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RIGHT-ORDERED GROUPS 

A. H. RHEMTULLA 

1. I n t r o d u c t i o n . A group G is right-ordered if it can be totally ordered so 
t h a t for any a, b, c in G, a < b implies t h a t ac < be. Right-ordered groups, 
considered as order preserving automorphisms of ordered sets, were studied 
by Cohn in [4]; bu t the first systematic s tudy of the s t ructure of these groups 
was made by Conrad in [5] where he gave several natural characterizations of 
right-ordered groups. We mention here t h a t the class of right-ordered groups 
is precisely the subgroup closure of the class of lattice ordered groups (see 
[6], [7], [9] or [10] ) ; 

Conrad was particularly successful in the s tudy of the s t ructure of groups G 
which can be right-ordered in such a way t ha t 
(*) for each pair of positive elements a, b in G there exists a positive integer 

n such t ha t anb > a. 
The class of such groups coincides with the class of groups having a normal 

system with torsion-free abelian factors. If G is a finitely generated group in 
this class then GIG is necessarily infinite. We still do not know whether every 
finitely generated right-ordered group G has the proper ty t h a t G/G' is infinite. 
We can only prove the following result. 

T H E O R E M 1. A finitely generated group G ^ {e} can not be right-ordered if 
G/G' is finite and G has a nilpotent subgroup of finite index in G. 

T h e above question is significant because it is related to the problem of 
deciding whether the integral group-ring of a torsion-free group can have 
zero divisors. For any class S£ of groups, define the class of locally 2£ -indicable 
groups to consist of those groups G in which every finitely generated non-
trivial subgroup has a non-trivial homomorphic image \x\Sfc. T h e terminology 
is derived essentially from tha t of Higman [8] who proved t ha t the integral 
group-ring of a locally i^T-indicable group has no zero divisors. (Here <2T denotes 
the class of infinite cyclic groups.) I t was shown in [12] t h a t the integral 
group-ring of a right-ordered group has no zero divisors. Burns and Hale 
[3, Theorem 2] observed t ha t a locally RO-indicable group is an RO-group, 
where RO denotes the class of right-ordered groups. In part icular locally 
«ST-indicable groups are RO-groups. W e know of the existence of finitely 
generated torsion-free groups G with G' nilpotent and G/G' finite (see, for 
example, [11, p . 250] or [2]). Thus Theorem 1 effectively tells us t ha t a different 
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approach is needed to determine whether the integral group-rings of such 
groups have zero divisors. 

Let RO denote the class of those RO-groups in which every right order has 
the property (*). 

THEOREM 2. Every torsion-free locally nilpotent group is an KO-group. 

THEOREM 3. A finitely generated group G ^ {e) can not be right-ordered if 
G/G' is finite and G has a subgroup K of finite index in G with K Ç RO. 

It is easy to see that Theorem 1 is a consequence of Theorems 2 and 3. In 
§ 4 we produce an example of a metabelian RO-group that is not an RO-group. 
We do not know if every polycyclic RO-group is an RO-group. 

We now turn our attention to the following question raised by Ault in [1]. 
Can every partial right-order be extended to a full right-order in a torsion-free 
nilpotent group? Ault proved the result in the special case when the group is 
nilpotent of class two. A sub-semigroup P of a group G defines a partial right-
order on G if P H P~l = <j>. The partial right-order is obtained by putting 
x < y if and only if yx~l £ P. A sub-semigroup Q is called an extension of the 
partial right-order P if Q Z> P and Q Pi Q~l = <£, and Q is a (full) right-order 
if in addition Q\J Q~l\J [e] = G. 

THEOREM 4. Every partial right-order can be extended to a right-order in a 
torsion-free nilpotent group. 

In § 4 we give an example of a metabelian RO-group in which not every 
partial right-order can be extended to a right-order. 

2. Proofs of Theorems 2 and 3. 

LEMMA 2.1 (B. H. Neuman). Let G be a locally nilpotent group, X a subset 
of G and S the semigroup generated by X. Then given u} v in S, there exists z, t in S 
such that zu = tv. 

Proof. We use induction on the nilpotency class of L = group (u, v). If L 
is abelian then take z — v and t = u. If L is nilpotent of class r > 1, then 
M = G r o u p e , vu) is nilpotent of class r — 1 since vu = uv\v, u\. Thus there 
exists a, b in Semigroup^ , vu) satisfying avu = buv. Take z = av and t = bu. 

Let G be a torsion-free locally nilpotent group, P the positive cone of a 
given right-order on G and a, b in P. Suppose, if possible, that anb < a for all 
integers n > 0. Let >S = Semig roups , a). By Lemma 2.1, there exists 
z, t in S such that zab = ta. Since a, b are both in P, S CI P so that t > e and 
ta > a. Now zab = aalbaa2b . . . aarb with at > 0, i = 1, . . . , r. Since anb < a 
for all n > 0, aalbaa2b . . . aarb < aa2+1b . . . aarb < . . . < aar+1b < a, a con­
tradiction. This completes the proof of Theorem 2. 

We prove Theorem 3 by way of contradiction. Let < be a right-order on G. 
By hypothesis G is finitely generated torsion-free, G/G' is finite and G has a 
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normal subgroup K of finite index in G with K G RO. Since K is a finitely 
generated RO-group, K/K' contains elements of infinite order. Let I be the 
isolator of Kr in K. Then K/I is torsion-free abelian. Choose coset repre­
sentat ives e = Xi < x2 < . . . < xn of K in G and take the transfer map 
T : G —> i £ / 7 given by 

where x^g is the coset representative of xtg. r is the trivial map since K/I is 
torsion-free abelian and G/Gr is finite. Observe t ha t if e < x < y then e < yx~l. 
For any y ^ xn, yn G K and yn > xn. Thus if g > xn and g £ K, then 
g*2 . . . gXng > g and g*2 . . . gXng G I. Since i£ is a finitely generated RO-group, 
there exists g > xn in K such tha t the convex subgroup generated by g is K 
(see § 4 of [5]). Let C be the union of convex subgroups of K not containing g. 
Then K/C is isomorphic to a subgroup of the addit ive group of reals. Hence 
I ^ C. Also g > x for all x G C. This gives the required contradiction. 

3. Proof of T h e o r e m 4. Let G be a torsion-free nilpotent group and let P be 
the positive cone of a partial right-order < on G. Assume, by way of con­
tradiction, t h a t P is maximal bu t not a full right-order. Then for some 
x y*" e, x Q P \J P~l. Since P is maximal we conclude tha t 

e G Semigroup(P, x) C\ Semigroup(P, x~l). 

More specifically, 

(1) xalpi . . . xampm = e = x'Piqi . . . xrP»qn 

where ph . . . , pm, qi, . . . , qn lie in P and au • • • , «m, /3i, . . . , ^ are all 
positive integers. 

If x G Z(G), the centre of G, then (1) reduces to xap = e = x~^q for some 
a, 0 > 0 and £>, g in P . This is not possible since it implies xa/3 = e and afi ^ 0. 
T h u s Z(G) S P^JP-'^J {e}. Assume tha t Z,{G) % P \J P'1 VJ {e) bu t 
2f_i(G) ^ P\J P~lKJ {e} for some integer i > 1. (Zj(G) denotes the jth 
term of the upper central series of G.) T h u s (1) holds for some 
x G Zi(G)\Zi-i(G). We now investigate the consequence of the left-hand side 
of equation (1). 

Let W be the set of all words xalp\ . . . xampm t h a t are equal to e with a/s 
positive, m ^ 1 and pi's in P . Define a function JJL from P to the set of non-
negative integers by the rule 

(O if \p x~\ = e 
M(^ = V if [p, x] e z^oxzj^ioj = l, 2 

For any w = x a l ^ i . . . xampm in W, let \w\ = maxjjLt(^) : i = 1, 2, . . . , m\. 
Note t h a t \w\ — 0 implies t ha t [x, pî\ = e for i = 1, . . . , m so t h a t 
x a l £ i . . . xam£m = xap with ce = X^-i^z > 0 a n d p = pi . . . pm £ P. Hence 

x-a £ p^ ^ e W J U s how tha t there exists ze; in W with |w| = 0. Suppose, if 
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possible, t h a t \w\ > 0 for every w 6 W. Le t W\ be the subset of W consisting 
of those words w with \w\ minimal. W e call pi a dominant component of 
w = xalpi. . . xampm if iiipi) = \w\. Since w = e, there are a t least two domi­
nan t components in w. Le t W2 be the set of those words in W\ with the least 
number of dominan t components . Le t W% be the set of those words 
w = xalpi . . . xampm in Wi with \x{p\) — \w\. Le t j > 1 be the smallest integer 
such t h a t for all w = xalpi . . . xampm in W3, nipi) < M ( ^ I ) for all i satisfying 

1 < i < j , bu t n(pj) = ix(pi) for some w in W^. Le t WA be the set of those 
w = xalpi . . . xampm in W% with pipj) = p(pi). Finally, let W5 be the set of 
those w = xalpi . . . xampm in W± with m minimal. Of course we are assuming, 
by way of contradiction, t h a t m > 1. 

Pick any w = xalpi . . . xampm in W$. Since x a ^ - = pj(x[x, pj\)aj, we mus t 
have [x, pj] < e, for otherwise 

Xa l£i . . . Xa"^w = Xalp! . . . Xai-lpj^ipj{x[xi pjiyiX"**1 . . . pm = w' Ç T^ 

and |ze/| = |ze/| = M ( ^ I ) = vip'j-i) where £'^_i = pj-ipj. If 7 = 2 or 
M ( £ I ) > flip'j-i) then we contradic t the choice of W2 and if j F^ 2 and 
/z(£i) = ii(pr j-i) then we contradic t the choice of W4. T h u s [^-, x] > e and 

Wl = X"1^! . . . Q<ri-1pj-13Cai+1pjlxr''' + 1-1 . . .pm G Ws, 

where ^- i = pj[pj,x] £ P and n(pji) = n(pj)- Repeated application of the 
above a rgument yield wu i = 1, . . . , aj+i where 

Wi = X^p! . . . p^Xfi+tp j t0(f* >' + *-* ...pm, 

Pa = Pji-iïpji-uoc] G P and ju(^i) = n(pjt)- Now wt <G Wh for i < aj+i, 
bu t 

w a i + 1 = xalpi . . . />^_13ca»+a»+1/?V»+2 . . . £TO 

where £ ' = pjaj+1pj+1 G P and /x(£') = M ( ^ I ) . N O W /*(£') < /*(£i) contra­
dicts the choice of W2 and ix(pr) = M ( ^ I ) contradicts the choice of W5. Note 
t h a t should j = m, we take x a l for xa?'+1 and in this case we have 

Wai = x<Xm+ai(pmaip1)x
a*p2 . . . x a - - ^ _ i 

which contradicts the choice of W2. 
W e have thus established t h a t xap = e for some integer a > 0 and some 

p £ P. Similarly we obtain x~$q = e for some (3 > 0 and some g G P as a 
consequence of the r ight-hand side of (1). These two equat ions imply t h a t 
xa$ = e with a(3 9^ 0, a contradict ion. 

4. E x a m p l e s . We give two examples to show the l imitations of Theorems 
2 and 4. 

Let G be the group generated by two permuta t ions , a and r, of the real line 
given by: 

xa = x + 1 

xr = x / 2 . 

https://doi.org/10.4153/CJM-1972-088-x Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1972-088-x


RIGHT-ORDERED GROUPS 895 

Thus X(T(XT~1) = x/2(ar_1) = ((x + 2)/2)r_ 1 = xa2. In fact it is easy to 
verify that G is isomorphic to Group(a, r; TŒT~X = a2) which is metabelian. 
G is a subgroup of the group of order-preserving permutations of the real line 
in the sense that x < y implies xd < yd for all 6 6 G. Thus G is an RO-group 
and we can order it in the fashion described by Conrad in [4], by well-ordering 
the set R of real numbers in any appropriate way and then, for any 6 Ç G, 
look at the first r G R in the well-ordering for which rd ^ r. Put 6 > e if 
rd > r and 6 < e otherwise. In particular, by well-ordering R so that 0 is the 
first element and — 1 is the second, we make a > e, r > e and ar > e. But 
(ar)wr(ar)_1 < e for all n > 0 since 0 is mapped to (2n~l/2n) — 1 under 
(ar^or1. Thus the right-order on G described above does not satisfy the 
property (*). This example is basically similar to Example III [5] of Conrad, 
except that Conrad's example is more complicated and not metabelian. 

Our second example is G = Group(a, b; orxba = b"1). It is a metacyclic 
RO-group. P = Semigroup(a2

r b, bar2) defines a partial right-order on G. 
This is easily verified since [a2, b] = e. Under any extension of P to a full 
right-order on G we must have a > e since a2 G P. Also ba~~2 Ç P implies 
bar1 > a > e and hence aba'1 = b~~l > e, a contradiction. 

REFERENCES 

1. J. C. Ault, Extensions of partial right orders on nilpotent groups, J. London Math. Soc. 2 
(1970), 749-752. 

2. G. Baumslag, A. Karass, and D. Solitar, Torsion-free groups and amalgamated products, 
Proc. Amer. Math. Soc. 4 (1970), 688-690. 

3. R. G. Burns and V. W. D. Hale, A note on group rings of certain torsion-free groups, Can. 
Math. Bull, (to appear). 

4. P. M. Cohn, Groups of order automorphisms of ordered sets, Mathematika 4 (1957), 41-50. 
5. Paul Conrad, Right-ordered groups, Michigan Math. J. 6 (1959), 267-275. 
6. E. Fried, Representation of partially ordered groups, Acta Sci. Math. (Szeged) 26 (1965), 

15-18. 
7. E. Fried, Note on the representation of partially ordered groups, Ann. Univ. Sci. Budapest 

Eôtvôs Sect. Math. 10 (1967), 85-87. 
8. Graham Higman, The units of group rings, Proc. London Math. Soc. 46 (1940), 231-248. 
9. Charles Holland, The lattice-ordered group of automorphisms of an ordered set, Michigan 

Math. J. 10 (1963), 399-408. 
10. H. Hollister, Doctoral dissertation, University of Michigan, 1965. 
11. A. Karass and D. Solitar, The subgroups of a free product of two groups with an amalgamated 

subgroup, Trans. Amer. Math. Soc. 150 (1970), 227-255. 
12. R. H. LaGrange and A. H. Rhemtulla, A remark on the group rings of order preserving 

permutation groups, Can. Math. Bull. 11 (1968), 679-680. 

University of Alberta, 
Edmonton, Alberta 

https://doi.org/10.4153/CJM-1972-088-x Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1972-088-x

