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1. Introduction

In this note we answer the following question: Given C(X) the lattice-
ordered ring of real continuous functions on the compact Hausdorff space
X and T an averaging operator on C(X), under what circumstances can X
be decomposed into a topological product AxE such that & supports a
measure m and Tf = A4 where

ko, B) = [, Ho, £)dm(E)?

By an averaging operator we mean a linear transformation T on C(X)
such that:

1. T is positive, that is, if f > 0 (f(z) = 0 for all ze X and f(z) > 0
for some z € X), then Tf > 0.

2. T(fTg) = (T1)(Te).

3. T1=1 where 1{z) =1 for all zeX.

If X is the unit square [0, 1]x [0, 1], f(x,, z,)} € C(X), then the linear
operator T given by the relation,

(T, @) = [ Har, £)d,

is clearly an averaging operator. Our problem in effect is to characterize
those pairs (X, 7°) where X is a compact Hausdorff space and T an averaging
operator such that X can be decomposed into a product and T can be
written as an integration over one factor of that product.

Averaging operators have been the object of considerable attention.
A recent survey of the literature is given by G. Birkhoff in [1]. In [2] the
author discusses the above question when the role of C(X) is played by a
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bounded F-ring. Bounded F-rings are one of the more natural generali-
zations of L™-spaces.

2. When X is known to be a product space

Let X be a topological product AX& of compact Hausdorff spaces
N and L. Let D be the subalgebra of C(X) consisting of all f e C(X) such
that /(«, 8) depends only on a e, that is f(a, f) = fy(«) for all xe¥
and B e & where f, is a continuous function on %. Let E be the subalgebra
consisting of all functions f which depend only on 8.

THEOREM 1. A #necessary and sufficient set of conditions for the existence
of a normalized Borel measure® m on £ such that

(T (2 B) = [, He £)dm()

for all feC(X), aeMN, Bel is the following.
(1) for all fe E, Tf should be a constant function,
(ii) for all feD, g€ E, T(fe) = { - T(e).

ProoF. (A) The necessity is trivial.
(B) Sufficiency. For each continuous function ¢ on &, let ¢* be the
continuous function on X given by

?*(«, B) = 9(B).

Define U{gp) to be the value of the constant function T¢*. Then, since T
is a positive linear operator on X, U is a positive Radon measure and
hence by the Riesz representation theorem, there exists a normalized Borel
measure m on § such that

Ulp) = [, p()dm(&)

for every continuous function ¢ on g.
For all fe C(X), let

(VD) B) = [, He, &)dm().

Since for fixed «, f(«, B) is continuous in 8 and hence a continuous function
on &, it follows that V{(x, ) is a well defined function on X. Since m is a
normalized Borel measure, it follows that Vfe C(X) and V is a bounded
linear operator.

Now for feD and geE,

3 A normalized Borel measure on X is a non-negative countably additive measure
on the Borel sets of X for which u(X) = 1.
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{T( )}a B) = f(= B) {(TO) (@ B)} (by (ii))
= o, B) [, 8, E)dm (&)

because g does not depend on «. Since f(«, #) is independent of 8

T(-8)(o B) = [, F(a Ble(e, £)dm (&)
={V{ e B).
Thus T'(f-g) =V(f-g) for all feD, ge E. However, the subalgebra of

C(X) generated by D u E is dense in C(X) and by linearity T and V
coincide on this subalgebra. Therefore 7 = V on C(X).

3. The main result

In order to prove our main result (Theorem 3) we employ certain
results of MacDowell [3]. MacDowell makes the following definitions:

(i) A subalgebra 4 of C(X) is analytic if it contains the constant
functions.

(ii) Two subalgebras 4, and A, are additively related if for fe€ A; and

g € 4, either {if+gl| = |Ifil+ligll or |I[f—gll = IIfil+1lgll.*
We define 4, and 4, to be multiplicatively related if for fe A, and

ged,,
[Ifgll = lIfit ligl]-

It is a matter of direct verification that subalgebras 4, and 4, are
additively related if and only if they are multiplicatively related.

THEOREM 2. Let X be an arbitrary compact Hausdorff space. If A is a
subalgebra of C(X) such that for all ge A, Tg is a constant function, then
TC and A are multiplicatively (and hence additively) related.

Proor. First note that TC is closed under multiplication, because if
fi,f: € TC and f, = Th,, fy = Th,, then

T(kyThy) = Th\Thy = h]s.

Suppose TC and 4 are not multiplicatively related. Then there exists
feTC and ge A such that

(1) [1fgll < 1ifil ligll-
Thus |f(z)| < 1 when |g(z)| = 1. Therefore there is an z € X for which

{{@)} - g} < {el@)},

and so

¢ By ||fl] we mean the usual sup norm: ||f|| = supzex [f(z)]-
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(2) 0= T(f%*) < T(g
because T is a positive operator. Now since g% e A, T(g?) is constant and
®3) 17 (g3l < T(g?).

On the other hand f2 € TC and so f2 = Th for some ke C(X). Thus
T(g*) = T(e)F,

IT(FeNl = T(e®) IIffl = T(g?)

which contradicts Equation (3). Thus TC and A4 are multiplicatively
related.

LemMA. Let X = WXL be a topological product of compact Hausdorff
spaces N, L. Let D consist of all | € C(X) such that f(«, B) depends only on «
and let E consist of those f € C(X) such that f(«, B) depends only on B. If A,
B are analytic subalgebras of C(X) such that ACD and B CE and if the
subalgebra generated by A U B is dense in C(X), then A is dense in D and
B is dense in E.

and

Proor. Follows from the Stone-Weierstrass theorem.
Now we come to prove our main result and answer the question posed
in the Introduction.

THEOREM 4. Let T be an averaging operator on C(X) where X is a com-
pact Hausdorff space and let A be an analytic subalgebra of C(X) such that
for all ge A, Tg is a constant function. If TC U A separates poinis of X,
then X can be decomposed into a topological product A XL of compact Haus-
dorff spaces and there is a normalized Borel measure m on & such that

(i) for every fe C(X)

) (T (@, B) = [, Ha E)dm(e)
and

(ii) A4 is contained in the subalgebra E of C(X) consisting of all f € C(X)
such that f(a, B) depends only on B.

Proor, TC is clearly an analytic subalgebra of C(X). By Theorem 2,
TC and A4 are additively related. Since TC u 4 separates points of X, the
algebra generated by it is dense in C. Therefore by [3] T14, X is a product
space AX L. Let D be the subalgebra of C consisting of all f € C such that
f{«, B) depends only on « and let E be the subalgebra of C consisting of
} € C such that f(x, ) depends only on 8.

The spaces ¥, 8 are evidently compact. Since they have for their points
certain closed subsets of C and for their topologies the usual topologies for
spaces of closed sets, they are Hausdorff.
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In his statement of T14, MacDowell does not say that
(5) TCCD, ACE,

but these relations can easily be deduced from the proof of his T13 in the
following manner. To use his notation, put F, =TC, F, =4, &, =¥,
©, = &. In his proof ([3]T12) a homeomorphism ¢ of X onto a space &
is constructed by letting

p@) = {f e C If(@)| = lIAII}-

The points of & are there subsets of C. A homeomorphism F of & onto
©,X®, is then constructed by putting

F(S)=(SnF,,Sn Fy).
If he Fy then hp~'F~1(u,, u,) depends only on U,, because if

€y = g F Yy, ), %= @t F Ny, Ha)

then for
So = {f € C| |f(=o)] = |If1I}

Se = {f e Cl lf ()] = |IflI}
we have
p=Sgn Fy=5,n Fy,

and so for every fe F, either

(@) If@o)l = lIfil and |f(z5)| = IIf]
(b) If@o)l < il and |f(zs)l < [IAll-

Now, using ke F,, construct the non-negative function
& = |[{h—h(@) Pl —{h—h(zo) }*
in F,. It is clear that
0 = gle) < ||{h—h(zo) Il
for all x € X and that

or

& (@o) = ||[{h~—h(z,) }*|-
Therefore

llgll = g(xo),
and from (a) it follows that g(z;) = |ig||. Thus

{h(zy)—hlz)t = 0 s0 h(z) = h(zy).
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Since for each ke TC = F,,

(e F 1) (1y, p2)

depends only on g,, it follows that TC C D. Similarly A C E. Therefore
statement (5) is valid.

By the Lemma, TC is dense in D, and 4 is dense in E. Hence every
fe D is a limit of functions in TC and every g € E is a limit of functions
in A. However, for ke A, Tk is constant, and so Tg is a constant for each
g € E. Similarly if fe D and g € E, then by the density of 7C in D

T(fg) = [Tg.

Thus the conditions for the application of Theorem 1 are satisfied and
so there exists a normalized Borel measure # on  for which Equation (4)
is valid.

Remarks. (1) It is clear that any operator on C(X) of the form given
in Equation (4) is an averaging operator. Then T'C is the set of functions
which depend only on «, and 4 can be taken as the set of functions depending
only on §. In this case TC u 4 generates an algebra dense in C(X).

(2) For an averaging operator T, it is possible that the only sub-
algebra 4 of C(X) for which g € 4 implies Tg is constant is exactly the
algebra of constant functions. This occurs when X = {1, 2, 3} and Tf =¢
where

H1)+£(2)
g(1) =g(2) = ——— and g(3) =/(3).

(3) It is also possible that an analytic subalgebra 4 of C(X) exists
which is maximal relative to the condition that for each g € 4, T¢ is constant
while TC U A does not separate points in X. See, for example, Example
11.1 in [2].
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