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This is p r imar i ly an expository paper based on (and 
generalizing) some ideas of J. Pierpont [6], W.H. Young [8], 
R. L. Jeffery [4] and S. C. Fan [2]. Our aim is to give a simple 
and easily applicable theory of integration for a rb i t r a ry extended -
r ea l functions over a rb i t r a ry sets in a measu re space . This will 
be achieved by using a generalized vers ion of Pierpont1 s upper 
and lower integrals (with the upper integral playing the main 
role) , and by appropriately defining the operations in the extended 
rea l number system, henceforth denoted by E* , so as to make 
it a commutative semigroup under addition and multiplication. 
It will be seen that many theorems, usually proved for " integrable" 
functions only, remain valid for a rb i t r a ry functions on a rb i t r a ry 
se ts ; and many proofs and formulations become s impler and 
stronger because integrabili ty or measurabi l i ty need not be 
assumed. Some theorems ( e .g . 5 .3 and 5.4) a re new in the 
proposed generali ty, as far as is known to the author. 

The paper should be easily understood by f i rs t year 
graduate students or senior undergraduates . 

§ 1 . PRELIMINARIES. TERMINOLOGY AND NOTATION. 

1. The operations and inequalities in E* are defined as 
usual (cf. [5], pp. 8-9), with two additional conventions: (± °°) + 
(+ oo) = (+ oo) - {+ oo) = + » , and 0. (+ co) = (+ oo). 0 =0. A finite or 
infinite sum is called orthodox if it does not involve the addition 
of +00 and - oo . A non»orthodox sum is always equal to + co . 
As is easily seen, these conventions p re se rve the commutative 
and associat ive laws of addition and multiplication [whereas Saks' 
convention (+oo) + ( - oo) = 0, ([7], p . 6), fails to p r e s e r v e the 
associat ivi ty of addition and hence also the general commutative 
law]. The distributive law, x(y+z) = xy + xz, holds if y and z 
have the same sign or if 0 < x < +oo, but may fail otherwise 
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[ e . g . ( - l)[(+oo) + (-00)] = ( - l ) . (+oo) = -oo but ( - IK+00) + (- l ) (-co) 
= (-co) + (+00) - +00 . A l s o , -(x+y) = - x - y if x+y i s o r t hodox , 
and | x ( y + z ) | = | x y + x z | ( a l w a y s ) ] . 

F o r any s e q u e n c e {a } C E * we def ine i t s " s t a r r e d s u m " : 
-f - + 

S* a = S a - S a w h e r e a = m a x ( a , 0 ) , a = m a x ( - a , 0) . 
n n n n n n n n n n 

If o r t hodox ( i . e . , if S a < +00 or S a < +oo), i t e q u a l s the 
n n 

o r d i n a r y s u m S a s ince then S* a = S (a - a ) = S a 
1 n n n n n 

F o r f in i te s e q u e n c e s th i s ho lds a lways, by the c o m m u t a t i v e , 
a s s o c i a t i v e and d i s t r i b u t i v e l aws (for f ini te s u m s and p r o d u c t s ) . 
Note tha t 2 * a e x i s t s a l w a y s . 

II . We denote by m a n o n - n e g a t i v e countab ly add i t ive 
m e a s u r e defined on a cr-ring SA^ of s u b s e t s of a se t S, h e n c e ­
f o r t h f ixed . By a cr-ring we m e a n a n o n - e m p t y f ami ly of s u b s e t s 
of S which i s c losed u n d e r coun tab le un ions and d i f f e r e n c e s . 
If in add i t ion S b e l o n g s to i t , we ca l l i t a cr-field in S (ca l led 
c r -a lgebra in [3]) . As i s we l l known (cf. [5], p . 99, o r [3] , p . 42), 
m c a n be extended to an o u t e r m e a s u r e m* on a l l s e t s AC S 
by se t t ing m * A = inf {mX | AC X € A } , wi th m * A = + 00 if A i s 
not conta ined in any X € A . T h i s m * i s coun tab ly add i t ive when 
r e s t r i c t e d to the cr-field A * of a l l m * - m e a s u r a b l e (br ie f ly , 
m e a s u r a b l e ) s e t s , i . e . s e t s A C S such tha t m # X = A * ( X U A ) + 
m * ( X - A ) for e a c h XC S (cf. [5], p.85ff, or [3], p . 41 f f ) . Note 
that , in our t e r m i n o l o g y , a m e a s u r a b l e se t , i . e . a m e m b e r of 
A*» m a y not be long to A ; bu t Ac,H* . M o r e o v e r , m * i s 
r e g u l a r in the s e n s e tha t e v e r y se t ACS h a s a m e a s u r a b l e cove r 
Â such tha t AC Â € A * and m # A = m * A . Two s e t s A, B, C S 
a r e said to be s e p a r a t e d if they have s u c h c o v e r s À, B, wi th 
m*(ÀriB) = 0. 

III . By a m e a s u r a b l e p a r t i t i o n of a s e t AC S we m e a n 
any f in i te o r coun tab le f a m i l y P of (not n e c e s s a r i l y m e a s u r a b l e ) 
d i s jo in t and m u t u a l l y s e p a r a t e d s e t s A such tha t A = M A ; 

n TL n 
in p a r t i c u l a r , P m a y c o n s i s t of A a l o n e . " P a r t i t i o n " wi l l 
m e a n " m e a s u r a b l e p a r t i t i o n " u n l e s s o t h e r w i s e s t a t e d . The 
i n t e r s e c t i o n of two p a r t i t i o n s P f = ( A } and P , ! = ( B , } i s the 

JT ^ nJ KJ 

f a m i l y of a l l s e t s A H B (n, k = 1, 2, . . . ); we deno te i t by 
n k 

P ' O P " . The following p r o p o s i t i o n s a r e e a s i l y ve r i f i ed (by 
r e p l a c i n g a l l s e t s by s u i t a b l e m e a s u r a b l e c o v e r s ) ; we o m i t the 
s i m p l e p r o o f s . 
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1 . 1 . If P = { A } i s a m e a s u r a b l e p a r t i t i o n of a s e t 

A C S , then m * A = Z m # A . M o r e o v e r , for e v e r y se t BC A, 
— n n — 

the s e t f a m i l y P = {BflA } , n = 1 , 2 , . . . , i s a m e a s u r a b l e 

p a r t i t i o n of B . 

1 .2 . If P ' , P ' f a r e m e a s u r a b l e p a r t i t i o n s of A, so i s 
P ' f l P 1 1 . 

1 . 3 . Le t P = ( A } be a m e a s u r a b l e p a r t i t i o n of A. 
I. nJ C 

F o r e a c h n, l e t ( E .} , i= 1, 2, . . . , be such a p a r t i t i o n of A . 
m ; 1 n 

Then P f = U P - = { E . } ' n, i = l , 2 , . . . , i s a m e a s u r a b l e 
n ni 

p a r t i t i o n of A, f iner than P , i . e . s u c h tha t e a c h m e m b e r of 
P f i s a s u b s e t of s o m e A € P . 

—-—————-——— n 

IV. Al l po in t func t ions f, g, h, . . . , wi th v a l u e s in E#, 
a r e supposed to b e defined on a l l of S [ o t h e r w i s e , we a lw ays 
pu t f(x ) = 0 if f was not o r i g i n a l l y defined a t x ] . Nota t ion : 

f : S - * E * . We w r i t e ' "f > g on A" if f(x) > g(x) for a l l xc A, and 
pu t : sup f[A] = sup f(x), inf f[A] = inf f(x), A ( f > a ) = 

X€ A X € A 
{ x € A | f ( x ) > a } , A( f>a ) = { x € A | f ( x ) > a } , A(f<g) = {xe A | f ( x ) < g(x)} , 

e t c . A l so , fUg = max(f, g), fOg = min(f, g), f = fUO, f" = -f |J0 
(a l l defined p o i n t w i s e ) . 

V. Given a funct ion f :S -^E* and a m e a s u r a b l e p a r t i t i o n 
P = {A } of a s e t A C S, we def ine the u p p e r and l o w e r P i e r p o n t 

s u m s , S(f, P ) and S(f, P ) , a s fo l lows : 

( 1. 4) 5(f, P ) = 2 * m * A . sup f[A ], S{f, P ) = S * m * A . inf f[A ] . 
n 

As p r e v i o u s l y noted, E* m a y be r e p l a c e d by S if the 
s u m i s o r t h o d o x ( e . g . if f > 0 on A) or if P i s f i n i t e . It e a s i l y 
fo l lows t h a t 

(1 .5 ) S ( f ,P ) = S ( f + , P ) - S ( f " , P ) > S ( f , P ) = S ( f + , P ) - S ( f " , P ) . 

1 .6 . If P , P 1 a r e m e a s u r a b l e p a r t i t i o n s of A C S , wi th 
P 1 f ine r than P , t hen S(f, P ) < S(f, P 1 ) < S(f, P 1 ) < 5(f, P ) . 

P r o o f . L e t P = {A } and P ' = { B , } , wi th A = U B 
*• nJ w nk J n K nk 
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for each n. By 1.1, m* A = 2 m* B . Thus, if f > 0 on A, 
n k nk — 

S(f, P) = Z m* A . inf £[A ] = Z m* B . inf f[A ] < Z inf f[B , ] 
— n n n n, k nk n n, k u

 nk. 

= S(f, P ' ). Similarly for S(f, P) > S(f, P ! ). The general case 

reduces to the case f > 0, by 1. 5. Q. E. D. 
1.7. For any measurab le part i t ions P ' and P M of a 

set A C S , and any function f:S-*E*, we have S(f, P l )< S(f, P1 ' ). 

Indeed, by 1.2 and 1.6, S(P') < S(P '0P f ') < S(P ,flP I ') 
< S ( P n ) . 

In the sequel, we write m for m* and often omit the 
multiplication sign (.) wherever confusion is ruled out. 

§ 2. DEFINITION AND BASIC PROPERTIES OF THE 
INTEGRAL. 

Given f :S-*E*, with f > 0 on A C S , we define the upper 
and lower Pierpont in tegrals , J and f cf_ f over A (with 
respec t to the measu re m) as follows: 

(2.1) fA£ dm = fAi = inf S(f, P), J^ dm = j ^ f = sup S(f, P) 

where P ranges over all measurab le part i t ions of A. Note that 

J f > J î, by 1.7. If f is not non-negative on A, we define: 

EXAMPLE. Let f = \ where E is a non-measurable 
E 

subset of A = [0, l ] , with mA = m*E = m*(A-E) = 1. This 
implies that every set A (mA 4 0) i n any measu rab le par t i t ion 

n n r 

P = {A } of A meets both E and A-E, so that S(f, P) = 1, 
n _ 

S(f, P) = 0. Hence, by (2.1), ff = 1, f.î = 0. If, instead, 
*A "'A __ 

f = x - x A r-> then a s imilar argument shows that fi = 1, 

1/ = °' [/ = °' If~ = 4- Hence' by (2'2)' I f = *• [A1 = "4-
Also, in the genera l case, J î :> J i, since 

Suggested by the referee. 
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integrable on A. If in addition j j £ \ < + co , we say that f is 

strictly integrable on A. An integral is called orthodox if it does 
not have the form ( + 00) - (+co) when represented as in (Z.2). This 
is always the case if the integral is less then + 00 or if f does 
not change its sign on A. 

As will be seen, integrability is not needed for the proof 
of most properties of the integral. The upper integral possesses 
them without certain restrictions which apply to the lower integral. 

Thus it is natural to call J £ simply "the integral1' and denote 

it by jTf [we find it unnecessary to restrict this notation to the 

integrable case alone]. However, wherever desirable, we shall 

also use the original notation J £ , along with j £ . From our 

definitions we obtain at once: 

2.3. For any functions f, g:S -** E# and any set ACS, 
we have; 

(a) J£_ f = c (constant) on A then fi = J £ = m*A. c. 

(b) If f = 0 on A, or m*A = 0, then fj = fj = 0. — - — . — j A ^ j A 

(°) J£ f > § £B A t h e n fj > Le and j£ > J g . Hence: 

(d) IL. f > 0 (f < 0) on. A thejL j^i > 0 and j^i > 0 

(resp. < 0). 

(e) If 0 < p < +00 then f pf = p f f and f pf = p J £ . 

(f ) J ( -f } = - f t and fA ( -f ) = - ̂ f if one of the two 

integrals involved in each case is orthodox. Otherwise, we 
only have: 

<*•> l l ( - n l = l/Af|. l / A ( - f > l = l £ l . - £ < - < > < / A f . 

- _ / A ( - f ) ^ f -

(g) H f > ° £S A and A D B then J £ > Li . If in 

addition B is separated from A-B, then also f £ > f f . 
c — j A ~ J-Q 
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(h) If f > 0 on A and fî = 0 (or if f < 0 and fi = 0) 

then f = 0 a. e. on A; i . e . , f = 0 cm A-D for some set 
D with m*D = 0. 

(i) l / A f | < J A l f ! > l _ 4 f l < / A l f l teutnot l / A f | < / A U I . 

in general) . 

Indeed, for non-negative functions, all this follows by 2. 1 
and 1.1 - 1.4 from standard proper t ies of sup and inf. The 
general case then follows by 2 . 2 . In par t icu lar , for the f i rs t 
par t of (g), use 2.1 noting that each Pierpont sum S(f, P) over A 
exceeds some S(f, P1) over B, by 1. 1 (2nd pa r t ) . A somewhat 
different proof, utilizing the part i t ion {B, A-B} , yields the 2nd 
par t of (g). To prove (h) for f > 0, let D = A(f>0) and 
A = A ( f > l / n ) , n = l , 2 , . . . . Then D = LJA . Also, by (g) 

n n 

and (c), 0 = fj > f f > f ( l / n ) = m A . (1 /n ) . Thus, for all n, 
n n 

mA = 0, implying that also mD = m(UA )=0, as requ i red . The 
n n 

case f < o in (h) reduces to the case f > o by (f). Finally, 
(i) follows from (c) and (f) since _+f < |f | implies 

£<+*>< J J f l and / A ( ± f ) < JA\i\; also, - £ f < / A < - f ). Q. E. D. 

Given a function f:S -*• E#, we can define two set functions 

s and _s on all sets XC S by setting sX = \ î and sX = J f . 

These set functions are called, respect ively, the upper and lower 

indefinite integrals of f, denoted by fi and fî . Our next 

theorem shows that s and _s a re , in a cer ta in sense, countably 
additive (for measurab le par t i t ions) . As will be seen in § 3, all 
m e m b e r s of measurab le part i t ions of a set A constitute a 
cr-ring A. Thus, if f :> 0, s and s^ a re m e a s u r e s when 
res t r ic ted to A . 

2 .4 . For any measurab le part i t ion P = {E } of A C S 

and any function f:S-*E# , we have: 

(a) / f = 2 * / f and (b) / f - Z* / f where 
^A n JE ^ A n J E 

n — — n 
2* J f stands for Z J Î+ - £ f f" , and 2* J f stands 

n n — n — n 
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for 2 j E f - 2 J i . In both (a) and (b) Z* m a y be r e p l a c e d 
>E *>E 

~~ n n 
by Z if P * is f in i te o r J £ ( r e s p . J £) i s o r t h o d o x . 

P r o o f . If f > 0 on A and 8 > 0, u s e 2 . 1 to find for 
e a c h E a p a r t i t i o n P = { E } , i = 1, 2, . . . , wi th 

n n ni 
S(£, P ) < L f + &/2n . B y 1 .3 , P = U P i s a m e a s u r a b l e 

n ~ JE n 
n 

p a r t i t i o n of A; thus f f < S ( f , P ) = 2 ( J m E . . sup f[E ]) < 
JA — n i ni m — 

Z ( L £ + 8 / 2 n ) < Z L £ + £ . As £ i s a r b i t r a r y , ([i < Z f f . 
n J E — ^E -A — ^E 

n n n 
The r e v e r s e inequa l i ty i s obtained in m u c h the s a m e m a n n e r 
(without i n t roduc ing an 6 ), by c o n s i d e r i n g an a r b i t r a r y p a r t i t i o n 
( A } = P 1 of A and, for e a c h E , the p a r t i t i o n P f = {E 0 A } , 1 kJ n ^ n X n k ; 

k = 1, 2, . . . . The proof of (b) for f :> 0 i s ana logous on noting 

tha t a l l f f m a y be a s s u m e d fini te ( o t h e r w i s e , a l so f £ = +oo , 
"'E -̂ A 

~~ n — 
by 2 . 3 ( g ) ) . F i n a l l y , the g e n e r a l c a s e e a s i l y fol lows by 2 . 2 . Thus 
a l l i s p r o v e d . 

2 . 5 . The i n t e g r a l s fA£ and fA£ do not change if A i s 
a JA £A a — 

modi f ied by s o m e s e t D wi th m*D = 0 , ov_ £ i s a r b i t r a r i l y 
r e - d e f i n e d on D . 

Indeed, D has a m e a s u r a b l e cove r D, m D = 0. Hence 
{ A - D , AflD} i s a m e a s u r a b l e p a r t i t i o n . By 2 . 4 , 

L r^f + Ï r, f = fJ> w i t h £n^f = 0- Q.E.D. -A-D -AflD JA J A R D 

A funct ion f iS -^E^ is said to be e l e m e n t a r y on A if f i s 
c o n s t a n t on e a c h se t E* of s o m e m e a s u r a b l e p a r t i t i o n ( E \ = P# 

n n ' 
of A. If P * is f ini te , f i s ca l led s i m p l e . 

2 . 6 . If the funct ions f, g :S -*E* a r e e l e m e n t a r y on A C S , 
wi th f = a on A (n = 1, 2, . . . ) fo r s o m e p a r t i t i o n P* = {A } , 
7: n — n ; n 
then: 

(a) \£ = fA£ = Z* a m A (thus f and s; a r e i n t e s r a b l e ) : 
-A £A n n n a 

(b) j ^ ± JAg = 4 ( f - g ) = JA ( f-g)> provided that 4 f £1 
/ g i s f in i te , or tha t both i n t e g r a l s and t h e i r s u m ( r e s p . 
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difference) are orthodox. 

Proof. Part (a) is immediate from 2. 3(a) and 2. 4. For 
(b), we may assume that g = b on A , n = 1, 2, . . . , for the 

n n 

same partition P* = {A } [otherwise replace P* by the inter­

section of two given partitions; this also shows that, if f and g 

are elementary or simple, so are £ J- g, f Ug an(3 f Hg; hence 

also f+=fU0 and f~ = -fllO]. Thus f + g = a^ + b^ on A . 

Also note that if I f f I < + co then the series Sa mA is 1 ̂ A ' n n 
absolutely convergent and its termwise addition to any other 
series does not affect the absolute convergence or divergence of 
the latter, i .e . , the finiteness or infiniteness of its positive 

+ + 
and negative parts; e.g. 2 (a +b ) = + co iff 2b = + oo . Thus 

n n n 
if f g = ± co , then j (f +g) = J* g = _+ co = j î + jf g. If however both 

I j g j , I JL f j < +00 , all reduces to ordinary addition of convergent 

series. In the orthodox infinite case, a similar proof works on 
noting that either the positive or negative parts of both series are 
finite. Thus the theorem is proved. 

have: 
2.7. For every function f:S-*• E* and any set ACS, we 

(a) If f ï < q € E* , there is an elementary function 
JA 

h > f on A such tha t f f < f h < q . 
— — JA — JA ^ 

(b) If f î > p € E* and if j î is orthodox, there is an 

elementary function g < f on A such that j f > j g > p. 

(c) Moreover, h and g can be so chosen that, for x e A, 
h(x) > f(x) > g(x) except if h(x) = f(x) = g(x) = Q or 
h(x) = f(x) = +00 fresp. f(x) = g(x) = - co ]; we then say that 
the inequalities g £ f < h are almost strict, and write 
g < f < h , 

(à) JË f ^. °» then also h > 0 and g > 0 . 

Proof. (a) If q > J^i = j^f+ - J i' then, by our 

conventions, fi < +oo. Hence there are u, vc E* ( |u | < +oo) 
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such that jff < u and - J £ < v £ q-u . By 2 . 1 t h e r e i s a 

p a r t i t i o n P = ( A } of A such tha t u > S(f , P) = S m A sup f [A ] 
r _ ^ nJ n n 
and -v < S(£ , P) [we can sa t i s fy both cond i t ions for one and the 
s a m e P , by i n t e r s e c t i n g two p a r t i t i o n s if n e c e s s a r y ] . Define 
two e l e m e n t a r y funct ions h1 , h , f on A by se t t i ng h' = sup f"TA ] 

+ ^ n 

and hM .= inf f [A ] on A , n = 1, 2, . . . . Then hr > f , 

h M < f" on A and, by 2 . 6 ( a ) , f h1 = I m A sup f [A ] = 
Â n n 

S(f+, P) < u, [ 4 h " = S ( f > ) > - v . Then h = h ' - h " i s the 

e l e m e n t a r y funct ion h of a s s e r t i o n (a) s ince h :> f - f = f and, 

by 2.6(b), JAho= fAh< - / A h » ' < u + v < q . 

(c) Now le t C = A(h = - oo), B = A( - oo < h < 0) and 
o o 

D = A(h > 0) . As h is e l e m e n t a r y , {B, C, D} is c l e a r l y a 
o "*" o 

m e a s u r a b l e p a r t i t i o n of A. Hence we ob ta in for each n an 
e l e m e n t a r y funct ion h > h > f on A by se t t ing h = - n on C, 

n ~~ o — n 
h = (1 - l / n ) h on B , and h = (1 + l / n ) h on D . Obvious lv , 

n o n o 
h > h > f excep t w h e r e h (x) = 0 o r + oo ; thus h 3-f • Bv 2. 4 

n o —• A o n ' 

and 2 . 3(e, a), ^ = j ^ + j ^ + J ^ = (1 - 1/n) J ^ + 

(-nmC) + (1 + 1/n) j T ^ . T h u s , s ince J ^ = J ^ h ' - ^ h " 

<_ / p h ' < +00, a l l i s o r thodox , and we have 

l i m f h - / h + ( - o o ) m C + fh = Th > q . 
JA n ^B o ^D o JA o 

rr-*oo 
Hence , for a l a r g e n, L h > q. As h 3~f, th i s h i s the 

/ A n n n 
d e s i r e d h in (c) . F u r t h e r m o r e , if f :> Q, we can r e p l a c e 
h by h > 0 , wi th a l l i n e q u a l i t i e s only s t r e n g t h e n e d ; th i s p r o v e s 
(d) for u p p e r i n t e g r a l s . The dua l proof for l ower i n t e g r a l s w o r k s 

only if J £ i s o r t h o d o x [ in s t ead , one can a l so u s e 2 .3 ( f ) ] . 

N O T E . It fol lows f r o m th is proof that , if f > 0 and 
h = c . on A , , k = 1, 2, . . « , t hen h > sup ff A , ], excep t 

n nk nk n nk 
w h e r e h = c = 0 = f o r w h e r e a l l i s +oo . S i m i l a r l y , for 

n nk 
lower in tegra l s , g < inf f[A ] except where g = f = 0 or -oo . 

n nk n 
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2 . 8 . (a) If fî < +ÛO then f < +00 a . e . on A; 
JA 

(b) If ( f i s o r t hodox and f f > - 00 then f > - 00 a . e . 
— _^A _£A 

on A; 

(c) If bo th cond i t ions hold then jf | < +00 a. e. on A. 

P roof , (a) If fî < + 00 then 2 . 7 y i e l d s an e l e m e n t a r y 

funct ion h > f wi th f h < +00 . Le t h = a on A , n = 1, 2, . . . 
~ JA n n n 

for s o m e m e a s u r a b l e p a r t i t i o n of A. By 2 . 6 , 2 * a m A = 
, n n 

2 a m A - 2 a m A = L h < + 00. Hence , by our c o n v e n t i o n s , 
n n n n ^A 

we m u s t have a < +00 e x c e p t if m A = 0. As f < h < h on A , 
n n — — n 

we have f < +00 excep t on s e t s A with m A = 0. T h i s p r o v e s 
n n 

(a ) . The dua l (b) fo l lows by 2 . 3(f). 

2 . 9 . F o r any func t ions f, g:S -*- E* and any s e t A C S , we 
h a v e : 

(a) ^ f + ^ g > ^ ( f +g) , a l w a y s ; 

(b) / A ( f + g ) > fjt+jjjt i ! i A g < + 0 0 -

(c) fAî + / A 8 > / A ( f + 8) l i / A
f > - « 22* / A g > — 5 

W) / A ( f + g ) > / A
f + / A g i i fAi> / A 8 and / A * + / A * » e 

o r t h o d o x . 

P r o o f . Suppose tha t fî + J g < J (f +g) . T h e n t h e r e 

a r e two n u m b e r s p > I f and q > jTg, wi th p + q < j ( f+g ) . 

By 2 . 7 , t h e r e a r e e l e m e n t a r y func t ions f1 :> £ and g ! >, g wi th 

p > fîf and q > f g» . As f + g < f , + g ' l we have [by 2 . 3(c) 

and 2.6(b)] that JA (f + g) < ^ ( f ' + g') = J^ + ^g< < p + q, 

c o n t r a r y to our cho ice of p and q. T h i s p r o v e s ( a ) . 

(b) By our conven t ions we have f < (f +G) + ( - g }. Hence , 

by 2 . 3 ( c , f ) and 2 .10 (a ) , ^ f < J j f + g ) + £ ( - g ) = ^ ( f + g ) " Lg' 

q . e . d . 

(c) We m a y a s s u m e tha t J f < +00 and f g < +00 „ Thus 
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we have ~ *>< f f ± f i < +*> and | f g | < +00 (al l o r thodox 1 . ) . 

By 2 . 8 , |f J < 4-co on A, a. e . . By 2 . 5 , we can m a k e f f ini te 
on a l l of A so that -(f +g) = ( -f ) + ( -g ) on A. M o r e o v e r , 

us ing 2. 3(f), we have - ( £ f + j^g) = - £ f - / A g = / A ( - £ ) + £ ( - g ) 

< / A ( - f - g ) , by (b). A l so , by (a), ^ ( -f- g ) < j ^ ( -f ) + ^ ( -g ) 

< I / A f | + l / A g | < +00, so tha t ^ ( - f - g ) = - J A ( + f + g ) by 2 .3(f ) , 

a l l be ing o r t h o d o x . Combining, we have -( f i + JAg) < - JA (f +g) , 

and (c) f o l l ows . 

F r o m (a) we deduce (d) by 2 .3(f ) , not ing that -(f+g)< - f - g . 

2 . 10. If the funct ions f, g:S -* E* a r e s t r i c t l y i n t e g r a b l e 
on A, so i s pf + qg for any f ini te n u m b e r s p , q, and 

J^ (P £ + qg) = ? jp£ + q ^ g = JA .^p £ + qg^* N o n - s t r i c t i n t eg r ab i l i ty 

of f, g i m p l i e s th is f o r m u l a too, if fi, fg and the s u m 
^A J A. — — — — — 

p f f + q f g a r e o r t h o d o x . 

Indeed, th is fol lows f r o m 2 .9 (a , d) combined with 2. 3(e, f). 

2 . 1 1 . If f > 0 on A and A = GljH, then fi < J i + f f . 

[Th i s fa i l s for lower i n t e g r a l s , along wi th i t s g e n e r a l i z a t i o n 4 . 3 . ] 

P roo f . We m a y a s s u m e that GO H = 0 ( o t h e r w i s e r e p l a c e 
H by H - G ) . Define two funct ions g, h:S -*• E* by se t t ing g = f 
on G, h = f on H, g = 0 on S - G and h = 0 on S - H. By 

2 .10 (a ) , fi - f ( g+h)»< fg + fh, and i t r e m a i n s to show tha t 
*A ^A JA. JA. 

f g = f g = f i and f h = J h = fi . To ach i eve t h i s , note tha t 

no u p p e r P i e r p o n t Sum S(g, P ) , with P a p a r t i t i o n of G, changes 
i t s v a l u e if P i s r e p l a c e d by a c o r r e s p o n d i n g p a r t i t i o n of a 
m e a s u r a b l e c o v e r G of G ; for , s ince g v a n i s h e s ou t s i de G, 
t h i s e n l a r g e m e n t of the p a r t i t i o n s e t s does not affect the s u p r e m u m 
of g ove r such s e t s . By 2 . 1 and 2 .3(g) i t e a s i l y fol lows tha t 

fQg = j ^ g . A s i m i l a r a r g u m e n t shows tha t J^g = J^g = J ^ g g + 

j f e g = ° + hg = y - simiiari^> i h = / H 1 1 = y >as re^ired-

317 

https://doi.org/10.4153/CMB-1966-040-5 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1966-040-5


This completes the proof. 

REMARKS (Alternative definitions). 1) F r o m 2.3(c) and 

2.7 we infer that fi = inf f h and, if f.f is orthodox, 
JA , r

 J A J A 
h>f — 

f f = sup f g, with g, h ranging over the set of e lementary 
- A g<f 
functions on A. This could serve as a definition (with 2 .6a 
treated as a definition for elementary f). 

2) The proof of 2.7 also shows that formulae 2. 1 could be 
used as a definition also in the general case (instead of 2.2), except 

when f î is not orthodox (then we put ft = +oo). In pa r t i cu la r , 

this definition can always be used for bounded functions on sets of 
finite outer m e a s u r e . This procedure was adopted by Pierpont in 
[6], with unbounded functions treated separate ly by means of a 
l imit p r o c e s s . It is less genera l since it makes the existence of 
the integral dependent on the existence of a l imit . P ierpont 
considers only the Euclidean n- space, with m the Lebesgue 
m e a s u r e and with separated sets defined in t e rms of approximating 

families of cells in E . 

3) Fan [2] and Jeffery [4] likewise consider only sets of 
finite outer (or inner) m e a s u r e . F a n ' s in tegra l always exists for 
bounded functions (it is defined in t e r m s of par t i t ions of the 
y-axis) , but it i s , in general , neither l inear nor monotone nor 
additive. Unbounded functions again requi re a separa te t rea tment 
by means of a l imit p r o c e s s . 

§ 3. MEASURABILITY AND INTEGRABILITY. A function 
f:S -* E* is said to be A-measurable (on a set AC S) if the set 
A(f>a) is separated from A(f< a) for every a € E^ , under the 
given m e a s u r e m . A set XC A is called A-measurab le if X 
is separated from A-X (see §1). Clearly, the A-measurab le sets 
a r e exactly all m e m b e r s of the var ious measurab le par t i t ions of 
A. Instead of n A-measurable M , Fan and Jeffery use such t e r m s 
as "relat ively measu rab l e " or " separab le" . We shall show that 
this notion reduces to ordinary measurabi l i ty under a new m e a s u r e 
m depending on the set A. Our notation is as in § 1. 

A 

3 . 1 . LEMMA. For every set A C S , the family A of all 
A-measurab le sets is a or-field in A which consis ts exactly 
of all sets of the form AHX (X€X*), with A = ARS€ A. More­
over, the res t r i c t ion of m* to_ A is a countably additive 
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m e a s u r e (we ca l l i t rn ). 
* j± 

P r o o f . If C is A - m e a s u r a b l e then, by def ini t ion, C is 
s e p a r a t e d f r o m A - C ; so t h e r e a r e s e t s X, Y € A * with XZ> C, 
Y D A - C and m ( X D Y ) = 0 . Let Z ^ X f l Y c A * , m Z = 0. Then 
C - Z - { A n X ) - Z whence C = ( C - Z ) U (CHZ) - (Af lX-Z)U (CflZ) = 
(AflX-Z) U ( A n c H Z ) = A H [ ( X - Z ) U ( C n Z ) ] . Thus C has the 
d e s i r e d f o r m AHX' w h e r e X1 = ( X - Z ) ( J (CflZ) i s m e a s u r a b l e 
s i n c e so a r e X, Z and C(1 Z [the l a t t e r b e c a u s e m*(Cf lZ) < m Z = 0 ] . 
C o n v e r s e l y , if C = A d X (X € A * ) , l e t Â be a m e a s u r a b l e c o v e r 
of A. T h e n A- C = A-(ADX) = A - X C A - X € A * and 
C = AI1X C Xç u/Vl*. Thus A - C and C a r e con ta ined in two 
d i s jo in t m e a s u r a b l e s e t s A-X and X, r e s p e c t i v e l y . It e a s i l y 
fo l lows tha t A - C i s s e p a r a t e d f r o m C. T h u s , indeed , the 
A - m e a s u r a b l e s e t s a r e exac t ly t hose of the f o r m AflX (X € A * ) . 
Such s e t s h o w e v e r f o r m a cr-field (in A) b e c a u s e 7vt * i s a 
cr-field in S. The fac t tha t m * i s countab ly add i t ive on that 
cr-field e a s i l y fol lows f r o m 1.1- Q . E . D , 

We thus have obta ined a m e a s u r e s p a c e (A, A , m ), wi th 
A 

m A a m e a s u r e in A. Since m A i s a r e s t r i c t i o n of m # , we 
A . A 

m a y w r i t e m * X for m (X) if Xe J^. It i s a l so c l e a r tha t a 

funct ion f:S -*• E* i s A - m e a s u r a b l e in the s e n s e defined above 
if and only if i t s r e s t r i c t i o n to A i s m A - m e a s u r a b l e ( i . e . 

A 
m e a s u r a b l e in the o r d i n a r y s e n s e u n d e r the m e a s u r e m ). It 

J\, 
fo l lows tha t a l l t h e o r e m s on m e a s u r a b l e func t ions apply to 
A - m e a s u r a b l e func t ions , for any (fixed) s e t A C S . In 
p a r t i c u l a r , the s u m and p r o d u c t of two A - m e a s u r a b l e func t ions 
a r e t h e m s e l v e s A - m e a s u r a b l e ; so a l s o a r e the p o i n t w i s e 
s u p r e m u m , i n f imum, lirn and l irn of any s e q u e n c e of A-
m e a s u r a b l e func t ions ; so a r e a l l e l e m e n t a r y func t ions on A. 

3 . 2 . If f : S ~* E* i s A - m e a s u r a b l e , i t i s i n t e g r a b l e on A 

(A C S). 

P r o o f . It suff ices to c o n s i d e r the c a s e f > 0. F i x any 

£ > 0 and le t A = A(f = +oo), A = A( ( l + £ ) n < f < (l + £ ) n + 1 ), 
oo n — 

n = 0, jf 1, ± 2, . . . . By the A - m e a s u r ab i l i ty of f, a l l t h e s e s e t s 
t o g e t h e r f o r m a m e a s u r a b l e p a r t i t i o n of A. Thus we ob ta in two 
e l e m e n t a r y func t ions g, h on A, se t t ing g = h = f = +co on A , 

and g = (l-f-£)n , h = ( l + £ ) n + 1 on A for e a c h n . Then 
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h = ( l + 6)g and g < f < h on A. Now, if fg = +00, then also 

f £ = f f = +00 and f is integrable, as requi red . If however 

^ g < +«D then, by 2.6(b) and 2.3(e), J ^ h - ^ g | - £ ( h - g ) 

= èfAg* Since ^ g < ^ f < J^f < ^ h , we certainly have 

i ^ f - JA
f I < £ 4 g < + W whence, letting e - 0, £ f = fo. Q.E.D. 

Note that the converse to 3.2 fa i ls . Counterexample: Let 
m be Lebesgue measu re on the line. Let A - [0, 2] . Choose an 
unmeasurable set B C [0, l ] and put f = 1 on B and f = +00 on 

A-B . Then ff = fA£ = +00 but f is not A-measu rab le . However, 
JA JA 

we have: — 

3*3 For any f :S -*- E* and A C S , the following a re 
equivalent: 

(a) f is s t r ic t ly integrable on A; 

(b) f is A-measurab le and J £ is finite ; 

(c) For every £ > 0, there a re e lementary functions 

g, h on A such that g <. f <. h on A and j h - \ g < £ . 

Indeed, (c) easily follows from 2 . 7 . Condition (b) implies 
s t r ic t integrabil i ty by 3 .2 . In order to prove the converse, we 
f i r s t establ ish: 

3 .4 . For any function f :S -*• E* and any set AQ S, there 
is an A-measurable function h > f on A, with f h = f f . If — — • JA JA — 
J £ i s orthodox, there also is an A-measurab le function g < f 

on A, with ^ g = fA£ . 

Proof. If JA£ = + oo, the constant function h = +00 is the 

required one. If J £ < +00 , there is a decreasing sequence of 

r ea l s q \^ f £* By 2.7 , there is for each n an e lementary 
n >̂ JA 

function h > f on A, with q > f h > f f. Clearly, all h 
n — i l ^An""^A n 

a re also A-measurab le ; hence so is the function h = inf h . 
n 

Moreover, the inequalit ies q > f h > f h > ff imply that 
n "A. n ^A ~" *<A 
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J h = l i m q = fi. Thus h is the required A-measurab le 

function. The second asser t ion is proved s imi la r ly . We now 
r e t u r n to the proof of 3 . 3 . 

If f is s t r ic t ly integrable then, by 3.4, there a re two 
A-measurab le functions g, h with g < f < h and f g = f = 

*A ^A 
fi = J h < +00, so that jC(h-g) = 0 by 2.10 (since g and h 

a re s t r ic t ly integrable by 3. 2). As h - g ^ h - f ^ O , we have 
f (h-f) = 0 whence, by 2. 3(h), h - f = 0 a . e . on A. This implies 

that f is A-measurab le (for so is h) and the proof of 3.3 is 
complete . 

3 .5 . If two functions f, g:S -*• E* a re s t r ic t ly integrable 

onA, so also a re fUg, fOg, f , f and |f | (also f + g, by 
2 .10) . 

Indeed, all these functions a re A-measurable , hence 

integrable on A. As j J f J < +oo, jff and fi a re finite; 

therefore J |f | < ^f+ + J^f < +oo (by 2. 9a). Also, | ^ ( f l i g ) | < 

^Uugi < ^(UlU ig I) < jA\i\ + J J g l < +«• Thus f+ , f" , |f| 
and fUg a re s tr ict ly in tegrable . Hence so is fflg = 

- [ ( - f ) U ( - g ) ] - Q.E.D. 

Thus the family of all functions which are s t r ic t ly integrable 
on A is closed under the operations _+ , (J and M . This fails 
for multiplication, but we have: 

3 .6 . ("Mean value theorem") . Let f be A-measurable 
and bounded on A, with p = inf f[A], q = sup f[A]. Then, if 
g is s t r ict ly integrable on A, so is fg ; moreover , f i |g [ = 

a f |g j for some rea l a (p < a < q). If in addition f has the 

Darboux proper ty on A [ i . e . if the res t r i c t ion of f to A takes 
on all in termediate values between f(c) and f(b) for every 
b, c, 6 A], then Ti fg [ = f(x ) L (g | for some x £ A. 

Proof. By assumption, |f j < k for some finite k. As 
f and g a re A-measurable , s o i s f g ; and, as | J fg j £ 

k L le I < +0°» fg *s s tr ict ly integrable (by 3.3). Moreover, if 
^A 
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f jg I i 0, then the number a = \ i [g [ / J |g f is the desired 

one. If however f |g { = 0 then for any ae [p, q] we have 

f f | g j < k / Ig | - 0 = a / Ig I * Finally, the last asser t ion is 

obvious if p < a < q . If, instead, a = p = inf f[A] then 

( f - a ) | g { > 0 and J j f - a ) |g | - J^l j g | - a ^ [ g J = 0 ; so, by 2. 3(h), 

f-a = 0 a. e. on A. Therefore there must be some x € A with 
o 

f(x ) - a (unless mA = 0). The proof is s imilar in case 
o 

a = q = sup f[A]. Thus the theorem is proved. 

§4 . CONVERGENCE THEOREMS (B. Levi, Fatou, 

Lebesgue). 

Throughout this section, f and f denote a rb i t r a ry (not 
n L 

necessar i ly measurab le or integrable) functions from S to E#, 
and A C S is a rb i t ra ry , too. We write Mf ^fi (ptw.) on A" 

— n 

if the sequence (f } is non-decreasing on A and if f -*> f 
nJ n 

pointwise on A, i . e . f (x) -*• f(x) for each x € A . Similarly 
n 

for non-increasing sequences (f "»f) and for a . e . convergence. 
n 

4 . 1 . LEMMA. Given f ^ f (ptw.) cm A, there always 

a re A-measurab le functions h >^ f and h :> f on A, with h ^ h 

i £ t w a _ o n A and ^ = ^ , ^ h = £ f . 

Proof. By 3.4, there a re A-measurab le functions 
h1 > f and h' > f , with f h1 = ff and f h' = f f , n = 1, 2, . . . 

— n — n J A . JA J A n JA n 
Let h = inf (hTlh1 ) (ptw.) and h = sup h = lim h (since 

n . ^ k n n n 

{h } is non-decreas ing) . Then all h and h are A-measurab le . 
n n 

Moreover, h < h! implies h < h = lim h < h1 and, for k > n, 
n~~ n ~" n~~ ~ 

h! > f > f (since (f } is non-decreas ing) . Thus f < inf 
k ~ - k ~ n nJ n ~ . 

k>n 
(h'Dh1 ) < h < h1 , whence f = l i m f < h < h' . By 2.3(c), 

k — — n — — 

i f n ^ A h n ^ A h n = / A f n » d l* $ I h * £ h ' = J j ' T^S 

/A f
n

=IV IA'-IA^
 Q-E-D-
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4 . 2 . (B . L e v i ) . (i) J f f ^ f ( a . e . ) on A and if 
n 

f f > - oo for s o m e n, then f f /* ff. (ii) If f ^ s f ( a . e . ) 
JA n -A n -A — n L 

on A and if f f < +00 for s o m e n, then fAf v f f . — j^ A n ^ A n à̂ £ A 

P r o o f , (i) By 2 . 5 , we m a y a s s u m e tha t f ^*f on a l l of 
n 

A and u s e 4 . 1 to r e p l a c e f and f by A - m e a s u r a b l e funct ions 
n 

h ^*h , with f h = f f and f h = f f . F i r s t , le t h > h > 0 
n -A -A -A n -A n — n — 

on A. By 2 . 3(c), f f = f h > sup f h = l i m f h = l i m f f . 7 -A -A ~~ JA n 4V n - A n 

To p r o v e the c o n v e r s e inequa l i ty , suppose tha t l i m f h = q < jTh. 

As JLh = J h i s o r t h o d o x (for h :> 0), 2 .7 (c ) y i e l d s an e l e m e n t a r y 

funct ion g-C h wi th q < f g < f h . Le t A = A(h > g), & n «A43 — JA n n ~ & 

n = i , 2, . . . . Then A = U A , {A } i s i n c r e a s i n g , and the s e t s 
n n 

A a r e A - m e a s u r a b l e (for so a r e the funct ions h and g ) . But , 
n n 

a s we noted in § 2, the indef in i te i n t e g r a l s = f i s a m e a s u r e on 
Jg 

such s e t s . T h e r e f o r e l i m f g = l i m s A =s([jA )= 3A = j g. 
n 

A l s o , a s g < h on A , we have f g < f h < / h . 
0 — n n A - A n *" j A n Thus 

n n 
f g;< l i m f h = q (contradic t ion 1 . ) . Thus a s s e r t i o n (i) ho ld s for 

-A «A. n 
n 

h > 0 . 
n ~~ 

In the g e n e r a l c a s e , s i nce { f h }t , no g e n e r a l i t y i s l o s t 
^A n ' 

by a s s u m i n g tha t f h > - 00 for a l l n ( ins tead of s o m e n), and 
«A n 

tha t f h < +00 ( o t h e r w i s e , f f = f h > sup f h = +00, and a l l 
A n -A JA — ^ JA n 

i s t r i v i a l ) . T h u s , by 3 .3(b) , a l l h a r e s t r i c t l y i n t e g r a b l e on 
n 

A. By 2 . 8 and 2 . 5 , we m a y a s s u m e tha t a l l h a r e f ini te on A. 
n 

Since 0 < (h - h , )^-*(h - h ) , we have , by what w a s p roved above 
"~ n 1 1 

and by 2 . 1 0 , 

4 . 2 . 1 . J f (h -h ) = l i m f ( h - h ) = l i m f h - f h 
-A 1 n JA n 1 n J A n -A 1 

Now, if J ( h - h ) < +00, then h - h i s s t r i c t l y i n t e g r a b l e 

and so i s h = ( h - h ) + h . We then have j j h ~ h j = J\h " i^l ' 
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and 4 . 2 . 1 y i e l d s l i m |Ah = f h , i . e . , f f = l i m Lf . If y J A n -A *A J A n 

howeve r f ( h -h ) = +oo , then 4 . 2 . 1 y i e l d s l im f h = +co> / h , 
JA 1 ^A n — JA 

whi le the c o n v e r s e inequa l i t y i s obv ious , Thus (i) i s p r o v e d . 
A s s e r t i o n (ii) fol lows f r o m (i) by 2 .3(f) , on noting that 
f >*f i m p l i e s -f ^ - f . Q . E . D . 
n n 

N O T E S . 1) The r e s t r i c t i o n fi > - oo ( r e s p . fl < +co) 1 ^A n r _£A n 
i s e s s e n t i a l . C o u n t e r e x a m p l e : Le t A be the l ine i n t e r v a l (0, 1), 
f = 1, f = -oo on ( 0 , 1 /n ) and f = 1 on [ l /n , 1), wi th m = 

n n 
L e b e s g u e m e a s u r e : t hen f >?f, Lf = - oo, bu t f f = 1 ^ - oo. 

° n *A n JA 

2) U n l e s s the func t ions f a r e i n t e g r a b l e , (i) fa i l s for 
n 

l ower i n t e g r a l s and (ii) fa i l s for u p p e r i n t e g r a l s . E x a m p l e : 
Le t A be the r e a l ax i s and le t </t = {A, 0} . Define m A = 1 and 
m 0 = 0, f = 1 on (-n, n) and f = 0 on A - ( - n , n), so tha t 

n n 
f ^*l - 1 on A. Then m i s a m e a s u r e on «A , Lf = 0, 
n j^A n 

fj = i = fJ. T h u s l i m f f = ff, bu t l i m f f ^ f i . 
JA n j£A -A n -A _£A n j^A 

3) F r o m 4 . 2 i t fol lows tha t if f >, 0 on A then the u p p e r 
indef in i te i n t e g r a l s — ff i s a countab ly subadd i t ive se t funct ion 
( i . e . an ou te r m e a s u r e ) when r e s t r i c t e d to s u b s e t s of A. Indeed, 

le t E = M E C A . F o r e a c h n def ine f = f on A = , Û , E, 
n — n n k - 1 k 

and f = 0 on S-A . Then i s*i on E, w h e n c e sE = Lf = 
n n n ^E 

l i m Lf = l i m L f = l i m s , LJ E, , and i t r e m a i n s to show tha t 
•/En -A k= l k 

s .Cl E, < S sE, . T h i s h o w e v e r fo l lows f r o m 2 . 1 1 . T h u s we 
k=l k — , t k 

k= l 
have ob ta ined : 

.00, 
4. 3. If E = ,M E and if f > 0 on E then 

oo — k=l k — - — 
L f < S L f. If f u r t h e r the s e q u e n c e {E, } i s i n c r e a s i n g , 

JE ~ h=i J \ ~ k 

k->oo k 

4 . 4 ( F a t o u ) . G iven a s e q u e n c e of func t ions f , l e t 
n 

g = inf f , h = sup f . Then for any A C S we have : 
n k n . k *- — 

f> n k>n 
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s o m e n ; 

(a) f ( l im f ) < l i m fi < sup f f if fg > - oo for 
JA n - A n — n -A n ^A°n 

n ; 

(b) f (ïïrn f ) > ï ï m fj > inf T f if f h < +00 for 
^A n — JA n — ^A n ^A n 

s o m e n 

P r o o f . Since {g }f and f g > - 00 , 4 . 2 y i e ld s 

f l i m g = l i m f g < l i m f f (for 2 < f ). As l i m g = l i m f , 
JA n JA*n - A n 6 n - n ° n n 
(a) f o l l o w s . S i m i l a r l y for p a r t (b) . Q. E . D . 

4 . 5 ( L e b e s g u e ) . If the funct ions f a r e i n t e s t a b l e on A 
_. n « 

and if f -* f (a . e . ) on A, then f f = f f = l i m f f , 
n i ' *A J A JA n 

— n->oo 

p r o v i d e d tha t t h e r e i s a funct ion g, with J A g < + °° and g :> jf I, 

n = 1 , 2 , . . . , on A. 

P r o o f . As - g < f < g, we have (with g , h a s in 4 . 4 ) 
n n n 

g n > " g . \ < g . T h u s j A h n < j A g < + c o , ^ g n > ^ ( - g ) = - ^ g > - « . 

As fi = fA£ , and l i m f = l i m f = f (a . e . ) on A, we have 
JA n _£A n n n -

by 4 . 4 : l i m f f > f l i m f = fi> f f = f î l m f > Urn [Ai . 7 ' « A n - A n -A — JA _£A n — «An 
Q . E . D . 

R E M A R K S . 1) As i s we l l known, e v e r y m e a s u r a b l e 
funct ion f :> 0 i s the po in tw i se l i m i t of a n o n - d e c r e a s i n g s e q u e n c e 
of s i m p l e func t ions f > 0 (cf. [5], p . 155) so tha t fi = l i m fi , 

n — r ^A - A n 
by 4 . 2 ( a ) , Now, J £ a s g iven in 2 . 4 co inc ide s with the o r d i n a r y 

L e b e s g u e i n t e g r a l of f s and i t fol lows tha t th is i s the c a s e for 
n 

any L e b e s g u e i n t e g r a b i e funct ion f :> 0. By 2 . 2 , th is ex t ends 
to a r b i t r a r y Lebe*g\ ie i n t e g r a b i e func t ions : any such funct ion i s 
a l so i n t e g r a b i e in the s e n s e of § 2, and i t s L e b e s g u e i n t e g r a l 
c o i n c i d e s wi th i t s P i e r p o n t i n t eg ra l* 

2) The a p p r o x i m a t i o n by s i m p l e func t ions ( f rom below) 
a p p l i e s a l s o to n o n - n e g a t i v e A - m e a s u r a b l e func t i ons . By 4 . 2 and 
3 . 4 , we thus have J £ = sup f g , wi th g r ang ing ove r s i m p l e 

func t ions (0 <^ g <C f) on A, even when f i s not A- m e a su r a b l e . 
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It follows that Proposition 2.7, for lower integrals of non-

negative functions, holds also with elementary functions replaced 

by simple functions. This argument fails for upper integrals 

because an approximation by simple functions from above fails in 

general to preserve the res t r ic t ion / f < +co contained in 4.2(b). 
^A n 

However, this is certainly possible for bounded functions on sets 

of finite m e a s u r e . This is why theories of integration based on 

simple functions (or on finite partitions) usually confine them­

selves to lower integrals of measurable functions or use some 

kind of "mul t i -s tage" approach (starting with bounded functions). 

These complications do not occur in our theory. 

§5. UNIFORM AND ALMOST UNIFORM CONVERGENCE 

We shall now show that Theorem 4.2 holds also with upper 

and lower integrals interchanged, if the convergence of the 

functions f to f is uniform or "almost uniform". We say 
n 

that f -*> f almost uniformly (a.unif .) on A if for every £ > 0 
n 

there is an A-measurable set D (m*D < & ) such that f -> f 
n 

uniformly on B = A-D, i . e . , f -> f (unif.) in the ordinary sense 
n 

on B( f < +QO) and f -*• + oo (unif. ) in a self-evident sense on 
n ~ 

B(f = Jhoo). This is tantamount to uniform convergence on B, 
with E* suitably metr ized (cf. e .g . [ l j , 3 .3 .2 ) . We say that a 
set C C A is Acr-finite if C =11A for some sequence of 

— ^ n 
A-measurable sets A with m*A < +oo , n = 1 , 2 , . . . . Then, 

n n 
as follows from 3 .1 , the A can also be chosen disjoint and 

n J 

separated from each other. 

5 . 1 . LEMMA. If f f<+oo and f > 0 on A, then 
— JA — — 

f - 0 on A-C for some A(r-finite C. 

Indeed, with the notation of the proof of 2 .8 , we see that 

none of the numbers mA can be infinite unless h = a = 0 
n n n 

on A (otherwise f h = +oo). As h > f > 0, f too must vanish, 
n «/A — — 

except on some sets A with mA < +oo . Q .E .D . 
n n 

5.2. LEMMA. If f ^ Q (unif. ) on A, with fi < +oo , 
— n J l JA n 

then T f ^ O . 
JPL n 
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P r o o f . B y 5 . 1 , f = 0 o n A - C ( n = l f 2 , . . . ) f o r s o m e 
J n n 

A d - f i n i t e s e t s C . T h u s a l l f v a n i s h o n t h e s e t A = A - C 
n n o 

w h e r e C = M C i s A T - f i n i t e s o t h a t C = t J A ( m A < + oo ) f o r 
n n n 

s o m e d i s j o i n t s e p a r a t e d A - m e a s u r a b l e s e t s A . A s f = 0 o n 
J r n n 

A ( fo r a l l n ) , l i m f f = 0, and i t r e m a i n s to s h o w t h a t 
o JA n 

o 
l i m [j. - 0 a s w e l l - H e r e w e m a y d i s c a r d a l l A w i t h m A - 0; 

J ( j n n n 

t h u s w e a s s u m e 0 < m A < +oo. C l e a r l y , l i m f i > 0 . S e e k i n g 
n J(~> n 

a c o n t r a d i c t i o n , w e s u p p o s e t h a t l i m j ^ f = q > 0 . T h e n d e f i n e a n 
. n + 1 x 

e l e m e n t a r y f u n c t i o n h on C, s e t t i n g h = a = q / ( 2 m A ) o n 
' n n 

A , n = 1, 2 , . . . . O b v i o u s l y h > 0 ( s t r i c t l y ) o n C a n d , b y 
n . A T. \A 

2 . 6 ( a ) , J h = S ( q / 2 n m A J m A ^ = ^ q / 2 < q . N o t e t h a t w e 

c a n m a k e f h l e s s t h a n a n y p r e s c r i b e d q > 0 b y t h i s m e t h o d . 

T h e r e s t of t h e a r g u m e n t p r o c e e d s e x a c t l y a s i n t h e p r o o f of 5 . 3 

b e l o w , s o w e o m i t i t h e r e . 

5 . 3 . If i n 4 . 2 t h e c o n v e r g e n c e of t h e f u n c t i o n s f to f 
a n — 

i s u n i f o r m o r a l m o s t u n i f o r m , t h e n : 

(a ) P a r t (i) of 4 . 2 h o l d s a l s o f o r l o w e r i n t e g r a l s p r o ­
v i d e d t h a t / f i s o r t h o d o x ; 

(b) P a r t ( i i ) of 4 . 2 h o l d s f o r u p p e r i n t e g r a l s ( a l w a y s ) . 

P r o o f . We f i r s t c o n s i d e r t h e c a s e f ^ f ( u n i f . ) , w i t h a l l 
n 

f > 0 o n A and f{< f f < + o o . C l e a r l y , f f < l i m fi = q . 
n — J A — JA n -A — ^A n ^ 

S u p p o s e t h a t J £ < q . T h e n 2 . 7 y i e l d s a n e l e m e n t a r y f u n c t i o n 

h > f >̂  0 o n A s u c h t h a t h > f ( s t r i c t l y ) e x c e p t o n A ( h = f = 0) 

a n d /A h < q . A s i n 5*. 2, w e m a y d i s c a r d t h e s e t A o n w h i c h 
JA ^ o 

a l l f and h v a n i s h , and t h e n a r e l e f t w i t h a n A C T - f i n i te s e t 
n 

C C A o n w h i c h s t i l l h = f = 0 . N o t e t h a t A and C c a n b e — » 0 

m a d e A - m e a s u r a b l e b e c a u s e h i s e l e m e n t a r y . P r o c e e d i n g a s 

i n 5 . 2 , w e c a n r e - d e f i n e h o n C s o a s to m a k e h s t r i c t l y > 0, 

i . e . , h > f o n C a s w e l l , w i t h / h < l i m /Vf . M o r e o v e r , 
JQ J(Z n 

w e c a n m a k e / _ h s o s m a l l t h a t f h = f h + [ h < q = 
J\Z J A J A- C ^C 

l i m / f . L e t h = c, o n A (k = 1, 2 , . . . ) f o r s o m e m e a s u r a b l e JA n k k 
p a r t i t i o n { A } of A . B y t h e N o t e to 2 . 7 , w e m a y a s s u m e t h a t 
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h > s u p f[ A ] o n A . T h e n t h e u n i f o r m c o n v e r g e n c e f ^ f 

y i e l d s f o r e a c h A a p o s i t i v e i n t e g e r n (n > n ) s u c h t h a t 
K. K. K. K.— i 

f < c, = h o n A, f o r n > n, . B y 2 . 4 and 2 . 3 (c ) w e h a v e , f o r 
n k l e k 

n > n, , 
k 

n - 1 n - 1 
k oo k 

fi = S f f = S f f + 2 / f < Z f h + 2 f . 
«/An . À A. n . . . . -A. n , „ J A . n - i ^ J A . ^A. 1 

Si m e e q = l i m fi < f i , w e c e r t a i n l y h a v e H JA n — J A n 
n-»-co 

n - 1 
k co 

( 5 . 3 . 1 ) q < 2 ^ h + 2 ^ £ t . 
i = l i 1 = 1 ^ i 

00 oo 

N o w , a s Z fA f t - f f < +oo , w e h a v e l i m 2 /A f, = 0 
. , «A. 1 - A l , . -A. 1 
1 = 1 i k-*oo i = n i 

k 
T h u s , w i t h k - * +oo , ( 5 . 3 . 1 ) y i e l d s q £ f h , c o n t r a r y to jf h < q. 

T h i s p r o v e s (b) f o r t h e c a s e 0 < f ^ f ( u n i f . ) . S i m i l a r l y ( b u t 
— n 

w i t h o u t h a v i n g to u s e L e m m a 5 . 2 ) o n e p r o v e s (a) f o r t h e c a s e 
0 < f ^\£ ( u n i f . ) - R e p l a c i n g f and f b y -f and -f, and 

— n n n 
u s i n g 2 . 3 ( f ) , o n e r e d u c e s t h e c a s e f < 0 to t h e p o s i t i v e c a s e . 

n 
F i n a l l y , if f a n d f a r e s i g n - c h a n g i n g , w e u s e 2 . 2 to i n f e r t h a t 

f ^ri ( u n i f . ) i m p l i e s 
n 

J_A n _£A n ~A n ^ ^A JA J_A 

T h e p a s s a g e to t h e l i m i t i s l e g i t i m a t e h e r e b e c a u s e J £ i s 

o r t h o d o x , b y a s s u m p t i o n . T h u s (a ) i s p r o v e d f o r u n i f o r m c o n ­
v e r g e n c e . S i m i l a r l y f o r (b) , n o t i n g t h a t h e r e o r t h o d o x y n e e d n o t 
b e a s s u m e d s i n c e i t f o l l o w s f r o m t h e f a c t t h a t f £ < fî < +oo . 

-A — - A n 

N e x t a s s u m e t h a t f ^£ ( a . u n i f . ) o n l y . T h e n , f o r e a c h 
n 

i n t e g e r k > 0, t h e r e i s a n A - m e a s u r a b l e s e t E C A s u c h t h a t 
K. 

m ( A - E , ) < 1 /k and f ^r£ ( u n i f . ) o n E . A s m ( A - M E . ) < 
k n k i — 

m ( A - E ) < l / k f o r a l l k, w e h a v e m ( A - U E . ) = 0 . T h u s , 
k i 
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by 2 . 5, we m a y a s s u m e that A = ( J E . We m a y a l s o a s s u m e 
k k 

tha t the E a r e m u t u a l l y d i s jo in t [ o t h e r w i s e r e p l a c e E by 

k- 1 
E - i t E . for k > l ] . Then the E a r e a l so m u t u a l l y 

i = l 
s e p a r a t e d (being A - m e a su r ab le ) , with f ^*l (un i f . ) on e a c h E . 

n k 
Hence l i m J f = J f , k = 1,2, 3, . . . , by what was p roved 

n-*-oo — k — k 
a b o v e . Now, by 2 . 4 and 2 .3 (c ) we have for any i n t e g e r s n, p > 0 

00 p 00 p 00 

fA f = s L f = s L f + s f f > z L f + s L 
J A n , JE. n . , JE. n . ^, J E . n ~ \ A JE. n . ^ JE 

— k=l — k k=l ~ k k=p+l— k k=l — k k=p+l — 
Keeping p f ixed, we let n-* +oo to ob ta in 

p oo p co 
lim / f > S (lim L f )+ S L f = S L f + S L 

JA n , . -'E. n . , , ^E, 1 f J ^E, , , ^ E 
n-*co — k=l n-*oo — k k=p+l — k k=l — k k=p+l— 

00 

Next, l e t t ing p -*• + oo and noting that l i m Z f f = 0, we 
, "̂ E 1 

p-^oo tc=p+l — k 
find: 

p oo 
l im /A

f» * l im s k f = s /E
 f - r f. 

n-*oo — p-*oo k=l — k k=l — k J_A. 

Since the c o n v e r s e inequa l i t y i s obvious the proof of (a) 
i s c o m p l e t e ; (b) fol lows dua l ly by 2 .3 ( f ) . Q . E . D . 

5 . 4 . Let f : S -*• E* be a r b i t r a r y (not n e c e s s a r i l y 
n 

m e a s u r a b l e o r i n t e g r a b l e ) funct ions with f -*• f ( a . u n i f . ) on a 
a n -i 1 

se t A C S . Then : 

(a) Um l f n = l f and (b) Um
 / A ' W A ' 

n-*oo n-*oo — — 

p r o v i d e d , in both c a s e s , tha t jf | <, g, n = 1, 2, . . . , on A for 

s o m e funct ion g wi th J g < +oo. 

P r o o f . Define g and h as in 4 . 4 . Then, s ince 
n n 

f -*- f ( a . u n i f . ) , i t e a s i l y fol lows tha t the c o n v e r g e n c e s g ^?i 
n n 
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and h ^ ^ f a re likewise almost uniform on A. Hence by 5. 3 
n 

the proof of Fa tou ' s theorem 4.4 works also with upper and lower 
in tegrals interchanged. Therefore also 4.5 can be proved 
separately for upper and lower integrals without assuming 
integrabili ty (the latter was only needed to replace lower in tegra ls 
by the upper ones). This yields 5 .4 . 

In conclusion we note that the upper in tegral "behaves" in 
many respec t s bet ter than the lower one [cf. 2 .3(g, i ) , 2 .7 , 2 .8 , 
2 .9 , 2 .11 , 4 . 3 , 3.4, 5 .3 ] . It emerges as a convex (sublinear) 
functional on all extended r ea l functions and becomes l inear when 
res t r i c ted to s t r ic t ly integrable functions. It seems to us that 
the above exposition is so simple that it can be easily adapted to 
any course in measu re theory and that there is no necessi ty to 
l imit the theory of integration to measurab le functions. 
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