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AMALGAM AND MODULATION SPACES

ELENA CORDERO™ and FABIO NICOLA

(Received 4 September 2008)

Abstract

We prove sharp estimates for the dilation operator f(x) —— f(Ax), when acting on Wiener amalgam
spaces W(L?, L?). Scaling arguments are also used to prove the sharpness of the known convolution
and pointwise relations for modulation spaces M7 9, as well as the optimality of an estimate for the
Schrodinger propagator on modulation spaces.
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1. Introduction

Modulation and Wiener amalgam spaces have been introduced and used to measure
the time-frequency concentration of functions and tempered distributions in the
framework of time-frequency analysis [9-15, 20]. Recently, these spaces have
been employed to study boundedness properties of pseudodifferential operators
(see, for example, [4, 18, 19]), Fourier integral operators (in particular, Fourier
multipliers) [1, 7, 8] and well-posedness of solutions to partial differential equations
(see, for example [2, 3, 5, 6, 21-23] and references therein).

In this paper we present new dilation properties for Wiener amalgam spaces and
their optimality. Moreover, we prove the sharpness of the known convolution and
pointwise estimates for modulation spaces.

To recall the definition of these spaces, we first introduce the translation
and modulation operators, defined by T, f(¢) = f(t — x) and Mg f(¢) = 2T £ (1),
t,x, £ eRY.

Wiener amalgam spaces [10, 12, 15]. Let g € C(‘)’O(Rd) be a test function. We
will refer to g as a window function. Let B be either the Banach space L? (RY)
or FLP(R?), 1 < p < oo. For any given function f which is locally in B (that is,
gf € B, forall g e Cgo(]Rd)), we set fp(x) = || fTxgll B The Wiener amalgam space
W (B, L9)(R%) with local component B and global component L4 (RY), 1 < g < o0,
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is defined as the space of all functions f locally in B such that fp € L7 (R?). Endowed
with the norm || flw(s,Le) = | fBllLe, W(B, L9)(R?) is a Banach space. Moreover,
different choices of g e Cj° (RY) generate the same space and yield equivalent
norms. In fact, the space of admissible windows for the Wiener amalgam spaces
W(B, L9)(R%) canbe enlarged to the so-called Feichtinger algebra W (F L', L(R?).
Recall that the Schwartz class S(R?) is dense in W (FL!, L) (R?).

Modulation spaces [10, 14]. For a fixed nonzero g € S (]Rd), the short-time Fourier
transform of f € S'(RY) with respect to the window g is given by Vef(x,8) =
(f, McTyg), x, & € R?. Given a nonzero window g € S(RY), 1< p, g < oo, the
modulation space M1 (R?) consists of all tempered distributions f € S’ (R%) such
that Vo f € L? 4 (R>?) (mixed-norm spaces). The norm on MP-4 is given by

q/p 1/q
| fllpgra == Vg fllLra = (/1.@ </1.gd Ve f(x, &)|F dx) dS) ,

with obvious changes if p =00 or ¢ = oo. If p = ¢, we write M? instead of M?-P.
The space M7-4(R¥) is a Banach space, whose definition is independent of the choice
of the window g. Different nonzero windows g € M yield equivalent norms on
MP-4. This property will be crucial in the sequel, because we will choose a suitable
window g in estimates of the M?9-norm. Within the class of modulation spaces,
one finds several standard function spaces, for instance M 2 L2, M = W(F L Ll)
and, using weighted versions, one also finds certain Sobolev spaces and Shubin—
Sobolev spaces [4, 14]. The relationship between modulation and Wiener amalgam
spaces is expressed by the following result: The Fourier transform establishes an
isomorphism F : MP9 — W(FLP, L?). Consequently, convolution properties of
modulation spaces can be translated into pointwise multiplication properties of Wiener
amalgam spaces.

Let us now turn to the topic of the present paper. The importance of the dilation
operator

fx)— f(Ox), A>0,

in classical analysis is well known. For example, in most estimates arising in
classical harmonic analysis (for example the Holder, Young and Hausdorff—Young
inequalities) as well as in partial differential equations (for example, Sobolev
embeddings, Strichartz estimates) scaling arguments yield the constraints that the
Lebesgue exponents must satisfy for the corresponding inequalities to hold.

When dealing with modulation or Wiener amalgam spaces, the situation becomes
more subtle. In fact, the corresponding norms are not ‘homogeneous’ with respect
to the scaling. Basically, this is due to the fact that, for example, in W (L?, L9) the
two spaces L”, L4 display different scaling if p # ¢. Obtaining sharp estimates (in
terms of X) for the dilation operator norm, when acting on such spaces, is therefore a
nontrivial problem. This study was carried out in depth in [17] (see also [5, 19]) in
the case of modulation spaces M9, The estimates obtained in [17] turned out to be
a fundamental tool for embedding problems of modulation spaces into Besov spaces
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(see also [22]), and for boundedness of pseudodifferential operators of type (p, §) on
modulation spaces [18]. Arguments of this type allowed us to prove the sharpness of
some Strichartz estimates in the Wiener amalgam spaces W(FLP?, L?) in [6]. Finally,
they were also used in [8] to prove sharp boundedness properties of Hormander’s type
Fourier integral operators on FL? and modulation spaces.

We point out that an investigation of the dilation operator on W (C, L) (C being
the space of continuous functions) had already appeared in [13].

The first result of this note (Proposition 2.2 below) provides sharp upper and lower
bounds for the operator norm of the dilation operator on the Wiener amalgam spaces
W(LP, L9).

Contrary to what one might expect, it does not happen that the exponent p alone
has its influence when A — +o0, and the exponent ¢ when A — 0.

Then, as for the classical function spaces, scaling arguments are employed to
prove the sharpness of the known convolution, inclusion and pointwise multiplication
relations for modulation spaces. This is precisely the topic studied in Section 3. In
pursuit of this goal, we do not use the bounds obtained in [17], which would give
constraints that are weaker than optimal. Instead, the sharp results come from explicit
computations involving dilation properties of Gaussian functions.

Finally, we observe that these techniques can be applied to prove the sharpness of
estimates arising in partial differential equations. As an example, in Section 4 we
prove the optimality of an estimate for the Schrodinger propagator, recently obtained
in [22] (see also [1]).

2. Dilation properties of Wiener amalgam spaces

In this section we study the dilation properties of Wiener amalgam spaces
W(LP, L?),1 < p, g < oo. First, recall the following complex interpolation result [9].

LEMMA 2.1. Let By, Bj, be local components of Wiener amalgam spaces, as in the
Introduction. Then, for 1 < gqq, g1 < oo, with go < o0 or q1 <00, and 0 <0 < 1,
we have

[W(Bo, LT), W(By, L!")]j9) = W([Bo, B1lje;, L"),

with 1/qg = (1 —0)/q0 +0/q1.
For A > 0, we set fi(x) = f(ix).

PROPOSITION 2.2. For 1 < p, q < oo,

I fullwee, pay S A74mXPYaY £l p 10y, VO <A <1, Q2.1
and _
I fillweer,pay S A~ dmn/ e Vaby g1 o 1oy, YA > 1. (2.2)
Also, ‘
I fullwe, pay = A~ 4mn P VA £l p 1ay, VO <A <1, (2.3)
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and
I fllweer,zay = A~ mxU/ e Vaby g1 o 1oy, YA > 1. (2.4)

We first prove the following weaker estimates.
LEMMA 2.3. For1 < p, g < o0,

—d(1/p+1/q)

I fllwr,Lay S A Il fllwr ey, YO<A<I, (2.5)

and
I fillweer,zay S APV fllwr 1ay, YA > 1. (2.6)

PROOF. To compute the Wiener norm, we choose the window function g = X9 114,
the characteristic function of the box [0, 1]¢. Then

I fillw e Loy < MIFGOEE =) prllLg
=2~ F (D& = 20 rll
= 2~ APHD I F @ g1y = 0Nl g 2.7)

If 0 < A < 1, the window function g fulfills g1/, (y) < g(»), and (2.5) follows.
Now let A > 1. To prove (2.6), we observe that

ap < Y gt—j).

jezdn[o,a14

Notice that the above sum contains Ny = O(A¢) terms. Using this inequality we
dominate the expression in (2.7) by

pTAPTYD N f @0 = x = Dl =2 YPHYVDO N Fllw e o),
je€zdn[o,A]4

where we have also performed a change of variable in the integral with respect to x.
This concludes the proof. o

PROOF OF PROPOSITION 2.2. We first prove (2.1) and (2.2) when p = co. We see at
once that (2.1) coincides with (2.5) when p = oco. On the other hand, (2.2) for p = 0o
follows by complex interpolation (Lemma 2.1) from (2.6) with (p, g) = (oo, 1), that
is,

||fA||W(LOC,Ll) S ||f||W(L°°,L1)

and the trivial estimate

| follwewoe, Loy < I faullpoe = Il flloe < NI f lw(roe, Looy.

Since the estimates (2.1) and (2.2) also hold for p = g (because W (L?, L?) = L? with
equivalent norms), by interpolation with the case p = oo, 1 < g < oo, we see that they
hold for any pair (p, ¢), with 1 <g < p < co.
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When 1 < p < g < oo they follow by duality arguments as follows. Suppose, for
example, that A > 1. Then relation (2.1), applied to the pair (p’, ¢’), yields

| fillweLr,Lay = sup [{(fx, &)1

gy g pary =1

= sup AL )

el o o=

—_

<2 swp A llwarcollgally g e

Il p 1a')=1

S AT dmatl/ e V4 £l o ra),

which is (2.2). The proof of (2.1) is similar in this case.

It remains to prove the estimates (2.1) and (2.2) for p=1, 1 <g <oo. They
follow from interpolation from the case (p, ¢g) = (1, 1) and the case (p, ¢) = (1, 00),
where (2.1) and (2.2) coincide with (2.5) and (2.6) respectively.

Finally, (2.3) and (2.4) follow at once from (2.2) and (2.1), respectively, applied to
the function fi,y. |

We now show that the result above is sharp.

PROPOSITION 2.4 (Sharpness of (2.1) and (2.2)).
(1)  Suppose that, for some o € R,

I fillweee,Lay SA%N fllwer,Lay, YO <A <1. (2.8)

Then
1 1
o <-—d max{—, —}. (2.9)
P 4

(i) Suppose that, for some o € R,

| fillwwr,Loy SAN fllwewr,ay, YA >1. (2.10)
Then
11
az—dmln{—, —}. (2.11)
P 4

This also shows the sharpness of the estimates (2.3) and (2.4), since they are
equivalent to (2.2) and (2.1), respectively.

PROOF. (i) First, consider the case p >¢g. We have W(L?, LY) — W(L4, L9) =
L4. Hence

AV Fllie =1 flles S AIwee,La)-

Combining this estimate with (2.8) and letting A — 0T, we obtain « < —d/q.
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Now assume that p < ¢g. It suffices to verify that, for every & > 0, there exists
f e W(LP, L) such that

I fllwerr ey = CA~4/PFE, (2.12)

We study the case of dimension d = 1. The general case follows by tensor products of
functions of one variable. To this end, we choose

(| 7/PFe for 1] <1,

f(t):{o for [t] > 1.

Observe that f € W(L?, Ll) — W(LP?, L), forevery 1 < g < o0, and
1
F) =2"YPe £(1) for 1] < - (2.13)

Now take g = xp(0,1) as window function. Of course,

1/q 1/q
||fx||W(Lﬂ,Lq)=( / Ty dy) > ( /B oy T8I dy) -

By using (2.13) and the choice g = xp(0,1), for A < 1/2 the last expression is estimated
from below by
1/q
>3 lrte ( [ 1 Tyglg, dy) :
B(0,1)
that is, (2.12).

(ii) Again, we first consider the case p > ¢g. Then W(L?, L9) — W(L?, L?) =
LP. Hence,

I fillweer.zay 2 N Fller =272 £l L.

Combining this estimate with (2.10) and letting A — +o00, we obtain ¢ > —d/q.
Now suppose that p < g. As before, it suffices to prove, in dimension d = 1, that
for every & > 0 there exists a function f € W(L?, L?) such that

”fk”W(LP,Lq) > C)\*I/Q*{

Therefore, choose
|t|7Ya=¢ for |¢] = 1,

Fn= 0 for |t] < 1.

Then f € W(L*°, LY) — W(LP, L?), forevery 1 < p < o0, and

fo)y=a"Y47¢ f(r)  for|t]| > % (2.14)
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Again choose g = xp(,1) as window function. Then

1/q
I Allwar, ey > (/ I ATyvel?, d)’) .
B(0,2)

By using (2.14) and the choice g = xp(o,1), for A > 1 the last expression is

1/q
z/\”‘”( / I fTygll?, dy) ,
B(0,2)

which concludes the proof of (ii). g

3. Convolution, inclusion and multiplication relations for modulation spaces

In this section we study the optimality of the convolution, inclusion and pointwise
multiplication relations for modulation spaces. We need some preliminary results.

. 2 . . .

If one chooses the Gaussian e "I° as window function to compute Wiener
amalgam norms, then an easy computation (see, for example, [6, Lemma 5.3]) yields
the result below.

LEMMA 3.1. Fora, b eR, a >0, set Guqip)(x) = (a + ib)_d/ze_”mz/(a“b). Then,

orevery 1 < p, q < o0,
Jf ryl<p,q

((a+ 1)2+b2)d(1/p—1/2)/2
pdI2r (ag)d/24 (a(a + 1) + b2)d(/p=1/0)/2"

G atinylwFLr,Le) = 3.1

For tempered distributions compactly supported either in time or in frequency, the
MP-9-norm is equivalent to the FL?-norm or L”-norm, respectively. This result is
well known [11, 12, 16]. For the sake of completeness we provide an outline of the
proof.

LEMMA 3.2. Let 1 < p, g < oc.

(i)  For every u € S'(R?), supported in a compact set K C R¢, u e MP-9 if and
only if u € FL4, and

Ci llullpgra < llullFre < Cillullprra, (3.2)
where Cg > 0 depends only on K.
(i) For every u € S'(R?), whose Fourier transform is supported in a compact set
K CcRY u e MP4 if and only ifu € L?, and

CEIHMHM/”CI <llullLr < Cxllullpra, (3.3)

where Cg > 0 depends only on K.
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PROOF. (i) This is detailed in [16, Lemma 1].
(ii) It is well known (see, for example, [20]) that

1/q
|wwwx(§jww—mwb),

kezd

where v is a test function satisfying > .z« V(§ — k) =1. Now, if u has compact
support, the above sum is finite and one deduces at once the first estimate in (3.3),
since the multipliers v(D — k) are (uniformly) bounded on L”. To obtain the second
estimate in (3.3), we write u = ) ; ;s V(D — k)u, then apply the triangle inequality
and the finiteness of the sum over k again. O

We now turn our attention to the sharpness of the convolution properties for
modulation spaces.

PROPOSITION 3.3. Let 1 < p, q, p1, P2, q1, g2 < 00. Then

I f*gllmra SN fllmrrvanligllagraa (3.4)

if and only if the following relations hold:

1 1 1
—+1l<—4—, (3.5)
P D1 P2
and
1 1 1
- <—4 —. (3.6)
q q1 q2

PROOF. Sufficiency. The inclusion relations (3.4) were proved in [4, 19]. There the
relations (3.5) and (3.6) were shown with equality. The inequalities follow by the
inclusion relations M P19t — MP29 for p; < pp and g1 < g5 [10, 14].

Necessity. We consider the family of Gaussians ¢ (x) := e"”"x'z, for A > 0.
Obviously, (pm € S(Rd) C MP"I(R‘J), forevery 1 < p, g < oo. Since

I flira < 1 fllwFLe.Ley and  @®) =1=4/2p1/M),

Lemma 3.1 yields

d/zllfp(l/'\)IIW(fLﬂ,M) = GoyllwFLr,La)

(A + 1H4d/p=1/2)
T Ad/2a (32 4 0/ p=1/9)d/2"

loP|larpa = A~

(3.7

A straightforward calculation shows that (™ % M) (x) = 21) "4 2p*/2 (x).
Hence, using (3.7), we obtain
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Using (3.7) again, we also obtain
loM | ppriai < A742Pi i =1,2, forr— 0OF. (3.9)

Substituting in (3.4), we obtain (3.5). The relation (3.6) can be obtained similarly.
Indeed, the estimate (3.7) gives, for A — 400,

o™ 5 P ppa < 272D 10D || yyprgy < A7dA=Va2 0= )

and, using (3.4) again, the relation (3.6) follows.

An alternative proof of the necessary conditions (3.5) and (3.6) is provided by
Lemma 3.2. Specifically, to prove (3.6), consider two compactly supported smooth
functions f, g and their scaling f, (x) = f(Ax), gx(x) = g(Ax), with A > 1. Since
A>1, fi and g, (and therefore f) * g,) are all supported in a compact subset K,
independent of . By Lemma 3.2, (i), the bilinear estimate (3.4) for f; and g, becomes

Ifo. % gallFra SN fallFrar lgall Froa-

Using fi % gx =A"9(f % g);, the dilation property for FL? spaces given by
Nh(A) || Fre = )»_d/q/||h||qu, and letting A — +o00, we obtain (3.6).

In order to prove (3.5), one argues similarly. Here the functions f, g have
Fourier transforms f, g compactly supported and the scale A satisfies 0 <A < 1. By
Lemma 3.2, (ii), the estimate (3.4) becomes

I foxgaller S fllzeiligalloe:.

Using fy % g = A~ (f * g)s, the dilation property ||A(A-)||Lr =A"4P||h|zpr, and
letting A — 0T, we prove (3.5). O

The family of Gaussians ¢* provides an alternative proof for the sharpness of the
inclusion relation for modulation spaces, already obtained by the inclusion relations
for the sequence spaces £7°4, via the norm equivalence || f || apr.a < [{f, T M, g)l¢ra,
with {7}, M, g} being a Gabor frame (see, for example, [14, Theorem 13.6.1]).

PROPOSITION 3.4. Let 1 < p1, p2, q1, g2 < 00. Then

I fllmr2az S fllppran (3.10)

if and only if
p1<p> and g <q>. (3.11)

PROOF. We show the necessity of (3.11). Let oM (x) = e‘”“x'z, A > 0. From the
proof of Proposition 3.3,

NP prria: < 2792P0 fora — 0% and [P || e < 27401472
for A — +00. (3.12)
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Hence, for (3.10) to be satisfied it must be
A~4/2p2 < 3 =4/2P1 forh — 0T and A—90-1/92)/2 < 3 —d(1-1/q1)/2
for A — +o0,
that give the relations in (3.11). O

In what follows we study the pointwise multiplication operator in modulation
spaces (which is equivalent to studing the convolution operator for the Wiener
amalgam spaces W (FLP, L?)).

PROPOSITION 3.5. Let 1 < p, q, p1, P2, q1, g2 < 00. Then

I f&llmra SN fllpapranligllpraaz (3.13)

if and only if the following relations hold:

1 1 1
—<—+—, (3.14)
V2R p2
and
1 1 1
—+1l<—4—. (3.15)
q q1 92

PROOF. The sufficiency can be found in [10] (see also [23]). For the necessity
of the conditions (3.14) and (3.15) we test the estimate (3.13) on the Gaussians
f(x)=gkx) =W (x) = e *I? We observe that eWe® = " Hence by
applying (3.12) and substituting in (3.13), relation (3.15) follows by letting A — 0,
while (3.14) follows by letting A — +-o00. O

4. An estimate for the Schrodinger propagator

Consider the Fourier multiplier e’ A with symbol e~ 127617 that is,

(€2 ug) (x) = / el =400y dy.

1
(4mit)d/?
It is shown in [22, Proposition 4.1] that, given 2<p <oo, 1/p+1/p =1,
l <g =o0, .

le" A uollmra < (1 + 1DV gy 4.1)

(Similar estimates were obtained in [1].) We now show that the condition p > 2 is
necessary in (4.1), and the decay at infinity is optimal.

PROPOSITION 4.1 (Sharpness of (4.1)). Suppose that, for some fixed tg e R, 1 < p,
q <00, C > 0, the following estimate holds:

itgA

le2uglipra < Clluollyyprqs  Vito € SRY). (4.2)
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Then p > 2.
Assume now that, for some x € R, C>0, M >0, 1<y, <00, ] <p,qg <00,

the estimate
lle" uollmra < Ct¥luollppvas,  VYuo € SRY), (4.3)

holds for every t > M. Then
1 1
o> —d(— — —). 4.4)

2 p

. . e 21412 .
PROOF. We consider the family of initial data ug(Ax) = e ML > 0. A direct
computation shows that the corresponding solutions are

u(Wt, ax) = (1 4+ 4ita®) =9/ ex _ TP (4.5)
’ Pl T+ amine2 '
—d
= A" G214 4miny (),
where we have used the notation in Lemma 3.1. It follows from (3.1) that
10 Q) ygrg = A~ N0 Iy e 1o
—d /
= 1962 lwrrr oy <27, asr— 0% (4.6)
On the other hand, by (4.5),
e @2t, 2 Hmra < IF @O, 2N llwFer, Loy
= 27@® + )Y NG arinlwFrr Loy, 4.7)
where
172 4t
a=—, b=——————
A4+ (4mrt)? A4+ (4mt)?
Hence, for fixed ¢ = 1p, (3.1) gives
lu(A2t, A )l prra < 2P asah — 0T, (4.8)
Estimates (4.6), (4.8) and (4.2) yield —d/p > —d/p’, namely p > 2.
Choosing 2 =1 in (4.7) and using (3.1), we obtain
(e, Ypra < t=4A2YP) a5 — foo.
This shows that (4.4) is necessary for (4.3) to hold. d
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