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1. Introduction. Let f({) be a power series of the form
{+ao+a,/l+..., m

where lim sup |a,, l‘/" < ao. The Faber polynomials {£,({)} (n =0, 1,2,...) are the polynomial
parts of the formal expansion of (f({))" about { = co. Series (1) defines an analytic element of
an analytic function which we designate as w = f({). Since f'({) # 0 at { = oo, the analytic
element is univalent in some neighborhood of infinity; thus the inverse of this element is
uniquely determined in some neighborhood of w = co0, and has a Laurent expansion of the
form :

wt+bo+b/w+..., )
where lim sup |b,|'/" = p < 0. Let { = g(w) be this single-valued function defined by (2) in
| w| > p. No analytic continuation of g(w) will be considered.

Let A(¢) and A,({) (a # 0) be the derived sets, in the {-plane, of the zeros of f,({) and
fA)—a, respectively. These sets can be described by means of certain sets in the {-plane whose
definitions follow:

DEFNITION. A point {,, in the {-plane, is said to belong to the set c, if g(w)—{, =0 has a
solution wy in |w| > p such that g'(w;) # 0, g(w,) # ¢, for |wy| 2 |wy|, wy £ wy. A4 point
L., in the {-plane, is said to belong to the set s, if {, is in ¢, and the corresponding solution, of
greatest modulus, for g(w)—{, = 0 is of modulus greater than 1.

Ullman [4] proved the following theorem concerning A({).

THEOREM 1. (a) A({) lies in the complement of ¢, and (b) A({) contains every boundary point
of c, .

In [1] the author extended Ullman’s results to A ({):

THEOREM 2. (@) A,({) lies in the complement of s, and (b) A, () contains every boundary
point of s, .

Theorem 2 indicates an interesting difference between the cases p>1 and p<1. It
shows that @ = 0 is a special case when p > 1, while it is an exceptional case when p < 1.

The object of this paper is the location of A({) and A, ({) for a special function, namely

w=f(0) ="M ={+1/A+1/Q2)+..., ()

where A Is an arbitrary positive number. In §3 the following theorem concerning the location
of A({) and A,({) is established. We state the theorem relative to the z-plane, where z = 1/Af,

+ An abstract of this paper was submitted to the seventy-fourth annual meeting of the American Mathe-
matical Society and presented in January, 1968.
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THEOREM 3. (@) A(z) is the set T = {z||ze'"*| =1, |z| £ 1}. (b) For A <e, A(2) is the
set T as in part (a), while for A 2 e it is the set Ty = {z| |Aze™*|=1,|z| £ 1}.

Finally, in §4 an asymptotic distribution of the a-points along I" and T, is established.

2. Discussion of results. The methods used in proving Theorems 1 and 2 are hard to apply
for the special function (3). Instead we employ methods used by Szegd [3], which lend them-
selves naturally to this case.

To obtain the exterior mapping radius p associated with (3), we use Biirmann-Lagrange
series (see for example [2]) and get

gWy=w=3 — =
0

-n

n"w
(n+ et

Thus
p = eli. 4)

In order to determine the sets ¢, and s, for the special function, we need to discuss the mapping
T=1ze'"%, (5)
The level curve | ze'™*® | = 1 is symmetrical with respect to the x-axis and consists of two parts:

[={z| |ze'*|=1,]|z| 1}, }

6
={z||zel"z|=l,|z|gl}. ©

From the polar equations of (5), one can easily see that I is a simple closed curve intersecting
the x-axis at —0.278 and 1. The second part I"' intersects the x-axis at 1 alone; thus the level
curve has a double point at z =1 and makes the angles n/4, 3n/4, 5z/4, Trn/4 with the x-axis
there. Let I, II and HI be the domains interior of I, to the right of I'" and bounded by I' and
I, respectively. Using the polar equations of (5), one can easily show that (5) maps [ in a
one-to-one manner onto |r| < 1, and maps II in a similar manner onto the infinite Riemann
surface which has been constructed with a cut along the negative x-axis, for which |r| <l
Domain III is mapped by (5) in a similar manner onto the above Riemann surface for which
T[> 1.

| I Since no analytic continuation is considered for { = g(w), the inverse of the special
function, the set ¢, is easily seen through the transformations { = 1/(Az), T = e/(Aw) as the set [
in the z-plane. Similarly s; becomes, in the z-plane, the part of I corresponding to | w| =1lor
|'r| < e/A. Hence s, is the interior of I'; (See (9) below). Thus to establish Theorems 1 and 2
for the special function (3) is equlvalent to proving Theorem 3.

3. Location of A(z) and A,(z). Let

5 =Y (m2p! (r=1,2,..) and g,(z) = 1 —e "s,(z).
0
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Szegd used the following lemma to show, among other things, that the derived set of the zeros
of 5,(2) is the curve I given by (6).

Lemma 1. Forz # 1,

(@) g.(2) = (1/{/Q@rn))(ze' ~7)'(z/(1 —2)) (1 + &4(2)) for zin 1, 11l or on T.

b) g,(2) = 1+(1/\/(27m)) (ze )"/ —2))(1 +&(2)) for z in 11, 1L or on T".
In (@) and (b) lime,(z) = lime,(z) = O uniformly in every finite region which is located entirely
in the corresponding regions of (a) and (b) and does not include z = 1.

Since {"e"* = ("(14-nfAL+...+n"n'A"("+...), the Faber polynomials associated with
(3) are given by

£ ={1+n]AD) +. .. +n"(n! A%™)}.
From { = 1/(Az2),

fO) =£(1/A2) = (L +nz+n?2%21+. .. +n"2"[n)[A"2" = 5,(2)[A"z".
Thus the zeros of f,({) in the {-plane are those of s5,(z) in the z-plane. It follows then that
A(z2) is the curve I, which is part (a) of Theorem 3.
Let ¢.(z) = f,(0)—a = s5,(2)/A"z"—a. Substitution yields
g(2)=1—-e"%s,(z) =1—e"™A"2"(a+q,(2)).
It is now clear that A (z) is the derived set of the solutions of g,(z) = 1 —ae™ " 1"z". Set
G(z) =g, (2)+ae ™ i"Z" @)

The set A,(z) becomes the derived set of the solutions of G,(z) = 1. We need the following
lemma in order to locate A(z) when p = e/A > 1 (See (4)).

LEMMA 2. Forp=elA> 1,z # 1 we have

(a) G(2) = (1] @mn))(ze' ~*)'(z/(1 - 2)) (1 + E(2)),
forzinl,llloronT.

() Gu(2) = 1+(1/{/@rn)) (z &' ~)"(z[(1 — 2)) (1 + EL(2)),
Jorzinll, Il oron I''.

E(z) and E,(2) have the same limit behavior as ¢,(2), £,(2) in Lemma 1.

The above lemma can be proved easily from Lemma 1. In fact Lemma 2 gives the same
representattons for G,(z) as Lemma 1 for g,(z). Thus it yields the same conclusion, namely
that A, (z) is I, p > 1, which is the first part of (b) of Theorem 3.

Consider
t'=]ze ", 8)

For p = efA £ 1, the level curve |r’| = 1 consists of two curves:
Iy ={z||ize *|=1,|z| 1}, }

9
Iy ={z| |ize7*|=1,]|z| 2 1}. ®)
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Denote the interior of I'y by I, the domain left of I'j by II’, and the domain bounded by I',
and I'] by III’. Note that I’ = I, II' = II, TII' < III. We shall prove the following lemma.

LeMMA 3. Forp=ef/l L1, z # 1 we have
(@) Gi(2) = a(Aze™")'(1 +n,(2)),
Jorzinl, Il oronT.
(b) G(2) = 1 +a(Aze™*)"(1 +1,(2),
for z in 11, II1 or on I'".

n.(2) and n,(z) have the same limit behavior as the corresponding functions in Lemmas 1
and 2.

The above lemma is a direct consequence of Lemma 1. For instance, to prove part (a),
one can use (7) and part (a) of Lemma 1 to get

G(2) = ae™™A"2"+(1]/(2nnm) (ze™*)"(z/(1 - 2)) (1 +¢,(z))
= a(Aze™*Y'[1+(e/2)"(1/a\/(2nn)) (z/(1 - 2))] (1 +&,(2))-

Since e/4 < 1, the expression in the square brackets will approach 1 uniformly. Thus part (a)
is proved.

From Lemma 3, we have

Oforzinl,
limG,(z) =4 1 for z in II',
{oo for z in IIT',
uniformly in every region which is entirely located in I, II’ and III’, respectively. Conse-
quently, for large n, G,(z) # 1 in I’ or in III'. As for z in II’ and T}, part (b) of Lemma 3
shows that lim(G,(z)—1)/a(Aze™*)" = 1. Thus for n sufficiently large, a theorem due to
Hurwitz yields that G,(z)—1# 0 in 1I’, III" or on I'}. The only possible location of A, (z)
then is I';,. However, that A,(z) occupies every point of I'; is a consequence of Theorem 4
below. This completes the second part of part (b) of Theorem 3.

4. An asymptotic distribution of the zeros and the a-points of f,({). Using Lemma 1,
Szegd not only proved that the derived set of the zeros of s,(z) and s,(z)—a is identical to I,
but also that its elements are positioned along any arc of I in such a way that the distribution
along the arc is asymptotically equal to the change in (1/2r)(arg(ze! ~%)") along the arc. We
shall call such a distribution uniform. Obviously the distribution of the zeros of £,({) along I" in
the z-plane is uniform. Also, since Lemma 2 is the same as Lemma 1, the distribution of the
a-points of £,({) along I, when p > 1, is uniform. As for the distribution of the a-points of
SO for p £ 1, we shall show that it is uniform along I'; in the z-plane. .

let0<r<1<R 0<0; <0, <2n. Consider the region in the 7'-plane bounded by
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two line segments and two circular arcs whose vertices are re”®!, Re'®’, Re'®?, and re"®2. Let
D be the region in the z-plane whose image in the t’-plane under (8) is the above region.

THEOREM 4. Letr, R, 0,, 0, be chosen as before. For sufficiently large n, let N(r, R, 0,,0,)
be the number of zeros of G(z)—1 in D when p £ 1. Then

N(r,R,8,,0,) = n(8,—6,)2r+0(1). (10)

Proof. For every n, we associate with D two regions D,, D7, such that D; =« D < D}.
In order to construct D, for example, replace the right-hand boundary of D by another curve
whose image under (8) consists of two line segments and one circular arc connecting the
following points in the positive direction: re!®*#/M_ 1(14 R)e'®*#/M 1(14 R)e', Re'®, and
such that
nf,+ B = —a+n(mod2r), where x =arga and 0Zf <2x.

Replace the left-hand boundary of D by a similar interior curve. Thus D, = D. The replace-
ment of the right and left boundary parts of D by two exterior curves constructed in a way
similar to the above is D}. Thus D = D}. Let N, N} be the number of zeros of G,(z)—1
in D, D}, respectively. We shall show that

N, =n(0,—6,)[2n+0(1),
and
N} = n(0,-0,)2n+0(Q1).

Since N; £ N, £ N!, Theorem 4 will then be proved. We shall show the above for D, ; D} is
handled similarly.

Let 4,B,C,D,E,F,G, H, be the points on the boundary of D, which are the images
under (8) of the points re'©@2=8/m  pei@i+him)  1(1 4 R)e'®*8m  3(14+ R)e™, Re®, Re™?,
$(1+ R)e', J(1+ R)e'®~FIM respectively. Let

F(2) = a(Aze )" (11)

In what follows n is chosen large enough to satisfy the different statements mentioned below.
From (8) and (11) it follows that

[(F(2)=-D[F(2)| > 1f|a|r"-1>}
[(F(2)~D)[F(z)| > 1-1[[a|R"> 4

for z on EF. Since the curve BC is mapped by (11) onto a line segment joining — |a| r* and
- |a|((1+R)/2)", F(z) is closer to the origin than to (1,0) when z traverses BC. Hence
| (F(z)—1)/F(z)| > 1for zon BC. Forzon CD or DE, | (F(z)—1)/F(z)| > 1-2"/|a|(1+R)" > }.
In short, |(F(z)—1)/F(z)| > % whenever z is on the curve ABCDEF. Similarly, the above
inequality holds on the rest of the boundary of D,,. Thus

|F(z)—1| > $|F()|, (12)

for z on the boundary of D} and for sufficiently large n.

for z on AB, while
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From Lemma 3, part (@), one obtains
G(z)—1=F(z)— 1+ F(2)n,(2). (13)
Since 1,(z) - 0, |t1,,(z)| < 4 for z on the boundary of D,. From this and (12) it follows that

|F(2)~ 1] > $| F(2) | > | F@n(2)|,

for z on the boundary of D,. Rouché’s theorem yields that F(z)—1 and F(z)— 1 + F(z)n,(2)
have the same number of zeros in D;. It follows from (13) that the number of zeros of
G,(2)—1 is the same as the number of zeros of a(Aze™*)"—1 in D},. Note that the change of
the argument of a(Aze™*)"—1 as z traverses the boundary of D7, is determined by the change
of the argument as z traverses the arc EF except for an additive term which remains bounded
for sufficiently large n. Using the argument principle, we get

N, =n(0,—0))2r+0(1).
Similarly N} =n(8,—0,)/2n+0(1) and (10) follows.
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