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1. Introduction. We consider sequences (A,) defined over the field Q of rational
numbers and satisfying a linear homogeneous recurrence relation

So(M)An+n=S1(M)Apsn_1+ ...+ S, (h)A,, h=0,1,..., (1)

with polynomial coefficients §;. We shall assume without loss of generality, as we may,
that the §; are defined over Z and the initial values Ay, A,,. .., A,_; are integer numbers.

Also, without loss of generality we may assume that §; and §, have no non-negative
integer zero. Indeed, any other case can be reduced to this one by making a shift
h+—h —1—1 where ! is an upper bound for zeros of the corresponding polynomials (and
which can be effectively estimated in terms of their heights).

There are a great many familiar sequences satisfying recurrence equations of the
present kind (see, say, [6], [11], [17]). Indeed, (A,) is always the sequence of Taylor
coefficients of a formal power series satisfying a linear differential equation with
coefficients which are rational functions; a particular case is that of a power series
representing an algebraic function (note [17, Theorem 2.1]).

Here we obtain a lower bound for the growth of such sequences. In the special case
of recurrence sequences, thus the present sequences with constant coefficients, quite sharp
results have been obtained. But even there we do not as yet have an effectively
computable exponential lower bound in every case (see [3], [7], [11], [12], [13], [14]).

The height H(a) of a rational number a =r/s, where gcd(r,s)=1, is given by
max(|r|, |s]). We write Hy(A) for the maximum max(H(Ag),. .., H{An_1)).

Let ||A] be an upper bound for the height of the initial values Ay, ..., A,_;; that is,
Al = Ha(A).

It should be well known that if Hy(A) is bounded then (A,) is a periodic sequence; it
is therefore a rather special linear recurrence sequence with constant coefficients. The first
part of the theorem below gives a quantitative form of this statement (and relies on its
qualitative form given in Lemma 1).

Then, in the second part of the theorem we show, by using a modification of the
approach of [16], that in the opposite case, that is when Hy(A)— =, it is possible to
obtain a fairly weak but effectively computable lower bound for Hy(A).

We define the length L(S) of a polynomial S(h) e Z[h] as the sum of the absolute
value of its coefficients. Set

L =max{ZL(%,), Z(8),..., LS}, d=max{deg Sy, deg Sy,...,degS,}

THEOREM. Let (A,) be a sequence of rationals.
(1) If Hy(A) is bounded, then (A,) is pure periodic with minimal period

t<exp((6n logn)'?),
Hy(A)=||A| exp(O(tlog L + dtlog 1)).

and thus
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(2) If Hy(A)— = then there exists an effective absolute constant C > 0 such that

lOgN )l/(2n+2)

Hv(4)> C(d log(L log N)

These two statements result in an effective test to check whether Hy(A) is bounded,
and therefore whether (A,) is periodic. This result is a direct generalization of Theorem 3
of [2] dealing with the corresponding question for sequences satisfying linear recurrence
relations with constant coefficients.

2. Bounded Hy(A). Here we are dealing with the first case of the theorem. Below
we refer to the generating function

fX)=2 AX"
h=0

Lemma 1. Let (A,) be a sequence of rationals, and suppose that Hy(A) is bounded.
Then (A,) is eventually periodic and thus is a sequence satisfying a linear homogeneous
recurrence relation with constant coefficients.

Proof. Since inter alia there are only finitely many denominators among the A, we
may multiply by their lowest common multiple. Thus we lose no generality in supposing
that the A, are integers. Then a theorem of Carlson and Pélya reports (see the comments
on Problem 165, Part VIII in Pélya and Szeg6 [9]; and for more general results see the
related discussion of Amice [1, Chapter S5]) that the generating function f(X) is either
rational or has the unit circle as a natural boundary.

On the other hand it is well known (see for example [5] but note that this result can
also be found in [17]), that the generating function satisfies a linear differential equation
with polynomial coefficients (Lemma 2 below gives a slightly more precise form of this
statement). Functions satisfying a linear differential equation with polynomial coefficients
do not have a natural boundary. Hence if Hy(A) is bounded then f(X) must represent a
rational function.

So the sequence (A,) satisfies a linear homogeneous recurrence relation with
constant coefficients and so, from some & on, the A, are given by a generalised power sum

Av=3 Ph)al: @)

Since the A, are integers and are bounded it follows that the roots @; must be roots of
unity and that the polynomial coefficients P,(h) must be constants. Hence the sequence
(Ay) is, as asserted, eventually periodic. O

LeMMA 2. The function f(X) satisfies a differential equation
d
2, R(XOFOX) = R-1(X),

where the R(X), i=-1,0,...,d, are polynomials with coefficients not all equal 10 zero
and of degree at most n.
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Proof. Having defined the differential operators
di

D, =——— [ = .
Tindx? l O,la ’

one sees that

Df(X)—ZA,,( )X" i i=0,1,...

h

(under the standard agreement that ( > =0 for h <i). Further, we define the coefficients
i

t;; by the representations

T(X) = Zr,,() X,  j=0,...,n,

where T,(X)=S,(X) and T(X)=-S(X), j=1,...,n—1 Therefore, from (1) we
obtain

o0

n d n d < h .
> 2 ti; X 2 Ap Xt = > > L Z Ah+j< .)XH’

j=0i=0 h=0 j=0i=0  h=0 1
o n d h
_ h
—ZXEAh+tht]( )
h=0 j=0 i=0

Multiplying the last identity by n!X" and changing the order of the summation, we get

d
2 R(XFOX) = R(X)
where
Ri(X)=§-'—!iti,an+i_j, i=0,...,d,
and r=o

dn =
R-](X) = E ""- 2 t,-_an-H-! Z Ah'
i=0 L j=0 h=0
It is evident that at least one of the polynomials above is not identical to zero. O

Proof of the theorem: Part 1. As in the proof of Lemma 1 we obtain a representation
(2) of the A, as a power sum with the Pi(h) constants and the a; roots of unity,
i =1,...,m. Thus the only poles of the generating function f(X) are the reciprocals 1/a;,
i=1,...,m, and they are roots of unity. On the other hand, it follows from Lemma 2
that all poles of f(X) are zeros of the first non-zero polynomial among R,, R4—1,. .., Ro.
Each is of degree at most n. Therefore, the degree of the field extension Q(ay,. . ., @), is
at most n. Also, it is well known that if « is a root of unity of degree N and T is the
minimal positive integer ¢ such that a’ =1 —we shall refer to T as the period of a—then
¢(T)= N, where ¢(T) is the Euler function. Thus if Tj,...,T, are the periods of
ay,...,an, respectively, then 7<LCM(T;,..., T,). The maximal possible value of this
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least common multiple is estimated in [2, Theorem 1] as exp((6n log n)'?) and the bound
for 7 follows.

Moreover, (A,) is pure periodic. Assume that this is not so, and that k is minimal so
that A, # A, _,. Then A, = A, for all integer r = 1. In particular, from (1) we obtain

Soltk +1T)Aisn = Sitk +IT)Agsnor —. .. = Sa(k +IT)A,
= So(k + D) Aksizen— Sik +IT)Aksjrinr = = Sk +IT)A =0
for all positive integers I Therefore we have the polynomial identity
It yields So(X)Apin = Si(X)Aksn—1 = = Sp(X)A =0
Snlk = DAk = Solk = D) Aisn-r = Silk = DAgsn1 = = Saa(k = DAk—cy
=So(k = D) Aysn— Siltk = T)Apin-1— ... = Spi(k = T)Apy
= S,(k — T) Ay

As the polynomial S,(#) has no integer positive zeros, we obtain A,..= A,, and this
contradiction shows that A, = A, . forall h=0,1,....
Finally, we notice that from (1) we have the representation

On

Ah = h—n ?
IT So(k)
k=0

where @, are integers satisfying the recurrence equation

n h
Qh+n = ; Si(h)Qh+n—i l—[ SO(k)a h= Oa la e

k=h—i+]1
Therefore,

n

1@t =2 (LA + DY Qpindy,  h=0,1,....

i=1 .

Together with
max{|Qo, .. . , 1Qn-1l} = max{|Agl, ..., |4} = | A|l

we obtain the estimate Q.| <2 ||A| (L(h + 1)?)*. Also, of course we have

k]:[() So(k)l sk]:IOL(k + 1) = L ((h + 1))

Therefore H,(A)< H,..(A)= ||A|| exp(O(h log L + dh log h)) for any h. On replacing h
by 7 we obtain the asserted bound for Hy(A). O

3. Unbounded Hy(A). Here we consider Part 2 of the theorem: Hy(A)— . The
proof relies on Lemmata 3-5 but first of all we recall some standard notation and several
well known facts.
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For a polynomial S(k) e Z[h], beside its length #(S), we define its height H(S)
simply as the maximum absolute value of its coefficients, and its Mahler measure as

deg S
M(S) =50 1] max{l, o,
j=1

where s, is the leading coefficient of § and the product is over all zeros of S repeated
according to their multiplicity.

Then the following inequalities can be found in [8]:

H(S)= #(S)=(deg S+ 1)H(S),  M(S)=L(S)=2B54(S).

For S(h), T(h) e Z[h], it is evident that M(ST)= M(S)H(T), whence the previous
inequalities yield

LS+ TYy=Z(S8)+ LT), LST) = 2%e5+9 T L) L(T).

LEMMA 3. For every nonnegative integer | there are polynomials

Sih) € Z[h], i=1,.

R
of degree at most ld and of length at most

L[ = nlznl(H—l)fZLnl
such that

S{)(h)Ah.H: S]J(h)Ah+,,_1 +...+ S,,J(h)Ah, h= 1, 2, e

Proof. We use induction on I For /=n —1 the assertion is trivial and for /=n we
may set S;,=S;857!,i=1,...,n Itis clear that deg S;, <nd and that

L(Sin) < 2 M(S;,) =2"L" < L,

i=1,...,n
For I > n we have

Se(h)Apw1= 2, S;(h)So(h) ' Ap = > Si(h)Se(h) ™! 2> Sig-j(M)Ansn~i
i=1 i=1 i=1

=2 Anen-i 2 S(h)Soh) 7S,y (h),
i=1 j=1
and we may set

S = Z ‘S}S{)—]Si,l—j-
j=1
But each term S;857'S;,-; in the last sum is a polynomial of degree at most /d and of
length at most
L(S;85718;,-) = 24 M(S; S5 Sii-))

= 2"’/%(Sj)Jﬂ(So)f "M(S,-‘,_ ,-) <24L"L,_ ;= 241,
Hence

LI < nzldLnLl_l < nlzdl(l+l)/2Lnl,
and we are done. O
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It will be convenient to use a compact notation whereby we write
W,=Aj... AL,
for a monomial of total degree |j| =j, +.. . ja_1 in n consecutive A’s.
LeEMMA 4. For each pair of integers | =20 and k = |j| there is a polynomial
Gilhye z[h]),  j=(jos- - sjn-1)
of degree at most kld and of length at most

AI W= nk(l+1)2dkl(l+3)/2Lknl
such that ’

S§AL= 2 G(h)%W,

ljt=k

Proof. 1t follows from Lemma 3 that we may set

n—1
Gj,[ = C(J) 11 S]r;—i.l

where
k!
C(j)=————=n*
]l! Ce ,,_1!
Therefore deg G;, < kid and
g(Gj,l) < nkzkld]u(ﬁ S{;-u) < nkzklde = nk(l+1)2dkl(l+3)/2Lknl' D
i=0

LeEMMA 5. A linear homogeneous system of M polynomial equations

M
Igopj,l(h)Ql(h) = 0’ ] = la sy M

with M + 1 unknowns Q,, polynomials P;; € Z[h),1=0,... ,Mandj=1,... , M, of degree
at most & and height at most H, has a nonzero solution in polynomials of degree at most
A = M and of height at most (M + 1)H)M*.

Proof. The data amounts to our having a linear homogeneous system of
G+A+1DM<(A+1DH(M+1)
equations with coefficients whose absolute values do not exceed H, in the
A+1)(M+1)

unknown integer coefficients of the polynomials Q, of degree at most A. By “Siegel’s
lemma” such a system has a nonzero integer solution of height not exceeding
((M +1)H)™*1 (see [4] for a survey of various sharpenings of this result). O

Proof of the theorem: Part 2. Set Hy(A) = Q and consider the polynomial

o o
W)=]] I (wa-v)

u=lv=-Q
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of degree D = (2Q +1)Q, and height H(¥) =2PQP < D®. Define the sequence (W,) by
D
W, =W(A,) fPh)= Eo B h* then, by Lemma 4 we have the representation
k=

D
SRURYWysr= 2, BKSL0UR) D Gu(h)W,
k=0

1=k

Hence we may write, for non-negative integer /,

S MYWyer= D Ph)W, h=12,..., (3)

ljiI=D

with polynomials F;; of degree at most /dD and of height at most

= max |Bk|Z(D'k)'dLD‘kn"(1+1)2dk1(1+3)/2Lknl
k=0,..,D

< H(W)nPU+Dabi+32] Dl < exn(c,dn log LD log D),
here ¢, > 0 is some absolute constant.

. D+ . .
The numberof j = (jo,. .. ,ju-1) With |ji=Dis M = ( " n>. Accordingly, we consider
the system of M equations

M
IZOP,«,/(h)Q,(h)=O, j=l...,M,
in the M + 1 unknowns Q,(h), ! =0,..., M. By (3) we have that
M
2 SPR)QimWyry=0,  h=1,2,....
1=0

From the bounds for H,(D) and Lemma 5 we see that for some m <M and some
polynomials R, e Z[h], I=0,...,m, the sequence (W,) satisfies a linear recurrence
equation

> R(WW,, =0, h=12,. .., (4)
=0
of order m and with polynomial coefficients of height

H < exp(c,dn log LD"*' log D),

where ¢, > 0 is some absolute constant.

Clearly, W, =0 for h=0,...,N—1. On the other hand, since Hy(A)— = the
sequence has nonzero values. But any integer zero of the polynomial R,,(k) is plainly at
most H (because it divides the constant coefficient of R,). Hence, of m consecutive
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values W,, h=H+1,...,H+ m, at least one must be nonzero. Thus H + m =N. The
upper bounds for H and m now yield the result. O

4. Several remarks. As mentioned above, the theorem leads to an effective test to
check whether the sequence (A4,) is periodic. It is enough to compute Hy(A) for some N
for which the estimates of the first and the second parts of the theorem contradict one
another.

Unfortunately, such an N is astronomically large, being multi-exponential with
respect to all its parameters. Indeed, suppose we define the ‘“input-size” as [=
nlog |A]| + nd log L + 1. Then the minimal N up to which we have to compute Hy(A) is
of order

N(I) = exp exp exp(I'**¢).
For n fixed this can be reduced to N(/) = exp exp(I'*¢). A natural question is if one can
do better. In particular we would like to stress the importance of the following problem.

OpeN QuEsTION 1. Is it possible to determine whether Hy(A)— = in polynomial time
T=1°M

For linear recurrence sequences over an arbitrary field K it is natural to consider the
number Vy(A) of different values among A,,. .., Ay, instead of the height Hy(A).

It is not difficult to see that the method used here allows one to prove that the sum
and product of any two linear recurrence sequences satisfying equations of the shape (1)
over an arbitrary field K are linear recurrence sequences of the same type with explicit
bounds for the order of their corresponding equations and the degree of their coefficients.
This is an explicit version of the well known fact that the set of all linear recurrence
sequences satisfying equations of the shape (1) over an arbitrary field K form a ring
((6), [11], [17]).

For example, in [15], the aforementioned result of [2] was generalized to linear
recurrence sequences of algebraic numbers. Accordingly our results can be extended to
this case as well.

Unfortunately, over an arbitrary field we cannot readily bound the maximal zero of a
polynomial; yet that is a crucial point of the final part of our method.

On the other hand, if all the coefficients of the equation (1) over an arbitrary field K
are constant, then one can readily obtain

VN(A) > Nl/n

for the number Vy(A) of different values among A,,..., Ay. This holds provided that
N = r where 7is a period of the linear recurrence sequence, if such exists (for example in
the case of a finite field K =F,); otherwise we formally set 7 = . Indeed, if N < 7 then all
N vectors (Ay,...,Ansn-1), h=1,..., N, must be distinct, therefore V(N)" = N. There
are improvements on this idea in [16] in the case of a finite field i =F,.

In respect of the general case we ask:

OpreN QUESTION 2. Does the collection of all linear recurrence sequences, satisfying
equations with leading coefficient So(h) without an integer zero, form a ring?

Given a positive answer to this question, one can bound Vy(A) from below in any
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field, independent of any bounds for the height of the polynomials coefficients or for their
zeros. Certainly a most interesting generalization would be on sequences over p-adic
fields. The following question could be the first step in this direction.

OreN QUESTION 3. Can the approach of this paper be adjusted 1o get non-trivial lower
bounds in p-adic norms of sequences of rational numbers satisfying the equation (1)?
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