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LOGARITHMIC VECTOR FIELDS AND
HYPERBOLICITY

ERWAN ROUSSEAU

Abstract. Using vector fields on logarithmic jet spaces we obtain some new
positive results for the logarithmic Kobayashi conjecture about the hyperboli-
city of complements of curves in the complex projective plane. We are inter-
ested here in the cases where logarithmic irregularity is strictly smaller than
the dimension. In this setting, we study the case of a very generic curve with
two components of degrees di < d2 and prove the hyperbolicity of the comple-
ment if the degrees satisfy either di > 4, or di = 3 and d2 > 5, or d1 = 2 and
da > 8, 0or di =1 and d2 > 11. We also prove that the complement of a very
generic curve of degree d at least equal to 14 in the complex projective plane
is hyperbolic, improving slightly, with a new proof, the former bound obtained
by El Goul.

81. Introduction

A complex manifold X is hyperbolic in the sense of S. Kobayashi if
the hyperbolic pseudodistance defined on X is a distance (see, for example,
[15]). In the case of hypersurfaces in P™, we have the logarithmic Kobayashi
conjecture [14]:

CONJECTURE 1. P™\X (n > 2) is hyperbolic for a generic hypersurface
X CP" of degree deg X > 2n + 1.

Here we will study the case of complements of curves in P2. Several
authors have studied this case, especially when the curve has several ir-
reducible components. It is well known that the conjecture is the more
difficult the smaller the logarithmic irregularity (equivalently the number
of irreducible components) is. The conjecture is known to be true for log-
arithmic irregularity equal to 2 or more (equivalently 3 or more irreducible
components). We refer to [9], [10] and [1] for the details and the references
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for these cases. In the case of logarithmic irregularity equal to 2, Dethloff
and Lu proved in [8] that every Brody curve in the complement of a normal
crossing curve in P? of degree at least 4 consisting of three components is
algebraically degenerate. See also [17] for more general results on the alge-
braic degeneracy of entire curves when the logarithmic irregularity is equal
to the dimension of the manifold.

When the logarithmic irregularity is strictly smaller than the dimension
of the manifold, much less is known. In this paper, we are interested in the
more difficult cases where the logarithmic irregularity is strictly smaller than
2, i.e. the curve is either smooth or has two irreducible components. For
the complement of smooth curves, studying the compact analogue of the
above conjecture, Demailly and El Goul obtained in [6] that complements
of very generic curves in P2 of degree d > 21 are hyperbolic. Later, using
logarithmic jets, El Goul improved that result in [12] obtaining the bound
15. Using different techniques we obtain here

THEOREM 2. Let C be a very generic irreducible complex algebraic
curve in P? of degree d. Then P?\C is hyperbolic and hyperbolically em-
bedded in P? if d > 14.

Previously in [20] we obtained some results for the two-components
case. Using the same techniques as in the proof of the previous theorem we
improve them by the following result

THEOREM 3. Let C = C1UCY be a very generic complex algebraic curve
in P? having two irreducible components C1 and Cy of degrees di < da. Then
P2\C is hyperbolic and hyperbolically embedded in P? if the degrees satisfy

etther di > 4,
or di =3 and dy>5,
or di=2 and dy>38,
or di =1 and dy>11.

The proofs of these two results are based on techniques introduced by
Siu and Paun (see [25], [19], [23] and [24]).

The first one is a generalization in the logarithmic setting of an approach
initiated by Clemens [4], Ein [11], Voisin [26] and used by Y.-T. Siu [25] and
M. Paun [19] to construct vector fields on the total space of hypersurfaces in
the projective space. Here we construct vector fields on logarithmic spaces.
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The second one is based on bundles of logarithmic jet differentials (see
[7]). The idea, in hyperbolicity questions, is that global sections of these
bundles vanishing on ample divisors provide algebraic differential equations
for any entire curve f : C — X\ D where D is a normal crossing divisor on X.
Therefore, the main point is to produce enough algebraically independent
global holomorphic logarithmic jet differentials.

§2. Logarithmic jet bundles

In this section we recall briefly the basic facts and results of J. Noguchi
in [16] about logarithmic jet bundles. We refer to [7] and [24] for details.

Let X be a complex manifold of dimension n. Denote by JiX the
k-jet bundle over X. Let T% be the holomorphic cotangent bundle over
X. Take a holomorphic section w € H°(O,T %) for some open subset O.
For ji(f) € JxX|0, we have f*w = Z(t)dt and a well defined holomorphic

mapping
- . A
@: JXjo — C* Ge(f) — <W(O)> :
¢ 0<j<h-1
If wi,...,w, are holomorphic 1-forms on O such that wy A -+ A w,

vanishes nowhere, then we have a biholomorphic map
(&71,,@;) xSy Xjo — ((Ck)n x O,

which gives the trivialization of Jp X 0 associated to wq,...,wy.

Let X be a complex manifold with a normal crossing divisor D. Con-
sider the log manifold (X, D). Let X = X\D. Denote by Ty = T%(log D)
the logarithmic cotangent sheaf.

Let s € H°(O,JpX) be a holomorphic section over an open subset
O C X. We say that s is a logarithmic k-jet field if the map wos|or O — CFk
is holomorphic for all w € H(O',Ty) for all open subsets O' of O. The
set of logarithmic k-jet fields over open subsets of X defines a subsheaf
of the sheaf J, X, which we denote by J,X. J,X is the sheaf of sections
of a holomorphic fibre bundle over X, denoted again J;X and called the
logarithmic k—jet bundle of (X, D).

A log-morphism F : (7’, D') — (X, D) induces a canonical map

F o Jp X — JpX.
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We can express the local triviality of J,X explicitly in terms of co-
ordinates. Let z1,...,2, be coordinates in an open set O C X in which

dz dz
D = {z1z9-+- 2, = 0}. Let wy = T w = Z—ll,w1+1 = dzi41,- . wp =

dzp,. Then we have a biholomorphic map
(@I,,Jn) X T ij\O — ((Ck)n x O.

Let s € H°O,J,X) be given by s(z) = (£§i)(:r),a:) in this trivia-
lization where the indices ¢ correspond to the orders of derivative. Then
the same s considered as an element of HY(O,J,X) and trivialized by

&’

wi = dz1,...,wp = dzy, is given by s(z) = (§;”(z),z) where

3 j>1+1

&= {Zi(ﬁ]@ ol g st
0 _

The g; are polynomials in the variables 5](-1), e ,§§i_l), obtained by ex-

pressing first the different components fj(»i) of (dz—zj) o s(z) in terms of the

components EJ@ of the components EJ@ of (i\z/Z o s(z) by using the chain rule,
and then by inverting this system.

In summary, we have a holomorphic coordinate system on ij\O

given by (5%1),..., q(f);zl,...,zn) and one on Jk7|0 given by
(Agl), . .,/;(f);zl, ...,2n). The previous relation exhibits the sheaf inclu-

sion Jp X o C JkY‘O. We will use these coordinates for the computations
of the next section.

83. Logarithmic vector fields

3.1. The smooth case
In this section we generalize the approach used in [19] (see also [18] and
[24]) to logarithmic jet bundles. Once we have the logarithmic tools of the
previous section, the explicit construction of the vector fields on logarithmic
jet spaces is very similar to the compact case treated in [19]. Nevertheless,
we provide the details of the computations for the convenience of the reader.
Let X C P2 x PNa be the universal curve of degree d given by the
equation
Z aaZ% = 0, where [a] € PN and [Z] € P2.
|a|=d

https://doi.org/10.1017/50027763000009685 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000009685

LOGARITHMIC VECTOR FIELDS AND HYPERBOLICITY 25

We use the notations: for o = (ap,...,a2) € N3, |a| = 3. a; and if
7 = (Zy, Z1, Z5) are homogeneous coordinates on P2, then Z% =[] Z;-lj. X
is a smooth hypersurface of degree (d, 1) in P? x PNe,

We consider the log-manifold (P? x PVe, X'). We denote by Jo (P2 x PV4)
the manifold of the logarithmic 2-jets, and J3 (P2 x PN4) the submanifold
of J5(P? x PN4) consisting of 2-jets tangent to the fibers of the projection
P2 x PNa — PNa,

We are going to construct meromorphic vector fields on Jy (P2 x PNa).

Let us consider

Y= <a000dZ§l + Z an 2" = 0> C Pg x U,
|a|=d

where U := (agood 7 0) N (Ujaj=d.an »=0(@a # 0)) C PNatl We have the
projection 7 : ) — P? x PN¢ and 7~ 1(X) = (Z3 = 0) := H. Therefore
we obtain a log-morphism 7 : (Y, H) — (P? x PMe, X) which induces a
dominant map

Ty T5(V) — T2 x PMa).

Let us consider the set Qg := (Zg # 0) x (agooa # 0) C P3 x U. We
assume that global coordinates are given on C3 and CMat1. The equation

of Y becomes
YV = (zg + Zaazo‘ = 0>.

Following [7] as explained above, we can obtain explicitly a trivialization

of J3(). Let w! = dzy, w? = dzy, w? = %. Then we have a biholomorphic
map

J2(Q) — C3 x U x C3 x C3,

where the coordinates will be denoted (z;, aq, 5]@).

Let us write the equations of JJ()p) in this trivialization. We have
JY(Vo) = J¥(Vo) N J2(Q0). The equations of JY()) in the trivialization
of Jo(Q) given by @' = dz, ©? = dz, &> = dzz can be written in
C3? x U x C3 x C? with coordinates (z;, aa,gj(-i)) as follows:

2+ E anz2” =0,
lo|<d
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dzg 153 —I—Z Z =0,

j=1|a|<d
dzg—léf) +d(d— 1)z H(é‘”)Q
aZ A(Q /\(
I DD SR N ol P U
7=1a|<d jk=1la|<d /

The relations between the two systems of coordinates can be computed
as explained above and are given by

g =¢l forj<2
1 1
Ej(), ) = 2355(?, ))
2 2 142
D = (6 + ().
Therefore, to obtain the equations of J¥())) in the first trivialization,
we just have to substitute the previous relations

(1) 28+ Z agz® =

jal<d

2) d=gelt) + Z Y ta =0,

Jj=1la|<d

(3) dzg£(2) +d2 d( (1))2

Y WY Y, 8z8zk e =o.

Jj=1|a|<d Jrk=1]al<d

Following the method used in [19] and [23] for the compact case, we
are going to prove that T—Qv(y) ® Opa(c) ® Opng+1(x) is generated by its
global sections on JJ(V)\(XUp~1(H)), where p: J3(Y) — Y is the natural
projection, ¥ a subvariety that will be defined below, and ¢ € N a constant
independant of d. Consider a vector field

V= ZUQ +ZU]8 +Zw )’
7.k

la|<d
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on C? x U x €3 x C3. The conditions to be satisfied by V to be tangent to
JY (Vo) are the following

2 o
(4) Z Ve 2" + Z Z aa%vj +dz8 v =0,

la|<d j=1lal<d J
- 02" ) | % PN 0% ()
) Z Uaggj * Z Z aaaz-azkngk +Z Z Y5z
7=1|a|<d / jk=1]al<d I 7=1a|<d J

+ d2zg_1v3£§1) + dzgwél) =0,

Pz ), W0y, S, 92 @)
N <Z aa8Zj8zk (w6 Tt )+;aaa—2jwj >
ot (62 + () + 2ol ) + dful? <o
We can introduce the first package of vector fields tangent to J3 (J).

We denote by 0; € N? the multi-index whose j-component is equal to 1 and
the other are zero.

For oy > 3:
Vol = a%a —3a5 a—s, + 344 8%8_251 A 8%8—351
For a1 > 2, ag > 1:
Tt Tt T ey
+ z%m — 2z 8%-251—62

Similar vector fields are constructed by permuting the z-variables, and
changing the index « as indicated by the permutation. The pole order of
the previous vector fields is equal to 3.
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LEMMA 4. For any (vi)i1<i<s € C3, there exist vy(a), with degree at
most 1 in the variables (a~), such that V :=73_ va(a)% +1<j<2 vj% +
o == J

21323(%3 is tangent to J3 () at each point.

Proof. First, we substitute equations (1), (2), (3) in equations (4), (5),
(6) to get rid of =z, §§2) (1 <4 < 2). Then, we impose the additional
conditions of vanishing for the coefficients of 5](-1) in the second equation
(respectively of fj(»l) ]il) in the third equation) for any 1 < j < k < 2. Then

the coefficients of 6](2) are automatically zero in the third equation. The
resulting equations are

Zvaz +ZZaa - -—dvgzaazo‘:(),

la|<d Jj=1|a|<d |a|<d
2 0z¢
E va E E 82 vk — dvg E aa% =0,
la|<d 0z k=1|al<d J lo|<d J
2
82 a 82 fe
E + E E q=—————v; — dvg E Qq =0.
02,0z Ve 0z; 8z 82 020z
laj<d © IOk I=1 |a]<d JEOREE lal<d JEk

Now we can observe that if the v, (a) satisfy the first equation, they au-
tomatically satisfy the other ones because the v, are constants with respect
to z. Therefore it is sufficient to find (v, ) satisfying the first equation. We

identify the coefficients of 2 = 2{" 257:

2
vy + Z apts;v5(pj + 1) —dvza, =0.  []
j=1
Another family of vector fields can be obtained in the following way.
Al A2 0 B
Consider a 3 x 3-matrix 4 = [ A} 42 0| € M3(C) and let V :=
AL A% 0
(k) _ _
Dok W, 8£(k)’ where w®) := A¢®) for k = 1,2.

LEMMA 5. There exist polynomials va(z,a) = > 5 < vg(a)zﬁ where
each coefficient vg has degree at most 1 in the variables (ay) such that

0
V= Zva(z,a)ﬁ +V
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is tangent to JY (o) at each point.

Proof. First, we substitute equations (1), (2), (3) in equations (4), (5),
(6) to get rid of z3, §§i) (1 <i<2). We impose the additional conditions of
vanishing for the coefficients of fj(»l) in the second equation (respectively of
fj(»l)f,(;) in the third equation) for any 1 < j < k < 2. Then the coefficients

of 5](2) are automatically zero in the third equation. The resulting equations
are

(7) Z Ve2" =0,

jal<d

(85) Z va —I—Z Z aa dA?,; Z aaz® =0,

la|<d 0zj k=1 |a|<d la|<d

The equations for the unknowns vg are obtained by identifying the
coefficients of the monomials z” in the above equations.

The monomials 2” in (7) are 2{" 25% with >~ p; < d.

If all the components of p are greater than 2, then we obtain the fol-
lowing system

10. The coefficient of z” in (7) impose the condition
S -
a+pB=p
11;. The coefficient of the monomial 2P~% in (8;) impose the condition
Z ajvg = lj(a).
a+pB=p

where [; is a linear expression in the a-variables.
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12;;. For j = 1,...,2 the coefficient of the monomial z*~2% in (9;;)
impose the condition

> ajla; — 1w =1j;(a).

a+pB=p

12j5. For 1 < j < k < 2 the coefficient of the monomial z°~% % in
9.1) impose the condition
J

Z ajagvg = lig(a).

a+pB=p

The determinant of the matrix associated to the system is not zero. In-
deed, for each p the matrix whose column Cjg consists of the partial deriva-
tives of order at most 2 of the monomial z?~# has the same determinant, at
the point zp = (1, 1), as our system. Therefore if the determinant is zero,
we would have a non-identically zero polynomial

Q(z) =) agz"?,
3

such that all its partial derivatives of order less or equal to 2 vanish at z.
Thus the same is true for

P(z) = z%)(i i) = Zagzﬂ.
B

Z17Z2

But this implies P = 0.
Finally, we conclude by Cramer’s rule. The systems we have to solve
are never over determined. The lemma is proved. 0

Remark 6. We have chosen the matrix A with this form because we are

interested to prove the global generation statement on J3(V)\(SUp~1(H))
where 3 is the closure of

o= {(z,a,f(l),f(Q)) € J_g(yo)/det(gi(j))lgi,jgz = O}‘

PROPOSITION 7. The vector bundle TJ—Qv(y)®0p3(7)®OPNd+1(*) is gen-
erated by its global sections on J3(V)\(X Up~L(H)).
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Proof. From the preceding lemmas, we are reduced to consider
V=2 <3 va%. The conditions for V to be tangent to J3 () are

|| <2
2
0% (1)
Z Z Va6 0,
j=1a|<L2 g
2
92 (2) 2% (1) ()
S (T X gt e Jun o
la|<2 Nj=1 J,k=1

We have Wi := det (fj(»i))l <ij<2 # 0. Then we can solve the previous
system with vgg, v10, vo1 as unknowns. By the Cramer rule, each of the pre-
vious quantity is a linear combination of the v,, |a| < 2, a # (00), (10), (01)
with coefficients rational functions in z, €1, €2). The denominator is Wia
and the numerator is a polynomial whose monomials have either degree at
most 2 in z, and at most 1 in €& and €@, or degree 1 in z and three in
¢,

& (1) has a pole of order 2, & @) has a pole of order 3 therefore the previous
vector field has a pole of order at most 7. 0

COROLLARY 8. The vector bundle Tz xpiay ® Op2(7) ® Opny (*) is

generated by its global sections on J§(P? x PNa)\ (mo(Z)Up, H(X)), where po
1s the natural projection J_§’(IP’2 x PNa) — P2 x PNa,

Remark 9. The pole order 7 is the same as in the compact case of [19].

Remark 10. If the second derivative of f : (C,0) — P2 x PN\ X lies
inside m2(X) then the image of f is contained in a line. Therefore, as far as
we are interested in the algebraic degeneracy of f, it is no loss of generality
to work away from X.

3.2. The two-components case
By the previous method we obtain the same global generation state-
ment, using the same notations,

PROPOSITION 11. The vector bundle Tyypa,prgy @ Op2(7) ® Opny ()
is generated by its global sections on J3(P? x PNa)\(ma(X) U py H(X)).
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The proof goes along the same lines considering
X=X UXy CP? x PV x PNaz,
where &; (1 <1 < 2) is the universal curve of degree d; given by the equation

Z aW 7o = 0, where [a(i)] € PVai and [Z] € P2,

(e}
loo|=d;

and Y =Y N Yy C P* x U where

V= <a000dloz§fl + > af ) c P x U,
loa|=d1

Yy = <a0000d22d2 + Z ) cP*xU,
lo|=d2

with U the open subset of PNa+1 5 PNax+1 defined by

U:= (a000d 0 #0)N < U (a((ll) e 0))

la|=d1, ar,a5=0

(%ooocz2 #0)N < U (a® + 0)).

|a|=d2, ar,a5=0

Then we apply the previous method to construct meromorphic vector
fields on J3 (P? x PNa1 x PNaz),

84. Logarithmic jet differentials

In this section we recall the basic facts about logarithmic jet differentials
following G. Dethloff and S. Lu [7]. Let X be a complex manifold with a
normal crossing divisor D.

Let (X, D) be the corresponding complex log-manifold. We start with
the directed manifold (X,Tx) where Tx = Tx(—logD). We define
X = P(Tx), Dy = W*(D) and V; C TXIZ

Vi) = {6 € Txy (a0 (— log D1) 5 € € Cu},

where 7 : X1 — X is the natural projection. If f: (C,0) — (X\D,z) is a
germ of holomorphic curve then it can be lifted to X;\D; as Iin
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By induction, we obtain a tower of varieties (X, Dk, Vi) with
7« X — X as the natural projection. We have a tautological line bundle
Ox, (1) and we denote uy, := ¢1(Ox,(1)).

Let us consider the direct image m.(Ox, (m)). It is a locally free sheaf
denoted Eka} generated by all polynomial operators in the derivatives
of order 1,2, ...,k of f, together with the extra function log s;(f) along the
j-th component of D, which are moreover invariant under arbitrary changes
of parametrization: a germ of operator () € Eka} is characterized by the
condition that, for every germ of holomorphic curve f : (C,0) — (X\D,z)
and every germ ¢ € Gy, of k-jet biholomorphisms of (C,0),

Q(f o) =¢"Q(f)o¢.

The following theorem makes clear the use of jet differentials in the
study of hyperbolicity:

THEOREM 12. ([13], [5], [7]) Assume that there exist integers k,m > 0
and an ample line bundle L on X such that

HY(X}y, Ox, (m) @ miL7Y) ~ HY(X, By Ty @ L7

has non zero sections o1,...,o0n. Let Z C X be the base locus of these
sections. Then every entire curve f : C — X\D is such that fj;(C) C Z. In
other words, for every global Gp-invariant polynomial differential operator
P with values in L™1, every entire curve f : C — X\D must satisfy the
algebraic differential equation P(f) = 0.

In the case of logarithmic surfaces (X, D), we have the following filtra-
tion (see [12]) of log-jet differentials of order 2:

CrEynTx= P " ¥TyoKy.
0<j<m/3

A Riemann-Roch calculation based on the above filtration yields

m4

X,EymTy) =
X( Y 27 X) 648

(1323 — 9¢5) + O(m?),

where ¢; and ¢y denote the logarithmic Chern classes. This gives by Bogo-
molov’s vanishing theorem [2]:
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THEOREM 13. ([12]) If (X, D) is an algebraic log surface of log general
type and A an ample line bundle over X, then

m4

> —(13¢2 — 9¢ %).
> 648(130l 9¢2) + O(m?)

WX, By Ty © O(—4))

COROLLARY 14. ([12]) Let C C P? be a smooth curve of degree d > 11
and A an ample line bundle. Then h°(X, By, Ty @O(—A)) # 0 form large
enough.

COROLLARY 15. ([20]) Let C = Cy U Cy be a normal crossing
complex algebraic curve in P? having two irreducible smooth components
Ci1 and Cy of degrees di < do and A an ample line bundle. Then
RY(X, E27mT} ® O(—A)) # 0 for m large enough if the degrees satisfy

either dy > 3,
or dy =2 and dy>5,
or di=1 and do>T1.

85. Proof of Theorem 2

Let us consider an entire curve f : C — P?\C for a generic curve in
P? of degree d > 14. Let us assume that the projectivized first derivative
Jip + € — Xy is Zariski dense. By the proposition of the previous section
we have a section

0 € H(P2, By Tor ® Kpa) = HO((P2)s, Op2y, (m) @ 75K ps)
with zero set Z and vanishing order ¢(d — 3). Consider the family
X c P? x PMNe,

of curves of degree d in P2. General semicontinuity arguments concerning
the cohomology groups show the existence of a Zariski open set Uy C PNd
such that for any a € Uy, there exists an irreducible and reduced divisor

Zy = (P, =0) C (P})2,

where ,
P, € HO((PZ)% O(Pgb (m) ® F;K(_Pg))’

such that the family (P,)qcr, varies holomorphically. We have the following
numerical criterion due to El Goul
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PROPOSITION 16. ([12]) Let (X, D) be a log surface of log general type
with Pic(X) = Z. Suppose that

m(13¢% — 9¢5) > 12t¢3,
then there exists a divisor Y1 C X1 such that im(fp)) C Y1.

Therefore since we assume that the projectivized first derivative
Jnp + € — X is Zariski dense we obtain the following estimate for the
vanishing order

£> m(13¢3 _ 952).
12¢7

Now we consider P as a holomorphic function on J§(P? x P¥¢);  and
differentiate it with the meromorphic vector fields constructed before. Take
v e HO(JZ(P? x PNd)UdaTJ_;(PQXPNd)Ud ® Op2(3)) such a vector field, then
the restriction of dP(v) to Z, is a section of the bundle

O(Pg)g (m) & O]}DZ(?) — t(d — 3))‘Za
From the previous proposition, we have

m(13¢3 — 9¢3)

t(d —3) >
( )2 12¢2

(d—3) > 3,

if d > 14.
Therefore if f|;): C — X, is Zariski dense, we have that the restriction
of dP(v) to Z, must vanish. Then there exists a section

Pv € HO(P(QM (QIP’%(3 + t(d - 3))7

such that
dP(v) = p, P.

As in the compact case, we have the following proposition:
PROPOSITION 17.  Let f : C — P?\C such that fjy) : C — Xy is Zariski

dense. Then the weighted degree m of the algebraic family of sections (P,)
verifies m > 6.
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Proof. Following [12], we have for m < 5 the exact sequence
0 — ST @ Kps — Bo s @ Kps —2 S™ 3T @ Kpa' — 0,
which gives an injective morphism for any positive ¢
O : HOP?, By Te @ Kps) — HO(P2, S 3T @ Kps ),

because HO(P2, ST @ Kps) = 0 (see [12]).

Let us consider as above the logarithmic manifold (), H) with the log-
morphism 7 : (Y, H) — (P2 x PNe, X'). We can take the pull-back with 7 of
the algebraic family of sections (P, ) providing logarithmic 2-jet differentials
on Y,. Let us do some local computations on these 2-jet differentials. We
take some affine coordinates on C? and the equation of ) is

Yy = <z§‘f+2aaz°‘ :0> cC3xU,

with Hy := (23 = O)

Now, the proof is similar to the compact case (see [19]) which we recall
for the convenience of the reader.

If we assume that ) aa% # 0 identically on ), we can write a
logarithmic 2-jet differential on the corresponding affine open set with log-
arithmic coordinates in the following way

Q(z,a,6MW,62) = Ry(z,a, M) Vel — éMel) + Ry (2,0,6M),

where Ry and R; are local symmetric differentials, of degree m — 3 and m.
For a generic point z € )y, Ry and R; are not identically zero since the zero
set of the (P,) is irreducible.

For generic zy = (29,29, 29) € My, Ry and Ry are not identically zero.
By translation we can assume that 2 = 2§ = 0. We can make a linear
transformation on (z1, 22) to diagonalize the quadratic part and the equation

of )y becomes

Vo = <z§i + Z a2t + co(z% + z% + c10021) = 0>.
3<a<d

Notice that the equation of the divisor Hy is still (23 = 0). In
these coordinates, we consider as above the manifold J5(),) and
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V= Z 52 85(])
meromorphic vector field V € HO(JZ (V) Ty (y) ® Ops(3)) such that V' :=
Dou va% V.

Moreover, from the proof of the lemma we see that for each index «,
la| <2, we have v,(0,0) = 0.

Now, using the first package of vector fields and the relation dP(v) =
pu P, we obtain that there exists A € C such that

(ng 2e0) § 83].))@(,20,%,{(1),{(2)):)\Q(zo,ao,f(l),f(2)),
j 3 3

53 Py (]) According to Lemma 5, there exists a global

for any 2-jet (€M), £®3)) of Yy at zy. We remark that

0
(S0 -1 ) - ) =o

7o)

If m = 3, then we have A = 0 since Ry is not 0, so

3
3 —J
—0,
(52 ol ! eV ><Z(:) >

which implies that le- = 0 for all j.

If m =4, then
<<1) 0 om0 >(R0£ + RIED) = AR + RO
2 1) 3 1) 2 3 162 263 )
o¢y ogy

and

9 9 4 : :
(6025 - m)(ZR;@;”)J(&?)*J)

e oes) )\
_A@ R (€)).

which imposes the two equations

N —1=0,
A+ 8A+16) = 0.
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They do not have common solutions.
If m = 5 we obtain

AN +4) =0,
M(13+ X2 +9(5 + ) =0,

with no common solutions. []

So, with f : C — P?\C such that Jnp + € — Xy is Zariski dense, we
have degree at least 6 for the jet differential. But, we have proved that
Ty p2xphay © Op2(7))x, is globally generated on X»\(m2(X) U3 o(C)). So,
we can find a vector field v such that dP(v) is a holomorphic jet differential
vanishing on ample divisor and algebraically independent of P provided that

m (1322 — 9¢z)
T(d —-3)>7,
which is the case for d > 14 as m > 6. Then we obtain a contradiction
to the fact that f;) : C — X is Zariski dense. Indeed, if fjy; does not
lie in the singular set of (P = 0) then for some ¢ € C, dPy, 1 (v) # 0,
which contradicts Theorem 12. Therefore flg) lies in this singular set and
Jpy 1s algebraically degenerate. Then we use El Goul’s generalization of
McQuillan’s results on foliations of surfaces to the logarithmic setting in
[12] which tells us that the entire curve f : C — P?\C itself is algebraically
degenerate. Finally, algebraic hyperbolicity of P?\C' (see [18] or [3]) implies
that f is constant and P?\C is hyperbolic and hyperbolically embedded in
P2,

§6. Proof of Theorem 3

The proof goes along the same lines showing the algebraic degeneracy
of the curve f : C — P2\ C;UCs provided that the same numerical condition

m(13¢3 — 9¢3)
— = (d—-3)>T,
12¢2 ( )

is satisfied. An easy computation shows that it is the case if either d; > 4,
ordi=3and dy > 5,ord; =2and do > 8, or dg =1 and dy > 11. The
hyperbolicity is deduced from the algebraic hyperbolicity of P2\Cy UCs (see

3])-
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