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On boundedness of

impulsively perturbed systems

V. Sree Hari Rao

A few results on uniform and uniform ultimate boundedness

properties of solutions of impulsively perturbed systems are

presented in this paper, assuming the corresponding properties of

solutions of the unperturbed nonlinear system.

1 . Introduction

Liapunov's second method is a powerful tool for the qualitative

analysis of differential systems. It has been extensively employed to

study the stability and boundedness properties of solutions of ordinary

differential systems (see [ I ] , [4], [5]). But this method is not directly

applicable for differential systems containing impulses. This is due to

the fact that the solutions of the impulsively perturbed systems are

discontinuous in nature, and this makes the study more interesting.

The main object of this paper is to extend Liapunov's second method

to yield sufficient conditions for uniform and uniform ultimate boundedness

of solutions of these systems.

2. Preliminary results

We use the same notations as given in [2].

We shall consider the measure differential equation

(2.1) Dx = F(t, x) + p(t)Du ,

where u : J -*• R is a right continuous function of bounded variation on
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every compact subinterval of J, and p : J •*• it is integrable with

respect to u , and the discontinuities t. < t < t? < < £ . < . . . of

u tend to °° as k tends to » . In (2.1), ZJa; and Du denote the

distributional derivatives of the functions x and u respectively, and

Du can be identified with Stieltjes measure and will have the effect of

suddenly changing the state of the system at the discontinuities of u .

The equation (2.1) may be regarded as a perturbed system of the ordinary

differential equation

(2.2) x' = Fit, x) ,

and thus is known as the impulsively perturbed system. For the stability

properties of solutions of the equation (2.1), we refer the readers to [2]

and [3].

Let Vit, x) be a continuous function on J x K with values in J

and let the partial derivatives of V be continuous. Then we define the

derivative of V with respect to the system (2.2) by

V'it, x) B |£ + Wit, x)-Fit, x)
(2.2) H

where

' 3V 97

We adopt the following definitions from [4].

DEFINITION 2.1. A solution x[t, tQ, xQ) of (2.2) is uniformly

bounded if for any a > 0 , there exists a 3(ct) > 0 such that the

inequality |xQ| < a implies that \x[t, t , xQ) | < 8 for all t > tQ .

DEFINITION 2.2. A solution x(t, t , x ) of (2.2) is uniformly

ultimately bounded for bound D , if there exists a D > 0 and

corresponding to any a > 0 there exists a T = T(a) > 0 such that the

inequality |xQ| 5 a implies that \x[t, tQ, xQ)\ < D for all t > tQ+T

3. Main results

Now we present our main results.
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THEOREM 3 . 1 . Let F(t, x) € CQ(x) and the solutions of (2.2) be

uniformly bounded. Then the solutions of (2.1) are also uniformly bounded,

provided

[ >(s) \dv ( s ) < oo ,

*0

uftere u is the total variation function of u .

Proof. Since the solutions of (2.2) are uniformly bounded and

F(t, x) € CQ(x) , by Theorem 20.1 ( [4] , p . 105) there exists a Liapunov

function Vit, x) defined on 0 S i < °° , |x| > i? , where R > 0 may be

large, satisfying

(3.1) a(\x\) < V(t, x) 5 2 > ( | x | ) ,

where a(r) and b(r) are continuous increasing functions and a{r) -*• <*>

a s r •*• °° ,

(3.2) Vit, x) € CQ(x) ,

that is, |W(t, x)| S L , where L is a positive constant, and

(3.3) V'it, x) S 0 .
(2.2)

Now let x(t) = x[t, tQ, x ) be a solution of (2.1).

Following the proof of Theorem 3.1 of [2] and using (3.1), (3.2),

(3.3), and Lemmas 2.1+ and 2.5 of [2],we have for t > tQ ,

f
(3.1+) V[t, x(t)) < v{tQ, xQ) + L j \p(s)\dvjis) .

Let a > 0 be given. Choose 3 = 3(a) > 0 such that

b(a) + LM

where

f \p(s)\dv (s) < W
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Let |x . | £ a . Then we claim that a l l the solutions of (2.1) are

uniformly bounded. That is \x[t, t , x ) \ < 3 for a l l t 2 t . .

Suppose not. Then there exists a t' d J such that

\x(f)\ - B

whenever | x . | £ a . From (3.1*) for t = t' we have

r t '
a (B) < a{\x(t')\) £ V{t', x(t')) < v{tQ, xQ) + L I | p ( s ) I c f v j e )

M

*0

£W < a(B) ,
a contradiction,and this completes the proof.

The next theorem gives sufficient conditions for uniform ultimate

boundedness of solutions of (2.1) for a bound D .

THEOREM 3.2. Let F(t, x) € CQ(x) and the solutions of (2.2) be

uniformly ultimately bounded for a bound R' . Then the solutions of (2.1)

are uniformly ultimately bounded for some bound D , •provided

h

\p{s)\dv (s)

Proof. Since the solutions of (2.2) are uniformly ultimately bounded

for a bound R' , in view of Theorem 20.k ( [ 4 ] , p . 107) there exists a

Liapunov function V(t, x) defined on 0 < t < °° and |x | 2 R ,

0 < R' < R , with the following propert ies:

(3.5) a(\x\) < V(t, x) 5 M | x | ) ,

where a(r) and b(r) are continuous increasing functions, air) > 0 for

r > R' a n d a{r) •* «> a s r ->•<*>,

(3.6) V'(t, x) £

(2.2)

where C is a positive constant, and

( 3 . 7 ) V € CQ(x)
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F r o m t h e r e l a t i o n s ( 3 . 5 ) , ( 3 . 6 ) , a n d ( 3 . 7 ) i t i s c l e a r t h a t | W ( i , x ) \ < L

a n d

V'(t, x) £ -Ca{R) .
(2 .2 )

Let x(t) = x[t, tQ, a;Q) be any solution of (2.1) existing to the right of

Proceeding as in the above theorem we obtain for t > t ,

(3.8) v[t, x(t)) < V{tQ, xQ) - Ca(R){t-tQ) + L I \p(e)\doj8) .
*0

Let a > 0 be given. Select 2"(a) = b\?Yjf , vhere

;) £ M < » .f |p(e)|dbu(

Clearly T depends only on a .

We claim that all the solutions of (2.1) are uniformly ultimately

bounded for a bound D . That is, for D > 0 and corresponding to any

a > 0 there exists a T = T(a) > 0 such that \x \ £ a implies

\x(t)| < D for all t > tQ + T .

Suppose not. Then there exis ts a t' > t + T , such that

| * ( * ' ) | 2 D ,

whenever |x_| 5 a . Therefore from (3.8) for t = t' , we have

a(D) « a ( | x ( f ) | ) £ v{f, x(t'))

< v{tQ, xQ) - Ca(R){f-tQ) + L J°° | p ( s ) | dw u (8 )

£ 2?(|a:01)

£ Z>(a) - Cta(fl)2" + Ut = 0 ,

a contradiction. Hence our claim is true. Therefore all the solutions of

(2.1) are uniformly ultimately bounded for a bound D . This completes the
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proof.

REMARK 3 .3 . Suppose the perturbations are not impulsive; that i s

the s ta te of the system changes continuously with respect to time; if

the solutions of (2.2) are uniformly and uniformly ultimately bounded, then

they are t o t a l l y bounded (see [4] , p . 120).
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