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Abstract

Suppose we are given a regular symmetric bilinear form on a finite-dimensional vector space V over a
commutative field K of characteristic # 2. We want to write given elements of the commutator subgroup
Q (V) (of the orthogonal group O(V)) and also of the kernel of the spinorial norm ker(®) as (short)
products of involutions and as products of commutators.

1991 Mathematics subject classification (Amer. Math. Soc.): primary 11E57 secondary 14L35.

1. Introduction

Let V be an n-dimensional vector space (n finite) over a commutative field K of
characteristic distinct from 2. Let f : V x V — K be a regular symmetric bilinear
form.

Whenever G is a group and S a generating set for G with S™' = § we are challenged
to find for each g € G the length I5(g) := min{k € Ny | g is a product of k elements
of S} and also the global length I5(G) := max{ls(g) | g € G} € NU {0o}. If S is the
set of all involutions in G and 15(G) < m then G is called m-reflectional.

We study the length-problem within the following framework:

(1) G = (V) is the commutator subgroup of the orthogonal group O(V) and
(1a) S is the set of all involutions of G, or
(1b) S is the set of all commutators in elements of O(V), or

(Ic) S is the set of all commutators in elements of G = Q(V).

(2) G = ker(®) is the kernel of the spinorial norm on O(V), and
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(2a) S is the set of all involutions in G, or
(2b) S is the set of all symmetries in G.

It is well known that O(V) is 2-reflectional. Our approach is based on a careful
analysis of the possible choices of involutions p, ¢ € O(V) with the property = = po
for a given m € O(V). The results in Section 5 are of interest in their own right and
yield facts on normal forms of orthogonal mappings.

As to (1a), we can prove under appropriate assumptions on the underlying field K
that Q2 (V) is 3-reflectional. Our results cover in particular finite fields and euclidean
fields; if X is finite we find out precisely all cases when (V) is 2-reflectional. Ana-
logue theorems are obtained for G = ker(©®), problem (2a). Results are Theorem 7.5,
Corollary 7.6, Lemma 8.3 and Theorems 8.5, 8.6, 8.8.

Problem (2b) is essentially covered by [9]; this article solves the following task:
write a given w € O(V) as a product of (as few as possible) symmetries out of given
conjugacy classes in O(V'). We obtain Corollary 6.2.

Let G be a group. A commutator (in elements of G) is an element of the form
afa~'B~! where o, B € G. The subgroup generated by the set of all commutators
is the commutator subgroup G’ of G. Each m € G’ is a product of commutators;
let clg () denote the minimal number of factors in such a product, and cl(G) :=
max{cls(m) | m € G’} € NU {oc}. O. Ore conjectured that every element of a finite
simple non-abelian group is a commutator. This was proved for the alternating group
A, (where n > 5) in [7] and also in [14]. In [17] Thompson proved that each element
of PSL(V) is a commutator in elements of PSL(V), provided dim(V) > 3 or | K| > 4.
Nielsen (cf. [13]) proved that in a symplectic group Sp(V) one can always find a
conjugacy class T such that Sp(V) = £? U {—1}. Hence, in a projective symplectic
group PSp(V) one can always find a conjugacy class X such that PSp(V) = £2. In
particular, every element of PSp(V) is a commutator. Now let G = Q(V) be the
commutator subgroup of O(V). If the field is algebraically closed it is known that
cl(Q2(V)) = 1; cf. [15]. Our main results cover fields with the u-invariant (defined
in Section 2) u(K) < 2 (this is valid for each finite field) and R. Then we obtain
that each element of Q(V) is a product of two conjugate orthogonal involutions,
hence a commutator in elements of O(V). Furthermore, each element of Q(V) is a
product of 2 commutators in elements of (V). If K = R and the Witt-index satisfies
ind(V) < 1 then each element of Q2(V) is a commutator in elements of (V). Main
results are Corollary 9.5 and Theorems 9.6, 9.8, 9.9.

A. J. Hahn studies a closely related problem in [2]. The set of commutators of
symmetries generates $2(V) and the associated length problem is solved under the
assumption that X is a non-dyadic field.

Most of the results of this paper are from Thomsen’s dissertation [18].
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2. Basic definitions and facts

The definitions and facts compiled in the following two sections will be used
without a particular reference.

Let V be an n-dimensional vector space (n finite) over a commutative field K of
characteristic distinct from 2. Let f : V x V — K be a regular symmetric bilinear
form.

We write q(v) := f(v,v). Let O (V) := {m € O(V) | det(z) = 1} denote the
special orthogonal group and O~ (V) := {mw € O(V) | det(;r) = —1}. For a subspace
U of V letdU := det(Gr)K*? denote the discriminant of U where Gr is an arbitrary
Gram-matrix of the form f|y.,. The Witt-index ind(V) is the number of hyperbolic
planes in a Witt-decomposition of V.

For any field K define the u-invariant u(K) := max{k € N U {oo} | K* admits a
symmetric anisotropic bilinear formj}.

A vector space V with a symmetric bilinear form f is called universal if { f (v, v) |
ve V}=K.

REMARK 2.1. If il(K ) < oo then u(K) = min{k € N | each k-dimensional regular
K -vector space is universal}.

A field X is called (formally) real if —1 is not a sum of squares. If K is not formally
real then call s(K) := min{k € N | —1 is a sum of k squares} the level of K.

A field X is called a euclidean field if K is formally real and K* consists of precisely
two classes of squares, that is, K* = K**U —K*2. So K** is the only positive-domain
making K an ordered field.

We compile some well-known facts.

LEMMA 2.2. (a) If K is a non formally real field then s(K) < u(K) < |K*/K*|.
(b) If K is finite (with char(K) # 2) then w(K) = |K*/K*?| = 2. If K is alge-
braically closed then u(K) = 1.

If K is a euclidean field then there is a number r € N, such that each orthogonal
basis for V contains r vectors v with f(v,v) > 0 and s = n — r vectors with
f(v,v) <0. Call sgn(V) := (r, s) the signature of V.

LEMMA 2.3. Suppose that U and W are regular K-vector spaces.

@) Ifu(K) < 2 then U is isometric to W if and only if dim(U) = dim(W) and
dU = dw.
() IfK isaeuclidean field then U is isometric to W.ifand only ifsgn(U) = sgn(W).
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DEFINITION 2.4 (basic concepts and observations). (a) For a linear mapping = :
V - Vand j € Nlet B/(m) := V(r — 1)/ and F () := ker((m — 1)/). We
call B(rr) := B! () the path (some authors use the term residue-space) and F(rr) :=
F'(r) the fixed space of m. Furthermore, let B®(x) := [({{B/(x) | j € N} and
Fo(r) = UIF () | j € N},
(b) Let m € GL(V). Then the negative-space satisfies N() := F(—x) C B(x%).
Furthermore, 72 = 1 if and only if N() = B(xr).
(c) If m € O(V) then B()! = F(r); in particular, rad(B(r)) = B(x) N F(rr).
Furthermore, V = B®(m)DF* (7).
(d) Call # € O(V) regular (isotropic, anisotropic and so on) if B(;r) has this
property. If r is regular then V = B(w)DF(r).
() Letw € O(V). Then n € O*(V) if and only if dim(B(xr)) is even.

If o € O(V) is simple, that is, dim(B(c)) = 1, then o is a symmetry (that is,
0% = 1and dim(B(c)) = 1).
(f) Let W < V be a subspace of V. Then f induces a regular symmetric bilinear
form on W/ rad(W).
(g) The spinorial norm © : O(V) — K*/K*? is the homomorphism with the
property © (0,) = d(a) where a is any anisotropic vector and o, denotes the symmetry
whose negative space is (a).

REMARK 2.5 (invariant subspaces). Let 7 € GL(V) and U < V such that B(;r) <
U.ThenUnr =U.

LEMMA 2.6 (path-lemma). Let w and o; be linear mappings of V such that w1 =
01---0. Then B() < B(ogy) + - - - + B(oy).

LEMMA 2.7. Let m = po where p, 0 € GL(V) are involutions. Then

| dim(B(p)) — dim(B(c))| < dim(N(x)) and
| dim(B(p)) — dim(F(0))| < dim(F(x))

(@) Suppose additionally that F(ir) = 0 = N(ir). Then n is even and dim(B(p)) =
n/2 = dim(B(0)).

(b) Suppose additionally that F(w) = 0 and dim(N(xt)) = 1. If n is even then
dim(B(p)) = n/2 = dim(B(0)). If n is odd then dim(B(p)) = (n + 1)/2 and
dim(B(c)) = (n — 1)/2, or dim(B(p) = (n — 1)/2 and dim(B(c)) = (n + 1)/2.

(¢c) Suppose additionally that N(w) = 0 and dim(F(x)) = 1. If n is even then
dim(B(p)) = n/2 = dim(B(c)). If n is odd then dim(B(p)) = (n + 1)/2 =
dim(B(0)), or dim(B(p)) = (n — 1)/2 = dim(B(0)).
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PROOF. Clearly (B(c) N F(p)) ® (B(p) NF(c)) < N(x) and (B(c) N B(p)) &
(F(p) NF(o)) < F(sr). The assertions are almost immediate conclusions.

LEMMA 2.8. Leta, B € O(V, f). IfB(a)NB(B) = {0} then B(aB) = B(a)BB(B).

PROOF. Any two linear mappings ¢, 8 : V — V satisfy dim(F(«8)) < dim(F(a)N
F(8))+ dim(B(a) N B(B)). Hence our assumptions yield dim(F(«f)) < dim(F(a) N
F(B)). Taking orthogonal spaces finishes the proof.

DEFINITION 2.9. For a polynomial ¢ = Y a;x’/ with a; # 0 and degree m let
q*:=a;' Y a,;x’ denote the reciprocal polynomial.

If g is the minimum (characteristic) polynomial of # € GL(V) (denotion: mip(r)
respectively char(r)) then ¢* is the minimum (characteristic) polynomial of 7~'. In
particular, as 7 € O(V) is conjugate to its inverse (in GL(V)), the minimum and also
the characteristic polynomial of 7 € O(V) is symmetric (that is, ¢ = ¢*).

LEMMA 2.10. Let 7 € O(V) and mip() = p* where p € K[x]. Let j € N,
j < k. Thenker(p/ (7)) LVp/(x). In particular, if j < k/2 and V is m-cyclic then
ker(p’ (1)) is totally isotropic.

PROOF. Let v € ker(p/()) and y € Vp/ (). Then y = zp/(7) for some z € V.
As p is symmetric (as we observed in the above) we obtain f(y, v) = f(zp’/ (), v) =
f(z, p’(0) - vpi(m) - w—ideereP)y = f(z,0) = 0. If V is m-cyclic then Vp/(r) =
ker(p*~/(;r)) and the last assertion follows.

3. Orthogonal decompositions

LEMMA 3.1. Let r € O(V), g,h € K[x] and g* prime to h. Then ker(g(w))L
ker(h (). Special case: If g is prime to g* then ker(g(m)) is totally isotropic.

We recall the following facts on orthogonal normal-forms which can be found
in {6].

DEFINITION 3.2. Let # € O(V, f). Call V an orthogonally indecomposable n -
module if V.= UQW for m-modules U and W implies that U = {0} or W = {0}.

REMARK 3.3. Let m € GL(V). Then V is called an indecomposable i -module if a
proper decomposition V = U @ W into r-modules U and W does not exist. Recall
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that V is an indecomposable 7-module if and only if V is a 7-cyclic module whose
minimum polynomial (=characteristic polynomial as V is w-cyclic) is the power of
an irreducible polynomial. Distinguish carefully the concepts ‘indecomposable’ and
‘orthogonally indecomposable’.

LEMMA 3.4 (orthogonal decomposition into r-modules). Ler m € O(V, f). Then
V admits a decomposition V = V|D --- DV, into orthogonally indecomposable
m-modules V;. In any two such decompositions the numbers of orthogonally inde-
composable 7t -modules with the same given minimum polynomial are equal.

The structure of orthogonally indecomposable rr-modules is well-known and has
been described by various authors, for example, [6].

DEFINITION 3.5 (types). Let 7 € O(V). We say m-type(V) = A if V is an
orthogonally indecomposable 7 -module and A is explained as follows.

w-type(V) =1 (more precisely: 1%, 17): This meansthatV = U@ W where U, W
are totally isotropic indecomposable -modules such that mip(y) = (x — 1)¥ =
mip(ry ) respectively mip(my) = (x + 1) = mip(wry) (hence n = 41).

m-type(V) =2 (more precisely: 2*, 27, 2*): This means that V is an indecompos-
able r-module, say mip(;r) = p' where p is an irreducible polynomial. In particular,
V is a m-cyclic module. If p # x — 1, x 4 1 then p is symmetric and has even degree
and we write w-type(V) = 2*. If p = x — 1, respectively p = x + 1, then t is odd
and we use the notation - type(V) = 27, respectively 7 -type(V) = 2+,

nm-type(V) =3 : This means that V = U & W where U and W are indecompos-
able w-modules whose minimum polynomials are p’, respectively p*, and p is an
irreducible polynomial where p is prime to p*. This implies that U and W are totally
isotropic and that V is a m-cyclic module.

THEOREM 3.6 (type-classification). Each orthogonally indecomposable x-module
# 0 fits into precisely one of the three types given above.

4. Some basic tools

We collect some well-known facts. Proofs can be found, for example, in [3].

LEMMA 4.1. Let ind(V) > 1. Then

(@) QV)=0"(V)Nker(®).
(b) Ifn = 5then P2(V) is simple.
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LEMMA 4.2. (a) Ifn =3 andind(V) = 1 then Q(V) = PSL,(K).
(b) Ifn =4 andind(V) = 1 then Q(V) = PSL,(K(8)) where 8 K** = dV.
(¢) Ifn=4andind(V) = 2 then PQ(V) = PSL,(K) x PSL,(K).

LEMMA 4.3. (@) Leto € O(V) be an involution. Then © (o) = dB(0).
(b) (Zassenhaus-formula) ® () = dct(%(l —J'r)IBoo(,,))-dB°° (m) foreachm € O(V).
In particular, m € ker(®) when 7 is unipotent.

LEMMA 4.4. Let V = U ® Wwhere U and W are totally isotropic. Then every a €
GL(U) admits a unique ¢ € O(V) such that 9|y = a and W = W. Furthermore,
@ € 0T (V) (as dim(B(p)) is even). If a is an involution then ¢ is also an involution.

PROOF. This follows from a simple matrix calculation.

Next, we state a theorem which is due to [21]; however, this proof contains a gap.
For the real and the complex numbers Frobenius gave a proof in 1910.

PROPOSITION 4.5. The orthogonal group O(V) is 2-reflectional.

We outline a short proof. Given 7 € O(V). We want to write 7 as a product
of two orthogonal involutions. Hence we can assume that V is an orthogonally
indecomposable m-module. If 7-type(V) € {2, 3} then V is a m-cyclic module; that
is, we find v € V such that v, v, ... , vr"~! is a basis for V. Define a linear mapping
p:V = V,uri — va"'"iforj €{0,...,n—1}. Clearly, p is an involution, and it
is easy to check that p € O(V). From the fact that mip(x7 ) is symmetric it follows that
o = px is an involution. Now suppose that 7- type(V) = 1. Let U and W denote the
cyclic w-modules occurring in Lemma 3.5. We define involutions py, oy € GL(U)
such that my = pyoy by the same definition as above (with U instead of V). Now
Lemma 4.4 implies that py and o, admit (unique) liftings to orthogonal involutions
p,0 € O(V) that leave W invariant. The uniqueness statement of Lemma 4.4 yields
that m = po.

The following proposition was proved in [10].

PROPOSITION 4.6 (involutions-invariance-theorem). If 71 = po where p,o €
O(V) are involutions then V admits an orthogonal decomposition into orthogonally
indecomposable r-modules that are simultaneously p-modules and o -modules.

LEMMA 4.7 (discriminant, spinorial norm of orthogonally indecomposable mod-
ules). Let 1 € O(V), p := mip(w) and V an orthogonally indecomposable 7 -

module.
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(@) Ifm-type(V) =2* or3 then
dv = p(l)p(—l)K"2 and ©O(r) = p(—l)K'z.

(b) Ifrm-type(V) =3 where p = qq* then V = U @& W where U := ker(q(i)) and
W := ker(q*(;r) are indecomposable m-modules and

O(m) = (=1)"?q(0) = det(wy) - K*.

() Ifm-type(V)=17,1% or2 thenm € Q(V).
() Ifr-type(V) = 2* then () = d(V).

PROOE. Let m-type(V) € {2*,3}. Then dim(V) is even and B®(7r) = V =
B*(—n). From Lemma 4.3 we obtain dV = ©(-1) = O(7)O(—n) = det(l —
) - det(1 + ) - K*2 = p(1)p(—1)K*?. Hence we obtain (as dim(V) is even)
O(@r) = det((1—m)/2)-dV = det(1—m)-dV = p(—1)K*2. Now consider type 3 only.
Letm :=n/2andq = x™+---+ay. Then@(7) = p(=1)K** = q(—1)q* (- 1)K** =
(D™ 4+ @y (="' +-- -+ a0)*(—1)"ap - K** = (=1)"ay - K** = det(ny) - K*.

If 7-type(V) = 1~ then = is unipotent; hence w € ker(®) by Lemma 4.3. If
7-type(V) = 1% then (—m)-type(V) = 1-, hence ©(—n) = K*? by the previous
argument. Furthermore, V is the orthogonal sum of an even number of hyperbolic
planes (cf. Definition 3.5), hence ®(—1,) = K*2. We obtain ©(;r) = K*2. In both
cases dim(B(r)) is even. Hence m € Q(V). Also if n-type(V) = 2~ then 7 is
unipotent and dim(B(x)) is even.

LEMMA 4.8. Let m € O(V) and =-type(V) = 2*. Suppose that mip(z) is not a
square (in K[x]), and K is finite or K = R. Then V is not a hyperbolic space.

PROOF. See [5, 4.1].

LEMMA 4.9. Letn =2, m € O(V) and n-type(V) = 2*. Then V is anisotropic.

PROOF. We have g := mip(7) = x? + ax + 1 for some ¢ € K. As mip(r) is
irreducible it follows that o> — 4 ¢ K*2. The characteristic polynomials of 1 — 7,
respectively 1 + m, are g(1 — x) € K[x], respectively g(x — 1). As B®¥(r) =V
we obtain from Lemma 4.3 that @ (1) = det(l — 7)dV = ¢q(1)d(V) = 2 + a)dV,
and O(—n) = q(—1d(V) = (2 — «)dV. Hence, dV = O(-1y) = O(—nn) =
(4 — a®)K*? # —K*2. This implies that V is not a hyperbolic plane.

LEMMA 4.10. Suppose that K is finite and 7w, ¥ € O(V) such that F(n?) = 0 =
F(¥?). Then m is a conjugate of ¥ in O(V) if and only if m is a conjugate of ¥ in
GL(V).
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PROOF. This follows from [20, p. 38].

LEMMA 4.11. Letn > 2.

(@ IfU is a 1-dimensional subspace of V then V contains at least (|K| — 1)/2 [if
V is anisotropic then (|K | + 1)/2] 1-dimensional subspaces W such that dW = dU.
(b) Ifu(K) < 2, then for each . € K*, V contains at least ((K| — 1)/2 [if V is
anisotropic then (|K| + 1)/2] 1-dimensional subspaces W such that W = AK**.

PROOF. See, for example, {9, 3.7].

PROPOSITION 4.12 (Scherk’s Theorem). [16] Let # € O(V). Then m is a product
of dim(B()), but not less, symmetries, except when B(x) is totally isotropic. If
B() is totally isotropic then dim(B(;)) + 2 symmetries are sufficient and this is the
minimal number needed.

"LEMMA 4.13. Let M be a finite subset of the field K, @ € K* and m € N,. Then
degree(p) = m, p(0) = «, each zero of p is simple and M does not contain a zero of
p for some monic p € K[x].

PROOF. If X isinfinitethenonehasc,, ... ,a, € Ksuchthatp = (x—a;)--- (x—
@) fulfils the required properties. Let K be finite. Then | K |™~! monic polynomials of
degree m satisfy p(0) = . Each A € K* admits precisely | K |~ monic polynomials
p of degree m— 1 and such that p(0) = «/A; this is also the number of polynomials g of
degree m such that g (1) = 0 and ¢(0) = «. Hence there are at most (| K | — DIK™? <
|K ™" monic polynomials p of degree m such that p(0) = « and p has a zero in K.
We conclude that at least one monic polynomial of degree m satisfies p(0) = « and
has no zero.

5. Products of orthogonal involutions

Each orthogonal mapping = € O(V) is a product of two orthogonal involutions.
How can we choose the involutions when 7 is given and V is an orthogonally inde-
composable 7-module? The following answers are essential tools for our study of

Q).

LEMMA 5.1. Let m = po where p and o are orthogonal involutions and - type(V)
=2 orm-type(V) =2*. Let

P %(n+l) if n=3mod4
T lim-1 i n=1moda.
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Then one of the following cases occurs:

(a) p € OY(V)andB(p) is a k-dimensional hyperbolic space (in particular ©(p) =
(_l)k/ZKtZ), or
(b) p €0 (V)andindB(p)) = (n — k — 1)/2 and ©(p) = (—1)*/2dV.

PROOF. If 7-type(V) = 2% and @ = po then (—x)-type(V) = 2~ and -7 =
p(—o). Therefore, it suffices to study the case - type(V) = 27. Solet z-type(V) =
2. In 4.7 (c) we proved that 7 € Q(V). From Lemma 2.10 it follows that W :=
ker((m — 1)"~172) is totally isotropic and dim(W) = (n — 1)/2. Hence ind(V) =
(n —1)/2 (observe that n is odd; cf. Definition 3.5). Wehave W = Wp = Wo = W
[as ((r — 1)n=D/2)p = g=(=D/2(1 — 7)*n=D/2] Now Lemma 2.7 implies that

(1) dim(B(p)) = dim(B(c)) € {(n — 1)/2, (n + 1)/2}, and (2) or (2"):
(2') If dim(W) is even, that is, n = 1 mod4, then dim(B(py)) = dim(B(ow)) =
(n—1)/4,
(27) If dim(W) is odd, that is, n = 3mod4, then dim(B(pw)) = dimB(ow)) €
{(n+1)/4, (n — 3)/4}.

Clearly, (1), (2') and (2") imply
(3) dim(B(pw)) = dim(B(p))/2 or dim(F(pow)) = dim(F(p))/2.

In particular, it follows that
(4) B(p) is a hyperbolic space of dimension k (hence ®(p) = (—1)*2K*?), or F(p)
is a hyperbolic space of dimension & and ind(B(p)) = (dim(B(0)) — 1)/2 (hence
O(—p)B(—1) = O(—p)dV = (-1)*2dV).

REMARK 5.2. We refer to the previous lemma.

If case (a) is present, we can replace p, o by —p, —o and arrive at case (b). The
analogue applies when case (b) holds true.

LEMMA 5.3 (type 2* and 3). Letm = po where p and o are orthogonal involutions
and w-type(V) = (2*) or m-type(V) = (3). Let mip(w) = p™ where p € K|x}.
Thendim(B(p)) = n/2 = dim(B(0)). Ifm is even then B(p) and B(c') are hyperbolic
spaces. If m is odd then ind(B(p)), ind(B(0)) > (n — degree(p))/4.

PROOF. The vector space V is a w-cyclic module. If m is odd, m = 2t — 1, let
W := ker(p'~'(r)). If m is even, m = 2t, let W := ker(p'(;r)). Then W is totally
isotropic (cf. Lemma 2.10) and invariant under 7, p and o [indeed: p~'p'(7)p =
p'(m?) = p'(x~") = "= p'(7)]. We have N(w) = 0 = F(xr) and thus
dim(B(pw)) = dim(W)/2 = dim(B(ow)); cf. Lemma 2.7(a). We obtain ind(B(p)) >
dim(B(pw)) = dim(W)/2. Clearly, o satisfies the analogous statement. If m is odd
we have dim(W) = (¢ — 1) - degree(p) = (n — degree(p))/2. If m is even then
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dim(W) = n/2. Furthermore, dim(B(p)) = n/2 by Lemma 2.7(a). This yields the
assertion.

REMARK 5.4 (real case). Assume that K = R, 7 = po where p, o are orthogonal
involutions and - type(V') = 2°. Then & € Q(V), and:

Ifn=0mod4 then dim(B(p)) = n/2 = dim(B(o)) and B(p), B(o) are hyperbolic
spaces.

Ifn =2mod4 then dimBip)) = n/2 = dim(B(0)) and ind B(p) = (n — 2)/4 =
ind B(o) (that is. the maximum possible value when the dimension is n/2).

In each case B{p) 1 isometnc to B(o).

PROOF. We have ¢ ‘= mupt7) = p™ for an irreducible and symmetric polynomial
p#Fx—1lx+1 Thus p = " +ax + 1 wherea € R and g(—1) = p(—D)™ is
positive since all values of p are positive. Now Lemma 4.3 yields that ©(z) = 1- K*%.
Furthermore, 1 € OV 1y Hence 1 € (V). If m is even then the assertion follows
immediately from the presious lemma. Suppose that m is odd. The previous lemma
showsthatm/2 = n 4 - indBip) > (n—2)/4, hence ind B(p) = (n—2)/4. Finally,
dB(p) = O(p) = Vv = dBia ) implies that B(p) is isometric to B(o).

LEMMASS(spe 1 and | 1+ Ler 1 = po where p and o are orthogonal invo-
lutions and t-vwpeV + = | or V7. Then dim(B(p)) = n/2 = dim(B(p)) and
B(0), B(0) are hypertwric. snices In particular, p, 0 € Q(V).

PROOF. Let 7-tape-V - ! hence mip(wr) = p* where p = x — 1, k is even and
n = 2k.

The same arguments a« in the proof of Lemma 5.3 yield that Z := ker(r — 1)¥/? is
totally isotropic and tnvanant under p and o. Clearly, dim(Z) = k. From Lemma 2.7
we obtain dim(B(p,) = dimiBia;)) < dim(B(p))/2 [as N(;r) = 0 and B(p)
is regular]. Furthermore. dimtFi(p;)) < dim(F(p))/2 as F(p) is regular. So we
obtained k = dim(Z) = dim(B(p;))+dim(F(pz)) < dim(B(p))/2+dim(F(p))/2 =
n/2 = k. Therefore. dim(Bip;)) = dim(B(p))/2 and B(p) is a hyperbolic space.
Similarly, F(p)), B(o)) and F(o') are hyperbolic spaces. We have m := dim(B(p)) =
dim(B(0)); cf. Lemma2.7. As2(k—1) = n—2 = dim(B(r)) < 2m (cf. Lemma 2.6)
and k, m are both even numbers we obtain k < m. Furthermore, dim(F(%)) = 2
implies that m < k + 1; cf. Lemma 2.7. We conclude that m = k.

Analogous arguments apply when -type(V) = 1*.

LEMMA 5.6. Suppose that , ¢ € O(V) are mappings such that - type(V) =3 =
o-type(V) and mip(;r) = mip(p). Then % = ¢ for some a € O(V).
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PROOF. Let p = qg* be the minimum polynomial of 7 and ¢. Choose u, z € V such
thatker(q (;r)) = {(u}, andker(g(p)) = (z),. Wehave V = ker(q(w))Pker(¢*(7)) =
ker(q (¢)) @ker(g*(¢)) and each direct summand is totally isotropic and has dimension
n/2. Define a linear mapping « : ker(g (7)) — ker(g(¢)), un’ — wn/. Thena is a
bijection and 7 |ierg(r)) = (P lxerqion) ™' . Obviously, there is an extension & € O(V)
of « that maps ker(g*(:r)) onto ker(g*(¢)). Hence = and @p& ™! are both orthogonal
mappings of V which leave ker(g*(sr)) invariant and whose restrictions to ker(g (7))
coincide. Hence they are equal; cf. Lemma 4.4.

LEMMA 5.7 (type 3). Let m € O(V), m-type(V) = 3 and mip() = qq*. Let A €
K*. Then & = po for involutions p, c € O(V) withdim(B(p)) = n/2 = dim(B(0))
and the following additional properties.

(i) Ifn = O0mod4 then B(p) is a hyperbolic space and ®(p) = (—1)"*K*? and
indB(o) > n/4 — 1.

(ii) Ifn = 2mod4 then ind B(p) = ind B(c) = (n — 2)/4 (hence the maximum
possible for a regular space of dimension n/2); furthermore, ©(p) = AK*.

PROOE. The statement dim(B(p)) = n/2 = dim(B(o')) foliows from Lemma 2.7.
Our type-classification yields V = U @ W where U := ker(q(w)) and W =
ker(q*(7)); U and W are totally isotropic. Take a basis u, ... , u,, for U and a basis
wy, ..., w, for W such that f(u;, w,_;) = 8(, j) - u where u := 2A(=1)""+H72,
Define + € GL(U) such that 4; — wu;, fori = 1,... , m—1 and u,, —
—Qp_Um — -+ — Gou; Where ¢ = x™ + @1 x™' + .- + ao. Then mip(¥) = q.
According to Lemma 4.4 i admits a unique extension to a mapping in O(V)
which leaves W invariant. Call this mapping ¥ also. Then mip(y) = gg*
[as mip(y) is symmetric and g is prime to ¢*] and ¥ is a conjugate of 7 in
O(V) by the previous lemma. Hence we can a priori assume that 7 = . Let
u = u, and w := w;. Define p € GL(V) by the properties uy' — wy™
and wy ™ +— uy fori = 0,...,m — 1. Then p € O(V); furthermore, p and
o := pyr are involutions and B(p) = (w¢ ™" —uy’ |i € {0,... , m — 1}). We obtain
fy™ —uy', w7 —uy’) = =2fwy', wyJ) = =2f wy'*/, w). This equals
0if0<i+j <m—1and —2uifi+ j = m —1. Hence ind B(p) attains the maximal
possible value. If m is even then B(p) is a hyperbolic space; hence ®(p) = dB(p) =
(=" K*2. If m is odd we obtain that ®(p) = dB(p) = AK*2. Furthermore,
B(o) = (wy'" —uy' |i€{0,...,m—1})and fori, j € {0,...,m — 1} one has
Foy'™ —uy', wi'™ —uyd) = =2 f(w, w1, Thisis 0if 0 # i + j < m.
Hence ind B (o) attains the maximal possible value if m is odd. If m is even we obtain
indB(o) > m/2 - 1.
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LEMMAS58. Let n = 2mod4 and = € O(V) and A € K*. Suppose that
n-type(V) = 3 or [K finite and n- type(V) = 2*]. Then m = po and ©(p) = LK*?
for some involutions p, o € O(V).

PROOF. Take involutions w, n € O(V) such that 7 = wn. Choose u € A0 (w). As
u(K) < 2 or V is a hyperbolic space we can obviously find ¢ € GL(V) such that
fve, wy) = puf(v,w) for all v, w € V. Then n%, 0¥, n*¥ € O(V). If m-type =
3 then Lemma 5.6 supplies @ € O(V) such that 7 = =%*. If K is finite and
n-type(V) = 2* then Lemma 4.10 yields the same result. Let p := 0** and 0 := n**.
Then p, o € O(V), both elements are involutions, 7 = po and ©(p) = dB(p) =
dB(w)pa) = dB(w)¢) = w/*dB(w) = u®(w) = AK** asn = 2mod 4.

COROLLARY 5.9. Let 1 = po where p,o € O(V) are involutions and V is an
orthogonally indecomposable m-module.

@) Ifm-type(V) ¢ {2*,27} then dim(B(p)) = n/2 = dim(B(0¢)).

(b) Ifn-type(V) =2" thendim(B(p)) = (n — 1)/2 = dim(B(0)) or dim(B(p)) =
(n + 1)/2 = dim(B(0')), and we can achieve each of the two possibilities.

(c) Ifm-type(V) = 2% then dim(B(p)) = (n — 1)/2 and dim(B(0)) = (n + 1)/2,
ordim(B(p)) = (n + 1)/2 and dim(B(0)) = (n — 1)/2; we can achieve each of the
two possibilities.

Unless m-type(V) = 2% it follows that dim(B(p)) = dim(B(c)). Furthermore,
det(w) = —1 if and only if 7- type(V) = 2%.

This follows immediately from Lemmas 2.7, 5.1 and 5.5.

COROLLARY 5.10. Letm € O(V)ands e NN{(n — 1)/2,n/2,(n + 1)/2}. One
has m = po for involutions p, o € O(V).
(@) Ifr € O (V) one can achieve that dim(B(p)) = s = dim(B(0)).
(b) Ifm € O~ (V) one can achieve that dim(B(p)) = [n/2] + 1 and dim(B(c)) =
[n/2].

A decomposition of V into orthogonally indecomposable m-modules contains at
least | dim(B(p)) — dim(B(0))| m-modules of type 2.

PROOE. If 7 € O*(V) then an orthogonal decomposition of V into orthogonally
indecomposable -modules contains an even number of modules of 7 - type = 2*; if
7 € O (V) then this number is odd. Hence the assertion follows from the previous
corollary.
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6. Symmetries in the kernel of the spinorial norm

Let S denote the set of symmetries in ker(®). We want to write a given 7 € ker(®)
as a product of as few as possible symmetries in S. This problem was studied within
a more general framework in [9]. We quote a result.

PROPOSITION 6.1 (cf. [9], Corollaries 12 and 13). Let |[K| > 7, V be isotropic, m €
ker(©) and k := dim(B(x)).
(@) Ifn® # 1 and B(rr)/ rad(B(rr)) is isotropic (that is, there is an isotropic vector

= 0in B(z) \ rad(B())) then n is a product of k but not less than k symmetries in S.
tb)y 7 is a product of k + 2 elements of S

From the previous proposition one obtains:

COROLLARY 6.2. Suppose that u(K) < 2 and |K| > 5. Then S generates ker(©).

ta) Let w € ker(®), k := dim(B(ir)) and dim(B(7)/rad(B(;r)) > 2. Thenm is a
product of k but not less than k symmetries of S.

tby Let m € ker(®), k := dim(B(r)) and dim(B(;x)/rad(B(r)) = 1. If d(B(w)/
radiBi1)) = K*? then 7 is a product of k but not less than k symmetries of S;
othenvise one needs k + 2 symmetries in S.

<1 Let m € ker(®), k := dim(B(xw)) and B(w) be totally isotropic. Then & is a
prixduct of k + 2 but not less than k + 2 symmetries of S.

RiMARK 6.3. Let |[K| = 3.

tar It n € (3,4} and dV = K** then S does not generate ker(©).

by Ifn > Sorif dV # K*? then S generates ker(©®); however, it is not so easy to
tind the minimal number of factors needed. For example, if n > 5 one can find some
7 < her(®) where dim(B(r)) + 4 symmetries in ker(®) are needed.

7. Reflections in (V) and ker(©)

LEMMA 7.1. Let |K| > 4. Then PSL,(K) is 3-reflectional. PSLy(K) is 2-
reflectional if and only if s(K) = 1.

PROOF. Let ~ denote the canonical homomorphism of SL,(K) onto PSL,(K). For
A, u € K where A # 0 let

— K A
Pl 2) = (—x-‘(l + ) —u)'
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Then p(u, ) € SL,(K) and g is an tavolution. Furthermore, if s(K) # 1 then each
involution # 1in PSL,(K) has this form. Now let m € SL,(K) be such that 7 # 1.

Then (up to similarity)
v = 0 1
TA\-1 o«

for some ¥ € K. If « = 0 then 7 is an involution. So let ¥ # 0. If s(K) # 1 take
A2 # 1. Then

T = p(=k, )T = D) - p(1, R2)7T' A =2H) - p(0,27).

If s(K) = 1 then take A € K such that A> = —1. Thenw = p(0, M) p (X, Ak).
If s(K') # 1 check that
e 0 1
T\=-1 2

is not a product of two p’s; hence T is not a product of two involutions in PSL,(K).

COROLLARY 7.2. (a) If n = 3, V is isotropic and |K| # 3, then Q(V) is 3-
reflectional; 2(V') is 2-reflectional if and only if s(K) = 1.
(b) Letn =4andind(V) = 1. Then Q(V) is 3-reflectional; 2(V') is 2-reflectional
ifand only ifs(K) = 1 ordV = —K*2

PROOF. (a) Weknow that 2(V) = PSL,(K); cf. Lemma 4.2. Hence the previous
lemma yields the assertion.

(b) As Q(V) = PSLy(K(8)) where °K** = dV (cf. Lemma 4.2) the previous
lemma yields the assertion.

LEMMA 7.3. Letu(K) < occand A € K*. Let w € O(V) be an involution such that
dim(B(w)) > u(K) or dim(F(w)) > u(K). Then:

(a) Some symmetry p € O(V) satisfies ©(p) = AK*? and pw is an involution.
by If w € {1, —1} suppose additionally that n > uw(K) + 1. Some involution
p € O(V) then satisfies dim(B(p)) = 2 and ©(p) = AK*? and pw is an involution.

PROOF. We may assume that dim(B(w)) > u(K) (otherwise replace w by —w).
(a) Choose v € B(w) such that g(v) = A. Then the symmetry p whose path is (v)
fulfils the requirements. (b) If @ = —1, take any anisotropic vector v € V. As
dim(v*) > u(K) we find w € v* such that g(w) = Aq(v). The orthogonal involution
p whose path is (v, w) meets the requirements. Now let w % —1. Take an anisotropic
vector z € F(w). As dim(B(w)) > u(K) we find y € B(w) such that g(y) = Ag(z).
Let p € O(V) be the involution with B(p) = (z, y).
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LEMMA 7.4. Suppose 2 < u(K) < oo. Let 1 = po where p and o are orthogonal
involutions.

(@) Ifn > 2u(K) + 2 and dim(B(p)) = 1, then 1 = p'c’, where p’ and ¢’ are
orthogonal involutions and p’' € Q(V).
(b) Ifn = 2u(K) + 4 and dim(B(p)) = 2 then 1 = p'c’ where p' and ¢’ are
orthogonal involutions and p' € Q2(V).

PROOF. As n > 2u(K) + 1 we have ind(V) > 1; hence Q(V) = ker(®) N O+ (V).
Furthermore, 72 = pp°.

(a) We observed that 72 is a product of two symmetries. Hence dim(B(rr?)) < 2 and
dim(rad(B(xr2))) < 1. This yields that dim(F(?)) > n—2 and dim(rad(F(;r?))) < 1.
Furthermore, F(?) = F(r)QQN(r). Therefore, we find a regular subspace U such
that dim(U) > n — 3, U is a w-module and 7, is an involution. We know that
ny: = pyo; for involutions p;, o, € O(U') (2-reflectionality of orthogonal groups).
Now w := my is an involution and dim(B(w)) > uw(K) or dim(F(w)) > u(K)
(as dim(U) > 2u(K) — 1). Hence Lemma 7.3 supplies an involution p, such that
0, = pyw is an involution with spinorial norm equal to ©(p,) and additionally
that dim(B(p,)) = 1 if dim(B(p,)) is odd, dim(B(p,)) = 2 if dim(B(p,)) is even.
Thus 7y, = p,0,. Let p' := pDps and ¢’ ;= 0/@o,. Then m = p'o’ and
o € ker(®) NOT(V).

(b) We have dim(B(7r%)) < 4 and dim(rad(B(rr?))) < 2 (see the previous section).
So we obtain a regular subspace U such that 77y is an involution and dim(U) > n — 6.
Choose a maximal 7 -module U with these properties.

Case 1: dim(U) = n —5 > 2u(K) — 1. Then the analogue arguments as in the proof
of (a) yield the assertion.

Case 2: dim(U) = n — 6. Then dim(B(r?)) = 4 and dim(rad(B(rr?)) = 2. Inspec-
tion of the types of orthogonally indecomposable 72-modules yields the following
possibilities for

V = AQBQC: either (1) 72-type(A) = 17, dim(A) = 4 and B(n?;) = B
2-dimensional and 7% = 1¢; or
(2) m2-type(A) = 2~ and dim(A) = 3, the same holds true for B and 72 = Ic.

As m? is a product of two involutions with 2-dimensional paths (w2 = pp°) we
conclude that only (2) is possible; cf. Corollary 5.9 and Proposition 4.6. Hence
mip(7?) = (x — 1)* and therefore U+ decomposes into two 3-dimensional 7-
modules of type 2~ or 2*. Using Lemma 5.1 and Remark 5.2 we obtain involutions
01,0, € O(U1) such that . = p,0, and B(p,) is a 4-dimensional hyperbolic space.
Thus, p; € Q(U?). The involutions p’ := o1y and o’ := o,@Qmny fulfil our
requirements.
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THEOREM 7.5. Let 2 < u(K) < oo.

(@) Letn > 2u(K) + 2. Then ker(®) is 3-reflectional.
(b) Letn > 2u(K) + 3, or [u(K) even and n > 2u(K) + 2]. Then Q(V) is
3-reflectional.

PROOF. As n > u(K), V is isotropic. Hence Q(V) = ker(®) N O*(V). Let
m € ker(®). Then Corollary 5.10 provides involutions p,0 € O(V) such that
7 = po and k := dim(B(p)) > n/2;if r € O*(V) then k = n/2 or k is odd.

Proof of (a). Lemma 7.3 supplies a symmetry « such that px is an involution and
pk € ker(®). The previous lemma provides involutions o’ € ker(®) and o’ € O(V)
such that ko = p'o’. As ko € ker(®) it follows that ¢’ € ker(®). We have
7 = (pk)p'o’.

Proof of (b). If k is even then our assumptions imply that n > 2u(K) + 4. From
Lemma 7.3 we get an involution x € O(V) such that dim(B(x)) < 2 and p«k is an
involution in (V). So dim(B(x)) = 2 if and only if & is even. Hence ko € Q(V),
and the previous lemma supplies involutions p’, 6’ € Q(V) such that ko = p'c’. We
obtained m = (px)p'0’ and proved that (V) is 3-reflectional.

COROLLARY 7.6. Let W(K) = 2 and n > 6. Then Q(V) and also ker(®) are
3-reflectional.

For finite fields K we will also study the small dimensions n = 2, 3, 4, 5 which are
not subsumed in the previous corollary.

8. Special cases: finite and euclidean fields

Let n > 3. Then O*(V) is 3-reflectional; O* (V) is 2-reflectional if and only if
n # 2mod4; cf. [8].

If K is a euclidean field and V is anisotropic, or if u(K) = 1, then obviously
Q(V) = O*(V). Hence we obtain:

PROPOSITION 8.1. Let n = 3. Suppose that K is a euclidean field and V is
anisotropic, or W(K) = 1. Then Q(V) is 3-reflectional. Furthermore, Q(V) is
2-reflectional if and only if n # 2mod 4.

LEMMA 8.2. (a) Suppose that n = 2 and [|K| # 3 or V is not a hyperbolic
plane). Then Ot (V) # {1, —1}.
(b) Suppose that n is odd and ind(V) = (n — 1)/2. Then some t € O(V) satisfies
7-type(V) = 27 (hence (—m)-type(V) = 2%).
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(c) Let V be a hyperbolic space, q a polynomial of degree n/2 and a power of
an irreducible monic polynomial such that q is prime to q*. Then some m € O(V)
satisfies w- type(V) = 3 where mip(rr) = qq*.

(d) Suppose that V is hyperbolic and n = O0mod4. Then some & € O(V) satisfies
w-type(V) = 1.

PROOE. (a) Take an anisotropic @ € V and an anisotropic b € V \ ({a) U a*).
Then 7 := 0,0, € Ot (V) \ {1, —1}.
(b) LetdV = AK*2. Take a basis vy, ... , v, for V such that f(v;, v;) = 0 for all
i,je{l,...,n}wheni+j > n+1,and f(v;, v;)+ f (vi—i, v;) + f(vi, vj—y) = Ofor
alli, j € {2,..., n}(the construction will be done later). Define m € GL(V) such that
vy =v; + vy fori €{l,... ,n—1}and v,7 := v,. Then mip(7r) = (x — 1)" and
7 € O(V)as f(vm,vjm) = f(uv,v;) forall i, j € {1,..., n} by our assumptions.
Hence m-type(V) = 27. We will construct a basis with the above properties:

Consider a system of linear equations with unknowns f; ; where i, j € {1,... ,n}
andi < j:

fij=0 ifi+j>n+1land f,=2
fi_j+f,‘_|‘j+f,‘_j_| =0 lfl,] €{2,... ,n}andi <j
fii+2fio;=0 forie{2,...,n)

This system of equations has a solution: compute recursively f; ; for fixed i + j.

Now let g be the symmetric bilinear form whose Gram matrix (g; ;) is given by
g.,:= fijwheni < jandg,;, ;== f;;, when j <i. Thenind(V,g) =(n - 1)/2 =
ind(V, f) and d(V, g) = AK*? = d(V, f). Hence (V, f) is isometric to (V, g).
Therefore, one can find a basis v,..., v, for V such that the Gram-matrix of f
associated with this basis is G. This basis fulfils our requirements.
Proof of (c) and (d). Take totally isotropic subspaces U, W such that V = U @& W.
Suppose that ¢ € K|[x] where degree(q) = n/2, g # g* and g is a power of an
irreducible polynomial. Let ¢ € GL(V) be such that mip(¢) = q. Then Lemma 4.4
supplies m € O(V) such that 7y = ¢. As char(mr) is symmetric we conclude that
mip(;r) = qq*. We proved (c) and assume that n = O mod 4. Take ¢ € GL(U) such
that mip(¢) = (x + 1)"/2. Again Lemma 4.4 supplies 7 € O(V) such that 7y, = ¢
and mip() = (x + 1)". Hence n-type(V) = 1*. The same argument applies to
x — 1.

LEMMA 8.3. Letn > 3and u(K) < 2.

(@) Ifn =2mod4 then Q(V) is not 2-reflectional.
(®) Ifnisoddandn £ 9 and s(K) # 1 then Q2(V) is not 2-reflectional.
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(c) Ifn ¢ (8,9}, s(K) # 1 and dV = K** then Q(V) contains some 7t which is not
a product of two involutions in ker(©).

PROOF OF (a). We have V = AQ H\D H.DOW where H; are hyperbolic planes,
W is a hyperbolic space such that dim(W) = Omod4 and dim(A) = 2 where A is
a hyperbolic plane or an anisotropic space. Hence dA = dV. If A is anisotropic or
|K| > 3 then Lemma 8.2 (a) supplies v € O(A) such that -type(A) = 2* or 3. If
W # 0 then Lemma 8.2 (d) supplies some & € O(W) such that ¢-type(W) = 1.

Case 1: K is an infinite field. Let A € K* be such that ®(yy) = AK*2. Select
wr € K*\{l,=1,A7", =A7"} and let u, := (Au,)~'. Let ¢; € O(H;) be such
that ¢;-type(H;) = 3 and @(¢;) = u;K*?*; cf. Lemmas 8.2 (¢) and 4.7. Then
7 1=y O 0D € V).

Case 2.1: K is finite and A is anisotropic. Choose an irreducible quadratic monic
polynomial ¢ € K[x] such that g(0) - K**> = ©(¥). If ©(y) # K*? then q # ¢*
and Lemma 8.2 (c) supplies ¢ € O(H,D H,) such that mip(p) = gq* and we
obtain ©(p) = ¢q(0)K** = O(¥); cf. Lemma 4.7 If ®(¢) = K*? choose ¢ €
O(H,@ H>) such that ¢-type(H\@ H,) = 1; cf. Lemma 8.2 (d). This choice yields
n =y Deds € Q(V).

Case 2.2: K is finite and A is a hyperbolic plane. Take an irreducible monic poly-
nomial ¢ € K[x] of degree 3 such that ¢(0) = —1; cf. Proposition 4.13. Now
Lemma 8.2 (c), provides ¢ € O(AQH D H,) such that mip(¢) = qq*. Then

1 :=9DE € QV).

In each of the cases 1, 2.1 and 2.2 we conclude from Proposition 4.6 and Corol-
lary 5.9 that 7 is not a product of two involutions in Ot (V).

PROOF OF (b). Case 1: n=3or5mod8. Letm € Q(V)besuchthatz-type(V) =
27; cf. Lemma 8.2 (b). Suppose that o, 0 € O(V) are involutions such that w = po.
Then Lemma 5.1 implies that

(*) peO"(V) and O(p)=—-K2, or peO (V) and O(p)=—dV.

Case2: n = 7mod8. As u(K) < 2 we have a decomposition V = ViQV,.DV;
where dim(V;) = dim(V;) = 1 and dim(V;) = 5mod8 and dV, =dV, =dV; =dV.
Now Lemma 8.2 provides # € O(V) such that V, < F(xr) and V, < N(r) and
7-type(V;) = 2*. Hence m € Q2(V); cf. Lemma 4.7. Let p, 0 € O(V) be arbitrary
involutions with = = po. Due to Proposition 4.6 we can assume that the above
decomposition is invariant under p. Therefore, Lemma 5.1 implies that (*) holds true.
Case 3: n = Imod8. Thenn > 17 since n # 9. Thus we find a decomposition
V = V@ V,@DV; where dim(V,) = dim(V;) = 7 and dim(V;) = 3mod 8 and dV, =
dV, = dV; = dV. Choose m € O(V) such that z-type(V}) = 27, m-type(V;) = 2%
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and - type(V;) = 2%; cf. Lemma 8.2 (b). Again we obtain that 7 € Q(V) and (*)
for arbitrary orthogonal involutions with 7 = po.

In each of the three cases we obtained in particular that arbitrary involutions
p,.o € O(V) with # = po are not elements of (V). Furthermore, under the
assumption that dV = K**, p and ¢ are not elements of ker(©).

PROOF OF (c). Suppose that the assumptions of (c) hold true. If n is odd then the
claim was proved in the proof of (b). Suppose that n is even.

Case I: n =0mod8. Asn # 8 we have n > 16. Hence we find a decomposition
V = ViV, VsDV, such that dim(V}) = dim(V,) = 1, dim(V3) = 9, dim(V,) =
5mod8 and dV, = -.. = dV, = K*?. Using Lemma 8.2 we obtain = € O(V) such
that V, C F(x), V, C N(), m-type(V;) = 2* and n-type(Vs) = 2~. This choice
yields in particular ¥ € Q(V). From Proposition 4.6 and Lemma 5.1 we conclude
that 7 is not a product of two involutions in ker(©).

Case2: n = 2mod8. Then n > 10. We find a decomposition V = VDV, such
that dim(V;) = 7 and dim(V,) = 3mod 8 and dV, = dV, = K*2. Using Lemma 8.2
we obtain 7 € O(V) such that 7-type(V}) = 2~ = m-type(V;). Again we conclude
that 7 € Q and 7 is not a product of two involutions in ker(©).

Case3: n =4mod8. AsdV = K*? we know that V is a hyperbolic space. Hence
Lemma 8.2 provides w € O(V) such that w-type(V) = 1. Sow € (V) and 7 is not
a product of two involutions in ker(®); cf. Lemma 5.5.

Case 4: n = 6mod 8. We find a decomposition V = V@ V; such that dim(V;) = 1
and dim(V,;) = 5mod8 and dV, = dV, = K*2. Using Lemma 8.2 we obtain
7 € O(V) such that -type(V)) = 2~ = m-type(V2). We conclude that 7 € Q(V)
and x is not a product of two involutions in ker(®); cf. Proposition 4.6 and Lemma 5.1.

LEMMA 8.4. Let 7 < |K| < ox.

(a) Ifn=4andV isa hyperbolic space, or n = 5, then 2(V) is 3-reflectional.
(b) Ifn € {3, 4,5} then ker(®) is 3-reflectional.

PROOF OF (a). First suppose thatn = 4 and V is a hyperbolic space. Letm € Q(V).

Case 1: F(r)UN(r) contains an anisotropic vector v. Then Corollary 7.2 (a) implies
that w or —x is a product of at most three involutions in 2(V). So x is a product of
at most three involutions in (V).

Case 2: V =UQW for m-modules U, W where dim(U) = 2 and 7y, € O*(U). As
u(K) = 2 we find symmetries p,, p, € O(U) and 0y, 0, € O(W) such that 7y = p, 02,
Tw = 6,0, and ©(p)) = O(0)). Then n = (p, Do) - (1D o) shows that 7 is a
product of two involutions in Q(V).

https://doi.org/10.1017/51446788700039379 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700039379

[21] Involutions and commutators in orthogonal groups 21

Case 3: None of the cases 1 or 2 applies. Then an orthogonal decomposition of V into
r-modules does not contain modules of dimension 1 or 3 (case 1). Definition 3.5 leaves
the possibilities: V is an orthogonally indecomposable 7 -module {then 7 - type(V) =
I, 3 or 2%, where in the latter case mip(;r) is a square] or V = UQDOW where
U and W are 2-dimensional orthogonally indecomposable 7 -modules. The second
possibility does not occur: as case 2 is excluded we have det(sry) = —1; hence
n-type(U) = 2%, in particular dim(U) is odd. Hence V contains a 2-dimensional
totally isotropic 7-module T < V which is w-cyclic unless 7y = 17 or —15. (thatis,
when 7-type(V) = 1). Clearly, one can find a totally isotropic subspace S such that
V=TS and St # S. Take a basis #;, 1, for T and a basis s;, s, for S such that
the Gram-matrix of f (associated to the basis #,, 5, 51,5, of V) is G = (3 %) where
E denotes the 2 x 2-unit-matrix. If 7r-type(V) # 1 we can additionally assume that
nm =1, Thenm = (§ J) where P = ({ }) for some , B € K, respectively P = E
when m-type(V) = 1. As & is orthogonal we have G = mGn’. This implies that
O=(P'Yand X = (_°y §) where y € K*, provided P & {E, —E}. As |K| > 5 we
can choose A € K*?\ {—a}. For§ € K* letw := (2, ) where A := (} J;). Observe
that @ is an involution and w € ker(®) N O*(V) = Q(V). Hence rw € Q(V).
An elementary calculation yields that char(mrw) = x* + ux® + vx? 4+ ux + 1 where
u = —trace(XA) = dy (A —a) and v = —(Aa~ ) ((6y@)? + 1 + (@A™")?) provided
P ¢(E,—E},orelse u = 0and v = A8%*y? — 2.

We contend that a suitable choice of § entails that 7w fulfils the assumptions of
case 2; then mw is a product of two involutions in (V) and 7 is a product of three
involutions in S2(V).

First, let us consider the case P € {E, —E}. Asu(K) < 2 and |K| > 7 we can
choose § € K* and some u € K* such that A8%y? + u? = 4; cf. Lemma 4.11. This
choice yields that char(mw) = (x* + ux + 1)(x®2 — ux + 1); hence char(zw) is a
product of two symmetric quadratic polynomials where the first is prime to the second
one. Therefore, 7w fulfils the assumptions of case 2 and we have finished.

Secondly, assume that P ¢ {E, —E}. Take x,n € K* such that ¥ — n*> =
—(Aa™")(1 + aAr™")? [this is possible as a hyperbolic plane is universal and, due
to [K| > 7, one has at least 3 linearly independent solutions (x,n) € K x K;
cf. Lemma 4.11]. Take & := 2k (y (a + A))~'. Then char(rw) = (x*> + ux + 1)(x* +
wx + 1) where u := n+ n/2 and w := u — u. Furthermore, u # w (as n # 0).
So char( w) is a product of two symmetric quadratic polynomials where the first is
prime to the second one. Hence ww fulfils the assumptions of case 2 and we have
finished.

Now we consider n = 5.

Case 1: F(m) contains an anisotropic vector. Then the assertion follows immediately
from the previous one (when v* is a 4-dimensional hyperbolic space) or Corollary 7.2
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(b).

Case 2: V contains a 2-dimensional regular w-module U such that 7, € O*(U).
Then . = 0,0, where o; are orthogonal involutions. As u(K) < 2 we have ny =
0102 where p; are symmetries and ©(p,) = ©(0y). Hence m = (p, Do) - (02D 0o2)
proves that 7 is a product of two involutions in (V).

Case 3: Neither case 1 nor case 2. Then V is an orthogonally indecomposable -
module, and, since dim(V)isoddand r € O*(V), n-type(V) = 2~. LetdV = uK*2.
Select A such that dV # AK*2. Then 4A — u # 0. Clearly, dim(rad(B(r))) = 1
and dim(rad(B*(;r))) = 2. Hence we find isotropic vectors y, z such that y €
B(m) \ B%() and z € B*(%) and (y, z) is a hyperbolic plane. In particular, one has
some u € B(r)\B2(7) suchthatg(u) = 4A—u. Letv € V besuchthat v(z —1) = u
and w € F(r) = rad(B(r)) with w # 0. Then v ¢ B(sr); hence (v, w) is a hyperbolic
plane. Therefore, g(z) = A forsome z = v+Bw where 8 € K. Wehavez(m—1) =«
andg(z(r+1)) =29(2)+2f(z,zm) = 49(2) —q@2(r —1)) =4k —qu) = p € dV.
Let ® := —0.(z41,. Then det(w) = 1 and O(w) = g(z(r + 1))dV = K*2. We have
z € F(nw) and d(z') = q(z)dV # K*?. Thus mw is a product of two involutions of
(V) (apply Corollary 7.2 (b) to the restriction of 7w to z*+). We have proved that
is a product of three involutions in Q (V).

PROOF OF (b). Let n € {3,4,5} and = € ker(®). We want to prove that 7 is
a product of three involutions in ker(®). If # € Q(V) then Corollary 7.2 or part
(a) prove the assertion. Hence we can assume that 7 ¢ Q(V). Take orthogonal
involutions p, o such that 7 = po. If dV # K*? then p € ker(®) or —p € ker(®)
and it follows that 7 is a product of two involutions of ker(®). So letdV = K*2.
If n € {3,5} then —m € Q(V), and we have seen that —n is a product of three
involutions in §2(V'); hence 7 is a product of three involutions in ker(®). Letn = 4.
Asdet(r) = —1 an orthogonal decomposition of V into orthogonally indecomposable
m-modules contains at least one module of type 2*. All m-modules but those of type
2% or 27 have even dimension. Hence V contains an anisotropic t € N(ir) U F(r).
From our result for n = 3 we know that — or 7 is a product of three involutions in
ker(©®). So 7 is a product of three involutions in ker(®).

THEOREM 8.5. Let K be finite and n > 3. If |K| = 3 suppose additionally that
n>6or[n =4anddV = —K**]. Then Q(V) is 3-reflectional. Q(V) is 2-
reflectional if and only if

(i) s(K)=1andn # 2mod4, or

(ii) n=0mod4 anddV = —K*, or

(iii) n € {8, 9}.

PROOF. First we prove that Q (V) is 2-reflectional provided one of the assumptions
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(i), (ii), (iii) holds true. Under each of these assumptions we get involutions p, o €
O*(V) such that 1 = po (first statement in Section 8). Consider a decomposition
2 of V into orthogonally indecomposable w-modules which are simultaneously p-
modules; cf. Proposition 4.6.

(+) The assertion is correct if 9 contains a summand X such that dim(X) =
2mod4, or m-type(X) = 2° and mip(x|x) is not a square in K[x].

PROOF OF (+). An orthogonal summand whose dimension is congruent 2 mod 4 has
type 2* or 3. So in this case Lemma 5.8 yields the assertion. Now suppose that 2
contains an orthogona! summand X of type 2* such that mip(sr|x) is not a square in
K{x]. We may assume that dim(X) = Omod 4 (else the previous argument applies).
From Lemma 4.8 1t toliow« that X is not a hyperbolic space. Hence dX # K*?. We
conclude that G(p.) = & — p) and dim(B(px)) = dim(B(—px)); cf. Corollary 5.9.
Hencep e Q(Viory = -p  Dpx: € Q(V). Somr = po orm = p’'c’ is a product
of two involutions 1n 221 We have proved statement (+).

In what follows w¢ avwume that the assumptions of (+) are not fulfilled. Hence
every orthogonally inde. omposable 7-module X in V satisfies:

(++) if 7-typee Ny 2 then mip(mty) is a square and dim(X) = Omod4; if
-type(X) = 3 then dime Vv = Omod 4.

(i) LetstA) = 1 and » # 2mod4. Statements (++), 5.1, 5.2, 5.3, 5.5 and 5.7
provide orthogonal imvolutions 1, w such that m = nw and B(n) is a hyperbolic space.
Since s(K) = 1 st tollom~ that B(n) = K*? and 7 is a product of two involutions in
Q(V).

(i) Letn = Omad 4 and dV' = —K*2. From case (i) we may assume that s(K) =
2. As|K*/K**. =2anddV = -K*>we have p,0 € Q(V)or —p, —0 € Q(V).

(iii) Now letn € {8.9} Let U := F®°(xn?) and W := B®(x?). Then U, W are
nm-modules and V = U W. An orthogonal decomposition of U into orthogonally
indecomposable r-modules contains only modules of type 1,2~ or 2*; and W contains
only those of the remaining types 2* and 3 (where (++) imposes additional restrictions).
Therefore, dim(W) € {0. 4, 8}.

If dim(W) = 8 then Lemma 5.3 (for type 2* and m even) or Lemma 5.7(i) supply
involutions p,, 0, € O*(W) such that 7y, = p,0, and ©(p,) = K**. Clearly, this
yields the assertion.

Now let dim(W) = 4. Then Lemmas 5.3 or 5.7 (i) supply involutions p,, o, €
O*(W) such that my = p,0, and ©(p,) = —K*?. Consider the possible orthogonal
decompositions of U (taking into account (++)). Using 5.1, 5.2 and 5.5 we obtain
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that 7, = p,0, for involutions p;, 0, € O*(U) such that ©(p,) = —K*2. As
7 = (01D py)(01Do3) and pi D p; € (V) the claim is proved.

Finally, let dim(W) = 0; hence V = U.

We study the possible orthogonal decompositions of V into orthogonally inde-
composable m-modules. The claim follows immediately from 5.1, 5.2 and 5.5 with
one exception that deserves special analysis, namely the following one: n = 9 and
V = XQYQDZ where X, Y, Z are 3-dimensional and of swtype 2* or 2~. We may
assume that 7-type(X) = 2+ = w-type(Y) and 7-type(Z) = 2~. We claim that
XQY = X’QY’ where n-type(X’) = 2% = n-type(Y’) and dY’ = —dZ.

PROOF OF THIS CLAIM. Let A := (XQY)(w + 1). Then dim(A) = 4 and A
contains a 2-dimensional regular subspace. As u(K) < 2 we find @ € A such that
q(a) e dZ. Letv € XY besuchthatv(r +1) = a. Then (v, a, a(w + 1)} is a basis
for the -cyclic subspace (v), and the assigned Gram-matrix is (cf. Lemma 2.10)

q(v) f(w,a) f(,a(r +1))
f(v,a) q(a) 0
f,a(@+ 1 0 0

Therefore, d{v), = —dZ. Take ¥’ := {v), and X’ := (XQY) N X"*. Then X', Y’
fulfil the requested properties.

Now my = 0,0, for involutions o,,0, € SO(V) with ®(0,) = —K*? by 5.1
and 5.2. Also 5.1 and 5.2 yield that my. = p,p, for involutions p,, p, € O~ (Y")
with ©(p,) = —dY’ = dZ, and 7; = w,w, for involutions w,, w, € O'(Z) with
O(w,) = —dZ. The identity 7 = (61D 02D @) (62D p.D ) proves the assertion.

If none of the cases (i), (ii) or (iii) is present then (V) is not 2-reflectional; cf.
Lemma 8.3. If n > 6 then Theorem 7.5 yields 3-reflectionality of Q(V). If n < 5
then Corollary 7.2 and Lemma 8.4 yield 3-reflectionality of (V') provided K #GF5.
The case K =GFS5 is covered by (i) as s(GF5) = 1.

THEOREM 8.6. Let K be finite and n > 3. If |K| = 3 suppose additionally that
n > 6 ordV = —K*2. Then ker(®) is 3-reflectional. Furthermore, ker(®) is
2-reflectional if and only if
(i) s(K)=1,or
(i) dV =~K"? or
(iit) n € {8,9}.

The proof is an analogue of the previous one.
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LEMMA 8.7. Let K be a euclidean field, n > 4 and ind(V) # 2. Let v = po where
p, o are orthogonal involutions and dim(B(p)) < 2. Then m = wé for involutions
we Q(V)and s € O(V).

PROOF. Choose a regular subspace U of V such that 7|, is an involution and
dim(U) is maximal. Then U < F(rr?), hence B(r?) < U*.

We claim that my: = p'c’ for involutions p’, 6’ € O(U*) such that one of the
following additional statements holds true:

(i) p' e QUY),
(i) p' € O"(Ut)and g(y) € ©(p') forsome y € U,
(iii) o € O*(Ut)and ©(p’) = —K*? and U is isotropic.

Before we will prove this claim, let us show that the assertion is indeed a conse-
quence.

If (i) is true let w 1= ' 1y and § := '@ mry. Now suppose that (ii) is given. As
K is a euclidean field we can assume that y € B(ny) UF(rry). Let w := p'Do, and
8 := o'Qo,my where o, denotes the symmetry whose negative space is (y).

Finally, suppose that (iii) is valid. As U = B(may)DF(mry) and U is isotropic
and K is a euclidean field one has a hyperbolic plane H in U such that H =
(HNB(my))D(H NF(my)). Let « denote the involution in O(U) with negative space
H,w:= oD« and é := o’D«kmy. In each of the three cases we defined involutions
w, 8 € Q(V) satisfying w = w8.

Now let us prove the above claim. If 7 is an involution then (i) is validas U = V.
So we can assume that 7 is not an involution, hence dim(U+) > 2.

Case I: 7 = o where o is a symmetry and 8 is an orthogonal involution. Then 2 is
a product of two symmetries; hence dim(B(7r2)) < 2 and B(:r?) is not totally isotropic.
This yields that dim(U) > n — 3 and dim(U+) < 3. Due to Corollary 5.10 we have
mys = p'o’ where p’ € O~(U?) and 6’ € O(U*) are involutions. If some y € U
satisfies g(y) € ©(p’) we arrive at (i1): Otherwise U is anisotropic. We may assume
that ©(p’) = K*? and sgn(U) = (0, dim(U)). If U is a hyperbolic plane, 4.9, 5.8
and 5.9 provide p”, ¢” € O~(U%) such that . = p"c” and O(p”) = —K*?; so (ii)
is valid. If U+ is a 2-dimensional anisotropic space it follows that sgn(U+) = (2, 0)
[since ©(p) = K*?]. If dim(U+) = 3 then U+ is an orthogonally indecomposable
n?-module, and (?)- type(U+) = 2~ [as dim(B(r}.) < 2J; in particular, U+ is
isotropic. Since d(U*) = —K*? [as d(U*) = —n2,. = (—p')p” and O(p') = K*
by 5.1], it follows that sgn(U+) = (2, 1). Thus we obtained in both of the previous
cases that ind(V) = 2, contrary to our assumptions.

Case 2: Case 1 does not apply. Then dim(B(p)) = 2 and dim(U*) > 4 [indeed: If
dim(U*) < 3 then my: is a product of a symmetry and an involution in O(U*) by
Corollary 5.10, hence 7 is a product of a symmetry and an orthogonal involution and
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we arrive atcase 1]. As? = pp°® we have dim(B(7r?)) < 4 and dim(rad(B(r?))) < 2.
Hence 4 < dim(U+) < 6. Due to Proposition 4.6 we can assume that B(p) < U+. If
p € (V) then (i) holds true; if U is isotropic and p ¢ 2(V) then (iii) applies (with
p = plyrand o’ 1= o|y:).

So we assume U is anisotropic and p ¢ 2(V); hence B(p) is a hyperbolic plane.

Suppose that sgn(U) = (0, dim(U)). If dim(U*) = 6 then dim(B(rr?)) = 4 and
dim(rad(B(r?))) = 2. Hence U* is the orthogonal sum of two 3-dimensional 72-
modules of type 2~. This implies that U* = XY where X and Y are 3-dimensional
7-modules and 7-type(X) = 2~ or 2%; the same holds true for Y. Therefore, 5.1
and 5.2 yield that 7. = p'c’ where p’, 0’ € O(U*) are involutions and B(p') is a
4-dimensional hyperbolic space. Thus (i) is fulfilled.

Now suppose that dim(U~+) = 5. Then U+ is an indecomposable 7?-module of
tvpe 13-type(U+) =27, or U+ = XQOY where n2-type(X) = 2~ and dim(X) = 3.

We discuss the first possibility. This yields that sgn(U+) = (3,2) and n # 5 [as
ind( V') # 2]. Inparticular, dU* = K*2. Thus 5.1 and 5.2 yield that r;,. = p’c’ where
g .0 € OU+) are involutions and dim(B(p")) = 3 and ©(p’) = — K*2. Furthermore
fas U % 0 and sgn(U) = (0, dim(U))] we have some y € U such that g(y) = —1.
Hence we have arrived at (ii).

Now we study the second possibility. If Y is a hyperbolic space then Lemmas 5.8
and 4.9 vield that 7y = p'c’ where p’, 0’ € O(U+) are involutions and o’ € Q(U*);
hence (i) applies. So assume that Y is anisotropic.

Using sgn(U) = (0, dim(U)) and ind(V) # 2 we see that three cases may occur:

car sgn(Y) = (0, 2) and sgn(X) = (1, 2), 0or
tbr sgn(Y) =(2,0) and sgn(X) = (2, 1), 0or
i osgn(Y) = (2,0) and sgn(X) = (1,2) and n # 5.

Clearly my is a product of two positive symmetries in case (b) and (¢) and two
negative symmetries in case (a). Thus in case (a) and (b) 5.1 and 5.2 yield that
1, = p'o’ where p’, 0’ € O(U?) are involutions and o' € Q(V), hence (i) holds
true. Let us consider (¢). Then we obtain from 5.1 and 5.2 that 7. = p'c’ where
p.o’ € O(U*) are involutions such that dim(B(p’)) = 3 and ®(p’) = —K*?; hence
(i1) is fulfilled.

Finally, suppose thatdim(U+*) < 4. Thendim(U*) = 4 (by assumptions in case 2).
As B(p) is a hyperbolic plane it follows that ind(U+) > 1; furthermore, ind(U+) # 2
[or else ind(V) = 2]. Hence ind(U+) = 1 and therefore dU* = —K*?. We conclude
that —p|y: € QU and ry: = (—ply:)(—0y1); so (i) is valid.

THEOREM 8.8. Let K be a euclidean field, n > 3 and ind(V) # 2. Then Q(V) and
also ker(®) are 3-reflectional.
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PROOF. First consider Q(V). If n = 3 and ind(V) = 1 then Corollary 7.2 yields
the assertion. If n = 3 and V is anisotropic then each element of €2 (V) is a product
of two involutions in O* (V) = Q(V); cf. Corollary 5.10.

Now let n > 4 and m € (V). We have involutions p,o € O(V) such that
m = po. Take an orthogonal involution w such that B(w) < B(p), wp € Q(V)
and dim(B(w)) is as small as possible. Clearly, dim(B(w)) < 2 as KX is a euclidean
field. Let n := (wp)m = wo. From Lemma 8.7 we obtain that 7 is a product of two
involutions in £ (V); hence 7 is a product of three involutions in Q (V).

Now we tumn to ker(®). Let # € ker(®). First, assume that n = 3. By our result
on (V) we may assume that 7 & Q(V). If dV = K*? (hence —1, € ker(©®)) then
—n € (V) and again the result on Q(V) proves the claim. SoletdV = —K*2. We
have involutions p, 0 € O(V) such that 7 = po = (—p)(—0) and p, o € ker(®) or
—p, —0 € ker(©).

Now let n > 4. Take involutions p, 0 € O(V) such that 7 = po. If p € ker(®)
we have finished. So let ©(p) = —K*2. Then one has a symmetry o' € O(V)
such that B(p’) < B(p) and ©(p’) = —K*2. Hence pp’ € ker(®) is an involution.
Furthermore, p'c is a product of two involutions in ker(®); cf. Lemma 8.7. We have
proved that m = (pp’)p’c is a product of three involutions in ker(®).

9. Commutators in orthogonal groups

Let G be a group. A commutator (in elements of G) is an element of the form
afo”' B~' where @, B € G. The subgroup generated by the set of all commutators
is the commutator subgroup G’ of G. Each m € G’ is a product of commutators.
Let clg(r) denote the minimal number of factors in such a product, and cl(G) =
max{clg(w) | # € G’} € NU {oo}. O. Ore conjectured: every element of a finite
simple nonabelian group is a commutator. This was proved for PSL(V) by Thompson
and for projective symplectic groups PSP(V) by Nielsen (cf. [13]). We want to study
the problem when G = (V) is the commutator subgroup of an orthogonal group.
If the field is algebraically closed it is known that cI(2(V)) = 1; cf. [15]. Our
approach essentially treats fields with u-invariant u(K') < 2 and the reals R. We write
cl(m) = clgw, (7).

If n < 4 then the isomorphisms of Lemma 4.2 and R. C. Thompson’s result solve
our problem:

LEMMA9.l. Let [n = 3 and |K| # 3]l orn = 4. Let ind(V) = 1. Then
c(Q(V)) = 1.

If[|K| =3 and n = 3} or [n = 4 and ind(V) = 2] then the commutator subgroup
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of Q(V) is a proper subgroup of Q(V); cf. [17].

LEMMA 9.2. Letu(K) <20or K =R, andn > 3. If U, W are isometric regular
subspaces of V then Ua = W for some o € Q(V).

PROOF. Witt’s theorem supplies 8 € O(V) suchthat U = W.

Case1: B € O~ (V). If u(K) < 2 then (as dim(U) > 2 or dim(U*') > 2) some
v e UUU fulfils g(v) € ©(B). If K = Rthensome v € V satisfies g(v) € ©(B) (or
else each symmetry has spinorial norm # ©®(8), and 8 is a product of an odd number
of such symmetries; this is impossible). As V = UQU~ we may again assume that
v e UUUL. Now a := 0,8 (where o, denotes the symmetry with negative space
(v)) satisfies the requirements.

Case 2: B € O*(V). Wecanassume that 8 ¢ Q(V)and dim(U) > dim(U+) (orelse
exchange U and U+). Then dim(U) > 2. First, suppose that u(K) < 2. f U+ # 0
select an anisotropic v € U+; otherwise an anisotropic v € U. Take y € vt NU such
that g(y) € q(v)®(B) and let « € O(V) denote the involution whose negative space
is (v, y). Now consider the case K = R. Then ind(V) # 0as B8 & Q(V) and B is
a product of an even number of symmetries. Hence one can find a hyperbolic plane
H suchthat H = (HNU) ® (H NU*). Let « be the orthogonal involution whose
negative space is H. In both cases o := «f satisfies the requirements.

COROLLARY 9.3. Let n > 3 and let p,o € Q(V) be involutions such that
dim(B(p)) = dim(B(o)).

(@) Ifu(K) <2thencl(po) = 1.
(b) If K = R and sgn(B(p))) = sgn(B(0))) then cl(po) = 1.

PROOF. 2.3 yields that B(p) is isometric to B(o). Hence B(p*) = B(p)a = B(o)
for some o € Q(V) by Lemma 9.2 and we get p* = 0. So po = pa~'p~'aisa
commutator in elements of Q(V).

LEMMA 9.4. Let K be a euclidean field and m € Q2(V) be such that V does not
contain an orthogonally indecomposable w-module of type 2*. Then 1 = po and
B(p) is isometric to B(c) for some orthogonal involutions p, o.

PROOF. We will prove the assertion under each of the following additional assump-
tions and explain later why the assertion follows. )

(i) V is an orthogonally indecomposable 7 -module.
(i1) V = UQDW where n-type(U) = 3 = n-type(W).
(iii)) V = U@ W where n-type(U) = 2t = n-type(W).
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Gv) V=UQWQZ where n-type(U) = 2* = n-type(W) and 7 - type(Z) = 3.
As K is a euclidean field recall that

(1) Two regular subspaces of V are isometric if and only if they have the same
signature.

An immediate consequence is

(2) If A, B < V are regular subspaces and m := dim(A) = dim(B) is odd and
ind(A) = (m — 1)/2 = ind(B) and dA = dB then A is isometric to B.

(3) Let # = po € ker(®) where p, o are orthogonal involutions with m :=
dim(B(p)) = dim(B(0)). If m is even and ind(B(p)) = m/2 = ind(B(0)), orif m is
odd and ind(B(p)) = (m — 1)/2 = ind(B(c)) then B(p) is isometric to B(o).

Clearly, this follows from (2) since dB(p) = O(p) = @(o) = dB(0).

Now we will prove the assertion in the special cases (i) to (iv).

(i) If m-type(V) = 2% then # € O~ (V); hence this case does not occur. Fur-
thermore, 2* is excluded. If m-type(V) = 2~ the assertion follows from (3) and
Lemma 5.1. If m-type(V) = 1 see Lemma 5.5 and (3). If w-type(V) = 3 then the
assertion follows from Lemma 5.7 and (3).

(ii) We may assume that ©(ry) = —K*? = O (mrw) (or else the assertion follows
from case (i)). Then Lemma 5.7 supplies p,, 07y € O(U) and p,, 0o € O(W) such
that 7y = pjo1, sgn(B(py)) = (r,5), sgn(B(a)) = (r — 1,5) and 7y = p,0o,
sgn(B(p))) = (', s'), sgn(B(0,)) = (r' + 1, s’) for numbers r, s, r’, s’ € Ny. Hence
the identity m = (0, D p2) (61D 03) and (1) prove the assertion.

(iiil) We have (—m)-type(U) = 2, hence dU - O(my) = O(—my) = K*%. So
©(my) = dU and analogously © (ny) = dW. As O(r) = K*? we conclude that
dU = dW = K*? or dU = dW = —K*2. We discuss the first case (the second one
is similar). So let ©(ry) = O(ry) = K*2. Using Lemma 5.1 and Corollary 5.10
we get orthogonal involutions p;, o; such that 7y, = pyoq, sgn(B(p))) = (r,s),
sgn(B(o1)) = (r — 1,5), and 7y = p,0y, sgn(B(p2)) = (', 5), sgn(B(or)) =
(r'+1,5") wherer,s,r’,s’ € Ng. Hence m = (0D p;)(06:Do3) and B(o, D p,) is
isometric to B(o,D ;). )

(iv) One has n; € O*(Z). If ©(rz) = K** then n; € Q(Z) and mygw €
QU@ W); hence (i) and (iii) yield the assertion. So let ©(r;) = —K*2. We may
assume that ©(ry) = K*? and ®(ry) = —K*2. Using 5.1, 5.10 and 5.7 we obtain
orthogonal involutions p;, o; such that:

7y = P01, sgn(B(pn)) = (1, 5). sgn(B(01)) = (r + 1,5);
Tw = P02, sgn(B(p2)) = (r', 8'), sgn(B(az)) = (r, s’ — 1); and
Tz = p303, sgn(B(p)) = (", "), sgn(B(oy)) = (r" — 1, 5" + 1)

where r,s,r',s',r",s” € N, are suitable numbers. Hence 7 = (01D 02D p03)

(01D 02D o3) and B(p) D p2D p3) is isometric to B(o; D oD o).
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Why does the general assertion follow from the four special cases that have been
dealt with ?

Suppose that the assertion is wrong. Then some 7 € $2(V) does nor satisfy the
claim, and we can take an example where dim(V) is minimal. Clearly, V does not
admit a proper decomposition V = AD B into w-modules such that 7, € Q(A). In
particular, V is not an orthogonally indecomposable -module (special case (i)), and
a decomposition of V into orthogonally indecomposable 7 -modules does not contain
modules of type 1 or 2~ or (by assumption) 2*. Hence only modules of type 2+ and 3
can occur, and modules of 7- type 3 have spinorial norm —K*2. Pairs of modules of
- type 2% with the same spinorial norm cannot occur (due to case (iii)), and the same
statement holds true for type 3 (due to case (ii)). Hence at most one module of type 3
occurs (only type 3 modules with negative spinorial norm are admitted), at most one
type 27 module with negative spinorial norm, and at most one type 2* module with
positive spinorial norm. So we arrive at case (iv).

The proof is finished.

COROLLARY 9.5. Let K = Rand m € Q2(V). Then m = po for involutions
0,0 € O(V) where B(p) and B(c) are isometric.

PROOF. This follows immediately from the preceding lemma and Remark 5.4.

THEOREM 9.6. Leru(K) < 20r K = R. Thencl(O(V)) = 1, that is, every element
of Q(V) is a commutator in elements of O(V).

PROOF. Let m € Q(V). First let u(K) < 2. From Corollary 5.10 we obtain
involutions p, o € O(V) such that 7 = po and dim(B(p)) = dim(B(c)). Then
dB(p) = dB(0) as ©(r) = K*2. Now Lemmas 2.3 and 9.2 yield some o € Q(V)
such that B(p*) = B(p)a = B(0) and we get p* = 0. So po = pa~'p~'aisa
commutator in elements of O(V).

If K = R, the assertion follows from Corollary 9.5 and Lemma 9.2.

LEMMA9.7. Letn > 3 and n € Q(V). Let p,o € O(V) be involutions with
7t = po and suppose that (a) or (b) hold true:

(@) w(K) < 2 and [p,c are symmetries and n > 5] or [dim(B(p)) = 2 =
dim(B(c)) and n > 8].

() K = R, ind(V) # 2, dimB(p)) = dimB(s)) < 2 and sgn(B(p)) =
sgn(B(o0)).

Then cl() = 1, that is, 7 is a commutator in elements of Q (V).
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PROOF. We may assume that 7 # 1. Choose a regular subspace U < F(x) of
maximal dimension and let W := U~. Then B(;r) = F(;r)* < W. First suppose that
(a) holds true.

Case 1: p and o are symmetries and n > 5. Then dim(B(r)) < 2 and B(rr) =
B(p) ® B(oc) < W is not totally isotropic. Son > dim({U) > n -3 > 2. As
u(K) < 2 we find a symmetry w such that B(w) < U and O(w) = O(p) = ©(0).
Hence p' := pw and ¢’ := ow € Q(V) are 2-dimensional involutions such that
7 = p'o’. The assertion follows from Corollary 9.3.

Case 2: dim(B(p)) = dim(B(o)) = 2. We may assume that 7 is not a product of
two symmetries (case 1) and that B(p), B(o) < W; cf. Proposition 4.6. Furthermore,
dim(B(r)) < 4 and dim(rad(B(sr))) < 2 (consider, for example, orthogonally inde-
composable ;r-modules). Hence dim(U) > n — 6 > 2. If dim(U) > 3 then we find
a 2-dimensional subspace T < U such that dT = ©(p). Let « denote the orthogonal
involution with negative space 7. Then m = (p«)(o«) is the product of two invo-
lutions in (V) with 4-dimensional path and Corollary 9.3 yields the assertion. Let
dim(U) = 2. Then dim(B(rr)) = 4 and dim(rad(B(sr))) = 2. Hence W = XY
where - type(X) = 2~ = n-type(Y) and dim(X) = 3 = dim(Y). Now 5.1 and 5.2
supply # = nw where n and w are orthogonal involutions such that B(n) and B(w)
are 4-dimensional hyperbolic spaces. So 9.3 yields the assertion.

Now we prove part (b).

Case 1: dim(B(p)) = 1. As B(r) = B(p) ® B(c) < W is not totally isotropic we
find a 3-dimensional regular subspace X such that B(w) < X. If ind(X) = 1 then
Lemma 9.1 yields the assertion. Otherwise X is anisotropic, and X = B(w)QDY where
Y := X NF(r). Let « be the symmetry with negative space Y. Then r = (p«)(ok)
is a product of two involutions in €2(V) whose paths are isometric. The assertion
follows from Corollary 9.3.

Case 2: dim(B(p)) = 2. We may assume that 7 is not a product of two symmetries.
So dim(W) > 4. Due to 4.6 we may assume that B(p), B(c) < W. We have
dim(B(r)) < 4, dim(rad(B(w))) <2and4 < W < 6.

If p € (V) then the assertion follows immediately from 9.3: Otherwise B(p)
and B(o) are hyperbolic planes. If U is isotropic then we take a hyperbolic plane
H < U and have m = (pk)(o k), a product of two involutions in £2(V) whose paths
are isometric (4-dimensional hyperbolic spaces).

Suppose that U is anisotropic. We discuss the case sgn(U) = (0, dim(U)), using
4.6,5.1 and 5.2.

If dim(W) = 6 then dim(B(r)) = 4 and dim(rad(B(;r))) = 2. This implies
that W = XQ)Y where X, Y are both 3-dimensional orthogonally indecomposable
m-modules of type 2-. From 5.1 and 5.2 it follows that 7 = p’c’ where p’, o’ are
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orthogonal involutions whose paths are 4-dimensional hyperbolic spaces.
Now let dim(W) = 5. Then ’

(1) W is an orthogonally indecomposable 7 -module of type 2, or
(2) W =XQY where X, Y are m-modules, - type(X) = 2~ and dim(X) = 3.

Consider the first possibility. Then ind(W) = 2, and as ind(V') # 2 this yields that
sgn(W) = (3,2) and n # 5. Thus 5.1 supplies orthogonal involutions p”, o” such
that 7 = p”0” and sgn(B(p")) = (2, 1) = sgn(B(c")), and we have y € U such that
q(y) = —1. Som = p'o’ where p' := p”0, and 0’ := 0”0, proves the assertion
(o, denotes the symmetry whose negative space is (y)). Now we study the second
possibility. We may assume that Y is not a hyperbolic plane (otherwise 4.9 yields that
m-type(Y) # 2*; hence m-type(Y) = 3 and using 5.8 we can prove the claim). As
ind(V) # 2 one of the following situations occurs:

(a) sgn(Y) = (0,2) and sgn(X) = (1,2); or
(b) sgn(¥Y) = (2,0) and sgn(X) = (2, D); or
(c) sgn(Y) = (2,0)and sgn(X) = (1,2) and n # 5.

So my is in all three situations a product of two symmetries which are in cases (b)
and (c) both positive, and in case (a) both negative. Using this remark and 5.1 (applied
to mx) we obtain 7 = p'c’ for orthogonal involutions p’, o’ such that in case (a)
sgn(B(p")) = (0, 2) = sgn(B(¢”)), in case (b) sgn(B(p’) = (2, 0) = sgn(B(¢”)), and
in case (c) sgn(B(p’) = (2, 1) = sgn(B(co")). In cases (a) and (b) we have finished,
as p', 0’ € (V) and Corollary 9.3 applies. In case (c) we take a symmetry « such
that B(x) < U. Then « is negative and p” := p'«, 0" := o'« fulfil the requirements.
Again 9.3 yields the assertion.

Finally, we study the case dim(W) = 4. Then ind(W) # 2 as ind(V) # 2.
Furthermore, W is isotropic as B(p) is isotropic and B(p) € W. Hence ind(W) =1
and dW = —K*2, Therefore, —py = —1w - pw € Q(W). The same argument applies
too. Thus 7 = (—pw D 1y)(—owD1y) proves the assertion.

THEOREM 9.8. Letn > 3andletu(K) < 2o0r[K = Randind(V) # 2]. If (K| =3
suppose additionally thatn > 5 or [n = 4 and ind(V) = 1]. Then cl(2(V)) <2

PROOF. Let 7 € Q(V)\ {1}.

First suppose that u(K) < 2. If n € {3, 4} and ind(V) = 1 then 9.1 shows that
cl(QV)) = 1. If n = 4andind(V) = 2then cl(PQ(V)) = 1; this follows from 4.2 and
cl(PSL,(K) = 1;cf. [17]. Hence cl(sr) = 1 orcl(—m) = 1. One has a decomposition
V = AQB where A, B are 2-dimensional subspaces such that dA = dB = K*2.
Let p and o denote the orthogonal involutions with negative spaces A respectively B.
Then —1 = po; hence cl(—1) = 1 by 9.3. Socl(w) < 2.
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Now we assume that n > 5. Take involutions p, o € O(V) such that ¥ = po and
k := dim(B(p)) = dim(B(c)) and k is odd unless n = 0 mod 4; cf. Corollary 5.10.

Case 1: kisodd. Asu(K) < 2 we find symmetries w and ¢ such that B(w) < B(p),
B(p) < B(o) and O(w) = O(p) = O(p). Then 7 = po = wy(wp)?(po). Clearly,
(wp)* and @o are involutions in (V) and their negative spaces have the same
dimension. Hence cl((wp)?¢c) = 1 by 9.3. Furthermore, cl(wg) = 1 by 9.7 (a). So
cl(m) < 2.

Case 2: kiseven. Then n > 8 by our choice of k. As u(K) < 2 we find orthogonal
involutions w and ¢ with 2-dimensional negative spaces such that B(w) < B(p),
B(p) < B(o) and ©(w) = O(p) = ©(¢). Now apply the same arguments as in the
first case.

Second, let K = Rand ind(V) # 2. Then Corollary 9.5 supplies involutions p, o €
O(V) suchthat = po and sgn(B(p)) = sgn(B(c)). Thus we find involutions «, n €
O(V) suchthat B(x) < B(p), B(n) < B(0), sgn(B(x)) = sgn(B(n)), kp, no € Q2(V)
and dim(B(x)) = dim(B(n)) < 2. As (kp)" and no are involutions in (V) whose
paths have the same signatures their product is a commutator in elements of Q2(V);
cf. 9.3. Also xn is a commutator in elements of Q(V); cf. 9.7.

(b). Asw = kn(kp)'(no) we conclude that cl(r) < 2. The proof is finished.

Under the additional assumption that V is anisotropic the following theorem was
already proved in [19].

THEOREM 9.9. Letn > 3, K = Randm := ind(V) < 1. Then cl(2(V)) = 1, that
is, every element of 2 (V) is a commutator in elements of Q(V).

PROOF. If n = 3 and m := ind(V) = 1 then Lemma 9.1 yields the assertion. Let
n > 3+ m. We may assume that sgn(V) = (n —m, m). Letw € Q(V).
We claim:

(*) V admits an orthogonal decomposition into 7w -modules W such that each W
has one of the following four forms

(1) dim(W) = 1and my = ly.

(i) W is a hyperbolic plane and ry = () 2,) where & € R.oand A & (1, —1}.

(iii) W is anisotropic and my = (

cos(ar) sin(a)
— sin(a) cos(a))

(iv) dim(W) = 3, dW = —K*? and n-type(W) = 2~ (that is, wy is an Eichler-
transformation whose path is not totally isotropic).

Furthermore, we claim that my € Q2(W) for each summand W which does not
have form (1).
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PROOF OF (*). Consider an orthogonal decomposition of V into orthogonally in-
decomposable w-modules. Let U be such a w-module. As m < 1 it follows that
m-type(U) # 1, and

(a) if w-type(U) = 3 thendim(U) = 2,

(b) if w-type(U) = 2% or 2~ then dim(U) < 3,

(c) if m-type(U) = 2* then mip(ry) = p' where p € R[x] is irreducible of degree
2;asm < 1 it follows that t = 1, hence dim(U) = 2 (cf. Lemma 2.10).

Sodim(U) < 3ineach case, and if U is anisotropic then dim(U) < 2. Furthermore,
O(my) = K** for each U (if ©(;ry) = —K*? then my # 1, and U contains a vector
u such that f(u,u) < 0. As sgn(V) = (n — 1, 1) this implies that @ (nz) = K*
for each w-module Z # U of the decomposition. Hence we get the contradiction
O(n) = —K*?). In particular, a 3-dimensional U where - type(U) = 2* does not
occur; cf. 4.7 (d). Hence, if det(;) = —1, then - type(U) = 2* and dim(U) = 1,
that is, wy is a symmetry. We can put these 1-dimensional w-modules together to
pairs W as in (iii) (with cos(a) = —1). The previous statements prove (*) and the
‘furthermore’ statement too.

Take an orthogonal decomposition into 7 -modules W of forms (i) to (iv).
Obviously we may assume: At most one module of the form (i) occurs. For each
w-module W of the form (i), (iii) or (iv) we claim

(a) mw = po for symmetries p, 0 € O(W) such that @(p) = K*? = ©(0), and
(b) mw = ¥?and Yy* = ¢! for a symmetry w € O(W) and some ¢ € Q(W).

PROOF OF (a). In case (ii) this follows from Lemma 5.7; in case (iii) it follows from
Scherk’s theorem (Proposition 4.12) and from sgn(W) = (2, 0); in case (iv) apply 5.1
and 5.2.

PROOF OF (b). We will find ¥ € (V) such that > = my and ¥ is also of type
(i1), (iii) or (iv). Then we write ¢ in the form given by (a) (with my replaced by ¥/)
and thus obtain w as in (b).

In case (i1) take ¢ = (g 2_,) where u is the square root of A.
In case (iii) take ¢ = (f";‘n‘fg) 22'5(&))) where B := /2. In case (iv) one has

an Eichler-transformation ¢ such that > = ¢y (K = R is not needed); cf. for
example [3, p. 214].

We have proved (a) and (b).

(**) The assertion that w is a commutator in elements of 2 (V) holds true whenever
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V=ADQBorV = AQBQOC, where A, B, C are m-modules W of the form (i) to
(iv) and at most one of them has form (i).

PROOE. In the first case we put together two by two symmetries supplied by (a)
and get 1 = po where p, o € (V) are involutions such that sgn(B(p)) = (2,0) =
sgn(B(o)); hence 7 is a commutator in elements of Q(V); cf. 9.3 or 9.7.

Now consider the second case. We may assume that dim(C) = 2 and have
dim(AQ) B) > 3. The previous case yields involutions p, o € O(AQD B) such that
sgn(B(p)) = (2,0) = sgn(B(o)) and maqp = po. Furthermore, 9.2 supplies
o' € Q(AQDB) such that o = p*. Take a symmetry « such that B(x) < B(p) and
leta := ko’. Theno = p* and @ € O (AQDB) and B(x) = K*2. Now (b) yields
¥ € O(C) such that 7 = ¥? and a symmetry w € O~ (C) such that ¢ ' = ¥ and
O(w) = K*2. Thus 7 = (DY) DY) = (DY) pDv¥™")*®). Hence 7 is a

commutator in elements of Q(V).
We proved have (**).

Finally, as n > 3 and n > 4 in the isotropic case a decomposition given by (*)
contains at least 2 modules W. Hence the assertion follows from (**).
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