is the quotient of algebraic fundamental group which classifies complete
splitting Abelian coverings ([S1, II,2]). Moreover, f is G-equivariant, since it is
induced by A, which is G-equivariant by definition.

By [S1, II, Proposition 2.2], « induces the isomorphism n{*(Xp) = n?(c‘l(P/)red).
Now let us admit the following claim for a while, whose proof will be given later:
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CLAIM 4. There exists a commutative diagram

1 (P et) ——— HIT(C (P)e) 2) @ 7

l |

€

w(E) —— HIE) e,
such that v, 0, ¢ are isomorphisms and ¢ is G-equivariant.
Then, ¢ o f§ induces the G-equivariant isomorphism

1 (Xo)— H\(T(E), 2) ® 7.

Since we have Gal(L*/L) = n{3(Xy) by definition ([S1], [S2]), we are done.

Hence Theorem 4.1 is reduced to Claim 4. Now let us prove this claim. Let C be the
category of connected reduced schemes C of finite type over k which satisfy the
following conditions:

(1) Each irreducible component C;(i € I) is one-dimensional and the set S¢ of
singular points of C (regarded as the reduced closed subscheme of C) is equal
to (Ui,jel(ci N Creq-

(2) Scisadisjoint union of k-rational points and for any s € S¢, there exist exactly two
irreducible components of C which contain s. (That is, any point s € S¢is a double
point.)

Now we introduce the notion of modification in the category C: Let ¢ : C'—> C be
a morphism in the category C and let s € S¢. Then ¢ is called a modification at s if
Plo—gi(y: C' = ¢ '(s)—C —{s} is an isomorphism and ¢ '(s)c C' is an
irreducible component of C’ which is smooth over k. For a modification
¢@: C'—>C at s € S¢ and an irreducible component C; of C, we define the proper
transform of C; as the closure of ¢~ '(C; — {s}).

Then ¢ '(P),,q and E are in the category C and the morphism
blepy,, c*I(P)red—>E is a composite of modifications, since b is a composite
of toric blow-ups at k-rational points. So, to prove Claim 4, it suffices to show
the following claim:

CLAIM 5. For C €C, denote its dual grapft by T'(C). Then we have a system of
isomorphisms { fc : n{*(C) = H\(I'(C), Z) ® Z}cec which satisfies the following con-
ditions:

(1) If C admits an action of a group G, then f¢ is G-equivariant.
(2) For any quiﬁcation Q: C/_i C, there exists an isomorphism g : H\
T, 2) @ Z— H\(I'(C), 7)) @ 7. which makes the following diagram com-
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mutative:

() L H(IC). D) el

(p{ gl
(0 — s H(T©). ) ® 7.
Now we prove Claim 5. For C € C and a closed subscheme D C C, denote the

Henselization of C at D by Cp. Since the argument in the proof of [S1, II, Theorem
2.4] is valid for any C € C, we have the exact sequence

0 he Hgt(cx - {x}v Q/Z)
HY(C =S¢, 0/7) = E@ (. 0/7)

— 71 (C)"—0.
One can check easily the isomorphisms

0 - Hy(Cx — (x}, Q/Z)
Hy(€ = Se.Q/2) = P O/Z. =0 0 7
and via these isomorphisms, /¢ is nothing but the cochain homomorphism of the
dual graph I'(C). Hence, we can identify Coker(s¢) naturally with the dual of
H{(I'(O), Z)@Z We define the homomorphism f¢ as the dual of the natural
isomorphism Coker(ic) =>n{*(C)*. Then one can easily check that the
homomorphism f¢ satisfies the condition (1). of the claim.

Now let C € C, s € Sc and let ¢ : C'—> C be a modification at s. Put S := ¢~'(S¢).
Then, the diagram in [S1, p.60] is functorial with respect to the morphism of pairs
(C',8)—(C, S¢), since it is induced by the localization sequence of etale
cohomology. Moreover, since ¢~'(s) is smooth over k, we have (cf. [S1, p.61])

= Q/Z,

n¥(C')* =Ker(Hy(C', Q/2)—HY(C' = S, Q/2) & H(¢”'(s), O/ )@
P Hix 0/2).

xep~!(Sc—{s)

Hence we obtain the following commutative diagram:

— 0

he 0 _ )/7 0 (C 15} /7
0(C _ <. ()7 < Hoy(Ci=(x),0/7) 1 Ha(C—15),0/7) es( Y
Ho(C =S¢, Q/2) —— B e © W G.0/7) 7(C)

l hJ wl
i ' a.0,7)  HUC . —07\(5),0/2)
HYNC' -5.Q/2) —— @ HEile taur (O — 0,

0 (v ()/7 0 (0-1(5).0/7,
ety PRO/D) HY(09,0/2)

where ¢* is the dual of ¢,. Since the morphism " — S— C — S¢ is an isomorphism,
a is an isomorphism, and the first factor of the homomorphism 4 is also an
isomorphism. Moreover, if we set s € C;, N C;,, ¢~ '(s) meets with the proper trans-
forms of C; and C;,, and does not meet with other irreducible components of
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C'. Hence, we have

Hgt(c(/p—l(x) - (p_l(s)v Q/Z)
H (¢ (), Q/Z)

~Q/7

and one can check easily that the second factor of b is also an isomorphism.
Therefore, we have the commutative diagram

Vs
Coker (he) ——  7$(O)*

gll ao*l
Coker (j) —— n%(C")",
where all the homomorphisms are isomorphisms.

Next, let us consider the functoriality of the diagram in [S1, p.60] with respect to
the inclusion S C S. Then we obtain the following diagram:

0 o j HYUC—1,0/2) o HalC)y —07'9.0/2) esy e
Hal€ =5 017) oo ety TR 0/Z) ®H w0 ey —— 0
ol
her HY(Ce—{x).Q/Z s
HY(C - S¢, Q/2) — @W — () — 0,
XES¢er ©

So the following diagram is induced:

Coker (j) —— 30"

d H

¥

.fV/
Coker (he) —— a(C))*.

Since f& is an isomorphism, g; is also an isomorphism. If we define the
homomorphism g: H/(I'(C'), Z) ® 7—s H, T, 2)® 7 as the dual of the
composite g5 6 g1, we have the diagram in the condition (2). in Claim 5. Hence
Claim 5 is proved, and so the proof of Theorem 4.1 is now finished. O

Remark 4.4. Let the notations be as in this section and assume that the conditions

(A1) and (A2) are satisfied. Then, the condition (A3) is also satisfied if we replace 4
by some unramified extension of 4.
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5. Proofs (II)

In this section, first we give two examples of Abelian extensions K C L such that
¢(L/K) is computable by using the result of previous sections. Then we give a proof
of Proposition 1.10 and Theorem 1.12.

EXAMPLE 5.1. Let n, a € N and let p and / be distinct primes. Let k be a finite field
of characterictic p such that |k| > a holds and k contains a primitive /"-th root of
unity. Let 4 be k[[x, y]] (resp. W (k)[[y]]) and let K be the fraction field of 4. For
vek (resp. ae W(k)), define g, by g, :=0+ax)+xT (resp.
g, = (v +ap) + p''.) Fix a subset I of k (resp. W(k)) such that [I| = a+ 1 (resp.
I7| =a+1 and the map /— W(k)—k is injective). Let f; € 4 be [],; g, and let
L = K[z1]/(z} —f1). Then,

PROPOSITION 5.2. The conditions (A1), (A2) are satisfied for the extension K C L.

The condition (A1) is trivial. To show the condition (A2), first note the following
lemma:

LEMMA 5.3. Let the notations be as above and let A be as in the previous section.
Then,

(1) g, is a prime element of 4 for any « € A
(2) g, and g are coprime in A for o, f € 1,0 # f.

Proof. In this proof, we denote the element p € 4 by x in the case 4 = W(k)[[y]] to
simplify the description of the proof.
First we prove (1). Let ¢, : A—> A be the automorphism defined by

Py (Z nyi) = Z ci(y — o),

where ¢; € k[[x]] (resp. W (k)) in the case 4 = k[[x, y]] (resp. 4 = W (k)[[¥]]). Then we
have ¢,(g,) = go. So it suffices to show that gy is a prime element of 4.
Proof. Let us define the order > on N? by

()~ j])=i+j>{+j or i+j=i+jandj>=]/.
For « € N?, let o’ € N? be the unique element which satisfies the following two

conditions:

() o # o and o > a hold.
(2) If B e N? satisfies § # o and > o, then > o/ holds.

Let m be the maximal ideal of 4. For (i, /) € N?, let I j, be the ideal of A which is
generated by m*t! and the element of the form x%y* ((a, b) € N?, (a, b) > (i, j)).
Take a multiplicatively closed subset A C 4 of 4 containing 0,1 such that the

https://doi.org/10.1023/A:1026509119814 Published online by Cambridge University Press


https://doi.org/10.1023/A:1026509119814

332 ATSUSHI SHIHO

map A<>A—A4/m=:k is bijective. Then, since I /I,y = kx'y’ holds for any
(i,j) € N?, we have the following:

(*) For any nonzero element f of A, there exists a unique pair ((i,j), )
€ N? x (A — {0}) such that f € Zx'y/ +I; ;y holds.

Now let us assume that gy =/hy holds. Then there exist ((i1,/1), A1),
(in, j2), A2) € N? x (A — {0}) satisfying

hy € Jx"yt + Li iy hy € Jox"y? + Ly oy -
Then, we have
g0 =Mhy € 2aaX" RPN L Ly Ly

On the other hand, we have gy = 3/ + x'*! € y' + I141 0). Hence, by the uniqueness of
the expression in (x), we have 414, = 1,ij =i =0 and j; +j» = [.
Then, by using (x) repeatedly, one can write

Ji+l

hy €y + ) XY 4 L0 (€ A),
v=0
Jo+1

hy € oy + 3 1 XY 4 L0, (1, € A).
v=0

For v > ji +1 (resp. v > jo + 1), put u; , = 0 (resp. u, , = 0). Then, we have

max(jj jo)+1
go—V =hh—ye Y (it )XY+ I,
y=0

If we assume jij, > 0, then / 4+ 1 — v is always positive on the right-hand side. Hence
we have gy — ' € I;1). On the other hand, we have gg — ' = ¥ € x4 + I). Itis
a contradiction. Hence, we have jjj» = 0. Then, either & or &, is invertible. So g is a
prime element in A, which is a UFD.

Next we prove (2). By using the automorphism ¢,, we may assume that o = 0 and
p is invertible (but not necessarily in /). Assume gy and gg are not coprime. Then
there exists an element u € 4~ such that gp = ugo holds.

Let  and @ be the image of f and u in A/(y, x'*!) respectively. Then, from the
equality gg = ugo, we obtain

Bx' =0 in 4/(y, X

But one can check that it is impossible, since f is invertible. Hence we obtain the
assertion.

Proof of Proposition 5.2 (A2). By Lemma 5.3, f; € 4 is a product of distinct
primes. Since 4 is a UFD, one can see that the order of f; in K /(K )" (where
K := FracA)is equal to /". Then, by Kummer theory, L = K[z,]/(z" — f1) is a field.[]
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Now let us replace k by a finite extension so that the assumption (A3) is also
satisfied. Let D, 0, A, A be as in the previous section and let C, (o € I) be the prime
divisor defined by the ideal (g,) C 4. Then one can check, by direct calculation,
the following descriptions of D, H_I(D)red, 0*D and A:

1 D=>,.,C..

) H_I(D)red = wer Ex+ 321 <i<iger Exi+ Eo, where E, E,; and E; are all
irreducible and E, is the proper transform of C,. For any « € I, E, meets with
E, 1 at one point and does not meet with the other components.

() 0D =3 e Bx+ 21 < i< pmer 1@l + DEy ;i + alEy.

(4) Let T'y(a € I) be the following graph:

Eoz,l EOL,Z E1,3 Ex,lfl Eoz,l Fx

O—0O0—=>0 -—— = O—0—=20

Then, A is defined by A :=1]],.,I',/ ~ where ~ is the equivalent relation gen-
erated by £, ~ Fp for o, f € 1, and Ej is defined to be the vertex Im(F, | I, — A).

From these descriptions, the structure of the G-graph A is described as follows. First,
let T (x € I) be the graph in Figure 1. Then, as a graph, A is expressed as
A= [, T,/ ~ ~where ~ is the equivalent relation generated by
Fl ~ F[’;, (2, f € I). Denote the vertex Im(F, |T", — A) by E}(0 <i<l—1). Then
the action of G =2 Z/I7 on A is described as follows: Fix a generator ¢ of G. Then
the action of ¢ on A is defined by

o(E,;) = E,.;, o(E) =EM (0<i<l-2), a(EN" = E).

a,l

O

Figure 1. The graph I',.
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Then, by Corollary 3.4, Theorem 4.1 and direct calculation, we have
dL/K)=1", r(L)y=a(l—1), (K)=0, ¢(L/K)=1""".
Let L' be LN K. Then we have
d(L'/K) = «(L/K) > d(L/K) and d'(L'/L)=1.
On the other hand, we have
d'(L'/K) =d(L'/K),d (L/K) = d(L/K),
since r(K) is equal to zero. Hence, we have
d(L'/L)d(L/K) =d(L/K) < d(L'/K) =d'(L'/K).

In particular, the ‘multiplicativity’ does not hold for d'(—/-).

EXAMPLE 5.4. Let k be a finite field of characteristic at least 5 which contains a
primitive third root of unity. Let 4 be A[[x, y]] and let K be the fraction field of
A. Define fi.fred by fi=y+xfir=@+x°+x* Let L be
Klz1, 22)/(z23 = fi, 23 — f>). Then, one can check, by using Lemma 5.3, that the con-
ditions (A1), (A2) are satisfied for K C L.

Now let us replace k by a finite extension so that the assumption (A3) is also
satisfied. Let D = Dy + D5, 0, A, A be as in the previous section. Then D; is a prime
divisor for i = 1,2 by Lemma 5.3 and one can check, by direct calculation, the
following descriptions of H_I(D)red, 0*Dq, 0" D, and A:

(D) B_I(D)red = Zle E;, where E; (1 <i < 8) are irreducible and E; is the proper
transform of D; for i = 1,2. E; meets only with Ej3 at one point and E, meets
only with Eg at one point.

()

0*D| = E| +3F; + 6E4 + 2FE5 + 6Eg + 4E; + 2Fg,
0Dy = E> + 3E5 + 6E4 + 3E5s + 12E¢ + 8E7 + 4E3.

(3) The graph A is as follows:

Ey;, E. Es E E FE
O O O O O O

From these descriptions, the structure of the G-graph A (here G = 7,/67) is
described as follows. As a graph, A is as in Figure 2. The action of G on A is described
as follows: let us fix a generator ¢ of G. Then the action of ¢ is defined by

Eio if (i,7) = (3,2),(4,2),(5,5),(6,1), (7, 1), (8, 1),
E; ;41 otherwise.

o(Eij) = {
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E7’() Eg’o
M)
N\
B, Egy
M)
o/

Figure 2. The graph A.

Let M, (resp. M>) be the intermediate field between K and L such that [L : M;] =2
(resp. [L : M;] = 3) holds. Then, by using the above description of G-graph A and
Corollary 3.4, Theorem 4.1, One can check the equalities c(L/M;) =2
c(L/M>) = 3%. One can also check the equality (M) =r(M>) =0. So one has
c(M/K) =3, c(M,/K) =2. By definition, both ¢(L/M)c(M,/K) and c(L/M3)c
(M>/K) are divisible by ¢(L/K). Hence 6 is divisible by ¢(L/K). On the other hand,
we have ¢(L/K) = d'(L/K) = 6. So we have ¢(L/K) = 6. In particular, we have

o(L/Mce(Mi/K) # c(L/K) (i =1,2).

Hence the ‘multiplicativity’ does not hold for ¢(—/—).

In this example, K C L is a cyclic extension of degree 6 and we have
r(K)=0,n(L)=2,d(L/K)=c(L/K)=06. So it gives an example which we
mentioned in Remark 1.13(2).

Now we give a proof of Proposition 1.10 and Theorem 1.12.

Proof of Proposition 1.10. By Example 5.1, it suffices to show the following:

CLAIM. In the situation of Example 5.1, let us assume the following: k contains a
primitive [-th root of unity, |k| > a holds and n = 1. Then, the condition (A3) is auto-
matically satisfied for K C L. (That is, we do not have to enlarge k in the casen = 1.)

Now we prove this claim. Let v: W—>Z as in the previous section and let £y C Z
be as in Example 5.1. Then it suffices to show that v"!(E;) has / connected
components. By the proof of Claim 2 in the proof of Theorem 4.1, v=!(E) is etale
over Ey = P}(. So, it suffices to show that v~!(R) has / connected components for
a k-rational point R in Ej.
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Take a k-rational point R of Ey — | J,; E,.;, where the notations are as in Example
5.1. (It is possible since Ey = P}C and |k| > a holds.) Then, by easy calculation, one
can check the following: There exists a regular parameter x,y € é)z, r and
be @; & such that

@ZXYX,p—l(R) >~ O glz]/(z' = bIx )
holds. (Here, " denotes the completion with respect to the Jacobson radical and
p:.Z xy X—>Z is the projection.) Then we have

@W,\,—I(R) =~ normalization of @nyx’pq(R)

[ 1 Oz.rlzl/(z — o).

{'=1

1%

So v~!(R) has I connected components, as is desired. O

Proofof Theorem 1.12. First we prove the assertion (2). If #(K) > 0 holds, then it is
easy to see that Wk is not injective. So we may assume r(K) is equal to 0 to prove the
assertion (2). Let Ay be k[[x, y]] if the characterictic of K is positive and W (k)[[y]] if
the characteristic of K is equal to zero. Fix a prime number / which divides
|k| — 1. (Here we used the assumption k # [,.) Then, by Proposition 1.10, there
exists an Abelian extension Ky C Ly such that d(Ly/Ky) =/ and r(Ly) =/—1>0
hold. Fix an inclusion 4y C A such that A4 is finite over Ay, and let Ky, C K be
the induced inclusion. Let L be the composite field KLy. (It is Abelian over K.) Then
we have the following:

CLAIM. r(L) > 0 holds.

Proof. Put m :=[L : Ly]. Let p be a prime number which does not divide m, and let
L be a cs extension of Ly such that [L; : Ly] = p holds. Then, since L; and L are
linearly disjoint over Ly, we have [LL;, : L] = p. On the other hand, one can see that
L C LLj is also a cs extension. Hence L has a nontrivial cs extension. So r(L) is
positive. |

By the claim, we have r(L) > 0,7(K) =0 and [L: K] =/. Then, by the last
inequality in Theorem 1.8(3), ¢(L/K) > [ = d(L/K) holds. So, by Proposition 2.7,
Yk is not surjective.

Next we prove the assertion (1). Let 4y, K be as above and fix an inclusion 49 C 4
as above. Let Ky C K be the induced inclusion and put d := [K) : K]. For a finite
extension f of k, Let Ky(f), K(f) be the unramified extension of Ky, K with residue
field f, respectively. Then one can see that [K(}) : Ky(f)] = 4 holds for any f. First,
let us note the following claim:

CLAIM. r := sup{r(K(¥)) | k C t finite extension} < oo.

Proof. Let P be the closed point of Spec 4, let # : X—> Spec A4 be a resolution and
let Y be n7!(P),y. For a finite extension f of k, let I'; be the dual graph of
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Yy := Y ® t. Then we have r(K(f)) = rk H(I';, Z). Let ¥y be a finite extension of k
such that every irreducible component of Y;, is geometrically connected and every
double point of Y3, is fp-rational. Then we have

r(K®¥)) < r(K(tty)) (by Corollary 1.9)
= I'k Hl(l"ffo, Z)
=1k H(I'x,, Z) (by definition of fo)
= r(K(%)).

So we have the assertion.

Now fix a prime number / which is prime to pd and fix a finite extension k& C Ty
which satisfies the following:

(1) o contains a primitive /-th root of unity.
(2) || > r+ 1 holds.

Let f be a finite extension of fy. Then, by Proposition 1.10, there exists a finite
Abelian extension Ko(f) C Lo such that [Lg : Ko(f)] =/ and ¢(Lo/Ko(f)) = I'*? holds.
Let Zo be L N Ko(f)ab. Then, by Lemma 3.1, there exists an integer » > r + 1 such
that [Zo : Ly] = I” holds. As for the structure of the Galois group Gal(zo/Ko(f)),
we have the following claim.

CLAIM. Gal(Ly/Ko(®) == (Z/I17)®D  holds. (Hence we have Gal(Ly/Lo) =
Z/17)*")
Proof. Assume the claim is false. Then there exists a surjection

o : Gal(Ly/Ky(¥)—Z /P 7.

Let M be the intermediate field between Ky(f) and ZO which corresponds to Ker(¢).
Then, by Lemma 3.2, there exists an element x € Pk, and an element y € Py lying
above x such that [M, : Ko(}),] = %> holds. Let z € P;, be an e}gment lying above
y and let w € Pr, be the element lying under z. Then, since Ly C Ly is a cs extension,
we have

(M), : Ko(D),] < [Lo.- : Ko(D),] = [Lo,w : Ko(),] < 1.

This is a contradiction. So we have the assertion. O

Now let L, L be the composite field LyK(), ZOK(f), respectively. Then, since / is
prime to d, L is an Abelian extension of K() and we have
Gal(L/K(Y) = (Z/12)®®*D. (Hence we have Gal(L/L) = (Z/I7)®".) Moreover,
one can see that L C L is a cs extension. Using these, we can show the following
claim:

CLAIM. [LS N K(1)™ : LK(®)®] > 1 holds.
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Proof. It suffices to show the inequality L&/ N K(£)*° % LK (), where - denotes
the maximal pro-/ cs extension. Assume the contrary. Then L is contained in
LK (). So there exists the natural surjection

n: Gal(LK(H)™'/L)— Gal(L/L) = (Z/17)®".

On the other hand, since we have the inclusion Gal(LK(H)*'/L) c Gal(K(H)*'/K(%))
(in fact they are equal), we have the isomorphism Gal(LK(f)*'/L) =~ Z;(K(f)). Since
we have the inequalities r(K(f)) <r < b, it contradicts to the existence of the
surjection 7. So the claim is proved. ]

Note that, by Lemma 3.1, we have the equality
o«(L/K®) = d'(L/K®)[L" N K®™® : LKH®].

So, by the above claim, we obtain the inequality c(L/K(f)) > d'(L/K (). Hence, Yk
is not surjective by Proposition 2.7. So the proof is finished. OJ
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