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ON ANALYTIC FUNCTIONS WITH REFERENCE
TO AN INTEGRAL OPERATOR

R. ParvaTHAM AND T.N. SHANMUGAM

Let E={z: |z] <1} and let
H = {w : regular in E, w(0) =0, |w(z)| <1, 2 € E} .

Let P(A, B) denote the class of functions in E which can be
put in the form (1+aw(z)}/(1+Bw(z)) , -1s4<B=s1,
w(z) € H . Let S*A, B) denote the class of functions f(z)

oo

of the form f(z) =2z + % anzn such that
n=2

2f'(2)/f(z) € P(A4, B) . If f(z) € S*(4, B) and
g{z) € S*(C, D) then, in this paper the radius of starlikeness
of order B8 (B € (o, 1)) of the following integral operator

z
F(z) = -——( '(m'?)m [o tM—J-f(t)dt , m>1,
g 2

is determined. Conversely, a sharp estimate is obtained for the

radius of starlikeness of the class of functions

flz) = 2-l(g(z)F(z))’

where g(z) and F(z) belong to the class S*(4, B) .
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1. Introduction

Let S denote the family of functions f(z) which is regular and
univalent in the unit disc £ and which satisfy the conditions
f(o) =0 =F'(0) -1 . Let S*C S denote the class of starlike
functions, namely those members of S which map E onto a domain that is
starlike with respect to the origin. Libera [6] showed that if f(z) € S*
then

5 (7
F(z) = - J fle)de
0

also belongs to S* . The converse problem was treated by Livingston [7].
Bernadi [2] proved that, if f(z) € S* ,

F(z) = 22 JZ £CL () at
0

2
also belongs to S* .

We denote by S*(a) the class of functions f(z) defined in E ,
regular in E with normalization f(0) =0 = f'(0) -1 and
Relzf'(2)/f(z)} >a , o € [0, 1) . Karunakaran [4] proved that if
f(z) € S*a) and g(z) € S*(Y) for o, Y € [0, 1) , then

s (2
F(z) = —/—= t)dt
() = &5 fo AN
is B starlike for |z| <o where o is a function of o, B, Y .

The following class was defined and its properties were studied by
Janowski [3].

DEFINITION 1. Let
H= {w : regular in £ : w(0) = 0, |w(z)| <1, 2 €E} .
let P(A, B) denote the class of functions in E which can be put in the
form (1+aw(z))/(1+Bw(2)) , -1 <4 <B=1, w(z) €H . Let S*4, B)
denote functions of the form

flz) =2+ Y anzn such that =zf'(z)/f(z) € P(4, B) .

Equivalently S*(A4, B) denotes the class of functions
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-]

flz) =z + ¥ agz

n=2

n

regular in the unit disc E and satisfying the conditions

z2f'(z2) 1+Az _
o) = 138z ° 2 €E, -1<A<B<1.

In this paper we determine the radius of B starlikeness of

m+l
(g(2))"

where Jf(2) € S*(A, B) and g(z) € S*C, D) . In the last section we

2 m-1
F(z) = J (YA, m> 1,

0

examine the converse problem and obtain a sharp result.

2. Lemmas

In this section we state some lemmas which will be used to establish

our theorems.

LEMMA 1. Let p(z) € P(4, B) . Then, for |z| =r <1,

1-Ar < 1HAr
1-Br = Re p(z) = 1+Br °

Proof. This follows from the fact that the function
T(z) = (1+42)/{1+B2) maps the disc Izl < r onto the interior of the
circle with the line segment [(1-Ar)/(1-Br), (1+Ar)/(1+Br)] as diameter
and p(z) is subordinate to (1+4z)/(1+Bz) .

LEMMA 2 [4]. Suppose p(z) = [1+aw(z)][14Bw(z) 1™ where
-1 <A<B=1 and w(z) €H . Then, for C2 B,

pl(r) for ROER .

Relop(a)+(/p(e)} - ZBpmoAllip() ’
(1-r7) [p(2) | pPy(r) for R zR ,
whers

_ ~|1+Ar 1+Br
Pl(r) - C{1+Br) + A[1+Ar] 2

P,(r) = -2 {(1+A)%[1+C- (D(1+C) +B°+C) r2+a (32+C]rh]%—l-BAr2} ,
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2
R2 _ (1L+4) |1-Ar

© (l+C)—r2[C+32]

and
_ l+Ar
1 1+4Br °
LEMMA 3 [4]. If w(z) € H and p(z) = [1+4w(z)][1+Buw(z)]
-zw'(2)
Re{[1+Aw(z>][1+Bw(z)]} G
where

L then

¥ 2 2 2
_ A r°|Bp(z)-4|°-|1-p(2) |
G = ﬂ{Re[p(Z) +Bp(3)} d P

(1-2) |p(2) |

LEMMA 4 [5]. Let N and D be regular in E ,
many sheeted starlike region. N(0) = 0 = D(0) , N'(0)

1 |N'(z)
5 [D,(z)] € P4, B) .
Then

%[g—g%} €pP4,B), p=1.

LEMMA 5. Let pl(z) and pg(z) belong to P(4,

5(p,(2)+p,(2)) € P(4, B)

- (B+A)} .

D maps E onto a

=D'(0) =p and

B) ; then

Proof. This follows easily from Bernadi's result [1].

3. Main theorems

THEOREM 1. Let f(z) ¢ S* A, B) and g(z) ¢ S*C, D) where

-1 <A<B<1 and -1 =C<D=<1.

Then the function F(z) defined by

2
F(z) = —24L J "Lty de
(g(2))" o

is starlike of order B , for |z| <o where o is given by
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o o IV PP-(-p)K

when K <0, L>0,

X
where
L = %{(m-B)(D-B)+(D-A)+m(B-C)} ,
K = (m-B)BD - AD + mBC .

z
J tm-lf(t)dt . Then F(z)(g(2))" = (m+1)J(z)
0

Proof. Let J(z)

taking the logarithmic derivatives

2F'(z) _ zd'(=2) zq'(3)

F'(2) J(z) ~ " Tg(z)
z2Jd'(2)-mJ(z) zg'(z2)

* J(2) - Tg(z)

Setting WN(z) = zd'(2) - mJ/(z) and D(z) = J(z) we have
N(0) =0 = D(0) . By a lemma due to Bernardi [2], D(z) is a m+ 1
valent starlike for m=1, 2, ... ,
v'(z) _ 2f'(z)
ol = SRy € B4, B)
Therefore, by Lemma U,

N(z)
D(z)

€ P(4, B)

Also, since g € S*C, D) ,

29°(2) ¢ pc. p) .

g(=z)
Hence
zg(l.(z?) =m+p,(2) - mp,(2)
where
p(a) = EAEWE) ¢ oy, gy
pyl2) = Eg% ¢ P(c, D)
Using Lemma 1,
zF'(z)\ 1-Ar 1+Cr
Re{ F(z) } =M* 1Br - ™ 14Dr -

https://doi.org/10.1017/50004972700020888 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700020888

212 R. Parvatham and T.N. Shanmugam

Now RelzF'(2)/F(2)} =2 B whenever

1-4Ar . 1+Cr .
(m8) + 1750 * Tapr = 0 »

that is,
(1) K2 + 2Lr + (1-B) >0
where

K = (m-B)BD - AD + mBC ,

L = %{(m-B)(D-B)+(D-A)+m(B-C)} .

/.2

In other words Re{zP'(2)/F(z2)} 2B for |z| =r<o= E—I'I—__KL_B)'& s

where K <0 and L >.0 .

COROLLARY 1. wWhen g(z) =2z <in Theorem 1 we get

F
Flz) = '”—:nlj ™1 (2 de
2 0

and

2FP'(2) _ 2d'(z)-mI(2)
F(z) J(z)

€ P(4, B)

where J(z) is as defined in Theorem 1. Therefore F € S*(4, B) .
This result is a particular case of Theorem 1 in [5].

COROLLARY 2. When m=1 and A=1-20, B=-1, C=1-2y,

D = -1 <in the above theorem, we get Theorem 1 of [4].

4. Converse problem

THEOREM 2. Let g(z) € S*(A, B) and F(z) € S*A, B) . Let us

3
define f(z) by F(z)g(z) =2‘J flt)dt or equivalently,
0

f(z) = 2_1(F(z)g(z))' ; then for |z| =r,

P.(r) for R,

1A
o]

R 2f'(z) . 1 1°
e fz) =
P2(r) for Ryz R ,
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where

py(r) = g (-0 (4] a 12525

P.(r) = 2 {[1+A)(l+33-244) [l—Are] _ {32_1) Ll—ArZJrE]% _ [1-/131'2]_3\
2 N | 2 f d

B-4 1-r° 1-p2 1-p
2 - (1+4) (1-4r°)
O (1+38-24)-r® (1+38-2448°)
and
1+Ar
Rl i1+Br °

These bounds are sharp for Ry = Rl .
Proof. By the definition of f we have

2f(z) = (F(a)g(z))' = F'(2a)g(z) + F(z)g'(z) ,

3f(a) _ ,|aF'(2) _ 2g'(=2)
(2) Fl2)g(s) ~ "’{ Fz) * g(z) ] :
Using Lemma 5, we get
(z) _
(3) F—é’%;—(z—)-p(z) € P(A, B) .

Hence zf(z) = F(z)g(z)p(z) ; taking logarithmic derivatives we get

(4) af'(z) _2g'(z) , 2F'(2)  2p'(=z)
f(z) g(z) F(z) p(z) )

Using (2) and (3) in (k4),

(5) —-%(z—?)—— 2p(z) + ('S) -1 .
Now
_ 1+Aw(z)
p(z) = 5002

for some w(z) regular such that w(0) =0 and |w(z)| <1, z €¢E .

Therefore
zp'(z) _ (B-4)zw'(z)
p{z) " Tivaw(z) 11+Bw(z)] °

https://doi.org/10.1017/50004972700020888 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700020888

214 R. Parvatham and T.N. Shanmugam

using Lemma 3 we get

' 2 2 2
)« s ey + ] - Sl )

(l—rz)lp(z)l ]
Now
2f'(z)
Re{ (2) }
= 2 Re(p(2)) + Re[§§%é§l} -1,
ZJf'(z)}
Re{ 7(2)
2 2
= 2 Refp(2)) + 57 JRe(P(AZ) + Bp(z)] -z ‘BP(Z)";i —la-p(a)|® (B+A)—l}
{ {(1-r%) |p(2) |
)
> —;—-{Re{(SB—ZA)p(z) + A ] - 2 |Bp(2)-4]2-|1-p(=) | - 2B} ;
B4 plz) (1-%) Ip(2)]| }

applying Lemma 2 with € = 3B - 24 we get the required result. Taking the
function gl(z), El(z) defined as

zgi(z) 1+Awl(z) zE{(z)
9,(2) ~ 13Bw (3) ~ F (2)

we see that the corresponding functions zf{(z)/fi(z) attains the bound

= = <<
Pl(r) for wl(z) 2 at 2 = r whenever BO < Ri .
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