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ABSTRACT

We show that the completed Hecke algebra of p-adic modular forms is isomorphic to the
completed Hecke algebra of continuous p-adic automorphic forms for the units of the
quaternion algebra ramified at p and co. This gives an affirmative answer to a question
posed by Serre in a 1987 letter to Tate. The proof is geometric, and lifts a mod p
argument due to Serre: we evaluate modular forms by identifying a quaternionic double-
coset with a fiber of the Hodge—Tate period map, and extend functions off of the double-
coset using fake Hasse invariants. In particular, this gives a new proof, independent of
the classical Jacquet—Langlands correspondence, that Galois representations can be
attached to classical and p-adic quaternionic eigenforms.
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1. Introduction

Let p be a prime and let D/Q be the (unique up to isomorphism) quaternion algebra ramified at
p and oo. Let A denote the adeles of Q, A the finite adeles, and Agcp ) the finite prime-to-p adeles.

Let KP C DX(ASZD)) be a compact open subgroup. For R a topological ring (e.g. C, Fp, Qp, or
C,), we consider the space of continuous p-adic automorphic forms on D* with coeflicients in R
and prime-to-p level KP,

AE" .= Cont(D*(Q)\D*(A)/K?, R).

For R totally disconnected (e.g. Fp, Qp, or C,), the archimedean component can be removed,
and we have an identification

A" = Cont(D*(Q)\D* (47)/K", R).

Note that D*(Q)\D*(Af)/K? is a profinite set. Moreover, by choosing coset representatives, it
can be identified with a finite disjoint union of compact open subgroups of D*(Q,), so that it is
essentially a p-adic object.

The space Agp admits an action of the abstract double-coset Hecke algebra

Tas := ZIKP\D* (AV)/ K7),

and a commuting action of D*(Q)). In this work, we study the spectral decomposition of Ag”
under the action of Ts.

The classical Jacquet—Langlands correspondence [JL70], proved using analytic techniques,
implies that, up to twisting, the eigensystems for T,;s acting on Agp are a strict subset of
those appearing in classical complex modular forms. The eigensystem attached to a cuspidal
modular form appears on the quaternionic side if and only if the corresponding automorphic
representation of GLo is discrete series at p.

On the other hand, arguing with the geometry of mod p modular curves, Serre [Ser96] showed
that the eigensystems arising in AKP are the same as those appearing in the space of mod p

modular forms (see Theorem 1.1.1 for a slight refinement of Serre’s result). In particular, the
gaps in the Jacquet-Langlands correspondence over C disappear when working mod p.
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The main result of this work is a natural lift of Serre’s result to Q,: we use the geometry
of the perfectoid modular curve at infinite level to show that the completed Hecke algebra of
.A(g: is isomorphic to the completed Hecke algebra of p-adic modular forms (see Theorem A for
a precise statement).

Theorem A is compatible with the classical Jacquet—Langlands correspondence: the eigen-
systems appearing in classical complex quaternionic automorphic forms can be identified with
the eigensystems appearing in Ag}f such that the corresponding eigenspace contains a vector
which, up to a twist, transforms via an algebraic representation of D*(Q,) after restriction
to a sufficiently small compact open subgroup. Thus, Theorem A can be interpreted as saying
that there is a p-adic Jacquet—Langlands correspondence that fills in the gaps in the classical
Jacquet—Langlands correspondence. As our proof of the p-adic correspondence is independent
of the classical correspondence, we also obtain a new proof that Galois representations can be
attached to quaternionic automorphic forms (Corollary B).

Both Theorems 1.1.1 and A are purely spectral Jacquet—Langlands correspondences, in the
sense that they compare spectral information for a family of prime-to-p Hecke operators acting
on two different spaces but say little else relating the structure of these spaces; in particular, we
make no attempt here to describe the local D*(Q,)-representation appearing in a fixed Hecke
eigenspace. Nevertheless, some of the methods employed in the proofs of Theorems 1.1.1 and A
can be used provide significant information about these local representations, and we plan to
return to this in future work (see § 1.3 for further discussion).

1.1 Serre’s spectral mod p Jacquet—Langlands correspondence
Before discussing our results and techniques further, we take a detour to give a precise statement
of Serre’s [Ser96] mod p correspondence.

If we fix an isomorphism

P)y ~ (p)
D*(A}) = GLz(AY”),
then we obtain an action of the Hecke algebra T,ps on the space M%p of mod p modular forms
P

of prime-to-p level KP. In a 1987 letter to Tate, Serre [Ser96] proved a mod p Jacquet—Langlands

correspondence comparing the spectral decompositions of AK and MK We state below a slight
P

strengthening of his result, which follows essentially from Serre’s proof ! First, some notation.

Suppose T’ C T,ps is a commutative sub-algebra and y : T" — F, is a character. Then, if T’
acts on an Fp—vector space V, we may consider the y-eigenspace V[x]. If we write m, := ker x,
we may also consider the generalized x-eigenspace Vi, (that is, the subset of elements killed by
a power of m, ).

THEOREM 1.1.1 (Serre). Let T' C Taps be a commutative sub-algebra. Then, there is a finite
collection of characters x; : T — F, with kernels m; such that:

(i) for each i, (A%p)mi and (./\/lgp)mi are non-zero; in particular
p p
Ag: [xi] #0 and M%pp[xz*] #0;
(ii) there are direct sum decompositions

.A%: = @ (Aﬁp)mm and M%pp = EB (./\/le)mXi.

‘ P
3 7

! Actually, when p = 2 or 3, this method of proof leads to a small restriction on K?, but this will be removed by
instead deducing the mod p result directly from our p-adic result.
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In other words, the Hecke eigensystems appearing in mod p quaternionic automorphic forms
are precisely those appearing in mod p modular forms. This stands in contrast to the classical
Jacquet—Langlands correspondence, where the eigensystems appearing in quaternionic forms are
a strict subset of those appearing in modular forms. The following example gives a concrete
illustration.

Ezample 1.1.2. The discriminant form, represented by the Ramanujan series

9)=q[[a-g*" =7,
n>1
is a weight 12 level-one cuspidal eigenform whose corresponding automorphic representation is
principal series at every prime p. Thus, the classical Jacquet—Langlands correspondence says that
its Hecke eigensystem, encoded by the coefficients 7(¢) for ¢ prime, does not appear in the space
of classical automorphic forms on D* for any prime p (recall p appears in the definition of D*).
By contrast, Theorem 1.1.1 shows that the coefficients 7(¢) mod p for ¢ # p are remembered
by a mod p quaternionic automorphic form on D*. A similar phenomenon occurs in our p-adic
correspondence, which remembers the numbers 7(¢) on the nose.

1.2 A spectral p-adic Jacquet—Langlands correspondence

1.2.1 Serre’s question. Serre ended his letter to Tate with a list of questions inspired by the
mod p Jacquet-Langlands correspondence. One of these suggests an analogous study relating
A%: to p-adic modular forms.

Analogues p-adiques. Au lieu de regarder les fonctions localement constantes sur Dy / Dé a

valeurs dans C, il serait plus amusant de regarder celles a valeurs dans @p. Si 'on décompose
A en Q, x A/, on leur imposerait d’étre localement constantes par rapport & la variable dans
Dy et d’étre continues (ou analytiques, ou davantage) par rapport a la variable dans D,,...Y
aurait-il des représentations galoisiennes p-adiques associées a de telles fonctions, supposées
fonctions propres des opérateurs de Hecke? Peut-on interpréter les constructions de Hida (et
Mazur) dans un tel style? Je n’en ai aucune idée. (Serre [Ser96, paragraph (26)].)

Our main result, Theorem A, shows that the answers to Serre’s questions are, largely, yes. In
particular, Theorem A implies that Galois representations can be attached to p-adic quaternionic
eigenforms (Corollary B).

1.2.2 A homeomorphism of completed Hecke algebras. The space A(g: of p-adic quaternionic
automorphic forms is a Qp-Banach space with respect to the sup norm and the action of T,
is by bounded linear operators. For any subalgebra T’ C T,p,s we thus obtain a completed Hecke
algebra T’ ggp by taking the closure of the image of T’ in the algebra of bounded linear operators

D
on .,46: (equipped with the topology of pointwise convergence; see §2.4 for details). It is a
topological Z,-algebra.

As in the mod p case, we would like to compare the Hecke action on .AK to a Hecke action
on a space of modular forms; in this case, we do so by comparing completed Hecke algebras.
To that end: Serre [Ser73] constructed natural spaces of p-adic modular forms by completing
spaces of classical modular forms for the p-adic topology on g-expansions (these spaces were
then interpreted geometrically by Katz [Kat75a, Kat75b]). In particular, one obtains a natural
Qp-Banach space ME? - of p-adic modular forms of prime-to-p level KP equipped with an action

of Taps by bounded linear operators and, thus, a completed Hecke algebra T’} vir - Our main
p- adlc

- adlc

result is as follows.
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THEOREM A. For any sub-algebra T’ C Tays, the identity map T’ — T’ extends to a canonical
isomorphism of topological Z,-algebras
Y7 Y7\
Tagr =T,
Theorem A implies Theorem 1.1.1 (as essentially explained in §4.5; the point is that the
maximal ideals in Theorem 1.1.1 correspond to the open maximal ideals in the corresponding
completed Hecke algebras), and gives a natural lift to characteristic zero suitable, e.g., for the
construction of Galois representations. Our proof lifts Serre’s approach via the mod p geometry
of modular curves to characteristic zero by using the p-adic geometry of infinite level modular
curves.

Remark 1.2.3. The completed Hecke algebras do not change if we replace Q, with a finite exten-

sion, or even C, (and, indeed, this invariance under base change plays an important role in our

proof). Thus, although Serre in his letter quoted above suggests the study of AX” | it is natural
52

in our setup to work over Q. In particular, an eigenform in .Agp will still give rise to a @p—valued
52

character of T’ Q\ K.
P

1.2.4 Completed cohomology. By a result of Emerton [Emell] (building on work by Hida),
T/ j\le” is equal to the completed Hecke algebra of T’ acting on the completed cohomology

p-adic
of modular curves. On the other hand, Ag: is the completed cohomology at level K? for D*.
Hence, we also obtain a homeomorphism between the completed Hecke algebras for the completed
cohomology of GLy and D*. In fact, our proof passes first through this equivalence then uses
the result of Emerton, which we establish more carefully along with some other identifications
in §5.7.

1.2.5 Galois representations. Let Tiame C Taps be the tame Hecke algebra of level KP, i.e.
the commutative sub-algebra generated by the Hecke operators at ¢ for primes ¢ # p at which
KP factors as KP'K, for KP* ¢ D> (A}pl)) and Ky C D*(Q;) a maximal compact subgroup. For
each such ¢ we write Ty for the standard Hecke operator. Combining Theorem A with known
results for T’ /\M xr  gives the following result.

p-adic

COROLLARY B. If x: "]I“é\mne K C, is a continuous character then there exists a unique
k) Qp

semisimple continuous representation
p: Gal(Q/Q) — GL2(C,)
unramified at ¢ as above and such that Tr(p(Froby)) = x(Ty).

One can obtain such a x from a quaternionic eigenform as in Remark 1.2.3, and thus
Corollary B attaches Galois representations to these eigenforms.

1.2.6 Work of FEmerton. Corollary B can also be deduced from the classical
Jacquet—Langlands correspondence. In fact, a version of Theorem A after localizing at a max-
imal ideal was first shown by Emerton [Emel4, 3.3.2] by reversing this argument: the classical
correspondence gives rise to a surjective map of completed Hecke algebras

T/ ﬁ/‘,Kp — T/gxp
p-adic Qp
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(which is enough to obtain Corollary B), and then strong results in the deformation theory of
Galois representations can be used to deduce that this map is an isomorphism after localizing
at a maximal ideal m (under minor hypotheses on m).

By contrast, our proof is based entirely on the p-adic geometry of modular curves. Thus,
we obtain a new proof of Corollary B that is independent of the classical Jacquet—Langlands
correspondence, and our proof of Theorem A does not use any R = T theorems or other results
on Galois deformations.

1.3 Eigenspaces and the local p-adic Jacquet—Langlands correspondence
One failing of Theorem A as stated is that it says nothing about the D*(Q,)-representation

appearing in the eigenspace in AX" attached to a character of T’ :\4Kp valued in a finite exten-
P Q

sion of Q,. Indeed, because completed Hecke algebras are formed b; compiling congruences of
eigensystems, which may not be reflected in congruences of eigenvectors, one does not even know
whether such an eigenspace is non-empty. On the other hand, one expects that it is always non-
empty, and that the D*(Q,)-representation appearing is essentially that constructed in the local
correspondences of Knight [Knil6] and Scholze [Sch18§].

In the course of the proof of Theorem A, we produce explicit eigenvectors that show this
eigenspace is non-empty at least for eigensystems attached to classical modular forms. In the
author’s thesis [How17], it was explained how to refine this construction so that it applies more
generally to overconvergent modular forms, and it was also verified that the eigenvectors obtained
are never locally algebraic for the action of D*(Q,) (and, thus, in some sense are new, i.e. not
obtainable by combining the classical Jacquet-Langlands correspondence and Gross’s [Gros99]
theory of algebraic automorphic forms, which together furnish a complete description of the
locally algebraic vectors). One can now do better in at least two ways.

(i) An overconvergent modular form more canonically gives rise to a non-zero map to the corre-
sponding eigenspace in quaternionic automorphic forms from a purely local representation
of D*(Q,) constructed as a space of distributions on the Lubin-Tate tower. The eigenvector
referred to above is obtained as the image of a Dirac delta function under this map. By
studying this local representation we can obtain considerably more, though still incomplete,
information about the eigenspace.

(ii) Combining this with recent results of Pan [Pan22] on the ubiquity of overconvergent modular
forms, we find that, under some minor hypotheses on the associated Galois representation,
the eigenspace is always non-empty.

Both points will be explained further in future work.

1.4 Outline
In §2 we give some preliminaries, including in § 2.4 some results on comparing completed Hecke
algebras that will be essential in the proof of Theorem A. In § 3 we set up our moduli problems for
elliptic curves and recall the basic adelic setup for modular forms (classical, mod p, and p-adic).
The main result of the section is Theorem 3.7.1, which identifies the supersingular Igusa variety
with a quaternionic coset, one of the key ingredients in the proof of both the mod p and p-adic
correspondence. Some aspects of the way we set up our moduli problems may be of independent
interest; for more, we refer the reader to the introduction of § 3.

In §4 we prove the version of Serre’s mod p Jacquet—Langlands correspondence stated above
as Theorem 1.1.1. The proof we give is essentially that of Serre, but we emphasize carefully from
the beginning the role of uniformization of the supersingular locus by the supersingular Igusa
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variety, which, by the above, is just a quaternionic coset. In particular, modular forms can be
evaluated to quaternionic automorphic forms after choosing a trivialization of the modular bundle
along the Igusa variety. A mod p modular form can have zeros or poles along the supersingular
locus, but these can be cleared Hecke-equivariantly using the Hasse invariant in order to obtain
a clean comparison of the corresponding Hecke algebras. When p = 2 or 3, this proof actually
falls just short of the full Theorem 1.1.1, but in §4.5 we explain how to obtain the full statement
as a consequence of Theorem A.

In §5 we prove Theorem A. Here the quaternionic coset, again in its avatar as the super-
singular Igusa variety, arises naturally as a fiber of the Hodge—Tate period map in the infinite
level perfectoid modular curve (as in [CS17]). Thus, we can evaluate modular forms to p-adic
quaternionic automorphic forms after choosing a trivialization of the modular bundle on this
fiber. A simple argument shows this evaluation map is injective; the other key property we
need is density of the image. We establish this with the help of Scholze’s fake Hasse invari-
ants.? These properties of the evaluation map are combined with the results of §2.4 to deduce
Theorem A.

2. Preliminaries

2.1 Numbers
We fix a prime number p and an algebraic closure Q, of Q. We write C), for the completion of

@p. We denote by @p C C, the completion of the maximal unramified extension of Q, in @p, and
by Zp C (@p the completion of the ring of integers in the maximal unramified extension. We write
F, for Zp /p, an algebraically closed extension of F), = Z,/p. There is a canonical identification
W(F,) = Zp, where W (e) denotes Witt vectors.

We write A for the adeles of Q, Ay for the finite adeles, and Agcp ) for the finite prime-to-

p adeles. We write Z for the profinite completion of Z and 7®) for the prime-to-p profinite
completion. We have canonical identifications

7= H Zp and A H Zy

¢ prime {s£p prime
and inclusions Z C A 7 and 7 A;p ) inducing isomorphisms
z@@:Af and z(p)(g@:Z(P)@Z(p) :Agcp)'

Here Z ;) is interpreted via the notation Ry for R a ring and p a prime ideal of R, which means
the localization of R by the multiplicative system R\p.

2.2 Topological spaces, lisse sheaves, and torsors
Given a topological space T, we denote by 1" the topological constant sheaf with value 7', that
is, the functor on schemes

1(S) = Cont(|S], T)

where |.S| denotes the underlying topological space of S. When T is a profinite set, it is represented
by SpecCont(T,Z), where Z is equipped with the discrete topology (so that the continuous
functions are just locally constant). It is, in particular, a sheaf for the pro-étale topology of
[BS15].

2 We note that this step has been considerably simplified compared with the original argument in [How17] by
using Bhatt—Scholze’s [BS19] recent result that Zariski closed equals strongly Zariski closed.
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We also adopt the framework of [BS15] as our formalism for lisse adelic sheaves.> Thus,
by a lisse A y-sheaf on a scheme S, we mean a locally free of finite rank A; module on Spro¢t,

and similarly for Z A;p ), Z(p), Qp, Zy, etc. A lisse Z-sheaf is equivalent to a compatible sys-

tem of locally free Z/nZ modules of finite rank (on either S or Sproet: a locally free Z/nZ

module on Sy is automatically classical because Z/nZ is discrete), and similarly for VAL
and Zj,.

For K a topological group, a (right) K-torsor on Syt is a sheaf I equipped with an
action K x K — K such that locally on Spo¢r, £ = K with the action by right multiplication.

In particular, if A = Ay, Z, Ascp), 2(1)),Zp, or @), and V is a lisse A-sheaf of rank n, then
Isom(A", V) :=T  Isom(AT, Vr)
is a GLy,(A)-torsor (as in these cases Isom(A", A") = GL,(A)).

The following lemma will be used as a technical tool for moving between infinite-level and
finite-level moduli problems for elliptic curves. When G = GL,,,(Z¢) and H = {e}, it amounts to
the statement that a rank m lisse Zy-sheaf is the same as a compatible family of rank m lisse

Z/0"Z-sheafs, which will surprise nobody.

LEMMA 2.2.1. Let G be a profinite group, H < G a closed subgroup, and G a G-torsor on
SpecRprost- The map

H = (H ' Q)HSUSG’, U compact open (221)

is a bijection between the set of H-torsors in G and compatible systems of U-torsors in G for
H <U <G, U acompact open subgroup.

Proof. 1t suffices to consider a cofinal system of U; thus we take a neighborhood basis of the
identity in G consisting of open normal subgroups G, € € I, and consider only U of the form
H.:=H -G.. Note that (\.c; He = H.

The key point is to show that if (H. C G). is a compatible system of Hc-torsors, then
Neer He admits a section on a pro-étale cover. Indeed, then because (). o; He = H, (.o He
will automatically be an H-torsor, and it is straightforward to check this is a two-sided inverse
to (2.2.1).

For this key point, by passing to a pro-étale cover we may assume G is trivial, i.e. we can take
G = G. We now choose a compatible family of splittings of G — G/H, (this is possible because
for each € the set of splittings is a finite set and the transition maps are surjective), thus we
obtain a compatible family of homeomorphisms, each equivariant for the right multiplication
actions of H,

G=G/H, x He
and, passing to the limit over €, a homeomorphism
G=G/HxH

equivariant for the right multiplication action of H.

From this it follows that the He-torsors in G are identified with G/H(SpecR), the H-torsors
in G are identified with G/H (SpecR), and the map H +— H - H¢ is induced by the canonical
projection G/H — G/H,. The result then follows as G/H = lim.c; G/H.. O

3 Adelic sheaves are not discussed explicitly in [BS15], but it is no more difficult than the case of f-adic sheaves
discussed in [BS15, §6.8]. Note that we are using only the most elementary parts of this formalism as we have no
need for constructibility, etc.
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2.3 Elliptic curves and quasi-isogenies
For R a ring, we will consider the category Ell(R) of elliptic curves over R. It is Z-linear. The
isogeny category

El(R) ® Q

has the same objects but homomorphisms are tensored with Q. For E an elliptic curve, we
sometimes write £ ® Q for the corresponding element of Ell(R) ® Q, so

Hom(F; ® Q, E; ® Q) = Hom(E1, E2) ® Q.

An isogeny from Ej to Es is a morphism f: Fy — E5 such that f@Q: F1®Q — E,®Q is
invertible. A quasi-isogeny from Eq to Es is an invertible morphism f: 3 ® Q — Ey ® Q; we
often write instead, e.g., ‘f : F4 — F» is a quasi-isogeny’.

Similarly, we consider the prime-to-p isogeny category Ell(R) ® Z,) by replacing Q every-
where above with Z(p). A prime-to-p isogeny from Ej to Fo is a morphism f: F; — Fs such
that f ® Z,) : E1 @ Z) — E2 ® Zy, is invertible. A prime-to-p quasi-isogeny from FEj to E is
an invertible morphism f: By ® Z(,) — E2 @ Z,); we often write instead, e.g., ‘f : E1 — FE» is
a prime-to-p quasi-isogeny’.

Remark 2.3.1. When R is not normal, this is not quite the category of elliptic curves up-
to-isogeny (respectively, prime-to-p isogeny) considered in [Del71, §3], but rather the full
subcategory consisting of objects with a genuine underlying elliptic curve. In general, one also

formally enforces effectivity of étale descent. This full subcategory will suffice for our needs as
our moduli problems typically include rigidifying data.

2.3.2 Tate modules. If R/Q (i.e. R is of characteristic zero) and E//R is an elliptic curve, we
consider the p-adic and adelic integral and rational Tate modules

T,(E) :== ligbnE[p"], Vo(E) :=T,(E)[1/p], T3(E):= hﬁnE[n], Vi, (B) =T5(E) ® Q.

These are lisse rank-two sheaves on SpecR over Z,, Q,, Z and Ay, respectively. All are functors
on Ell(R), and V,, and Vj, factor through Ell(R) ® Q.

If R/Z,) (i.e. all primes ¢ # p are invertible in R) and E/SpecR is an elliptic curve, then
we may still form the prime-to-p integral and adelic Tate modules

Tz(P) (E) = hﬁl’l E[n] and VA;I)) (E) = 2(1)) (E) ® Q = Ti(p) (E) ® Z(p)

These are lisse rank-two sheaves on SpecR over Z® and A;p ), respectively. Both are functors on
Ell(R), and V, ) factors through El(R) ® Zp)-
f

2.3.3 Relative differentials. For m: £ — SpecR an elliptic curve, wg g := m{g R is a line
bundle on S. Restriction induces canonical isomorphisms

wg/r = 15Qp/r = (Lie E/R)",

where, here, 15 : SpecR — FE is the identity section.

The assignment E/R — wg/k is a functor from ElI(R) to line bundles on SpecR. If R/Q,
then it factors through Ell(R) ® Q, and if R/Z,), it factors through Ell(R) ® Z,; indeed, for
n € Z, the multiplication map by n map [n] : £ — E induces ring multiplication by n on wg/g,
thus is invertible if n is invertible in R.
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2.3.4 p-divisible groups. For R a ring, a p-divisible group G of height h € N(SpecR) is,
following Tate [Tat67, 2.1] and Messing [Mes72, 1.2], an inductive system

(Gi,u), ©1>0

of finite locally free commutative group schemes G; of degree p'* over SpecR, equipped with
closed immersions ¢; : G; — G;41 identifying G; with the kernel of multiplication by p’ on G 1.

We write p-div(R) for the Z,-linear category of p-divisible groups over R. There is a natural
functor

Ell(R) — p-div(R) : E/R +— E[p™] := (E[p]);.

This functor factors through Ell(R) ® Z,). We also form the isogeny category p-div(R) @ Q)
and define isogenies and quasi-isogenies in the obvious way. The functor E — E[p*™°] ® Q, then
factors through Ell(R) ® Q.

If R is a p-adically complete ring, then we write Nilpp for the category of R-algebras
where p is nilpotent and we view a p-divisible group G = (G;) over R as the functor on
Nilpp

G(A) = colim; G;(A).

In this case, because E[p™|g /pn and Eg/n have the same tangent space for any n and R is
p-adically complete, the functor E +— wg/g factors through E — E[p™].

2.4 Completing algebra actions

In this section, we develop the basic definitions for completing algebra actions and some tools for
comparing completions. This material is used in § 5.7, where it is essential for the final deduction
of Theorem A from the key geometric input, Corollary 5.6.3. Some results are also used in §4.5
when we explain how Theorem 1.1.1 can be deduced from Theorem A.

The statements we give here are likely well known to experts and the proofs are, for the most
part, elementary exercises in analysis. Nonetheless we include a full treatment because we are
not aware of another suitable source in the literature.

We begin with some basic definitions in non-archimedean functional analysis. In the following,
L is any complete non-archimedean field.

DEFINITION 2.4.1.

(i) An L-Banach space is a complete topological L-vector space V' whose topology is induced
by an ultrametric norm; we refer to the choice of such a norm on V' as a Banach norm.

(ii) A bounded collection of vectors {e; };cs in an L-Banach space V' is an orthonormal basis if
every v € V can be written uniquely as

v = Zviei, v; € L,v; — 0. (2.4.1)
iel
(iii) We say that V is orthonormalizable if it admits an orthonormal basis.

Note that because in Definition 2.4.1(ii) we assumed {e; };c; was bounded, all sums of the form
(2.4.1) converge, and then the open mapping theorem implies that the sup norm |v| = sup,c; |vilL,
is a Banach norm. For L discretely valued (or, more generally, spherically complete), every
L-Banach space is orthonormalizable; cf. [Ser62, Corollaire of Proposition 1 and Remarques
after Proposition 2].
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DEFINITION 2.4.2. For V' and W two L-Banach spaces, we write B(V,W) for the space of
bounded (equivalently, continuous) linear operators from V' to W.

(i) The choice of Banach norms on V' and W induces an operator norm on B(V, W) defined by
T| = sup [T(v)|/v].
veV,u#£0

The operator norms for different choices of Banach norms on V' and W are equivalent and
with the induced topology B(V, W) is a Banach space.

(i) The topology of pointwise convergence* on B(V, W) is defined by the family of seminorms
T — |T(v)| indexed by v € V (for any Banach norm on W).

The topology of pointwise convergence is uniquely determined by the property that a net
(Tj)jes in B(V,W) converges to T' € B(V,W) if and only if Tj(v) — T'(v) for all v € V. It is
through this characterization that we access it.

DEFINITION 2.4.3. We say 7 C B(V,W) is bounded if it is bounded in the operator norm
topology.

The following lemma is elementary but extremely useful.

LEMMA 2.4.4. Suppose V and W are L-Banach spaces, S C V' is such that the set L[S] of finite
linear combinations of elements of S is dense in V', (1j)jes is a bounded net of operators in
B(V,W), and T € B(V,W). Then T; — T in the in the topology of pointwise convergence if and
only if

?EH}E(U) =T(v) forallvesS. (2.4.2)
Proof. As previously, we have T; — T in the topology of pointwise converge if and only
if, for every v € V, limje;Tj(v) = T'(v). Thus, one direction is immediate. For the other,
suppose that (2.4.2) holds and fix Banach norms on V and W. By the boundedness hypoth-
esis, we can then choose a common bound C >1 for the operator norms of all T}, j € J,
and T

Let v € V. By the density hypothesis, for any ¢ > 0 we can find

vV =Ll + o+ Lpog,v; €S
such that |[v —v'| <e. By (2.4.2), for each v;, there is a j; € J such that, for j > j;,
[T (livi) = Tj(bivi)| = |G T (vi) = Ti(vi)| < e

Thus, taking j’ > j1,...,Jjr (the fundamental property of the directed set indexing a net is
that there is always an upper bound for any finite collection of elements), we obtain that for

j=J
T (v) = Tj(v)| = [(T() = T;(')) + T(v = v') = Tj (v = ')
k
= > (T(twi) = Tj(tiv;)) + T(v = v') = Ty(v — o)
i=1
< max(e, [T(v — /)], [Tj(v = v)]) < Ce.
We conclude that limjc ; Tj(v) = T'(v), as desired. O

4 Also called the strong operator topology.
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DEFINITION 2.4.5. If Ais aring, L is a non-archimedean field, and (W} );cs is family of L-Banach
spaces equipped with actions of A by operators in B(W;,W;), the completion® of A acting on
(Wi)ier is the closure Ay, , of the image of A in

[[BW:, W),

el
where B(W;, W;) is equipped with the topology of pointwise convergence and the product is
equipped with the product topology. Concretely, (T;);cr € A\(Wi)i <, if and only if there exists a
net (aj)jes in A whose image converges to (7;)ier. The latter is equivalent to asking that, for
any ¢ € I and any w; € W;,

%jenjlaj cw; = T (wj).

LEMMA 2.4.6. Using notation as before, if the action of A on each W; is bounded (i.e. the image
of A in B(W;, W;) is bounded in the operator norm topology), then X(Wi)i is a closed subring
of Hie[ B(Wi, WZ)

eI

Proof. 1t is always a closed subgroup, so it remains just to see that under the boundedness
hypothesis it is closed under composition. R
Suppose given (1;)ie; and (S;)ier in Aww,),,, and choose nets (aj;,)jresp and (bjs)jses
whose images in [[;.; End(W;) converge to (T;)icr and (S;):er, respectively. Then we claim that
the image of
(aijjs)(jT,js)eJTxJS

converges to (T; 0 S;);er. It suffices to show that for any i € I and w; € W;,

(9T jS])iéInl]TXJS - aijjS CWi = TZ(Sz(wz))

We suppress the i now and write W; =W, w; =w, T; =T, and S; = S.

To see the convergence, fix a Banach norm on W and, by boundedness of the action, a C' > 1
such that |a-v| < Clv| for all a € A and v € W. Then, for any ¢ > 0, we may choose jro € jr
and jgo € Jgs such that:

(i) laj, - S(w) =T (S(w))| < € for all jp > jro; and

(i) [bje - w — S(w)| < ¢ for all js > jso.

Then, for (js, jr) > (js,0,J1,0)

@b -0 — T(S(W))| = |ajy - (bye - w— S(w) + (azy - SW) = T(S(w))|

< max(lag, - (bjs - w — S, lagy - SOW) — T(S(w))))
< max(Ce,¢)
< Ce

and we conclude. 0

The following lemma allows for comparison with other definitions in the literature, in
particular the definition given in [Emel4, 2.1.4].

LEMMA 2.4.7. Using notation as before, suppose L is discretely valued and write O for the
ring of integers and p for its maximal ideal. If each W; is finite dimensional and, for each 1,

5 in the literature on Hecke algebras this is sometimes referred to as the weak completion; we avoid this terminology
because of a conflict with terminology in functional analysis, where this is the completion for the strong operator
topology.
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A preserves an Op-lattice W2 C W;, then the action is bounded and ‘A\(Wi)i is naturally

identified with the closure of the image of A in
[I Endo,(Ws/p"wy)

i€l,n>0

el

equipped with the product topology (each term is equipped with the discrete topology).

Proof. Boundedness is clear. For the rest, first note the image of A in [],.; B(W;, W;) factors
through [[,c; Endo, (W;), where we identify Endp, (W}’) with the subset of B(W;, W;) preserv-

ing W;. This subset is closed, so we can form EV by taking the closure of the image of A in
[I;c; Endo, (W7). Then, for each i we have

End@K (VI/,L'O) = lim EndoK (W,L'O/anio),
n
where each term on the right is equipped with the discrete topology. Thus,
[[Endo,(W?) c [[ Endo,(W7/x")

iel iel,n>0
is closed so we may compute A\V by taking the closure in the space on the right. O

The following lemma says that completion is insensitive to base extension. This is useful as
our comparisons of Hecke modules take place over very large extensions of QQ,, whereas one is
typically interested in Hecke algebras over Z,,.

LEMMA 2.4.8. Let L C L' be an extension of complete non-archimedean fields, and let A be a
ring. Suppose (W;) is a family of orthonormalizable L-Banach spaces equipped with bounded
actions of A. Then the identity map A — A extends uniquely to a topological isomorphism

AWier = A(Wi®LL’)¢ef'
Proof. Immediate by applying Lemma 2.4.4 to an orthonormal basis and using the fact that an
orthonormal basis remains an orthonormal basis under completed base change. U

The following is our main technical tool for comparing completed Hecke algebras.

LEMMA 2.4.9. Suppose V is an orthonormalizable L-Banach space equipped with a bounded
action of a ring A, and (W;);er is a collection of A-invariant closed subspaces such that the span
of | J; Wi is dense in V. Then Aw,),., = Av.

Remark 2.4.10. In this setup, each W; is automatically a Banach space as a closed subspace of
a Banach space and the action on W; is automatically bounded.

Proof. We abbreviate Aw = A\(Wi)iel C [I B(W;, W;). We then obtain a map Ay — Ay via
restriction: if the image of (aj)jes in B(V,V') converges to T', then, in particular, the image
of (aj)jes in B(W;, W;) converges to T'|w,. This restriction map is injective by the density
hypothesis.

We show now that it is surjective. The key observation that makes this possible is that, by
the density hypothesis, we may choose an orthonormal basis (e, )mensr for V' consisting of vectors
em each of which is a finite linear combination of vectors in the subspaces W;: indeed, if we fix
a pseudo-uniformizer 7 in Of, and an arbitrary orthonormal basis ( fy,)menr, then any collection
of vectors (€ )menr with |fr, — en| < || will also be an orthonormal basis.

Now, suppose (T;)ier € EW, and fix a net a; of elements of A whose image converges to
(T3)ier- Then we find that for each m, lim; a; - ey, exists in V, call it vy, and, by boundedness of
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the action, the set of vy, is bounded. There is, thus, a unique bounded linear operator T': V — V
such that T'(e;,) = vp,. We conclude by Lemma 2.4.4 that the image of a; in B(V, V) converges
to T', and then by restriction that, in fact, T'|w, = T;.

Now, a topology is uniquely determined by the knowledge of which nets converge to which
points. With this bijection established, Lemma 2.4.4 tells us that the same nets converge to the
same points, so the bijection is a homeomorphism. O

The following lemma combines some of the results given previously, and is used in §4.5 to
deduce Theorem 1.1.1 from Theorem A.

LEMMA 2.4.11. Suppose L is discretely valued and write Oy, for the ring of integers and p for
the maximal ideal. Suppose V is an L-Banach space and A acts on V preserving a bounded open
Ox-lattice V°, and (W;)er is a filtered system of finite-dimensional A-invariant subspaces such
that | J;c; Wi is dense in V. Then, writing

WP =W;NV°, Wi =W7/p"W7=W7/W;np"V°,

and A;,, for the image of A in Endop, (W), we have

Ay = A(Wi)iel = g nl)ig}xNAimv

where each term in the limit is equipped with the discrete topology.

Proof. 1t follows from Lemma 2.4.9 that Ay = ﬁ(Wi)i <;- The result then follows from
Lemma 2.4.7, because in this case the closure of the image of A will be identified with the

limit of the A;, as a subset of the product appearing there. ]

3. Modular curves and Igusa varieties

In this section, we study some moduli problems for elliptic curves. In §3.1 we give isogeny for-
mulations for some classical moduli problems and recall the standard representability results. In
§ 3.2 we recall the construction of the modular bundle and the adelic representations on modular
forms, as well as the construction of the Hasse invariant. In § 3.3, we recall the construction of
the supersingular and ordinary loci on the mod p modular curve. In § 3.4, we recall some Igusa
moduli problems over the ordinary locus and their relation with mod p and p-adic modular forms
as developed by Katz [Kat75a).

In §§3.5-3.7, we undertake a study of the supersingular Igusa variety, culminating with
the identification of the supersingular Igusa variety with a quaternionic coset in Theorem 3.7.1.
Everything here except this final identification is a very special case of results of Caraiani—Scholze
[CS17]. However, following our treatment of modular curves, we take a resolutely ‘top-down’
approach, and for the most part® our treatment here is independent of the results of [CS17]. We
lean instead on the Hasse invariant and other ideas specific to this special case.

As to the identification with a quaternionic coset, the basic idea is already present in Serre’s
letter [Ser96], so our main contribution is a careful treatment by exploiting the group action at
infinite level. This identification is a key ingredient in both the mod p correspondence in §4 and
the p-adic correspondence in § 5.

Finally, we remark that, motivated by our specific needs, we have made what appear to be
some non-standard choices in defining our moduli problems.

5 We do, however, appeal crucially in Lemma 3.5.3 to the construction of an internal hom for p-divisible groups

over F,, as established in [CS17] based on the work of Chai-Oort.
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(i) We allow level defined by an arbitrary closed adelic subgroup, which facilitates the free
usage of large group actions on infinite-level moduli problems and, in particular, transparent
passage between the infinite-level prime-to-p moduli problem over Z,) and infinite-level
moduli problem over Q.

(ii) We give an up to isogeny definition of level structure that does not require the base scheme
to be locally noetherian (i.e. does not use the (pro)-étale fundamental group). In particular,
this is necessary to allow arbitrary closed subgroups as before, but also allows us to evaluate
on, e.g., perfectoid rings and other very non-noetherian objects without appealing behind
the scenes to noetherian approximation.

We accomplish both of these goals by interpreting the sentence ‘level K structure on FE is a
K-orbit of trivializations of Vj . (£)’ literally, i.e. as the choice of a K-torsor in Isom(A /2%, Vi, (E)).
All representability statements are deduced from classical results on finite-level curves, and
ultimately all of our arguments could be run in a more classical setup, as the diligent reader will
have no trouble verifying.

3.1 Modular curves
DEFINITION 3.1.1 (The level K elliptic moduli functor). Let K C GLa(Af) be a closed sub-
group. Let Yx be the functor on QQ-algebras

Yi: R {(E,K)}/ ~

sending R/Q to the set of equivalence classes of pairs (E, K) where:

(i) E/R is an elliptic curve;
(i) K C Isom((Af)?, Va,(E)) is a K-torsor;
(iii) the relation ~ is defined by (E,K) ~ (E',K') if there is a quasi-isogeny ¢ : E — E' such
that ¢(K) = K.

The topological constant sheaf on the normalizer of K, Ngy,a f)(K ), acts on Yy, and for
K7 < K9 we have the obvious map

YK1_>YK27 (E7IC1)'_)(E7IC1&)

Ezample 3.1.2 (Infinite level). Take K = {e}. Then the K-torsor K appearing in the moduli
problem Yy is just a section of

Isom(A %, Vi, (E)),

i.e. an isomorphism @y, : A P25V ;(E), and the condition in the equivalence relation becomes
qopn, = cpr. The group action is by all of GLa(A (), and in this notation it acts by composition
with ¢a,. When K = {e}, we typically omit it from the notation and write simply Y = Yiey-

Removing any level structure at p, we obtain a variant over Z).

DEFINITION 3.1.3 (The integral level K? elliptic moduli functor). Let KP < GLg(ASIp)) be a
closed subgroup. Let Yx» be the functor on Z,)-algebras

Drr : R— {(E,KP)}/ ~
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sending R/Zy) to the set of equivalence classes of pairs (E, KP) where:

(i) E/R is an elliptic curve;
1 C Isom , Vi 1S a -torsor;
i) kP C 1 ASZ’)?VA E))is a K7
(iii) the relation ~ is deﬁned by (E,KP) ~ (E',KP") if there is a prime-to-p quasi-isogeny
q: E — E’ such that ¢(KP) = K.

The topological constant sheaf on the normalizer of K, N (KP), acts on Ygr, and for

K? < K% we have the obvious map
Q‘ij_)Q‘jKQD? (EvICIl?)'_)(EJCII)'Kig)'
Ezample 3.1.4 (Integral infinite level). As in Example 3.1.2, when K? = {e}, KP is simply the

choice of an isomorphism ¢ Al Agcp ) A(][,>( ). When KP = {e}, we typically omit it from
the notation and write szmply D =Dy

Arguing as in [Del71, Corollaire 3.5], we find the following.
LEMMA 3.1.5. Let KP < GLQ(AS?)) be a closed subgroup. The assignment
(B,K?) — (B, Isom(Z2, T, E) x K?)
induces an isomorphism
Drro — Yar,(z,)k-

Ezample 3.1.6. Lemma 3.1.5 gives Qg = Yqr,(z,), Where on the right-hand side GL2(Zp) is
viewed as a closed subgroup of GL2(Ay), and, as previously, 9 = 2 (cy- This identification
explains one reason why it is convenient to allow an arbitrary closed subgroup in the formulation
of the moduli problem.

DEFINITION 3.1.7. A closed subgroup K < GLa(Ay) (respectively, KP < GLQ(AS?))) is suffi-

ciently small if it stabilizes a Z-lattice £ C A? (respectively, a ZPJattice £ C (Agfp ))2) and lies
in the kernel of the map GL(L) — GL(L/nL) for some n > 3 (respectively, and (n,p) = 1).

Note that if Ko < K7 < GLg(Ay) (respectively, Kb < KT < GLg(A}p))), are closed subgroups
and K, (respectively, K¥) is sufficiently small, then so is Ky (respectively, K%). Moreover, the
property of being a sufficiently small closed subgroup of GLa(Af) (respectively, GLQ(A(p ))) i

preserved under conjugation by GLa(Af) (respectively, GLQ(A( ))) Because any lattice £ is in

the GLa(Ay)-orbit of 72 (respectively, GLQ(ASC ))—Ol“blt of (Z®)?2), being sufficiently small is
equivalent to being contained in a conjugate of the standard principal congruence subgroup of
level n > 3 (respectively, (n,p) = 1).

The main representability results are as follows.

PrOPOSITION 3.1.8. If K < GLa(Af) (respectively, KP < GLQ(AS?))) is a sufficiently small
closed subgroup, then Yy (respectively, Qxr) is represented by an affine scheme over SpecQ
(respectively, SpecZ, ), and the natural map

Y — lim Yy (respectively, Ygr — lim Drv) (3.1.1)
K’ compact open KP' compact open
KSK’SGLQ(Af) KPSKP,SGLQ(A;p>)
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is a Ngr,(a f)(K )-equivariant (respectively, N o (KP)-equivariant) isomorphism, where the

LQ(AE,;D))
action on the right-hand side is induced by the action on the tower that permutes the terms by
conjugation (i.e. right multiplication by h sends Y+ to Yj,—1xp,).

If K (respectively, KP?) is furthermore compact open, then Yy (respectively, Dxr) is a
smooth affine curve. Moreover, for K1 < K» (respectively, K¥ < KY) sufficiently small closed
subgroups the natural map Yk, — Yk, (respectively, Ygr — QYgp) is profinite étale, and, if
K1 < Ky (respectively, K < K¥) it is Galois with group Ki/K> (respectively, K /KY).

Proof. We argue only in the case over Q, as the argument over Z,) is essentially the same. If we
fix a Z lattice £ C A?c preserved by K, then, as in [Del71, Corollaire 3.5], we see that the moduli
problem can be replaced with an equivalent up to isomorphism moduli problem by taking K in
Isom(L, T5.(E)). The assertion that (3.1.1) is an isomorphism then amounts to the following:
for E/R an elliptic curve, if we consider the GL(L)-torsor G := Isom(L, T3, (E)), we must show
that the following data are equivalent:

(i) a K—torsor inside G;
(ii) a system of K’-torsors inside G for K’ compact open, K < K’ < GL(L), compatible under
inclusion.

This equivalence is provided by Lemma 2.2.1.

As we have established that (3.1.1) is an isomorphism, the rest of the claim for general K is
essentially formal if we can establish the representability claims for K compact open. However,
for K compact open, we can conjugate to assume the lattice £ as previously is Z2, and then the
representability statements are consequences of the classical theory of finite level modular curves
as in, e.g., [KMB85]. O

DEFINITION 3.1.9 (Compactified modular curves). For K < GLa(Ay) (respectively, KP < GLg

(Agpp ))) a sufficiently small compact open subgroup, we form compactifications Xy (respectively,

Xkv) as in [KM85, 8.6] after fixing a lattice £ C A? (respectively, £ C (Agcp))Q) preserved by K
(respectively, KP) to relate to classical finite-level moduli problems as in the previous proof. We
obtain smooth projective curves X /Q (respectively, Xk»/Z ), and the finite étale maps in the
tower of Y (respectively, Yx») for K (respectively, KP) sufficiently small compact open extend
to finite maps in the tower of X (respectively, Xg»).

It can be checked that the natural group actions also extend. For Xk and Xk» , this is even
immediate because the smooth compactifications of smooth curves are functorial over a perfect
field: using this, we could also define Xk and X Kr,F, With no reference to the moduli problem.

We extend these definitions to K (respectively, KP) sufficiently small closed by taking limits
as in Proposition 3.1.8, and the resulting objects are schemes because the transition maps are

affine.

We refer to the boundary Xx\Yx (respectively, Xx»\Yxr) with its reduced subscheme
structure as the cusps. The cusps can also be described as filling in the punctures corresponding
to level structure on the Tate curve as in [KM85, 8.11].

3.2 Modular forms

For any sufficiently small closed K < GLa(Af) (respectively, K? < GLQ(A;p ))), we have a
universal elliptic curve Fg/Yx (respectively, €x»/YKr), determined up to unique isogeny
(respectively, prime-to-p isogeny). We write simply w for the line bundle wg,/x / Yk (respectively,
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Weep /Dp /D iEcr): it is determined up to unique isomorphism compatibly with all pullbacks, base
change, and group actions discussed so far, so that this notation will cause no confusion.

For every sufficient small compact open K (respectively, K?), we extend w to X (respec-
tively, to Xk») in the standard way by allowing sections with holomorphic g-expansions at each
cusp. Direct computation shows this is compatible with all pullbacks, base change, and group
actions discussed so far, so that we can extend this definition to any sufficiently small closed K
(respectively, KP) and again no confusion will be caused by referring to the extended line bundle
also as w.

We consider the smooth GLa(A f)-representation of modular forms,

Mg = H(X,w").
For K any sufficiently small closed subgroup, pullback from level K identifies
Mg = H(Xk,wh).
Applied to K sufficiently small compact open, we deduce that Mj, g is an admissible represen-

tation of GLa(Af). Applied to K = GLa(Z,), we obtain

GL2(Z
Mg = B (Xar,ym,), o) = HO(Xg,o*) = HO(X,0¥) @7, Q.

In particular, if we write
Mk,Fp — HO(XFP 5 wk)a

an admissible [F)-representation of GLQ(AELP )) by the same argument as previously, then

HO(X,w") is a natural Zp)-lattice in M, ,? (gz(z") equipped with a GLg (A;p ))—equivariant reduction
map to My,

Remark 3.2.1. Neither My r, nor the image of reduction is what is typically referred to as mod p
modular forms. We recall this definition in §3.4.

3.2.2 The Hasse invariant. We now recall how, to any elliptic curve E/R for R/F,, one can
attach a canonical section Ha(E/R) € w%?ll%, the Hasse invariant. We follow one of the approaches
described in [KMS85, 12.3].

As the section Ha(E/R) can be constructed Zariski locally, it suffices to assigns to any pair
(E/R,a) where R is an Fj-algebra, F//R is an elliptic curve and a € wg/p is a non-vanishing
invariant differential, an element Ha(E /R, ) of R such that, for a € A%,

Ha(E/R,ac) = o~ P"YVHa(E/R, a)

and whose formation is functorial in base change and isomorphism. In this case, to give our rule
we first take the invariant derivation 9, that is dual to «, then form

O := 0n 0+ 00y,
—_——

«

p times

which is also an invariant derivation and thus a multiple of 9. Then the equation
0 = Ha(E/R, ®)0q,

defines Ha(E/R, ), and it is straightforward to check this satisfies the desired transformation
rule if we scale « and is functorial in base change and isomorphism.

In fact, the construction is also functorial in prime-to-p quasi-isogenies: it suffices to observe
that a prime-to-p quasi-isogeny induces an isomorphism of p-divisible groups and, in particular,
of formal groups, and that the action of an invariant derivation is completely determined by
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its action on the formal group. This observation also has the important consequence that the
resulting section Ha(E/R) can be constructed entirely in terms of E[p™].

Applying this construction to the universal elliptic curve over Pp,, we obtain a GLQ(A%’ ))—
invariant section of wP~!. A direct computation on the Tate curve (see [KM85, Theorem 12.4.2])

shows that its g-expansions are constant equal to 1 at every cusp, thus it extends to

GLa(AP)
Ha e M p—1F,

3.3 Supersingular and ordinary loci
Let

0 p p 0
bss = (1 0> € MQ(Zp) and  boq = (0 1) S MQ(ZP)

Let Xy/F, (respectively, X,q/Fp) be the p-divisible group corresponding to the covariant
Dieudonné module Zg with Frobenius F' acting by bgs (respectively, boyq). Then Xgq is a connected
one-dimensional height-two p-divisible group, whereas Xo,q = ptpee X Qp/Z,, is a one-dimensional
height-two p-divisible group with non-trivial étale part. It follows from the classification of p-
divisible groups by Dieudonné modules that, for any algebraically closed x/F,, every height-two
one-dimensional p-divisible group over & is quasi-isogenous/isomorphic’ to exactly one of Xord,x
and Xgg -

In particular, this applies to E[p™] for E/k an elliptic curve. It thus makes sense, for any K?

sufficiently small, to define the supersingular (respectively, ordinary) locus @i@,,’ﬂrp (respectively,

%‘S’Fp) in Ygr, as the locus whose geometric points are such that the p-divisible group of

universal elliptic curve is quasi-isogenous/isomorphic to Xy (respectively, Xo.q). We then have
Vrrw, = DX, UDRr F,
and it can be shown that the supersingular locus is closed (and, thus, the ordinary locus is open).

In fact, a local computation as in [KM85, Theorem 12.4.3] gives the following result.

LEmMA 3.3.1. For KP sufficiently small, the vanishing locus of Ha, viewed as a section of
HO(Xge,Fp), is Y’%v x, With its reduced closed subscheme structure.

We write also

SS __ Nss _ ord _ SS
KpF, = @KP,F,, =V(Ha) and %KP,IFP = %Kp,Fp\%KP,IFp‘

3.4 Ordinary Igusa varieties, mod p, and p-adic modular forms

Following Katz [Kat75a], we define mod p and p-adic modular forms as functions on certain
moduli problems. This has the advantage of rendering group actions transparent, and mirrors
our approach to the supersingular Igusa variety and quaternionic p-adic automorphic forms.
Functions on these moduli problems have g-expansions, and the connection with the completion
of g-expansions of classical modular forms as in Serre’s [Ser73] perspective then comes from
evaluation along a canonical trivialization of w and the g-expansion principle.

We begin by treating mod p modular forms.

DEFINITION 3.4.1 (The p)-Igusa moduli problem). Let K? < GLQ(AS?)) be a closed subgroup.
Let Ig’;f’p be the functor on Fp-algebras

1%, R {(E, ¢y, KP)}/ ~

" The fact that quasi-isogeny classes are equal to isomorphism classes in this case is, of course, one of the many
facts that makes GL2 very special.
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sending R/F), to the set of equivalence classes of triples (E, ¢p, CP) where:

(i) E/R is an elliptic curve;
(ii) ¢p : pp — E[p] is an isomorphism;

)
(iii) K7 < Isom((AP)%,V, ) (E)) is a KP-torsor;
f
)

(iv) the relation ~ is defined by (E,KP)~ (E',KP') if there is a prime-to-p quasi-isogeny
q: E — E' such that q o ¢, = ¢, and ¢(K?) = CP".

As usual, when KP = {e} we drop it from the notation. For KP sufficiently small, the functor
Ig%g“p is a finite étale (Z/pZ)* cover of @%S’FP, where (Z/pZ)* acts by precomposition with
¢p. A direct computation on the Tate curve, whose formal group is canonically G,, shows the

cover is unramified at the cusps and, thus, extends canonically to a finite étale (Z/pZ)*-cover

ord,c ord
Ingva of }:KP,IFP‘

DEFINITION 3.4.2 (Mod p modular forms). The space of mod p modular forms is the (Z/pZ)* x
GLQ(A(p))—equivariant ring Mg, = HO(Ig(";d’C, 0).

! Iz
The pullback (p,)*(dt/t) of the invariant differential dt/t on p, = SpecF,[t]/(t* — 1) is
GLo (Agcp ))—equivariant trivialization of w on Igzzd and extends to a trivialization over Igzgd’c. In

ord,c

" and we obtain the
P

particular, we can use it to evaluate modular forms to functions on Ig
following version of a well-known result (cf., e.g., [Gros90]).

LEMMA 3.4.3. Evaluation along (¢,1)*(dt/t) induces a (Z/pZ)* x GLQ(Agcp))—equivariant iso-

morphism of rings
<@ Mk,FP) /(Ha - 1) = MFP’
k>0

where (Z/pZ)* acts on My, by the character z — z*.

Proof. First note that the evaluation map on My, r, factors through H O(Z%I%;d, wk). One computes
that ((¢,!)*(dt/t))’~! = Ha, so that the evaluation map factors as

p—2
D Mir, - P HOEE, W) = HOIg, 0) = My,
k>0 k=0

where the first arrow is restriction followed by division by Hal®*/®=1) The second arrow is an

isomorphism because we can decompose H° (Igz;d’c, O) according to the characters of (Z/pZ)*
in F, and if f is in the character space for z¥, then f((¢,')*(dt/t))* is invariant under (Z/pZ)*
thus descends to a section over f{ﬁ-rd.

The first map is clearly surjective because multiplying by a sufficient power of Ha will clear
any poles along the supersingular locus. On the other hand, any element in the kernel can be
multiplied by 1 + Ha + Ha? 4 Ha® + - - - (the condition of being in the kernel, when written out,
guarantees that this product is zero in sufficiently large degree) to show that it is, in fact, in the
ideal generated by (1 — Ha). O

Remark 3.4.4. The ideal (Ha — 1) on the left can also be interpreted as the kernel of the total
g-expansion map, and indeed the original definition of mod p modular forms was by passing to
g-expansions.

We now define p-adic modular forms.

264

https://doi.org/10.1112/50010437X22007308 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X22007308

p-ADIC J-LL AND A QUESTION OF SERRE

DEFINITION 3.4.5 (The Katz—Igusa moduli problem). Let K? < GLQ(A;p )) be a closed sub-

group. Let Igord & be the functor on Nilpy_

Ig7 s R {(B,p, KP)}/ ~
sending R/Z, to the equivalence classes of triples (E, ¢p,, KP) such that:

(i) E/Ris an elliptic curve;
(ii) ¢p: G ~ Eis an isomorphism of formal groups;

)
(i) KP C Isom((Agcp))2 VA(p) (E)) is a KP-torsor; and
)

(iv) the relation ~ is deﬁned by (E ,gop, KP) ~ (E', @), KCP") if there is a prime-to-p quasi-isogeny
q: E — E’ such that go ¢, = cpp and q(KP) = KP.

As usual, when KP = {e} we drop it from the notation. The main source is [Kat75a], which
works with the geometrically connected variant with full level n structure. As in [Kat75al, for K?
ord

sufficiently small, Ig Kr & is represented by an affine p-adic formal scheme, a pro-étale Z -torsor

over the formal ordinary locus 9%y ord SptZy; here, the action of @ is by precomposition with ¢,,.
For the same reason as the j,-Igusa moduli problem, it is unramified at the cusps and thus

A ord ord, c

extends canonically over X}, /SpfZ, to an affine formal scheme Ig

7 m

DEFINITION 3.4.6. The space of p-adic modular forms is the unitary Z; x GLg (Agcp )) represen-
tation on the Q,-Banach space

Yoy Vo] o T, = HE,0)

In the introduction, we used the notation M,_,4., which we do not employ further. We note
also that Vz is p-torsion free.

The GLQ(ASCP ))—representation Vg, is not smooth, but one can check that the smooth vectors
are dense and, for K? a sufficiently small closed subgroup, already at the integral level we have

0 ord,c
VE = H'(Igy, % ,0).

The bundle w is GLQ(A(p ))—equivariantly trivialized over Iggi by (@, ')*(dt/t) and this trivial-

ord,c

ization extends to Ig . We can, thus, evaluate modular forms to elements of Vg, and, as in

[Kat75a, especially Theorem 2.1], one obtains the following result.

LEMMA 3.4.7. Evaluation on (4,0;1)*(dt/t) induces a Z, X GLQ(A}p))—equjvarjant injection

@ MGL2 ZP VQP’
k>0

where we let Z) act by 2¥ on My, The induced map on KP-invariants has dense image for
any compact open subgroup KP.

Remark 3.4.8. 1f we write Vg, = Vz /(p), then it is clear by comparing moduli problems that

+Pp

the invariants Vp represent Igf;d’c. The following obvious diagram comparing Lemmas 3.4.3
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and 3.4.7 then commutes.

2/CL2(Z
D=0 in ) B0 H (X2, W) Di>0 M,

Vz Vr

VQP VIIF:Z)ZP HO (Igord ,C O)

P P

This diagram summarizes why in [Kat75a] one must pass to divided congruences to see all
of V, which in our presentation corresponds to the fact that it is crucial to invert p to obtain
the density statement in Lemma 3.4.7.

Remark 3.4.9. For KP a sufficiently small compact open, if we fix a set of cusps cy,...,cn, one
in each connected component of XGLQ(ZP) K70y then we obtain g-expansion maps

m

GLa(Zp)KP o
MG e T 2,0 /)
i=1
A generalization of Serre’s [Ser73] original definition of p-adic modular forms of level K? would
be to take the completion of the span of the images of these maps over all k. The g-expansion
principle combined with Lemma 3.4.7 implies that this agrees with the definition given above
(see [Kat75a] for related discussions).

3.5 The supersingular Caraiani—Scholze Igusa variety

We now turn our attention to the main player in our story. Though it would be possible to work
over F,, from here on out it will be cleaner and more convenient to work over F, (essentially
because the endomorphisms of Xss,Fp are not all defined over F)).

DEFINITION 3.5.1 (The supersingular Caraiani-Scholze Igusa moduli problem). Let K? < GLo
(Agpp )) be a closed subgroup. Let Ig5, be the functor on F-algebras

et R— {(E7 (ppalcp»/ ~
sending R/Fp to the set of equivalence classes of triples (E, ¢p, KP) where:
(1) E/R is an elliptic curve;
(ii X,z @ Qp = E[p™] ® Q, is a quasi-isogeny;

) ¢
(iii) le C Isom((Agcp))2 VA(p)(E)) is a KP-torsor; and
)

(iv) the relation ~ is deﬁned by (E,¢p, KP) ~ (E', ), KP') if there is a quasi-isogeny ¢ : ' ®
Q = E'® Q such that

q(KP) = KP" and q o ¢ = ¢},

As usual, when KP = {e} we drop it from the notation and write 1g* := { b In this case,
we also identify the prime-to-p level data with the choice of an isomorphism ¢ ROE (Agcp ))2 —
f [ —

V,» (E) as in Example 3.1.4.
f
This up to quasi-isogeny moduli problem is well-adapted for comparison with the quaternionic
coset, as we show in §3.7. To compare with modular curves, however, it is useful to also have an
up to prime-to-p quasi-isogeny moduli interpretation. Similarly to Lemma 3.1.5 (see also [CS17,

Lemma 4.3.4]), we obtain the following result.
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LEMMA 3.5.2. For K? < GLQ(AS?)) a closed subgroup, consider the functor
Igkex, + B {(E,0p, KP)}/ ~
sending R/F, to the set of equivalence classes of triples (E, p,, KP) where:
(i) E/R is an elliptic curve;
(ii) ¢p: Xgs.r — E[p™] is an isomorphism;
(iii) ICp C Isom((AScp))Q, VA@) (E)) is a KP-torsor; and
) the relation ~ is deﬁned by (E, ¢p, KP) ~ (E', ¢}, KCP') if there is a prime-to-p quasi-isogeny
q:E® Z(p) = E X Z(p) such that

q(KP) =KP" and qog, =),

(iv

The assignment
(B, p, KP) = (E, ¢p @ Qp, KF)
induces an isomorphism
Ig??p,xss — Igik».
We write O), = End(Xssﬁp) and D) := O, ® Qp, so that O, is the maximal order in D,, a
ramified quaternion algebra over Q. Then D), acts on X, F,® Qp, and there is a natural action

of D on Igi by composition with ¢,. The action of O C DX preserves the prime-to-p moduli
1nterpretat10n of Lemma 3.5.2.
In fact, what acts most naturally are the functors on F,-algebras

Aut(X 5 ) R Aut(Xp) and  Aut(X 5 © Q) : R Aut(Xs r © Qp)-
The following lemma says we have not missed anything.

LEMMA 3.5.3. The actions of D) and O described previously factor through isomorphisms
Op — Aut(X 5 ) and D — Aut(X 5 @Qp).

Proof. This is established in a more general context in the proof of [CS17, Proposition 4.2.11].
The key point is that on [F,-algebras, by [CS17, Lemma 4.1.7, Corollary 4.1.1(& , the endomor-
phisms of X_ F, are given by the Tate module of an étale p-divisible group over [F),, and are thus

equal to the constant sheaf on the E,—points of that Tate module. ]

Remark 3.5.4. One can also define an ordinary Caraiani—Scholze Igusa variety. We do not use
this here, but see Remark 5.7.2 for some connections to the present work and [How20] for an
application to the study of p-adic modular forms.

3.6 Uniformization of the supersingular locus
ProrosiTION 3.6.1. For KP a sufficiently small closed subgroup, the assignment

(B, ¢p, KP) — (B, KP)

induces a D)y x N, (KP)-equivariant map

GLa ()

3 . SsS _ SS SS
unify  : Ig%, = Ig%e x — K?Fp’

Nrd . . .
where D} acts on 97, %, by Frob’ ™" (here Frob : Q) ., 7, — Do, is the relative Frobenius

and Nid : D, — Q, denotes the reduced norm). Moreover, unifx_, is a trivializable O -torsor,
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and the maps compile to a GLQ(AE}J ))—equivariant isomorphism of towers as the sufficiently small
closed subgroup KP varies.

Proof. We first show that the map factors through Y%, 7 : given a point
»wp

(Ev Pp> Icp) € Ig%p,xss (R)7

we find Ha(E/R) is identically zero because E[p™] = X g and, as observed in §3.2.2, the Hasse
invariant only depends on E[p>]. However, Ha(E/R) is the pullback of Ha under the induced
map SpecR — 9) KvF,» SO by Lemma 3.3.1 this induced map factors through Q‘Jizpjp’ as desired.
It is also clear from the definitions of the moduli problems and the identification M(XSSE)) =
OPX in Lemma 3.5.3 that the map is a quasi-torsor; to conclude it is a trivializable torsor it thus
suffices to produce a section.
To obtain this, we observe that the p-divisible group of the universal elliptic curve over

s . . I o ss .
Ko F, is isomorphic to XSS’@Z pE indeed, it is pulled back from %) Ko T, for any sufficiently
Ss

small compact open subgroup K?' < GLQ(AEZD )) containing K7, and Y7, = is just a finite union
P

of Eg—points. We can choose an isomorphism at each of these points (because X F, is the unique
up to isomorphism connected one-dimensional height-two p-divisible group over Fp), and then
assemble these and pull back to 9%, to obtain the desired isomorphism. This is exactly the data
of a section.

It is left only to verify the action of D) /O, is as described on DI and this is a direct

- = - p

computation from the definitions that we leave to the reader (we do not use this part of the
statement in any of what follows). O

As a consequence, one finds that for each sufficiently small K7, Igi, is a profinite set, thus, in
particular, a perfect affine scheme over [F,. Our next goal is to identify this profinite set explicitly
with a quaternionic coset.

3.7 Supersingular Igusa variety as quaternionic coset
We now identify Ig® with a quaternionic coset using the orbit map for the action of
Dy x GLQ(AE? )). To that end, fix a supersingular elliptic curve Ey/F, and level structure to

obtain

zo = (Eo, ¢p,0s 90&5}”,0) € Ig%(Fp).

We write D = End(Ep) ® Q. As explained, e.g., in [Sil92, Theorem V.3.1], this a quaternion
algebra over Q, and because it is non-split and acts faithfully on the f-adic Tate module for all
£ # p, it must be ramified exactly at p and oo.

By definition, D* is identified with the self quasi-isogenies of Fy ® Q. The actions of D on
Ey[p™] ® Q, and VAE?’) (E), transported by ¢p 0 and ¢ A;p)’ o thus induce an identification

D*(Ag) = DX(Q,) x D*(AY)) = DX x GLy(A)).
In particular, we obtain a map D*(Q) — D*(Ay).
The action on the point xy induces an orbit map

Dy x GLQ(A;Z))) — 1g%, g x00, (3.7.1)

and we show that the following holds.

268

https://doi.org/10.1112/50010437X22007308 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X22007308

p-ADIC J-LL AND A QUESTION OF SERRE

THEOREM 3.7.1. The orbit map (3.7.1) factors through a D*(Ay) = D*(Q,) x GLQ(Agcp))—
equivariant isomorphism

D*(Q\D*(Ay) = DX(Q\(Dy x GLa(AP))) = 1g™.

Before proving Theorem 3.7.1, it is helpful to recall the following basic structural result for
quaternionic double cosets. We write O = End(Ey), a maximal order in D, and consider the
finite class set of right fractional ideals in O

D*(Q\D*(Ay)/(O ® Z)* = D*(Q)\D} x GLQ(A;’J))/O;; x GLy(Z).

We may fix a finite set of representatives for the class set I and corresponding representatives
vz € D*(Ay), T € I, for the double cosets. The stabilizer of Z for left multiplication in D*(Q)
is the units in a maximal order Oz, and we find

D*(Q\D*(Ay) = |_| O7\z(O ®z)>< = |_| OF \Isom(O ® 7,I® 2),
Zel Tel

where the isomorphisms on the right-hand side are of right O ® Z-modules. Because each group
OF is finite, if we replace O ® Z with a small enough compact open subgroup K C O @ Z*, we
obtain a finite set of representatives vz, such that

D*(Q\D*(Af) = | | 2K, (3.7.2)
Teli
In other words, we obtain a topological splitting of the locally profinite set D*(Af) as a product
of a discrete set and a profinite set,
D*(Af) = D*(Q) x D(Q)\D* (A7) (3.7.3)

compatible with the left action of D*(Q) and the right action of K.

We also need to understand the quasi-isogenies of Fy after arbitrary base change. To this
end, we observe that, for any S, there is a natural map from D*(Q)(R) to Aut(Ey ® Q)(R) =
Aut(Ep r ® Q); indeed, because D*(Q) is discrete, an element of D*(Q)(R) is a locally constant
on SpecR choice of element in D*(Q).

LEMMA 3.7.2. The natural map defined previously identifies D*(Q) with Aut(E ® Q).

Proof. 1t suffices to verify this on SpecR points, and we may moreover assume R is of finite
type over I, and then that R is reduced using that quasi-isogenies lift along nilpotent ideals
containing p. Then, the result follows from the computation over algebraically closed fields. [

Proof of Theorem 3.7.1. By Lemma 3.7.2, we deduce that the orbit map factors as an injection
on R-points

DX (Q(R\D*(Af)(R) — 1g*(R).

From (3.7.3), we deduce
D*(Q\D*(Af)(R) = D*(Q)(R)\D* (Ay)(R),
and thus the orbit map factors through an injection

D*(Q)\D*(Ay) — Ig™.

It remains to show the map is surjective. To do so, it suffices to show that the universal elliptic
curve over Igy is quasi-isogenous to Ey 1gss. However, the universal elliptic curve is the pullback

269

https://doi.org/10.1112/50010437X22007308 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X22007308

S. HOwE

from YSS along the map unifx_ of Proposition 3.6.1, and the statement follows as in the proof

of Proposmon 3.6.1 by reduction to a finite set of points at finite level and the fact that any two
supersingular elliptic curves over IF' are isogenous. g

Remark 3.7.3. We can avoid the use of any Grothendieck topology above because our torsors
are all trivializable. In particular, this sidesteps the following question: for X a topological space
and I' a topological group acting on X, for which Grothendieck topologies does X /T" = X/T'?
Indeed, when X — X /T is a trivializable I'-torsor, this is already true at the level of presheaves.

COROLLARY 3.7.4. For any sufficiently small closed subgroup KP? < GLQ(A?’)), the map of

Theorem 3.7.1 induces a Djj x N, (KP)-equivariant isomorphism

L (A(lﬂ)

DX(Q\ (D) x GLy(AP)) /KP = 1g3%,
and, combined with Proposition 3.6.1,

D*(Q\D*(Af)/ (05 x K) = V3, 5 -

These maps compile to GLQ(AS? ))—equivariant isomorphisms of towers as the closed subgroup K?
varies over all sufficiently small closed subgroups.

4. Serre’s mod p correspondence

In this section we give a proof of Theorem 1.1.1, roughly following Serre [Ser96]. The main
difference between our presentation and that of [Ser96] is that we emphasize from the beginning
the role of the supersingular Igusa variety as quaternionic coset in the uniformization of the
supersingular locus established in Corollary 3.7.4. When p = 2 or 3 the proof is only valid for
KP sufficiently small, however, in §4.5 we explain how to deduce the full result directly from
Theorem A.

In this section, D/Q is the specific quaternion algebra ramified at p and oo defined in §3.7.
Up to isomorphism, there is a unique quaternion algebra over Q ramified only at p and oo, so
this specific choice is made only to normalize with the results of §3.7. Recall that we have also
fixed in §3.7 identifications DX(AE?)) = GLQ(AEt-p)) and D*(Qp) = D,’. As in the introduction,

we write

. — X X o
Ag = Cont(D*(@Q\D*(4)), Fy),
which we view as an admissible D* (Ay) = D¢ x GLg (A;p ))-representation.
4.1 Mod p modular forms

We write ME) for the base change to Fp of the space of mod p modular forms of Definition 3.4.2.
As explained in the proof of Lemma 3.4.3, the evaluation map from modular forms to mod p

modular forms factors through an isomorphism of GLy (A(p ))-representations
Mg, = @HO (X, w (4.1.1)

We consider the increasing exhaustive filtration Fi./\/le whose ith step consists of those sections
on the right-hand side of (4.1.1) with poles of order < i along Xz
p
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As in §3.2, we also write
0 k
Mkfp =H (%Fp,w ),

the admissible GLg(A&p )) representation of weight & modular forms over Fp. In particular, for
K? sufficiently small, we have

KP k
MG = H(Xpp 55, w")-

From these definitions and Lemma 3.3.1, we find that multiplication by Ha® gives a GLQ(A;p ) )-

equivariant isomorphism
p—2
FiMg, = @M, 17, (4.1.2)
k=0

(p

Thus, in particular, FiMFp is an admissible GLy(A 7 ))—representation.

4.2 Evaluation of modular forms

We now explain how to evaluate modular forms to functions on Ig®. This works almost exactly
as in the evaluation map for mod p modular forms in Lemma 3.4.3, but we set things up here in
a slightly more canonical language.

We write wx_, = Lie(Xg)*, equipped with the natural action of O, after base change to F,.
Using the isomorphism ¢, in the prime-to-p moduli interpretation (cf. Definition 3.5.1(ii))
and the uniformization in Proposition 3.6.1, we obtain a canonical O, x GLQ(AS(P ))—equivariant
isomorphism

WX ®[Fp OIgss l) unif%ssw.
In particular, we obtain a GLQ(AEZ) ))—equivariant isomorphism
ky ~ . k
HO (%%Sp, w ) — Homog (Lle(XSS,FP) , HO(IgSS’ O)) .

Note that, by the definition of Xy in terms of the Dieudonné module given in § 3.5, we have an
identification of Lie Xy with F2/((1,0)), and of O, with the o-centralizer of by in My(Zy). In
particular, the image of (0, 1) gives a basis element of Lie X5, and a direct computation shows O

acts on Lie XSS,F;, = F, through a surjective character ¢ : Oy — IE';2 whose kernel is a pro-p group

we write as A,. Combining with Theorem 3.7.1, we obtain a GLg(AScp ))—equivariant isomorphism

HO(%E k) = Hom gy (¢, Cont (DX (Q)\D) x GLy(AP) /N, F,)). (4.2.1)

Then, evaluating homomorphisms in the right-hand side of (4.2.1) on 1 € F,, and passing to
KP-invariants, we obtain Serre’s map, a Hecke equivariant isomorphism

HORE W) 2 AN [, (4.2.2)
p P

4.3 Hecke algebras and generalized eigenspaces
If L is a field and V is a finite-dimensional vector space over L, then for any commutative
L-algebra T' acting on V', we have a decomposition into generalized eigenspaces

V=@ Va,

where m runs over maximal ideals of T" with residue field a finite extension of L and Vi, is the
sub-module of m-torsion elements. In particular, if Vi, # 0, the eigenspace V[m] consisting of
elements annihilated by m is non-empty.
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The same result applies more generally to V' an increasing union of finite-dimensional vector
spaces with T-action. In particular, if W is an increasing union of admissible representations
of a locally profinite group G, K is a compact open subgroup of GG, and T is a commutative
subalgebra of the abstract Hecke algebra L[K\G/K], then the action of T on the invariants W
admits a decomposition into generalized eigenspaces.

This formalism gives a decomposition into generalized eigenspaces for the action of any
commutative subalgebra

T C F,[KP\GLy(AP /KP] = T35 0 F,,

on M kK]; .A{;p, and /\/le For M K this is immediate because Mk? is admissible. For Af;p
P 1 P ’ P

it follows because A is a colimit of admissible GLQ(ASCP ))—representations by taking invariants
under compact open subgroups of D). For M%p it follows using the filtration by the admissible
p

representations FiMFp

Remark 4.3.1. In order to obtain a GLQ(A% ))—action on modular forms inducing the standard
action of Hecke operators on KP-invariants, one must twist by the unramified determinant
character that appears in the Kodaira-Spencer isomorphism w? = Q(cusps). This replaces each
individual coset Hecke operators with a multiple by an invertible element (because we do not
include Hecke operators at p), so it will not change the image under the action map. Thus, this
choice is immaterial for our purposes; we prefer not to include the twist because it is less natural
to do so except when one is comparing with étale cohomology, where it is baked in.

4.4 Spectral decompositions

We now compare the spectral decompositions provided by the previous section in order to prove

Theorem 1.1.1. The comparison of M% " and .A% " is mediated through comparisons of each with
p P

KP
®k>0 M k IFp
We first treat the simpler case of M%P.
P

LEMMA 4.4.1. For m a maximal ideal of T,
KT’ KP
(ME )20 = D M%),

k>0
Proof. We have (/\/lgp)m # 0 if and only if (F‘/\/lgp) # 0 for ¢ sufficiently large. On the other
p
hand, by (4.1.2), (Fi./\/l%{p) # 0 if and only if (M )) # 0 for some 0 < k' <p—2, and
P

k'+i(p—1
we conclude as varying &’ and i exhausts all possible k = k' +i(p — 1). O

On the other hand, using Serre’s evaluation map we obtain the following result.

LEMMA 4.4.2. Assume either KP is sufficiently small or that p # 2,3. Then, for m a maximal
ideal of T’,

(AL) 0 = D (M), #

k>0

Proof. Suppose Dy (M]fgp)m # 0. For each k > 0, we have a GLQ(A;P))_equivariant exact
sequence

tricti
0— M k—(p—1),Fp _>Mm 2 HO(XE W)
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Passing to KP-invariants and localizing at m, we obtain the exact sequence

KP KP restriction 0 k\KP
0— (M C 1), F,,) (Mka) — (H (XF,w") ) (4.4.1)
By induction on k, we deduce that if (MKP) # 0, then (HO(.’{%S ,wk/)Kp)maé 0 for some
p
0 < k' <k, and, applying (4.2.2), that ( ) £ 0.
NpKP
Suppose (AF: )m # 0. Then, as
NpKP NpKP [ |
5= D Az 1€,
keZ/(p2—-1)Z

we deduce that for some k > 0, .A%[” K [€¥]m # 0. If KP? is sufficiently small, then because w is
P
ample on X ., F, and €* only depends on k mod p? — 1, we may choose this value of k large enough

that H'(X,, Fp,wk_(p_l)) = 0. Then, the sequence (4.4.1) extends to a short exact sequence;
indeed, it is obtained by localizing at m the short exact sequence

_p_1\ H (p—
0— HO(:{KP,vawk P 1) e HO(XKP,F y W ) - HO(%;;;]F ’ k) - Hl(%[{pﬁp¢wk ® 1)) .
=0
In particular, restriction induces a surjection
(M,fg Jm = HO(X%, = ¥, W) (4.4.2)
Applying Serre’s isomorphism (4.2.2) we obtain HO(%i?p 7 WF)m # 0, and thus (4.4.2) implies

(M ’f% Jm # 0, as desired. If K? is not sufficiently small, then we can still apply the same argu-
»'p

ment by first passing to a sufficiently small K7 that is normal in K? and such that p does not
divide [K? : K7], then taking K?/K" invariants (which are exact because p{|K?/K7]). When
p # 2,3, such a K7 always exists by adding full level ¢ structure for a large enough prime ¢ # +1
mod p. O

Finally, a purely representation-theoretic argument allows us to pass back and forth between

Agp and its Np-invariants.
P

LEMMA 4.4.3. For m a maximal ideal of T,

(), £ 0 = (A1) 20

Proof. Because N, is a pro-p group and (Agp)m - A%p is a smooth characteristic p represen-
P P
tation of N, if the representation is non-zero, then it admits a non-zero Np-fixed vector by the
standard trick: the Kp-invariants for some K, <N, compact open are then non-zero, and then
the orbit-stabilizer theorem applied to the action of N,/K,, on the finite-dimensional F,-vector
space spanned by the orbit of a non-trivial Kj-fixed vector shows there must be a non-trivial
N,-fixed vector. O
Remark 4.4.4. One can also obtain a similar statement relating M%p and the mod p reduction
p
of p-adic modular forms, Vgp (see §3.4 for the notation). Indeed, as in Remark 3.4.8, M%p =
p p
(V%{p)lﬂ’zp, and 1 + pZ, is a pro-p-group; however, a little more work is necessary to obtain the
P
finite-dimensionality needed to apply the formalism of the previous section to VK in the first

P
place. A version of this argument appears in Lemma 4.5.2.
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4.4.5 Consequences. Combining Lemmas 4.4.1, 4.4.2, and 4.4.3, we obtain Theorem 1.1.1 of
the introduction with the additional restriction that K? be sufficiently small when p =2 or 3;

KP
only a finite number of maximal ideals can appear in the decompositions because .AF is a
p

finite-dimensional F,-vector space. We note that this also proves a theorem of Jochnowitz [Joc82]
stating that there are only finitely many eigensystems appearing in mod p modular forms.

4.5 Deduction of Theorem 1.1.1 from Theorem A

To finish the section, we explain how one can deduce the mod p correspondence (Theorem 1.1.1)
directly from the p-adic correspondence (Theorem A), assuming the latter has been established
(as is done independently of the mod p correspondence in §5). In fact, it is more natural to
deduce the corresponding statement over IF,, instead of Fp, but there is no important difference
between the two.

We fix a compact open KP < GLQ(AE? )) and a commutative subalgebra T’ of TS, Then, it
suffices to verify that the maximal ideals appearing in the decompositions given by the formalism
of §4.3 for .AIIF(: and Mﬁp are identified with the open maximal ideals in the corresponding
completed Hecke algebras. We show this in two lemmas, one for each space.

LEMMA 4.5.1. The action of T" on .AF factors through TAKp and the maximal ideals such that

(AET),, # 0 are precisely the open ideals of T/ﬁ“’

Proof. The union of the finite-dimensional subspaces Agj K7 as K, ranges over compact open

subgroups K, < D¢ is dense in Ag: Thus, if we write T’Kprn for the image of T in

Endg /pn (Ag;’p{f;), Lemma 2.4.11 gives

I\
T KP = IIH}ZTK KpPn:
Kp,

In particular considering the maps from the limit when n = 1, we deduce that the action on
AF factors over T AL? as claimed. Moreover, each term in the hmlt has the discrete topology, so

we also find that every open maximal ideal is pulled back from T K, KPm for some n, and we can
take n = 1 because any maximal ideal in T’Kp Kp p, cOntains p. But the maximal ideals in T/K,, Kr 1

are precisely those such that (Ag v Kp)m # 0, so we conclude. O
LEMMA 4.5.2. The action of T’ on /\/lK factors through TVKP and the maximal ideals such
p

that (M]{fpp) = 0 are precisely the open ideals of ’H‘Vgp
P

Proof. Write F; VS for the image of ®k: oM Kp in V@; under the evaluation map. The sub-
spaces F; VQ are preserved by T’ and thelr union is dense in Vg: If we write FZ-VZ) =
EVE vap and T, for the image of T" in Endg,n (Fngpp /p"Fivg:), then Lemma 2.4.11
gives ’]T%%p = lim; ']I‘;n

We v:rite FiV{Fi)p = FiV%:/(FiVZ ﬂpVKp) VKp/pFVKP. Then, FV]F is a finite-
dimensional F,-vector space and V{F{: U, Fi Vﬁ . Taking the maps corresponding to the n =1
terms in the limit above, we deduce that the action of T” on V{{ factors through TVK”

Now, because M{F{p (VKP)1+pZP the action on M]F also factors through Tva Moreover,

arguing as in the proof of the previous lemma, any open maximal ideal is pulled back from ']I‘gy1 for
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some i, i.e. from the image of T in End(FiV{F(p "), so we conclude that the open maximal ideals are
exactly those for which (E-Vﬁp)m 2 0 for some . On the other hand, FZ-V{F(: is preserved by the
action of Z), which commutes with the Hecke action, thus (FiV{F(:)m # 0 is a finite-dimensional
IFp-vector space with an action of Z; . Because 1 + pZ, is a pro-p group, (FiV]ﬁp)m = 0 if and
only if (FiV]ﬁp)ypr # 0, as in the proof of Lemma 4.4.3. Because Mﬁp = Ui(FiVﬁp)”pr’ we

find that as i varies these are exactly the maximal ideals for which (Mﬁp)m # 0. O

Combining Lemmas 4.5.1 and 4.5.2 (and invoking Lemma 4.4.3 still to see that only finitely
many maximal ideals appear), we obtain the Fp-version of Theorem 1.1.1 as a consequence of
Theorem A.

5. Spectral p-adic Jacquet—Langlands correspondence

In this section, we prove Theorem A. After recalling some preliminaries on perfectoid modular
curves in §§5.1-5.3, in §§ 5.4-5.5 we recall the construction of the supersingular perfectoid Igusa
variety and its relation to the fibers of the Hodge-Tate period map. In §5.6 we use this rela-
tion to construct an evaluation map from classical modular forms to Ac,. The key properties
of this evaluation map are that it is injective and has dense image; these are established in
Theorem 5.6.2. We conclude in § 5.7 by invoking some of the tools developed in § 2.4; in particu-
lar, Theorem 5.7.1 gives the isomorphism of completed Hecke algebras of Theorem A along with
some other isomorphisms indicated in the introduction.

5.1 Perfectoid modular curves

Let K < GLo (Agcp )) be a sufficiently small compact open subgroup. Viewing KP? as a subgroup
of GLa(Ay¢), the (infinite level at p) schematic modular curves Yg» and Xg» define functors on
affinoid perfectoids over (Cp, Oc,) by

YVir : Spa(R,R") — Yg»(R) and Xg»:Spa(R,R") — Xg»(R).

It is convenient to write out an equivalent definition for Vg», where we separate out the p and
prime-to-p parts of the level.

DEFINITION 5.1.1. We define YVg» as the functor on affinoid perfectoid Spa(R, R)/Spa(C,, Oc, ),
Vv : Spa(R, RT) = {(E, p, KP)}/ ~
sending (R, RT) to the set of equivalence classes of triples (E, ¢,, KP) where:

(i) E/R is an elliptic curve;
D) pp: Q2 Vo, (E) is an isomorphism;

)
(iii) kP C Isom((A;p))z, V, @ (E)) is a KP-torsor;
— f
)

the relation ~ is defined by (E, p,, KP) ~ (E', ¢, KCP') if there is a quasi-isogeny q : E — E'
such that g o ¢, = ¢}, and ¢(KP) = KP'.

Both Yk» and Xg» are represented by perfectoid spaces over Cy: in [Sch15, Theorem 3.3.18]
it is shown that there is a perfectoid space

Xjep ~  lim X,
K Kp<GLa(Zy) Kp,KP,Cp
compact open
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where, here, a ~ limit, as defined in [SW13, Definition 2.4.1], in particular implies (via [SW13,
Proposition 2.4.5]) that for (R, R") perfectoid over (C,, Oc,),
Xip(R,RT) = lim X, (R RY).

Kp<GLa(Zp)
compact open

However, we have the identity
Xiyrre, (B BY) = Xi, 00 (R)

because X r» is projective and the line bundles on Spa(R, R*) and SpecR are identified via
their global sections which are rank-one projectives over R (for affine schemes this is standard,
and for Spa(R, R") the equivalence between vector bundles and finite projective modules over R
is given by [KL15, Theorem 8.2.2]). Thus, we conclude Xg» = X}, so that Xx» is a perfectoid
space.
Passing to the open modular curves we find
: ad

Kpglég;(zp) YKPKP,CP

compact open
is also represented by an open in Xkp, which is perfectoid by the above result. It is
immediate by construction of the analytification of an affine finite-type scheme over C,
that

Y[%SKP’(CP(R7 R") = Yk, xr(R),
so that we conclude Vg» is a perfectoid space.

Remark 5.1.2. For open modular curves we can then obtain the same result for K? closed but
not necessarily compact open by using Proposition 3.1.8 and the fact that the limit of a tower
of finite étale covers of perfectoid spaces is perfectoid, and similarly for X if this is combined
with explicit computations at the cusps. As our main concern is the Hecke action, for which
it suffices to have a construction for KP compact open, we do not go further into these details
here.

From the actions on Yg» and Xg», we obtain an action of GL(Q,) on Xk» preserving Vi»

and a commuting action of GLg (A}p )) on the towers as KP varies over sufficiently small compact

opens KP < GLQ(AEZD)).

5.2 Modular forms
For k > 0 recall from §3.2 that we have the admissible GLa(A f)-representation of weight k
modular forms over C,,

My, = H)(Xc,,w") = colim  geqrya,) H'(Xkgc,w*).

K sufficiently small
compact open

We now relate these to Xk».
The GL2(Q))-action on Xx» can be viewed as induced from the identification

Xgp ~  lim XM,
Kp<GLa(Q,) I
compact open

and the action of GL2(Qp) on the tower. In particular, the analytification of the GLa(Qj)-
equivariant modular bundle w on the tower pulls back to a GL2(Q))-equivariant vector bundle
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on Xgip which we also denote by w. Moreover, these compile to a GLo (Agcp ))—equivariant bundle
on the tower (Xgr)gr as KP varies.
For K, < GL2(Q,) compact open, we have
0/ yad k 0 k K,KP
H (X%prv(Cp,w )=H (XKpr,cp,w ) = Mk,(ép .
In particular, by pullback to Xx» we obtain a GL2(Qj)-equivariant injection
M, = H (Xgv, ") — H*(Xgr, "),

Though we do not need any more than this, we note that this is an isomorphism onto the
GL2(Qp)-smooth vectors, as can be checked after restriction to YVx» where it follows from the
sheaf property for the completed structure sheaf on the pro-étale site of y}l{‘i Kr.C, for each
compact open subgroup K, < GL2(Q)).

This isomorphism is compatible with the GLo (Agcp ))—action on the tower of Xx» so extends

to a GLa(Ay)-equivariant injection

Myc, — coliprHO(XKp, wk).

Remark 5.2.1. As in Remark 4.3.1, to obtain a GL2(Af)-action inducing the standard Hecke
action, one should introduce a twist by the unramified determinant character that appears in
the Kodaira—Spencer isomorphism. This does not change the resulting completed Hecke algebra,
so it is reasonable to include the twist only when convenient, that is, when comparing with
singular /étale cohomology.

5.3 The Hodge—Tate period map
In [Sch15], Scholze constructs the Hodge-Tate period map,

THT,K? - XKp — Pl(: Pé:’:d).

We normalize some choices related to the group actions and equivariant structures by requiring
that, over Vi», muT v is the classifying map for the line

Lie E(1) C V,E® Oy,, 2 0%,

given by the Hodge—Tate filtration for the universal elliptic curve and the trivialization of its
relative Tate module. In particular, 7T gr is GL2(Q))-equivariant for the action on P! in which
GL2(Qp) acts by the dual of the standard representation on H°(P!,O(1)). The image of the
boundary/cusps Xgr\Vir is P1(Qy).

The maps 7yt k» compile to a GLa(A f)-equivariant map

THT - (XKP)KP — Pl
(p))

from the tower Xf», where P! is given the trivial action of GLQ(Af . By construction, after
fixing a compatible system of p-power roots of unity in C,, there is a natural isomorphism
mhrO(1) = w of GLa(Af)-equivariant line bundles on the tower (Xx») k.

Remark 5.3.1. Comparing with [CS17, SW13], over the good reduction locus one can also think
of the map 7yt as the classifying map for the p-divisible group E[p™] equipped with a basis

for T,E[p>]. A key property of my is that we can construct GLQ(AE}J ))—equivariant fake Hasse
invariants via pullback; this matches well with the perspective on the classical Hasse invariant
described in §3.2.2 which can be read as saying that it is pulled back from the moduli stack of
p-divisible groups.
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5.4 The perfectoid supersingular Igusa variety
For a closed subgroup K? < GL» (A( )) the supersingular Caraiani—Scholze Igusa moduli problem
of Definition 3.5.1 defines a functor on affinoid perfectoids over (C,, Oc,),

Zg%» : Spa(R, R") — Ig%s (RT /p).
When KP? is sufficiently small, Corollary 3.7.4 identifies Ig7%, with SpecA for
A=A7" = Cont(D*(Q\D*(Ay)/K?, ).
Because A is a perfect ring and R is p-adically complete,
%r(R" /p) = Homg (A, R"/p)
= Homy (W(A),R")
= Hom ((A[fp, Agp), (R,R"))

= HOHl CmOC ) Kp (R R+))

However, (.Ag:,flgg ) is a perfectoid Huber pair, so we conclude that Zg¢}, is represented by
P
the affinoid perfectoid space Spa(AK:,Agg ), which is just the profinite set D*(Q)\D*(Ay)/KP
P

viewed as a perfectoid space over Spa(C,, Oc,).

Remark 5.4.1. In [CS17, §4] this procedure is carried out in much greater generality to con-
struct perfectoid Igusa varieties (without the explicit identification with a double coset, which,
in general, will only occur over the basic locus).

5.5 Uniformization of fibers of wygr
We fix now a one-dimensional connected height-two p-divisible group G/Oc, equipped with a
quasi-isogeny

PG - XSS,OCP/IJ ® Qp = GOC,,/JD ®Qp

and a trivialization ¢ : Z2 = T,G(Oc,). By the Scholze-Weinstein classification [SW13], the
pair (G, 1) is equivalent to the point z € P1(C,)\P*(Q,) determined by the position of the
Hodge-Tate filtration. As it will be convenient later, we choose our data so that x is in the affinoid
ball By : [U/V| <1, where here U and V denote the standard basis for O(1) (i.e. projective
coordinates are [U : V]).

As in [SW13], there is a perfectoid Lubin—Tate space /\//YLT’OO over Spa(C,, Oc,) parameteriz-
ing quasi-isogeny lifts G of Xgs equipped with trivializations of T),G. We do not define this space
more carefully as we use it only through a citation to [CS17] in a proof in the following, but let
us recall that there is a local Hodge—Tate period map classifying the Hodge—Tate filtration,

Y 1
THT loc : MLT,c0 — P,

and pg determines a point xo € /T/I\LT,OO(CP) lying in 757 100 (2)-
From these data, we now construct a map

unif%o,Kp :Lggr — Yivr C Xkvp.
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On points in affinoid perfectoid (R, R1), it sends (E, ¢,, KP) to (E', ¢!, KP'"), where:
p P

(i) E' = Er where & is the elliptic curve over RT given by the Serre-Tate lifting (cf. [Kat81,
§1]) of E to R* determined by the quasi-isogeny

pco e, Ep™] @ Qp — Greyp @ Qp;
/

(ii) ¢}, is the composition of ¢ with the canonical identification of Tate modules induced by
Elp™] = Glp™]p+;
(iii) KP" is the unique lift of KP.

By construction, unif,  factors through the closed subset wﬁ%, () C Xwc,. The latter is a
Zariski closed subset of a perfectoid space and, thus, admits a canonical structure of a perfectoid
space through which unif,__ factors (because the domain is also a perfectoid space).

In addition to the obvious GLQ(AS? ))—equivariance in the tower, the map unif, _ x» also
satisfies an equivariance at p: let T, := Aut(G' ® Q) be the group of self quasi-isogenies of G.
Then, by the Scholze-Weinstein classification, 1 identifies T, with the stabilizer in GL2(Q))
of x € PY(C,)\P!(Q,). On the other hand, pg identifies T, with a subgroup of the self-quasi-
isogenies

Aut(xsspcp /p @ Qp) = Aut(Xssfp ®Qp) =D, .

By the interpretation as a stabilizer, T, is equal to either Q) or F* for a quadratic extension
F/Q,, and the latter occurs exactly when z € P}(F) —P!(Q,); this follows from an explicit
computation after observing that any line preserved by a non-scalar matrix in GL2(Q,) must be
defined over a quadratic extension of Q.

THEOREM 5.5.1. The maps unif,_ g» induce a T, x GLQ(A}p))—equivarjant isomorphism of

towers of perfectoid spaces

~

wnif, . : (DX (Q\D* (47)/K") 1y = (Tg50) o0 = (Rith (@) g
as KP varies over sufficiently small compact open subgroups of GLo (Agcp )).

Proof. The equivariance and compatibility in the tower is immediate from the definition, so it
suffices to show that for each K? the map unif,_ x» is an isomorphism of perfectoid spaces.
We first note that unif, _ x» is the restriction to Zg$, X o of a map

unifgr : Zg%p X Spa(Cy,Oc,) Mo — Vicw

defined similarly in [CS17, §4]; here, V55, denotes the closed subspace of YVk» whose Spa(C,C™T)
points for C' complete algebraically closed correspond to triples (E, pp, KP) such that E extends
to an elliptic curve over CT with supersingular reduction at the maximal ideal mo+ of C'7.

It follows from [CS17, Lemma 4.3.20] (cf. also [CS17, Definition 4.3.17]), that the diagram

Igi?p XSpa(Cp,Ocp) MLT,oo — MLT,oo

\L unipr l TTHT,loc

THT,KP

Vicr P!

is Cartesian on perfectoid spaces. Thus, because THT joc(Zoo) = @, We find that unif, _ g» induces
an isomorphism between the functors of points of Zg}, and (7gr, Kp\y%sp)*l(m) on perfectoid

279

https://doi.org/10.1112/50010437X22007308 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X22007308

S. HOwE

spaces. Because both are perfectoid spaces, and a perfectoid space is determined by its functor
of points on perfectoid spaces, we conclude that unif,_ is an isomorphism onto this space.
It remains to show that ﬂ'ﬁ% p(x) C V¥, Here the point is just that the loci of ordinary

and multiplicative reduction map to P! (Qp), but let us make this completely precise: suppose
given a geometric point

(B, ¢p, KP) € Wﬁ"}“,Kp (z)(C, C+)7
and write ¢ for the corresponding point
t = (E,KP) € Xaryz,) k0 (C) = Xo (CT).

By [Sch15, Lemma 3.3.19], because z & P!(Q,), there is a rational number 1 > € > 0 such that the
Hasse invariant vanishes on ¢c+ e, which thus factors through the supersingular locus. However,
this implies, in particular, that £ has supersingular reduction over C* /m¢+, so we conclude. [

5.6 Evaluation of modular forms
Any choice of basis for the fiber of O(1) at z € P}(C,) induces a GLQ(AS? ))—equivariant trivi-
alization of w|ﬂﬁ% ()" In particular, if we take as basis the section V|, (recall U and V are the

standard basis for O(1)), we obtain a map from classical modular forms
evall : @Mfép — Aép”( = H'(Zg3%»,0))
k>0
by first pulling back to X'kx», then restricting to Wﬁ%(:}:) and dividing by V*.
Remark 5.6.1. Choosing G to have endomorphisms by sz and scaling the trivialization V|, by

a p-adic period of GG, one can obtain an evaluation map that, on H O(XZP o) CM ,f(ép, reduces
modulo p to Serre’s evaluation map described in §4.

THEOREM 5.6.2. For KP < GLQ(AS?)) a sufficiently small compact open, the map evadffof> is
injective and has dense image. Moreover, as KP varies they are compatible and induce an injective
GL, (Agcp))—equivariant map
eval,_ : @Mk@p — Ac,-
k>0

Proof. The compatibility and equivariance as KP varies is clear from construction.

We now show injectivity: because z € Z,; C T, acts as multiplication by 2z7% on our fixed

trivialization V|,, we find that for any compact open K, C GL2(Q)), the image of M, ,f( éffp in
HO(m1(x), O) transforms under 2* for the action of z € Kj, N Z, . Thus, by the equivariance of
the T, action in Theorem 5.5.1, the image of M ,fép lands in the subspace Ag: [k] of vectors on
which the action of the central Z; < D¢ is differentiable with derivative k. In particular, there
can be no cancellation between the different degrees k.

To show the map is injective on each My, c,, we first observe that for K = K, K? a compact
open subgroup of GLa(Ay), the image of mr(z) in X ?S(CP((CP) = Xk,,(Cp) intersects every
connected component of Xg ¢, in an infinite set; indeed, the map factors as an injection from
D*(Q)\D*(Ay)/(KpNTy) - KP, and the connected component of the image in X ¢, is recorded
by the map

9= p % (g)ezp — Nrd g, - [Nrd gy, - [ ] |detgele
t#p

with values in Z; modulo the image of K.
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If s is a non-zero section of a line bundle on Xk c,, then there is at least one connected
component where it has only finitely many zeros. Thus, any section of w* over X i which vanishes
upon restriction to Wﬁ%ﬂ sp () is identically zero, and we conclude the map is injective.

We now show the Iriap has dense image. By assumption, x is contained in

By : |U|/|V]|<1CP,

and [Sch15, Theorem 3.3.18(i)] gives that mn(Bi) is affinoid perfectoid. By [BS19, Remark 7.5]
(Zariski closed implies strongly Zariski closed; cf. also [Sch15, Definition I1.2.6]), we find that
the map

HO(migh 1o (B1), OF) — HO(migh oo (), OF) = A!

is almost surjective; in particular, the image contains p.Agg .
- P
Thus, given f € p - Agg , we can lift it to f € HO(TrI}} s»(B1),0T). By Lemma 5.6.4 we find
P )

that for any n > 0 that there is a k large enough, K, small enough, and an element of o € M, ,f (éfp
such that

a/VF € HO(myp 10 (B1), OF), «/VF = f mod p" H (my 4 (B1), OF).

In particular, evalf:;(a) = f mod p". Thus, the image of evalfo: contains a dense subset of the
open ball pAgg , 80 is dense in Agpp. O
P

COROLLARY 5.6.3. If KP < GLQ(AS?)) is any compact open subgroup, then eval,_ restricts to
a Hecke-equivariant injection with dense image
KP KP
@ Mk,(Cp - ACP ’
k>0
Proof. This statement is immediate from Theorem 5.6.2 except for the density when KP is
not sufficiently small. To see this density, we pass to a sufficiently small compact open nor-

mal subgroup K?' < KP, then average approximations by K?'-invariants over K”/KP' to obtain
approximations by K? invariants. ]

The following lemma extracts part of the fake Hasse invariant argument given in [Sch15, Proof
of Theorem 4.3.1, pp. 1028-1031] in the simplest possible case. We make no new contribution,
however, as the specific statement we need is significantly simpler than the setup in [Sch15], we
reproduce the proof here in the hopes that it will be helpful for the reader.

LEMMA 5.6.4. If g € HO(T('I}} sr(B1),0T) and n > 0, then there is a compact open subgroup
K, C GLy(Zy), ak >0, and an o € H(Xg, gv,w") such that a/V* € HO(mih 1en(B1), 0F) and
a/V* =g mod p".

Proof. We use density of sections to approximate g, U, and V at finite level, then make an
argument using formal models and ampleness of w to extend the approximation of g to a global

section of a power of w after multiplying by a large enough power of the approximation of V.
To better match the notation of [Sch15], we write

s1="mupk,Us  S2="Tar eV, Ui =|s2/s1| <1C Xgp, and Us =|s1/s2| <1C Xgo.

In particular, Us = ﬂﬁ%\ xr(B1) in the previous notation.
By [Sch15, Theorem 3.3.18(i)], both U; and Uy are affinoid perfectoid and come from finite-
level affinoids U k, and Us g, in X?(‘i Kr.C, for small enough compact open K, < GLa(Zp).
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Moreover, they satisfy
colimp, O(Us,i,) C O(Us) is a dense subset for e =1,2.
The same density statement holds for sections of w, thus we can choose, for K, small enough,
sections
sWe HOU k., w), i,j=1,2
j Z,Kpa b a] -

such that 52@ is non-vanishing and the sections sg.i) satisfy

Sj — Sgl)
G

%

<|p"| onU.

By possibly taking K, smaller still, we may also assume that there is a function
h € H(Upk,,O") such that [h — g| < [p"| on Us,

where we recall that g is the function we are ultimately trying to approximate.
Now, [Sch15, Lemma 2.1.1] gives:

(i) a formal model X5@"&¢ over SpfOc, for X ?& KP,.Cp
(ii) a cover of X°"#"&¢ by affines iy = SpfO™ (Us i), ® = 1,2; and
(iii) an ample line bundle t /X528 modeling w/X ?(i k»,c, and such that
(L) = OF Us ) - 5t
In particular, the sections SZ(-j ) glue mod p" to a section 3; of o /p", and 4; is exactly the locus
where 3; is invertible. We deduce by ampleness that for large enough k:

(1) %Il (:{strange’ mk/pn) — 0; and
(ii) R - 53" extends to a global section of HO(Xstrange pk /pn).

The first item implies that HO(Xstanee k) — FO(xstrange ok /p7) is surjective: consider the
exact sequence of cohomology coming from

0_>mk/pn_>mk/p2n_>mk/pn_)0

to lift to HO(Xstranse wk /p?n) and obtain H'(X, w*/p?®) = 0, then repeat and pass to the limit.
Thus, we can lift b - 53 to

= HO(xs‘crange’ mk) c H0<X?€7K1’,CP7W’€)7
and this is the desired section. U
5.7 Comparison of completed Hecke algebras
We now prove Theorem A: let KP < GLg(AScp )) = D~ (Agcp )) be compact open, let
T3 = ZIKP\GLy(A) /K7),
and let T" C T%’S be a subring. Corollary 5.6.3 and Lemma 2.4.9 give

/A /N

T KpKP == TAKP-

(Mk C ) Cp
»“p Kp,k

Invoking Lemma 2.4.8, we find that we can replace C, with Q, on both sides.
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On the other hand, combining Lemmas 3.4.7 and 2.4.9, we find that
A A
gy, = g
Thus, to deduce Theorem A, it remains only to show
T/A GLo(Zp)KP = T/A KpKP
(Mk,(@;% ? )k ( k,ép )Kp,k
This is basically a well-known result of Hida [Hid86, Equation (1.7)], however, we are not aware of
a full proof in the literature. Thus, we include a proof here, arguing with completed cohomology
as explained by Emerton [Emell, Remarks 5.4.2 and 5.4.3]. This argument forms part of the
proof of the following result, which encodes all of the isomorphisms indicated previously and in
the introduction.

THEOREM 5.7.1. The identity map T’ — T’ extends to a topological isomorphism of the
completed Hecke algebras T’ acting on the following:

(i) (M ,f( 6fp) v k. for k varying over all non-negative integers and K, varying over all compact
) s p

open subgroups of GL2(Qy);
. GLa(Zp)KP . . )
(ii) (M 50, ) ., for k varying over all non-negative integers;

(iii) (Mféfp), for K, varying over all compact open subgroups of GLa(Q,);

(iv) the completed cohomology of the modular curve at level KP (cf. [Eme06]),
ks = s = (it B (Ve (). 2/™) ) 1/
m Kp

v) the space of quaternionic automorphic forms AX": and
p q P .

(vi) the space of p-adic modular forms V(S:

Proof. We have already established the identities of completed Hecke algebras (i) =(v) and
(i) = (vi). We conclude by identifying (iv) = (i), (iv) = (ii), and (iv) = (iii).

For K = K,K? sufficiently small, let pr: Ex — Yg(C) be the universal elliptic curve over
Y (C) and let Sym* be the kth symmetric power of R'pr,Q, a GLo(A £)-equivariant local system

on the tower (Y (C))x. Fixing an isomorphism Q, = C, we obtain for each k > 2 and K, such
that K = K,K? is sufficiently small a Tabs_equivariant injection

MBS B (Yic,10(C), Sym* ) @ C, (5.7.1)

given by composing the maps
KpKP KpK?P 1 k—2 1 k—2
My, — My — H (Yi,ke(C),Sym™ ") © C — H (Yg,x»(C), Sym" ") @ Cp,
where the second arrow comes from the classical Eichler-Shimura isomorphism and the last
arrow comes from composition of the isomorphism Q, = C with Q, < C,. It follows from the
Eichler—Shimura isomorphism that (5.7.1) induces an isomorphism on the image of T’ in the
respective endomorphism rings. If we denote by T/, the completed Hecke algebra for T’ acting
on the family

(Hl (YKpr ((C)v Symk_Q) ® CP)KpJga
then we deduce that T

< 18 isomorphic to the completed Hecke algebra for part(i). By
Lemma 2.4.8, T/ is also the completed Hecke algebra for T’ acting on

(Hl(YKpKP((C%SYLH) ® Qp)K,,,k'
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As in [Eme06, Emel1],®

H'(Yie, 10 (C), Sym* ) ® Q, — Homy, (Sym*2Q2, H,).

Thus, if we fix for each k > 2 a non-zero vector in (Symk_2Q12)), then pairing with these vectors
gives Hecke—equivariant injections

H'(Yi,k»(C), Sym*?) @ Q, — Hp

whose joint image is dense (indeed, it is already so if we fix k = 2), and thus we deduce from
Lemma 2.4.9 that T/ is isomorphic to the completed Hecke algebra for part (iv), establishing

aux
(i)=(iv). Then, running the same argument using only weight two modular forms, we find

(iii) = (iv).

Arguing similarly and using the density of GLa(Z,)-algebraic vectors in H}, as established
in [Emell, Remark 5.4.2] (specifically of those which transform locally as Symk72Q§ for some
k; we do not need to also allow for arbitrary twists by a determinant), we obtain (i) = (iv). O

Remark 5.7.2. From our perspective, instead of p-adic modular forms it is perhaps more nat-
ural to consider the larger space of p-adic automorphic forms given by functions on the
Caraiani—Scholze Igusa formal scheme over the ordinary locus, which parameterizes isomorphisms

E[p™] = tpeo x Qp/Zyp.

Indeed, an argument nearly identical to that given in this section for the supersingular Igusa
variety but starting with the point

r=[0:1] e P(Qp)

shows that the completed Hecke algebra of this space of p-adic automorphic forms is the same
as that appearing in Theorem 5.7.1.

Moreover, this space of p-adic automorphic forms admits an action of a very large unipotent
group at p, and using this action one can produce a GLg(AScp ))—equivariant projection operator
(a type of Kirillov functor) to Katz p-adic modular forms which can, in turn, be used to deduce
an isomorphism of completed Hecke algebras; this will be explained in future work (cf. also
[How20]). In this way, one will be able to obtain a proof of Theorem A that does not pass
through singular/étale cohomology to show that level and weight families of classical modular

forms give rise to the same completed Hecke algebra.
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