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MANIFOLDS OF SMOOTH MAPS IT:
TRANSVERSALITY

TRuoNG CONG NGHE

We generalise the standard notion of transversality to maps
between manifolds modelled on locally convex spaces and prove
that all standard transversal theorems remain valid for this

generalised notion.

As first applications, we use our generalised Transversal
Density Theorem to prove several simple "generic" results for

local smooth maps which parallel the usual ones.

This is a sequel of [5]. 1In this paper, we restrict out interest to
the Bl-manifolds [5] and define a notion of transversality for maps
between them. We term it the BI-~transversality which is in fact a
generalisation of the standard notion [7J, [Z], [3]. We then show that all
the standard transversal theorems [1], [2], (3] still hold for this
generalised notion. Finally, as first applications, we give several

simple "generic" results for local smooth maps which parallel the usual

ones [2], [3], [4].

The paper consists of three sections. 1In §l, we define the BI-
transversality and give its standard properties. The next section, §2, is
for stating and proving the Bl-transversal theorems and the last section

is for the applications.

Received 12 February 1981.
49

https://doi.org/10.1017/50004972700007425 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700007425

50 Truong COng Nghé

1. Br-transversality

In the following, we shall always assume that F is a F-family
consisting of sequentially complete spaces. First, in exactly the same way

as in the case of Banach manifolds, we can define Bl-submanifolds and
Br-products of Bl'-manifolds of class c’ modelled on F . Now, let X, Y
be BTl-manifolds of class ¢’ modelled on E, F € F respectively

(r=1) , and W be a Bl-submanifold of class Cr of Y . Then a C;F-

map {5] f : X+~ Y is said to be BI'-transversal to W at x € X if
either f(x) § W or y = flx) € W and satisfies the following condition:
there exists a Bl-complement 2Z of TyW in TyY such that, if we denote

by & : TyW(? Z » 7 the projection, the map & © Txf : TxX +Z is a

BT-splitting surjection [6], [7]. We say that f 1is BI-transversal to W

if it is Bl-transversal to ¥ at every « € X .

(1.1) (Local Representative of BI-transversality [11). ILet X, Y, W
and f : X > Y be as above and assume that =z € X 18 such that
y = flx)} € W. Then a necessary and sufficient condition for f to be
BU-transversal to W at x 1is: there exist admissible BT-charts
(U, a) and (V, B) at =z and fl(z) respectively, BT-decompositions

E = E'l @%F E2 , F = Fi C%F F2 for E and F such that:
(a) olU)

B(y)

B, +B,CE, B(V) =D, + D,cF, alx) = 0,

1
0, B(WnV)= D, where B, and D, are open

neighbouthoods of 0 in E., F. (£ = 1, 2) respectively;

(b) the local representative fﬁB : By + B, > D, + D, of f

has the form

f&B =n+ ¢o P2
where n : Bl +B,CE > D1 < Fl 18 a C;F—map, $ is a
Br-isomorphism of E2 onto Fé and P2 1 E = Ei G%F E2 - E2

is the second projection.

Proof. Straightforward with the use of the Inverse Mapping Theorem
{7, (5.2), p. u5].
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(1.2). Let X, Y, W and f : X+ Y be as above and suppose that f
18 BI-transversal to W . Then’ f’l(W) 18 either empty or a

BT-submanifold of class odl of X . In the latter case, we have

(@) for = € fHW) and y = flz) , (Tlf]'l(TyW) =7 (),

(b) W and f’l(W) have the same codimension.

Proof. This follows from (1.1).

2. The BI'-transversal theorems

Let F ve a TI-family which contains E, F, G , and F X G which is
a Bl-product with the projection @ : FX G+ F and ECF xXG . Then E
is said to BT-adapt the projection m if there is a Bl-complement H of
E in F X G such that F = n(F) @ m(H) is a Bl-direct sum when both

summands are equipped with the relative calibrations from FF .

(2.1). Let E, F, G be as above and assume that E Bl-adapts m .
If dim G =n and codim E = q (with respect to F x G ) then the

restriction of W to E 1is a BT-Fredholm map with index n - q [6].

Proof. Let H ©be the Bl-complement of E in the definition of
Bl-gdaptation and P, § be the corresponding projections of the
Bl-decomposition F x G = E C@F H .

Put L =Pn(E) and K =F n ({0} x G) . Then it is easily seen that
E =K @br L and [ is Bl-isomorphic to m(E) and the proof follows.

Now let A, X, Y be Bl-manifolds modelled respectively on
E, F, G € F . Suppose that E X F is a Bl-product and denote by A x X
the Bl-product of A and X (which is modelled on E x F ). Let

C;Y(X, Y) be the space of Cgr-maps X+Y . Then, a map

p: A~ C;F(X’ Y) is called a C;r-representation (1] if and only if the

evaluation map ev, A x X > Y defined by evp(a, x) = p(a)(x) for
a €A, x€X isa C;r—map.

(2.2) (Br-Transversal Density Theorem [11). Let F be a T-family
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as at the beginning. Let E, F, E XF € F where E XF 1is a
Bl-product. Let A be a second countable BT-manifold modelled on E , X
be a second countable BT-manifold modelled on F with finite dimension n

and Y be a BT-manifold modelled on G , all of class ¢’ . ILet

p : A~ Cr

or(Xs ¥) bea fosd

Br-representation and W be a BT-submanifold

of class o of Y with finite codimension q such that
r > max(0, n-q) .
Now assume that eV, 18 BT-transversal to W and, for any
(a, x) € A x X such that y = pla){x) € W, the subspace
-1 . .
(T(a,x)evp) (Tyhﬂ BT-adapts the projection IﬁA x T X~ TaA . Then the

set of a € A such that o(a) e BT-transversal to W is residual in
A,

Proof, The proof is similar to the proof in [/, Theorem 19.1] with
the use of (2.1).

(2.3) (openness of BT-transversality [1]). Let F be a TI-family,
E, F, G € F such that E x F and F x G are BT-products. Let A, X, Y

be Bl-manifolds of class Cl modelled on E, F, G respectively. Let W
be a closed BT-submanifold of Y of class Cl s K< X a compact subset
and p : A~ C;F(X, Y) a C;F-representation. Then the set of a € A

such that pla) is BT-transversal to W at every x € K 1is open in A .

Proof. First, in the same manner as in the case of Banach manifolds,

we can define the BT-bundle LBF(TX’ TY) of Bl'-continuous linear maps

whose fibre over a point (z, y) € X x Y (the Bl-product of X and Y )
is the space LBP(TxX’ TyY} of Bl-continuous linear maps from T X to

ZQY . Then we proceed exactly as in [1].

Now let F be a T-family containing E, F, G and assume that E x F
and F x G are Bl-products. Let A, X, Y be Bl-manifolds of class
Cr+1 (r 2 1) modelled on E, F, G respectively.

Suppose that X 1is compact (hence F is finite-dimensional), and let
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p: A=~ cg;l(x, Y) be a Cg;l—representation, W< Y be a closed

Bl'-submanifold of class C"'p+l ,and a_ € A be a point such that p[ao)

0
is BIl-transversal to W . For each a € A , let W& = p(a)_l(W) cX.

Then, by (2.3), for all a € A sufficiently near a p(a) is

O 3
Bl-transversal to W . Hence, by (1.2), Wb is a Bl-submanifold of class
Cr+l of X (that is, a Cr+l—submanifold of X in the Banach sense since
X 1is a finite-dimensional manifold]. Thus one might expect that, for a
near ao , the submanifolds Wa and W& are close. Indeed, we have
0

(2.4) (BT-Transversal Isotopy Theorem [1]). Let F be a TI-family

econtaining E, F, G such that E X F and F X G are Bl'-products. Let
. +

A, X, Y be BT-manifolds of class ot 1 (r 2 1) modelled on E, F, G

with X ecompact and of class CP+3 . Let p: A~ Cg;l(X, Y) bea

Cg;l-representation and W< Y be a closed BT-submanifold of class

ot Pinally, let a, € A be a point such that p(ao) is

0
BI-transversal to W . Then there is an open neighbourhood N of a, in

A such that, for all a € N , the submanifold W, = p(a)-l(W) is

Cr-isotopic to W
%

Proof. Since X 1is compact, hence of finite dimension, the proof of

[7, Theorem 20.2] can be repeated with suitable modifications.

3. Applications

In this section, as first applications of the BI'-Transversal Density
Theorem (2.2), we give some simple "generic" results for local smooth maps

which parallel the usual ones [2], [3], [4].
From now on, § shall always stand for an open, convex and bounded

subset of an Euclidean space Rn , and for each integer k = 0 , Pk(n, m)

shall stand for the space of polynomials of degree less than or equal to %k
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m
from R’ to another Euclidean space R [I, p. 23]. For each

g € Ck(Q, R") and each « €9 , Pkg(x) is the point of Pk(n, m) given

vy [1]:

(1) Fez) = (E), DE), ..., DKE(@))

We choose the following norm on Pk(n, m)y . If

(ag @y, -.nn @) € P(n, m) then

(2) Hags aps oon @)l = lagh + llayll + ... + oyl
and, for each £ € Ck(sz, R") , define

(3) gl = sup{llPFe(2)l : = € a} .

For each integer k 2 0 , let Bk(Q, Rm) denote the space of all

£ € Ck(Q, R") such that ”E”k < +® . and put

() @, R = n B, /)
k=0

Endow Bm(Q, Rm} with the calibration consisting of the following

sequence of increasing norms:

(5) r={lll, : k =z o}

where each ”'”k is defined by (3).

(3.1). The space Bw(Q, R") equipped with the sequence of increasing
norms in (5) is a separable Fréchet space.

Proof. We need only prove separability. For each k = 0 , define the

space

vk(2, R™) = {f : 2 » R"/f ¢ B(2, R") and f, Df, ..., D°f

are uniformly continuous on Q} .

Then, for every k=20 , UBk(Q, Rm) is a Banach space. Furthermore, from

the fact that UBO(Q, Rm) is separable, using the map
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. ue, R » v, Fn, m) : £ Pr,
it is seen that UBk(Q, Rm) is separable for all k2 0 . From this,
Bm(ﬂ, lRm] is separable.
Now note that each ”.“j on Bco(Q, lRm] induces a norm pj on
B (2, R™) xR" gefined by
(6) pi(€, @) = llEh; +llal for (¢, 2) € B (0, R) xR" .

(3.2). Let Q be as above. Let r be an integer greater than or
equal to 1 and Kk be an integer such that 0 = k= r . Then we can

always find an integer <, such that the following assertions are true

(61, [71:
(a) the map ev, : B2, RM) x @ » Q x Flns m defined by
evk(E, x) = (x, Pké;(x)) for x€Q, E£€B (2 R" is

CI’

BT with respect to the calibration

F={@ﬁhfﬂ40:izi&
for the pair (B (%, ") x R, R” x P, m) , where I-I
is the standard norm of R’ x H(n, m) ;

(b) for each (E, z) € B (@, R") x @, the Bl-derivative
Devk(E, z) : Bw(Q, R’"] x R + R x Pk(n, m) is onto and has

its kernel BT-splitting in B (2, R") x R*
(e¢) for any (BT-splitting) subspace F; of R* x PK(n, m) ,
the inverse image E, = Devk(g, 27t [Fl) is Bl-gplitting

in B (2, K"} xR* and has a BT-complement E, such that

the restriction of Devk(E, x) to E, i8 a BT-isomorphism
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of F. in R*x Pn, m) ;

onto a Bl-complement F 1

2

(d) the subspace E. = Devk(E, x)_l (Fl) BT-adapts the first

1
projection Bm(ﬂ, Rm) x R > Bm(ﬂ, Rm) .
Proof. (a) follows from the remark in [7, p. 261.

{b) The surjectivity of Devk(i, x) is seen as in the proof of [,

00O
Theorem 10.4, p. 27]. Now, for a fixed (&, z) € B (9, Rm) X £, defined
{11,

{z € 87(2, R")/D"¢(x) = 0 for 2 = 0, 1, ..., k} ,

=
n

{z ¢ Bm(g, Rm)/DiC 20 for © = k+1} .

>
n

o
Then it is not hard to see that K2 = Pk(n, m) , B (Q, Rm) = Kl &r K2

and Boo(Q, IRm) x R*

(Kl x {0}) ®pr [K2 x Rn] . From this we have (D).

{e) Let Fl be a subspace of Rn X Pk(n, m) 3 then we have

Kl x {0} = Ker Devk(g, x) © E'l Devk(E, x)t (Fl] . From this it follows

X

quickly that, if L = E'l n [K2 an] , we have

E, =L@ (k x {0})

Since codim L < 4 and K2 x R' is a normed space with norm

n

Iz, ) = IICIIk + |izll , we can find a complement E, of L in K, xR

2
such that

(L) @ w(E,) = K, (see [1])

00
where 7 : B (Q, dn) x R* > Bw(Q, Rm) is the first projection.
Then, by a simple argument, we can prove (c¢).

(d) It is not hard to verify that

w(E)) @ w(z,) = 57(2, R)
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which proves that El BT-adapts m .

(o]
Let § be as above and let Bw(Q, R) 7be the space of all C
functions 2 * R with all derivatives bounded on 2 . Let us denote by

M'(2, R) the subset of Morse functions [21, [3] in B (2, R)
(3.3). M(Q, R) is dense in B (R, R) . In other words, every
function in B (R, R) can be approzimated by Morse functions.

Proof. Let Jl(Q, R) ©be the space of 1-jets § * R and let

Sl = {0 € Jl(Q, R) : corank o = 1}

be the submanifold of Jl(Q, R) defined in [Z, p. 60]; then
¥°(Q, R) = {_f‘ € B°(Q, R) : 4iF & sl} .

o0
From this we can apply (2.2) with A =58 (2, R) considered as a

Bl-manifold, X =QcR', Y =JYQ,R) , W= S, end

p: A~ Cér(ﬂ, Jl(Q, R)) defined by p(f) = jlf , where f € A and
jlf : Q> Jl(Q, R) is the 1-jet prolongation of f [3].

N 00
Now consider the tangent bundle 72 = £ X R and the space of all C
sections of TR . Each element of the latter space is a vector field
£ : Q> TQ defined by

(1) E(x) = (x, E(x)} for all =z €9

where E : 0+ R s ¢’

~ ©
Denote by S°(™) the space of all such & with & € B (, R")

2]
Consider the usual topology on B (£, Rn) defined by (5), and for each
k > 0 , defined

(8) lell, = IEl, for a1l & € S(TR)

00 -
Then S (T2) equipped with {”.”k : k 2 0} is a separable Fréchet

space. We say that & ¢ Sw(IQ) is a O-transversal vector field on

[7, p. 62] if and only if every critical point of & is non-degenerate.
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(3.4). The set GO c s¥(m) of O-transversal vector fields on
is dense in S (TQ) .

Proof. Similar to the one of (3.3).

REMARK. It is clear that each £ € GO has isolated critical points.
Thus (3.4) also shows that there is a dense subset G0 c S™(TQ) such that
every & € GO has only isolated critical points. Indeed, we can prove it

directly as follows.

(3.5). There is a dense subset G < SY(m) such that every & €06

has only isolated zeros.

Proof. Apply the Infinite Codimension Lemma [4] to find an integer k
so large that

(9) q= codim[Wk in 7X(n, n)) >n
where Wk is the algebraic subset constructed in [4, p. 140].

Define W= x WK cQ x Jk(n, n) = Jk(TQ) and write W as a finite
union of submanifolds of Jk(TQ) of codimension greater than »n . Then
apply (2.2) to each member of the union.

Let 9 E_Rn be as before and let f € Bm(Q, Rn) . We say that f is
locally finite-to-one [4] if and only if every point z € @ has a

neighbourhood U € @ such that f’l(y) n U 1is finite for all y € R’ .

(3.6). There is a dense subset G g_Bw(Q, R®) such that each f € G
has the property that f : Q ~» R* is locally finite-to-one.
Proof. Similar to the one of (3.5).

Our last application is concerned with fixed points of C'°° maps

fer (2, RY .

(3.7). There is a dense subset G c B (R, R') such that every f € G

has only isolated fixed points.

Proof. As the one of (3.6).
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