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ANALYTIC JET PARAMETRIZATION FOR CR

AUTOMORPHISMS OF

SOME ESSENTIALLY FINITE CR MANIFOLDS

SUNG-YEON KIM

Abstract. In this paper we construct analytic jet parametrizations for the

germs of real analytic CR automorphisms of some essentially finite CR mani-

folds on their finite jet at a point. As an application we show that the stability

groups of such CR manifolds have Lie group structure under composition with

the topology induced by uniform convergence on compacta.

Let (M,p) be the germ of a real analytic CR manifold in C
N . An im-

portant biholomorphic invariant of (M,p) is the stability group Aut(M,p),

i.e. the set of germs of biholomorphic maps h : (CN , p) → (CN , p) such

that h(M) ⊂ M . Aut(M,p) is a topological group under composition with

the topology induced by uniform convergence on compacta, i.e. a sequence

{hj} ⊂ Aut(M,p) converges to h ∈ Aut(M,p) if there exists a neighbor-

hood U of p such that all hj and h are well-defined in U and hj converges

uniformly to h on any compact set K ⊂ U .

In [9], Chern and Moser showed that the germ of a biholomorphism of

C
N which preserves a nondegenerate real hypersurface (M,p) is determined

by its 2-jet at p. Moreover, the dependence on the jet is real analytic.

Therefore Aut(M,p) is a Lie group.

A generalization of the nondegeneracy condition on the Levi form is a

certain nondegeneracy condition on the higher order Segre map at a refer-

ence point (see the definition in Section 1). We say that (M,p) is finitely

nondegenerate if the k-th Segre map at p is an embedding near p for some

k. (M,p) is Levi nondegenerate if and only if the first Segre map at p is

an embedding near p ([20]). We say that (M,p) is essentially finite if the

k-th Segre map at p is a finite to one map near p for some k. Since the

Segre map of any order is a holomorphic map, (M,p) is essentially finite if

the k-th Segre map at p is a finite branched holomorphic covering onto its
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image for some k.

The existence of an analytic jet parametrization for real analytic CR

automorphisms of (M,p) and the existence of a Lie group structure on

the stability group are shown in case when (M,p) is of finite type in the

sense of Kohn-Bloom-Graham ([17], [8]) and finitely nondegenerate by the

method of Segre varieties in [2], [3], [5], [15], [18], [21] or by the method

of prolongations of CR embedding equations for hypersurface case in [12],

[13], [14]. The finite determination for real analytic CR automorphisms is

proved in case when (M,p) is of finite type and essentially finite in [6].

Let f be the germ of a holomorphic map. We denote by jk
Zf the k-jet

of f at Z and by Jk(CN ,CN ′

) the k-jet bundle of holomorphic maps from

C
N to C

N ′

.

Theorem 1. Let (M,p) be the germ of a real analytic CR manifold in

C
N . Suppose (M,p) is of finite type. Suppose further that there exists a pos-

itive integer k0 such that the k0-th Segre map of M at p is a finite branched

holomorphic covering onto its image with critical set of codimension greater

than or equal to 2 at p.

Then there exists an integer k such that for any germ of a local bi-

holomorphic map f : (CN , p) → (CN , p) with f(M) ⊂ M , there exist a

neighborhood U of p in C
N , a neighborhood V of (p, jk

pf) in Jk(CN ,CN )

and a holomorphic map Φ defined in U × V such that for any q ∈ M ∩ U

and for any germ of a holomorphic map h at q such that (q, jk
q h) ∈ V and

h(M) ⊂M , we have

(0.1) h(Z) = Φ(Z, q, jk
q h)

for all Z sufficiently close to q.

Let Gk
p(CN ) be the set of k-jets of holomorphic maps f : (CN , p) →

(CN , p) which are invertible. Then Gk
p(C

N ) is a complex Lie group under

composition.

Corollary 2. Let (M,p) and k be as in Theorem 1. Then the jet

evaluation map

jkp : Aut(M,p) −→ Gk
p(C

N )

is a homeomorphism onto a totally real Lie subgroup of Gk
p(C

N ).
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This corollary is a special case of [19], where it is shown that Corollary 2

is true for any germ of real analytic generic essentially finite minimal CR

manifold (M,p) and sufficiently large k. In that paper, authors showed the

finite jet determination for CR automorphisms of M . For global Lie group

structure on Aut(M), Baouendi-Rothschild-Winkelmann-Zaitsev showed in

[7] that a closed subgroup of analytic automorphisms having an analytic jet

parametrization has a Lie group structure. From this and Theorem 1, we

have a global result as follows.

Corollary 3. Let M be a real analytic CR manifold. Suppose that

there exists an integer k such that at any p ∈ M , the germ (M,p) satisfies

the condition in Theorem 1. Then the group of CR automorphisms of M

has a Lie group structure with topology induced by uniform convergence on

compacta.

Note that finite nondegeneracy condition is stronger than the condition

in Theorem 1 and that the condition on the codimension of the critical set

of the Segre map is essential to have an analytic jet parametrization: We

will give examples of each case in Section 3.

The main technique of this paper is to construct so called ‘Basic identity

of reflection type’ for all biholomorphic maps h such that h(M) ⊂ M . If

(M,p) is finitely nondegenerate, then there exists k such that the germ of

the k-th Segre map at p is a local holomorphic embedding. Then one can use

the Implicit function Theorem to have the local holomorphic inverse of the

k-th Segre map, which fails to hold if the k-th Segre map is merely finite to

one. To construct a Basic identity of reflection type we use a meromorphic

function defined in M×U J
k(U,U), where M is a complexification of M (see

the definition in Section 1) and resolve the singularity of this meromorphic

function. To author’s knowledge, this is the first result of Basic identity

of reflection type for CR manifolds which are not finitely nondegenerate.

By the same arguments as in [16] using this basic identity, we prove the

theorem.

Author thanks Dmitri Zaitsev for pointing out the optimality of the

condition in Theorem 1 and giving the second example in Section 3.

§1. Segre map

Let (M, 0) be the germ of a real analytic(Cω) submanifold in C
N of

codimension d. (M, 0) is called generic if there exist a neighborhood U of 0
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in C
N and a Cω function ρ = (ρ1, . . . , ρd) such that

M = {Z ∈ U : ρ(Z,Z) = 0}

and ∂ρ1 ∧ · · · ∧ ∂ρd 6= 0 on M . The CR structure of M is defined by

T 1,0(M) := T 1,0(CN ) ∩ CT (M),

where T 1,0(CN ) is the holomorphic tangent bundle over C
N . It is known

that any Cω CR manifold can be embedded into a complex space as a Cω

generic submanifold.

The complexification M of M is defined by

(1.1) M := {(Z, ξ) ∈ U × U : ρ(Z, ξ) = 0}

after shrinking U if necessary. For any point p ∈ U , the Segre variety Qp of

M at p is a complex submanifold defined by

Qp := {Z ∈ U : (Z, p) ∈ M}.

Then p ∈ Qp if and only if p ∈M and p ∈ Qq if and only if q ∈ Qp.

It is known that Qp is independent of the choice of the defining function

ρ. Moreover, for any germ of a Cω submanifold (M ′, p′) in C
N ′

and for any

germ of a holomorphic map h : (CN , p) → (CN ′

, p′) such that h(M) ⊂ M ′,

we have h(Qq) ⊂ Q′
h(q) for all q sufficiently close to p, where Q′

q′ is the Segre

variety of M ′ at q′.

For the germ of a complex submanifold (Σ, p) in U , we denote its k-jet

at p by jk
pΣ. Also we denote the k-jet bundle of the germs of n-dimensional

complex submanifolds in U by J k,n(U).

Let n := N − d. For any positive integer k, define πk
M : M → Jk,n(U)

by

πk
M (Z, ξ) := (Z, jk

ZQξ).

It is easy to see that πk
M is holomorphic.

Definition 4. We call πk
M (0, · ) : Q0 → Jk,n(U) the k-th Segre map

at 0.

Recall that a holomorphic mapping χ : V → W between two holomor-

phic varieties is called a finite branched holomorphic covering if χ is a finite

proper mapping and there is a proper subvariety W0 of W such that W\W0
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is dense in W and χ : V\π−1(W0) → W\W0 is a holomorphic covering map.

The critical set C of a finite branched holomorphic covering χ is the set

C := {p ∈ V : rankχ(p) < dimp V}.

Then C is a proper subvariety of V.

Now suppose M is essentially finite at 0. Choose an integer k such that

the k-th Segre map at 0 is a finite branched holomorphic covering onto its

image. Then by upper semi-continuity of the fiber dimension, we obtain the

following lemma.

Lemma 5. Suppose that the critical set of the k-th Segre map at 0 is

of codimension greater than or equal to 2. Then for any Z sufficiently close

to 0, the map πk
M (Z, · ) : QZ → Jk,n(U) is a finite branched holomorphic

covering onto its image with the critical set of codimension greater than or

equal to 2.

§2. Analytic jet parametrization for CR submersions

Let (M, 0) and (M ′, 0) be the germs of Cω generic submanifolds in C
N

and C
N ′

of codimension d and d′, respectively. The germ of a holomorphic

map f : (CN , 0) → (CN ′

, 0) is called CR submersion if f(M) ⊂ M ′ and

f∗(T
1,0
0 (M)) = T 1,0

0 (M ′).

Theorem 6. Let (M, 0) and (M ′, 0) be as above. Suppose (M, 0) is of

finite type and suppose there exists a positive integer k0 such that the k0-th

Segre map of M ′ at 0 is a finite branched holomorphic covering onto its

image with critical set of codimension greater than or equal to 2 at 0.

Then for any CR submersion f : (CN , 0) → (CN ′

, 0), there exist an

integer k, a neighborhood U of 0 in C
N , a neighborhood V of (0, jk

0 f) in

Jk(CN ,CN ′

) and a holomorphic map Φ on U×V such that for any p ∈M∩U

and for any germ of a holomorphic map h at p such that (p, jk
ph) ∈ V and

h(M) ⊂M ′, we have

h(Z) = Φ(Z, p, jk
ph)

for all Z sufficiently close to p. k can be chosen independently of f if f is

invertible.

Let n := N − d and n′ := N ′ − d′. Choose local coordinates (z, w) ∈

C
n × C

d and (z′, w′) ∈ C
n′

× C
d′ of C

N and C
N ′

at the origin, respectively
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such that T 1,0
0 (M) = {(z, w) ∈ C

N : w = 0} and T 1,0
0 (M ′) = {(z′, w′) ∈

C
N ′

: w′ = 0}. Assume that f satisfies

(2.1) rank
∂(f1, . . . , fn′

)

∂(z1, . . . , zn′)
(0) = n′,

where f i is the i-th component of f with respect to (z ′, w′).

For the germ of an n-dimensional complex submanifold (Σ, p) in C
N

such that TpΣ is transversal to {(z, w) ∈ C
N : z = 0}, define

Σp := {Z ∈ Σ : zn′+1 = pn′+1, . . . , zn = pn}.

Since f satisfies (2.1), the image f(Σp) ⊂ C
N ′

is an n′-dimensional complex

submanifold if p is sufficiently close to 0. Moreover, if Σ = Q0 and f(M) ⊂

M ′, then f(Σ0) = Q′
0 in the sense of germ at 0.

Let U and U ′ be neighborhoods of 0 in C
N and C

N ′

, respectively such

that there exist complexification M of M and M′ of M ′ of the form (1.1).

Now for k ≥ 1, define φk by

φk(Z, ξ, jk
Zh) :=

(
h(Z), jk

h(Z)h(Q
Z
ξ
)
)
,

where (Z, ξ) ∈ M and (Z, jk
Zh) ∈ Jk(U,U ′) such that

rank
∂(h1, . . . , hn′

)

∂(z1, . . . , zn′)
(Z) = n′.

Then φk is a holomorphic map defined in a neighborhood of (0, 0, jk
0 f) ∈

M×U J
k(U,U ′). Moreover, if h(M) ⊂M ′, then

(2.2) πk
M ′(H(Z, ξ)) = φk(Z, ξ, jk

Zh),

where H(Z, ξ) = (h(Z), h(ξ)).

Lemma 7. Let k0 be as in Theorem 6. Let π := πk0

M ′ and φ := φk0 .

Then there exist a neighborhood W of (0, 0, jk0

0 f) in M ×U Jk0(U,U ′), a

variety V in W and bounded maps φs : V → M′, s = 1, . . . ,m, for some

integer m such that the following conditions hold :

i) For any p ∈M sufficiently close to 0 and for any germ of a holomor-

phic map h at p such that (p, p, jk0

p h) ∈ W and h(M) ⊂ M ′, we have

(Z, ξ, jk0

Z h) ∈ V for all (Z, ξ) ∈ M sufficiently close to (p, p).
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ii) π ◦ φs = φ for all s = 1, . . . ,m.

iii) φs, s = 1, . . . ,m, are holomorphic outside the singular locus of V.

Proof. After shrinking U if necessary, we can choose local coordinates

(Z, ζ) ∈ C
N ×C

n of M at (0, 0) such that {(Z, ζ) ∈ C
N ×C

n : Z ∈ U, |ζ| <

ε} ⊂ M for a sufficiently small ε > 0 and for any p ∈ U , {(p, ζ) : |ζ| < ε} ⊂

Qp. We use (Z ′, ζ ′) ∈ C
N ′

×C
n′

for M′ as local coordinates which have the

same property as (Z, ζ) after shrinking U ′ if necessary. Also we use (Z, λ)

for Jk0(U,U ′) as local coordinates with Z corresponding to base points and

λ corresponding to jets.

Since the k0-th Segre map of M ′ at 0 is a finite branched holomorphic

covering onto its image, by the definition of π, we can show that π is a finite

branched holomorphic covering at (0, 0) onto its image. Therefore π(M′) is

a variety at (0, jk0

0 Q′
0).

Choose a neighborhood W of (0, 0, jk0

0 f) ∈ M ×U Jk0(U,U ′) in which

φ is well-defined. Define

(2.3) A :=
⋂

ζ

{(Z, λ) ∈ Jk0(U,U ′) : (Z, ζ, λ) ∈W, φ(Z, ζ, λ) ∈ π(M′)}.

Since π(M′) is a variety, A is a variety in a neighborhood of (0, jk0

0 f) ∈

Jk0(U,U ′). If (Z, jk0

Z h) ∈ A, then φ(Z, ζ, jk0

Z h) ∈ π({h(Z)} × Q′
h(Z)) for

all sufficiently small ζ. Moreover, by (2.2) we can show that if h is a CR

submersion at p ∈ U such that (p, jk0

p h) ∈ W , then (Z, jk0

Z h) ∈ A for all Z

sufficiently close to p.

For (Z, λ) ∈ A, define φ(Z,λ)(ζ) := φ(Z, ζ, λ). Since f satisfies (2.1), if

λ = jk0

0 f , then φ(0,λ) is a surjective map onto π({0} ×Q′
0) and therefore by

the assumption on the critical set C ′
0 of the k0-th Segre map of M ′ at 0, the

pre-image of π(C ′
0) under φ(0,λ) is of codimension greater than or equal to

2. Moreover, by upper semi-continuity of the dimension, for all (Z, λ) ∈ A

sufficiently close to (0, jk0

0 f), we have

dimφ−1
(Z,λ)(B

′) ≤ n− 2,

where B′ is the image of the critical set of π.

Choose a point ζ0 such that φ(0, ζ0, j
k0

0 f) 6∈ B′. Since M′ is a con-

nected complex manifold, π : M′\π−1(B′) → π(M′)\B′ is an m-sheeted

holomorphic covering for some integer m. Hence there exist m mutually dis-

tinct points ζ ′0,1, . . . , ζ
′
0,m such that π(0, ζ ′0,s) = φ(0, ζ0, j

k0

0 f), s = 1, . . . ,m.
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Choose mutually disjoint neighborhoods V ′
s , s = 1, . . . ,m, of (0, ζ ′0,s) in

M′\π−1(B′) such that π : V ′
s → π(V ′

1) is biholomorphic for all s = 1, . . . ,m.

After shrinking W if necessary, we may assume that φ(Z, ζ0, λ) ∈ π(V ′
1)

for all (Z, λ) ∈ A. Since dimφ−1
(Z,λ)(B

′) ≤ n−2 for all (Z, λ) sufficiently close

to (0, jk0

0 f), QZ\φ
−1
(Z,λ)(B

′) is simply connected. Then after shrinking U and

W if necessary, for all (Z, λ) ∈ A, we can choose m distinct holomorphic

lifts

φs,(Z,λ) : QZ\φ
−1
(Z,λ)(B

′) −→ M′\π−1(B′), s = 1, . . . ,m,

of φ(Z,λ) such that φs,(Z,λ)(ζ0) ∈ V ′
s . Since φs,(Z,λ) is bounded and holomor-

phic in QZ\φ
−1
(Z,λ)(B

′), φs,(Z,λ) extends holomorphically to QZ .

Now define

V := {(Z, ζ, λ) ∈W : (Z, λ) ∈ A}

and define

φs : V −→ M′

by φs(Z, ζ, λ) := φs,(Z,λ)(ζ).

Claim 8. For each s, φs : Vr → M′ is holomorphic, where Vr is the

set of regular points of V.

Proof. Let

S := {(Z, ζ, λ) ∈ V : (Z, λ) ∈ Aσ} ∪ (φ−1(B′) ∩ V),

where Aσ is the singular locus of A. Then S is a proper subvariety of V

such that V\S is dense in Vr.

Let (Z, ζ, λ) ∈ V\S. Choose a curve c : [0, 1] → C
n such that c(0) = ζ0,

c(1) = ζ and γ(t) := (Z, c(t), λ) ∈ V\S for all t ∈ [0, 1]. Let γ ′(t) := φ(γ(t))

and γ̃(t) := φs(γ(t)). Since γ̃([0, 1]) is compact and π : M′\π−1(B′) →

π(M′)\B′ is a topological covering map, there exists a tubular neighborhood

Weγ of γ̃([0, 1]) such that π(Weγ) is an open neighborhood of γ ′ in π(M′)\B′

and any curve in π(Weγ) which is homotopic to γ ′ has a unique lift in Weγ .

Since φ is holomorphic in V\S and γ([0, 1]) is compact, there exists a

contractible neighborhood WA of (Z, λ) in A\Aσ such that for all (Z̃, λ̃) ∈

WA,

{(Z̃, c(t), λ̃) : t ∈ [0, 1]} ⊂ V\S

and

{φ(Z̃, c(t), λ̃) : t ∈ [0, 1]} ⊂ π(Weγ).
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Then the curve t→ φ(Z̃, c(t), λ̃) is homotopic to γ ′ and hence has a unique

lift t → φs(Z̃, c(t), λ̃) in Weγ . Thus there exists a neighborhood of (Z, ζ, λ)

such that φs = π−1 ◦φ in it, where π−1 is a local inverse of π in a neighbor-

hood of φ(Z, ζ, λ).

Since π is a finite branched holomorphic covering and φ is holomorphic,

φs is holomorphic in V\S. Since Vr is a complex manifold and φs is bounded,

φs extends holomorphically to Vr.

Then W , V and φs, s = 1, . . . ,m, satisfy the required properties.

Lemma 9. Let W , V and φs, s = 1, . . . ,m, be as in Lemma 7. Then

there exist holomorphic functions ψs, s = 1, . . . ,m, defined in a neigh-

borhood W1 ⊂ W of (0, 0, jk0

0 f) such that ψs ≡ φs on V ∩ W1 for all

s = 1, . . . ,m.

Proof. Since φs, s = 1, . . . ,m, are bounded and holomorphic outside

the singular locus of V, by Theorem P.9 of [11], each component of φs

extends meromorphically to a neighborhood of V. Let φi
s be the i-th com-

ponent of φs with respect to the coordinates (Z ′, ζ ′) and let S(φi
s) be the

singular variety of φi
s, i.e. the set of points at which φi

s is not holomorphic.

Since φi
s is holomorphic outside φ−1(B′) and φ−1

(0,j
k0
0

f)
(B′) is a proper

subvariety of {0} × Q0, we can choose a holomorphic function η such that

η(0, ζ, jk0

0 f) 6≡ 0 and vanishes on S(φi
s). By Theorem P.7 of [11], there

is an integer l ≥ 1 such that ηlφi
s is holomorphic in a neighborhood of

(0, 0, jk0

0 f) ∈ M ×U Jk0(U,U ′). We replace η with ηl and denote it by η

again.

Let φi
s = µ/η, where µ is a holomorphic function in a neighborhood

of (0, 0, jk0

0 f). Since η(0, · , jk0

0 f) 6≡ 0, by Weierstrass Preparation Theorem

we may assume that η is a Weierstrass polynomial in ζ1. By Weierstrass

Division Theorem, we have

µ = ψi
sη + r,

where ψi
s is a holomorphic function in a neighborhood of (0, 0, jk0

0 f) and r is

a polynomial in ζ1 with coefficients which are holomorphic in other variables

such that the degree in ζ1 is strictly less than that of η.

Fix (Z, λ) ∈ A. Then φs(Z, ζ, λ) ∈ M′ for all ζ ∈ QZ . Hence

φi
s(Z, ζλ) = ψi

s(Z, ζ, λ) +
r(Z, ζ, λ)

η(Z, ζ, λ)
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should be bounded for all ζ ∈ C
n with |ζ| < ε.

On the other hand, r(Z, ζ, λ)/η(Z, ζ, λ) is a rational function in ζ1 with

deg(r) < deg(η). Therefore r(Z, · , λ)/η(Z, · , λ) is bounded if and only if

r(Z, · , λ) ≡ 0. Hence we obtain

φi
s(Z, ζ, λ) = ψi

s(Z, ζ, λ)

if (Z, ζ, λ) ∈ V.

Now let ψs be the holomorphic map with ψi
s as its i-th component for

all i and extend ψs to a neighborhood of (0, 0, jk0

0 f) ∈ (U×U)×U J
k0(U,U ′).

By construction, we have ψs(Z, ζ, λ) = φs(Z, ζ, λ) if (Z, ζ, λ) ∈ V.

Proof of Theorem 6. Let h be the germ of a holomorphic map at p ∈M

such that (p, p, jk0

p h) ∈W1 and h(M) ⊂M ′. Then by i) and ii) of Lemma 7

and by Lemma 9, there exists s such that

H(Z, ξ) = ψs(Z, ξ, j
k0

Z h)

for all (Z, ξ) ∈ M sufficiently close to (p, p).

By the construction of ψs, we have ψs(0, · , j
k0

0 f) 6≡ ψs′(0, · , j
k0

0 f) if

s 6= s′. Since the map ξ → ψs(0, ξ, j
k0

0 f) is holomorphic in ξ, there is an

integer k1 such that the k1-jets of the maps ξ → ψs(0, ξ, j
k0

0 f), s = 1, . . . ,m,

at 0 are mutually distinct. Assume that k1 ≥ k0. We regard ψs as a function

defined in a neighborhood of (0, 0, jk1

0 f) ∈ (U × U) ×U J
k1(U,U ′).

Assume that the k1-th jet of the map ξ ∈ Q0 → f(ξ) at 0 is given by the

k1-th jet of the map ξ → ψ1(0, ξ, j
k0

0 f). Choose neighborhoods U1 ⊂ U of 0

and V ⊂ Jk1(U,U ′) of (0, jk1

0 f) such that ψs, s = 1, . . . ,m, are holomorphic

in (U1×U1)×U1
×V and if h is a germs of a holomorphic map at p ∈M ∩U1

such that (p, jk1

p h) ∈ V and h(M) ⊂M ′, then

H(p, ξ) = ψ1(p, ξ, j
k0

p h)

for all ξ ∈ Qp sufficiently close to p. Since ψ1 is a lifting of φ on V, by the

uniqueness of lifting, we obtain

(2.4) H(Z, ξ) = ψ1(Z, ξ, j
k0

Z h)

for all (Z, ξ) ∈ M sufficiently close to (p, p).

We regard ψ1 as a function defined in M ×U Jk1(CN ,CN ′

). Then by

Proposition 5.4 in Section 4 of [16] with (2.4) as basic identity of reflection
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type, we can construct a holomorphic map Φ defined in a neighborhood of

(0, 0, j(2d+1)k1f) such that for any germ of a holomorphic map h at p such

that (p, j
(2d+1)k1

p h) is sufficiently close to (0, j
(2d+1)k1

0 f) and h(M) ⊂M ′, we

have

h(Z) = Φ(Z, p, j(2d+1)k1

p h)

for all Z sufficiently close to p.

Proof of Corollary 2. Let p = 0 and (M, 0) = (M ′, 0). Let k be the

integer given in Theorem 6 corresponding to the identity map. Then it is

easy to see that

jk0 : Aut(M, 0) −→ Gk
0(C

N )

is injective and continuous.

Let {λj} ⊂ jk0 (Aut(M,0)) be a sequence converging to λ ∈ jk
0 (Aut(M,0)).

Choose hj ∈ Aut(M, 0) and h ∈ Aut(M, 0) such that jk
0hj = λj for all j and

jk0h = λ. We may assume that h = id. Let Φ be the holomorphic map given

in Theorem 6 corresponding to the identity map. Then

hj(Z) = Φ(Z, 0, λj)

for all sufficiently large j and

h(Z) = Φ(Z, 0, λ).

Since λj → λ, hj converges uniformly to h on a compact neighborhood of

0. Hence jk
0 : Aut(M, 0) → jk

0 (Aut(M, 0)) is a homeomorphism.

Now we show that jk
0 (Aut(M, 0)) is totally real in Gk

0(C
N ). Let Φ be as

above. Then for any h ∈ Aut(M, 0) such that (0, jk
0h) is sufficiently closed

to (0, jk
0 id), we have

(2.5) h(Z) = Φ(Z, 0, jk
0h).

Then by differentiating (2.5) with respect to Z and evaluating Z = 0, for

any integer l, we have

jl0h = Ψl(jk0h)

for some holomorphic map Ψl.

Let ψ be a holomorphic map as in Lemma 9 such that

id(Z, ξ) = ψ(Z, ξ, jk0

Z id)

https://doi.org/10.1017/S0027763000009533 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000009533


166 S.-Y. KIM

and let k1 ≤ k be an integer as in the proof of Theorem 6 such that for any

h ∈ Aut(M, 0) such that (Z, jk1

Z h) is sufficiently close to (0, jk1

0 id), h satisfies

(2.6) H(Z, ξ) = ψ(Z, ξ, jk0

Z h)

for all (Z, ξ) ∈ M sufficiently close to (0, 0).

By differentiating (2.6) with respect to ξ and evaluating Z = ξ = 0, we

have

(2.7) jk
0h = Γ(jk0+k

0 h)

for some holomorphic map Γ. By substituting Ψk0+k(jk0h) for jk0+k
0 h we

have

jk0h = Γ(Ψk0+k(jk0h)).

Hence jk
0 (Aut(M, 0)) is totally real in Gk

0(C
N ).

§3. Examples

In this section we give two examples. First example is to show that

finite nondegeneracy is stronger than the condition given in Theorem 1.

The second example is to show that the condition in Theorem 1 is essential

to have an analytic jet parametrization.

Let

M := {(z1, z2, w) ∈ C
3 : |z1|

2 + (|z1|
2 + |z2|

2)|z2|
2 + |w|2 = 1}.

We will show thatM satisfies the condition on the codimension of the critical

set of the Segre map given in Theorem 1 but is not finitely nondegenerate at

(0, 0, w) with |w| = 1. Moreover, by computing the Levi form, we can show

that M is strictly pseudoconvex at any p = (z1, z2, w) ∈M with |w| 6= 1.

Since M has a CR automorphism (z1, z2, w) → (a1z1, a2z2, a3w) for

some ai ∈ C with |ai| = 1, it is enough to show the above for (0, 0, 1). Let

p = (0, 0, 1). Then Qp = {(z1, z2, 1) : zi ∈ C} and the k-th Segre map is

given by

jkp (p, (z1, z2, 1)) = (p, z1, z1z2, 2z
2
2 , 0, . . .)

after reordering coordinates, where . . . are all constants. Thus the critical

set is {(0, 0, 1)} whose codimension is 2 and M is not finitely nondegenerate

at (0, 0, 1).
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For the second example, let

M = {(z, w) ∈ C
2 : =w = |z|4}.

We can show that M is essentially finite at 0 and for any k, the codimension

of the critical set of the k-th Segre map at 0 is 1. For any point p = (z, w) ∈

M , M is locally biholomorphically equivalent to the unit sphere S3 in C
2

unless z = 0. Hence in this case Aut(M,p) is isomorphic to the stability

group of S3 unless z = 0. On the other hand, any h ∈ Aut(M, 0) is of the

form

h(z, w) =

(
az

(1 + rw)1/2
,
|a|4w

1 + rw

)
,

where a ∈ C − {0}, r ∈ R and (1 + ζ)1/2 is the square root of (1 + ζ) with

principal branch cut. Therefore

(3.1) dimAut(M, 0) < dimAut(M,p)

for all p = (z, w) such that z 6= 0. Suppose there exists an analytic jet

parametrization of the form (0.1). Then the image {jk
pf, p ∈ M, f ∈

Aut(M,p)} is an analytic set. Therefore the dimension of the fiber {jk
pf, f ∈

Aut(M,p)} is a lower semi-continuous function as p varies, which is incom-

patible with (3.1).
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