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FLUID LIMIT OF GENERALIZED
JACKSON QUEUEING NETWORKS
WITH STATIONARY AND ERGODIC
ARRIVALS AND SERVICE TIMES
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Abstract

We use a sample-path technique to derive asymptotics of generalized Jackson queueing
networks in the fluid scale; that is, when space and time are scaled by the same factor
n. The analysis only presupposes the existence of long-run averages and is based on
some monotonicity and concavity arguments for the fluid processes. The results provide
a functional strong law of large numbers for stochastic Jackson queueing networks, since
they apply to their sample paths with probability 1. The fluid processes are shown to be
piecewise linear and an explicit formulation of the different drifts is computed. A few
applications of this fluid limit are given. In particular, a new computation of the constant
that appears in the stability condition for such networks is given. In a certain context of
arare event, the fluid limit of the network is also derived explicitly.
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1. Introduction

In this paper, we consider a (single-class) generalized Jackson network and its fluid limit.
Such networks have been considered by, among others, Jackson [12] and Gordon and Newell
[10]. In [6], Chen and Mandelbaum derived the fluid approximation for generalized Jackson
networks. The queue-length, busy-time, and workload processes are obtained from the input
processes through the oblique reflection mapping due to Skorokhod [16] in a one-dimensional
setting, and to Harrison and Reiman [11] in the context of open networks. Using this fluid
approach and assuming that service times and interarrival times are independent and identically
distributed (i.i.d.), Dai showed in [7] that generalized Jackson networks are stable (i.e. positive
Harris recurrent) when the nominal load is less than 1 at each station. The first stability result
for generalized Jackson networks under ergodicity assumptions can be found in the paper of
Foss [9]. In [13], Majewski derived a unified formalism that allows for discrete and fluid
customers. The inputs for the model are the cumulative service times, the cumulative external
arrivals, and the cumulative routeing decisions of the queues. A path space fixed-point equation
characterizes the corresponding behavior of the network.

The framework that we use here is that of Baccelli and Foss [1], where only stationarity
and ergodicity of the data are assumed. We denote by X{j the time taken to empty the system
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when n customers enter the network simultaneously from the outside world. On the basis of a
subadditive argument, the following limit is shown to hold in [1]:

n
lim ﬁ = y(0) almost surely (a.s.). (1.1)
n—-oo n
The constant y (0) corresponds to the maximal throughput capacity of the network. In fact,
the saturation rule [2] makes this intuition rigorous and ensures that the network is stable if
p = Ay(0) < 1, where X is the intensity of the arrival process. In this paper, we provide a
new proof of (1.1), using fluid approximations, which gives an explicit formula for the constant
¥ (0). One contribution of this paper is to provide a connection between the fluid approximation
of a generalized Jackson network and the stability condition for this network under stationarity
and ergodicity assumptions on the data. In particular, no i.i.d. assumptions are needed (on
interarrival times or service times) and we can consider more general routeing mechanisms
than Bernoulli routeing.

The other application of this paper will be linked, in a companion paper [3], to the calculation
of tails in generalized Jackson networks with subexponential service distributions. Here, we
are able to give the behavior (in the fluid scale) of the network in a ‘rare’ event. (We refer to
[3] for an exact notion of what we mean by ‘rare’ event.)

The results of [6] and [13] will be of minor help to us since a lot of work would be required
to obtain our explicit result from them; for these reasons, we have taken a different approach.
For each time ¢, we are able to give an explicit formulation of the fluid limit. The simplicity of
the result is due to the concavity of the processes in the fluid scale — a property that, to the best
of our knowledge, has not been proved before. In other words, given some drifts for the input
processes, when a queue becomes empty it remains empty forever. It seems that this basic fact
has not been exploited yet. It allows us to reduce the computation of the fluid limits (which are
solutions of a fixed-point network equation in a functional space, as described in [13]) to the
computation of a certain traffic intensity for a simplified network that evolves in time. Hence,
for a fixed time, we only have to compute a fixed-point solution of some traffic equations (see
Section 3). Proposition 3.3 gives the fluid approximation of generalized Jackson networks. To
obtain the time to empty the system, we simply observe that if the network is processing fluid,
then one of the queues has been working since the initial time. This gives us a very compact
way of obtaining the constant y (0) (Theorem 4.1 of Section 4.1). Proposition 4.1 is a slight
extension of the main Theorem 4.1, and will be needed in the computation of the fluid picture
of a generalized Jackson network in the specific case of a ‘single big event’ (see [3]).

The paper is structured as follows. In Section 2, we introduce notation for single-server
queues and generalized Jackson networks. The fluid limits are established in Section 3. Then,
the computation of constant y(0) is given in Section 4 with connections with the stability
condition of such networks. In Section 5, we give the fluid picture of the network in the
single-big-event framework.

2. General setting and notation

We will use the following notation.

1. A is the set of nonnegative sequences u = {u;}1<i<, such that n < oo and u; > 0 for
alli <n. AT is the set of such sequences such that, rather, u; > 0.

2. A, is the set of nondecreasing sequences U = {U;}1<j<n suchthatn < ocoand0 < U; <
Uiy foralli <n—1. A; is the set of such sequences such that, rather, 0 < U; < Uj4.
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We will denote by A and A* the sets of discrete measures on R such that, for each member
dil of either set, there exists a U € A, or, respectively, a U € A; with dU = Zl <i<n OU;-
Here, §, is the Dirac measure at x € R;. To such a measure we can associate a sequence
u € Ay oru € A in the following manner: u; = U; — U; | for i > 1, with the convention
that Up = 0. Az and A3 will denote the sets of counting functions U: Ry — N such that
U) = D 1<i<p Wiy = f(; dil with dil € A or, respectively, dil € A*. Clearly, the spaces
A, Ay, Ay, and A3 are isomorphic, and the same holds for A*, A}, A%, and AJ.

2.1. Single-server queues

A single-server queue will be defined by Q = (z%, ), where 4 = {r,.A}lg,-fn and 0 =
{oi}1<i<n belong to Ay and A, respectively. The interpretations are the following: customer
i arrives in the queue at time riA and its service time is oj.

Associated to a queue Q, we define the departure process {rl.D J<i<n € Ay, where tl.D is the
departure time of customer i, by

P =1 4o,

D A _D .
7,0 = max{t", 1,_1} + o, 2<i<n.

Expanding this recursion yields

t’ = max (r' +o(i),  1<isn @.1)
J=1,..,i

with the notation o (j, i) :== 0 + - - - + 0;. Hence, we define a mapping ®: A x A — A such
that

P = (tPhi<izn = 2(Q). (2.2)
We will use the following notation for the different counting functions:
o A)=Y12, I{TiAg};
o 2 =20 Yoam=
e D(1) =Y {2, l{flpft}.

For any nondecreasing function F, we denote by F < (x) = inf{z, F(t) > x} the pseudo-
inverse of F' (which is left continuous). We have F < (x) < u < x < F(u). Moreover, we use
the notation ‘A’ for ‘min” and ‘v’ for ‘max’. The following lemma gives a new description of
the departure process in terms of counting functions.

Lemma 2.1. Given a queue Q € A* x A, let D = ®(Q), where ® is the mapping defined by
(2.1) and (2.2). In terms of counting functions, we have

D(t)=A@) A inf B —s+E7(AG))). (2.3)

The proof is postponed to Appendix A.

Remark 2.1. Equations (2.1) and (2.3) give two equivalent definitions of the mapping
®: A*xA — A. However, fort4 € A only (2.1) gives the correct definition of ®. In particular,

notice that we always have tiD >o0(l,i)V riA, from which we derive that D(1) < Z(t) AA(¢).
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2.2. Generalized Jackson networks

We recall here the notation introduced in [1] to describe a generalized Jackson network
with K nodes. The networks we consider are characterized by the fact that service times and
routeing decisions are associated with stations and not W1th customers. This means that the
Jjth service at station k takes o jk) units of time, where {0 } j=1 is a predefined sequence. In
the same way, when thls serV1ce is completed the departlng customer is sent to station v;k) (or
leaves the network if v = K + 1) and is put at the end of the queue at this station, where
{v ( ) } j>11s also a predefined sequence, called the routeing sequence. The sequences {U k)} j>1

and {v( )} j=1, where k ranges over the set of stations, are called the driving sequences of the
net. A generahzed Jackson network will be defined by

IN = ({0} o1, 0}j21,0®, 0 <k < K},

where (n©@, n | ... n®)) describes the initial condition. The interpretation is as follows: for

k # 0, attime t = O and in node k there are n® customers with service times Ul( ), R o;/fk))

(if appropriate, ol(k) may be interpreted as a residual service time).
Node 0 models the external arrival of customers in the network. The following statements
then hold.

o If n® = 0, there is no external arrival.

e If oo > n©® > [ then, forall 1 < j < n@, the arrival time of the jth customer in
the network takes place at 01(0) +-+o; and it joins the end of the queue at station
nos Hence, o ;0) is the jth interarrival time. Note that, in this case, there may be a finite
number of customers passing through a given station, so that the network is actually well
defined once finite sequences of routeing decisions and service times are given on this
station.

e If n© = oo then, if we assume that the sequence {O’;O)} j>1, say, is i.i.d., the arrival
process is a renewal process.

To each node of a generalized Jackson network, we can associate the following counting
functions in A:

1. K + 1 functions associated to the service times o ® (as in the single-server queue);

2. K(K + 1) functions that count the number of customers routed from one node in
{0, ..., K} to another node in {1, ..., K};

3. K + 1 functions associated to n®.

Hence, a generalized Jackson network with K nodes is an object in AK+D(E+2) —. AIN ye
will use the following notation for each of these counting functions:

e N = (n(()), ) ”’n(K))’ with n@® > 0
« o= {U(k)} >1and o ®(1,n) = 2 im U;k) for0 <k <K;
° Z(i)(f) = anl 1{:7<1)(1,n)§t} forO0 <i < K;
'Piﬁj(”)=zl§n b= f0r0<z<K,1§j§K+1_
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We denote the arrival and departure processes of each queue k of the network by A% and
D®) respectively, with the following notation: A = (A(l), e, A(K)) and D = (D(l), el
D)), A procedure to construct the processes A and D is given in Appendix B. Given a departure
process > O for queue 0, departure processes X = {X(")}lfiSK for the queues i € [1, K], and
an initial number of customers n") in each queue, we construct the following arrival processes
Y= {Y(i)}lgifKi

K
YO =n® + P20 An @)+ PLi(XP (1))
j=1
We denote this by Y = I'(X, JN).
Finally, given an arrival process Y for each queue, we define the corresponding departure
process X and denote it by X = ®(Y, JN). Hence, we have X = & (YD), £®) where ®
was defined for the single-server queue in (2.1).

Proposition 2.1. A and D, the arrival and departure processes of the generalized Jackson
network, are the unique solutions of the fixed-point equation
{ A =T(D,JN),

2.4)
D = ®(A, JN).

We will denote by W the mapping from AN to A? that to any Jackson network JN associates
the corresponding couple (A, D).

The proof is postponed to Appendix B.

Remark 2.2. This proposition gives the connection between two possible descriptions of a
generalized Jackson network. One of these descriptions was given in words at the beginning
of this section and is presented with greater precision in Appendix B. The other description is
in terms of fixed-point equation (2.4), which was introduced by Majewski in [13]. These two
descriptions are equivalent in the special case of discrete inputs and an empty network at time
t=0-.

3. Fluid limit and bottleneck analysis

3.1. Fluid limit for single-server queues

_ For any sequence of functions { f "}, we define the corresponding scaled sequence { f "} by
() = f*(nt)/n. We say that f" — f uniformly on compact sets (u.o.c.) if, for each > 0,

sup |f"(u) — f(u)| >0 asn— oo.
0<u<t

Recall the following lemma, known as Dini’s theorem.

Lemma 3.1. Let {f"} be a sequence of nondecreasing functions on Ry and let f be a con-
tinuous function on R. Assume that f"(t) — f(t) for all t (weak convergence is denoted by
f*— f). Then f" — f uo.c.

The following Lemma can be found in Billingsley [4, p. 287]:

Lemma 3.2. If f,, are nondecreasing functions and f, — f, then f,” — f*.
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Proposition 3.1. Consider a sequence of single-server queues Q") = {zA", "} e (Ax AN
with associated arrival process T4" such that An (1) —> A(t)for allt > 0, wzth A concave on
R, and associated service-time process o" such that E”(t) — ut forallt > 0, with u > 0.
For such a sequence, D" = D u.o. ¢, with D(t) = ut A A(t)

Proof. First observe that D"(¢t) < X"(t) A A"(¢) (recalling Remark 2.1). Hence, making
the fluid scaling and taking the limit in n, we have ﬁ(t) < ut A A(t). Proposition 3.1 follows,
in the case © = 0, by Lemma 3.1. In the case ;& > 0, we assume that Q" € A* x A for all n
and A(0) = 0.

Since A(0) = 0, A is continuous on R4 and Lemma 3.1 gives A" = A u.0.c. Moreover,
by Lemma 3.2, the sequences " and 7 converge u.o.c. to the respective functions ¢ +— ut
andr — /.

For fixed ¢t > 0, we have

. Dn(nt) : : (1 n n\<— ¢ AR )
lim = lim { inf [ =X"[n(t —u) + (") (A" (nu))] )| A
n

n—o0 n n—>oo{0<u<t

A" (nt)
)

: ( : 1 n N\<—/ AN ) : An(nt)
= inf | lim —X"[n(t —u) + (XZ")" (A" (nu))] | A lim
O<u<t\n—oon n—oo n
= jinf (u(r—u)+ A)) A A1)

<u<t
= ut AA@),

by uniformity on compact sets, where the last equality follows from concavity of A. Now, by
Lemma 3.1, the result follows in thls case To extend the result to the case of Q" € A x A,

we consider the sequence ‘L’B " 4 1/i, which belongs to A*. For any ¢ > 0, we have
A'(n(t —e)) < B"(nt) < A"(nt) forn > 1/e. Hence, A(t —g) < B(t) < A(t) and, since A
is continuous, we have B = A. Moreover, since T; N> T; " we have D% = ®(B", X" <

d (A", £™), and we can apply the first part of the proof to B. Hence, D (t) — A(t) A ut and
the result follows in this case.

The case A(0) # O canbe dealt w1th using the same monotonicity argument Forany ¢ > 0,
consider the sequence rC = r Y 18 we have C(t) = (t/s) A A(t) and 7; Con > 'CA " We
can apply the first part of the proof to C; hence, D (1) — C(t) A ut. Fore < pu -1 , we find

that D(t) > ut A A(t).

3.2. Bottleneck analysis

We first define the noncapture condition, as follows.

Condition 3.1. (Noncapture (NC).) We say that the K x K matrix P = (p; j)1<i, j<k satisfies
the NC condition if P is a substochastic matrix such that the stochastic matrix

pii - pik L= pLi
R = . . . :
Pk1 - Pkk 1=, pki
0 ... 0

has only K + 1 as absorbing state, i.e. such that the Markov chain with transition matrix R
almost surely equals K + 1, eventually.
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The following lemma is proved in Appendix C.

Lemma 3.3. Let P be a K x K substochastic matrix. The following properties are equiva-
lent:

1. P satisfies the NC condition.
2. The Perron—Frobenius eigenvalue of P isr < 1.
3. (I — P") is invertible, where P denotes the matrix transpose of P.

For x and y two vectors of RX, we will write x > y if x; > y; for all i. For any matrix P
and any vectors a, y € RX, we define Fy: R_IE — R_IE and Gy : R_If — R_If by

K
(Fo)i (X1, ..., XK) = 0ti + ) pjiX),
j=1

(Gyilxt, ..., xK) =X A Yi.
Proposition 3.2. If the matrix P satisfies the NC condition, the fixed-point equation
FyoGy(x)=x

has a unique solution x (e, y). Moreover, (a, y) — x(ct, y) is a continuous, nondecreasing
function.

Remark 3.1. These relations have already appeared in Massey [14] and Chen and Mandelbaum
[6, Section 3.1]. In fact, as pointed out in [6], we can use Tarski’s fixed-point theorem [17]
to show the existence of this fixed point (called ‘inflow’ in [6]). However, here we give a
self-contained proof that illustrates the continuity and monotonicity properties of the solution.

Proof of Proposition 3.2. The existence of a solution to the fixed-point equation is a
simple consequence of monotonicity. Since F, and Gy are nondecreasing functions and
Fy0Gy(0) > 0, we see that (Fy 0 Gy)"(0) /' b, say. Hence, b < Fy(y) and F, 0 Gy (b) = b.

For a given subset A of [1, K] and y € RX, we define Fﬁy: RK — RX by

(FaA,y)i(xl, coXK) =0 + ij,iyj + Z DjiXj.
jea jeAc

Therefore, F2(-) depends only on {x;, i € A}, and Fy = ny.

Wefix y € R_If and first study the case Fléy (x) = x. This equation is

xp =01+ ij,lyj + Z Pj1Xj,
jeA jeA®

Xk =g + ZP/,KX/ + Z PjKXj-
JjeA jeA®
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In fact, we only have to calculate {x;, i € A°}in order to obtain {x;,i € A} also. Renumbering
the indices of x, and taking into account only those in A€, we have

n
xp = A(a, y) + ZP,-AJX/’

=1
3.1)
n
Xo = a0, ¥)+ Y piyx;.
j=1
P2 = (pfj, i,j = 1,...,n) is a substochastic matrix and I — P* is invertible (even for

A = @ —see Lemma 3.3). Hence, if A(at, y) = (A1(et, ¥), ..., Ay(e, ¥)), (3.1) has only one
solution: ¥2 = A(a, y) + ¥2 P2 & 2 = A(a, y)(I — P21

We now return to our fixed-point problem x = Fy o Gy(x). To show uniqueness of the
solution, take any solutionz = FyoGy(z). Wehavez > 0and, hence, FyoGy(z) > Fy0G(0)
andz > b. Let A= {i:z; > y;}and B = {i: b; > y;}. Then, we have B C A and b = x?
since F‘f y(b) = Fy 0 Gy(b) = b. Moreover,

Zizai+2pj,iyj+ Z Pj,in+ZPj,iZja

jeB JjEA\B JEA
(ny)i(z) =a; + er,i)’j + Z Dj.iZj + ij,iz,',
jeB jeA\B j¢A

and, hence, we have FOE y (z) > z. However, since (Ff, y)" (z) 7 ¥8 = b, this implies that
b > z. We are forced to conclude that z = b.

For any A, (&, y) — x2(et, y) = Ae, y)(I — P2)~! is a continuous, nondecreasing
function. Fix any (e, y), and define A = {i: xj(«¢,y) > y;} and B = {i: xi(et, y) > y;}.
Then x (e, y) = ¥4 (e, y) = 8 (e, y) and, for (B, z) in a neighborhood of (e, y), we have
x(B,2) € {x4(B,z2), ¥8(B, z)}, and the continuity of (e, y) — x (e, y) follows from that of
(a, y) — %2 (a, y). Now, to see that this function is nondecreasing, take (8, z) > (a, y). We
then have

FgoGy(x(et,y)) > Fy o Gy(x(a, y)) = x(et, y)

and the sequence {(Fg o G;)" (x (e, y))},>0 increases to x (B, z).

3.3. Fluid limit for generalized Jackson networks

We consider the following sequence of Jackson networks:
JN* = {c",V", N"} with

N .
lim — = @@, n®, ... 1), n® < oo, n® < o00,i #0.
n—oo n

Thanks to Procedure 2, given in Appendix B, we can construct the corresponding arrival and
departure processes A" and D”. We assume that the driving sequences satisfy

SOy 5 O, wherer > =@ 1) An©® is a concave function;
SOy 5y ®r forallk > landallz > 0 (u® > 0); and
f’if’j (t) = pijt forallt > 0.

We suppose that the routeing matrix P = (p;, j)1<i, j<k satisfies the NC condition.
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Proposition 3.3. The processes A" and D" converge uniformly on compact sets to a fluid limit
defined by

K
Aty =n + po Q) An D)+ pji DV (1), (3.2)
j=1
DOy = AD @) A nOs. (3.3)
Remark 3.2. 1. The existence and the uniqueness of solutions to (3.2) and (3.3) follow directly
from Proposition 3.2, as shown in the proof. Moreover, it easily follows from the proof that

each component of A and D is concave and that if £© is piecewise linear then so are the
processes A and D.

2. Theorem 7.1 of [6] gives the fluid approximation of a generalized Jackson network. If we
take a linear function for @ then, from (A, D), we can explicitly calculate the solution of the
equations of this theorem.

Proof of Proposition 3.3. For any fixed n > 1, we define the sequences of processes
{A{ (k), D{ (k)}x>0 and {A} (k), Di (k) }x>0 with the same recurrence equation
{ A'(k+1) =T (D"(k), JN"),
D"(k+1) = ®A"(k+ 1), JN"),

but with different initial conditions D} (0) = (21, ..., £K)1) and DZ(0) = (0, ..., 0).
We recall the notation

K
L (X, IND(@) = n D"+ PLEO (1) An@7) + 37 PR(X (1)),
j=1
@; (X, IN) (1) = (X;, 0" (@),
and we will use the scaled sequences A" (k)(t) = A" (k)(nt)/n and D" (k)(t) = D" (k)(nt)/n.

We introduce the mappings I : C(R1)X — C(R1)X and &*: C(RL)X — C(R;)X (where
C (R ) is the set of continuous functions on R ):

K
DG, xk) (0 = 1D+ po (B0 An®) + ) pjixi),
Jj=1

DS (x1, .. xx) () = x:(0) A D1,

(These appear implicitly in (3.2) and (3.3).) The following lemma holds for both top and bottom
sequences; hence, we omit the subscripts ‘t’ and ‘b’.

Lemma 3.4. Assume that, for a fixed k, p” k) — ﬁ(k) u.o.c. and that each component of f)(k)
is a concave function. Then we have

A+ 1) Z515®K)) =AGk+ 1) wo.c.,
D'k+1) =5 oAk + 1) =Dk +1) wo.c.,

and the components of A(k + 1) and ﬁ(k + 1) are concave functions.
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Proof. For any fixed 7, we have

ADR K+ V() n©On N P (O (nt) An©-m) N i P,-f’j(D(j)’”(k)(m))

n n n . n
Jj=1

Hence, by Lemma 3.1, we have A" k+1 lindia Q) ol (ﬁ(k)) u.o.c. and each component of
A(k+1) = I'* (D(k)) is clearly a concave function. The result then follows from Proposition 3.1.

We now return to the proof of Proposition 3.3. We have A(k +1)=T%0 @ (A(k)). This
equation gives the relation between two functions of a real parameter . However, we can fix
this parameter and so obtain, for any fixed 7, an equation between real numbers that we write as
A(k +1D)(@) =T o ® (A(k)(t)) (even if '’ o ®° is supposed to act on functions). Moreover, as
a consequence of Proposition 3.2, we know that the fixed-point equation I'* o ®* (¢ (¢)) = ¢ (¢)
has a unique solution, namely ¢ (t) = x (e, ,u(l)t, e, ,u(K)t), with

o= (n(l) + p0,1(2(0)(t) A n(o)), R
n® + poi(ZQW) An®), . n®) 4 po k (ZO ) An)).

For any 7, the sequence {Ab(k)(t)}kz1 is nondecreasing and {A, (k)(t)}k>1 is nonincreasing.
‘We have
A =5 0y and A =5 p ),

and
Do) (1) =% @2 (1) and Dy(k)(1) 2225 @ (2(1)).

Moreover, if we fix any n > 1, the mappings - +— ['(-,JN") and - — (-, JN") are
nondecreasing, and

A" =T(D", JN"),

D" = ®(A", JN").
Hence, for all k£ > 0, we have

b(k) < A" < A{(k),

by (k) < D" <Dy (k).

Furthermore,

Ag(k)(nt) - A (nt) - A:’(k)(nt)
n -~ n = n ’

Au(0) (1) < liminf A0

< Ack)(0),

n
A" (nt
< lim sup (nt)
n n
and, hence, we have
A (nt)

lim =¢(t) forallz.
n

The result follows from Lemma 3.1.
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4. Maximal dater asymptotic

4.1. Motivation

We first recall the definition of a simple Euler network from Section 4.1 of [1]. Consider a
route p = (p1,...,pr) with1l < p; < K fori =2,..., L — 1. Such a route is successful if
p1 =0and pr = K + 1. We can associate to such a route a routeing sequence v and a vector
¢ as follows (‘®’ means concatenation).

Procedure 1.

—-1- fork=0,...,K do
v® = o
¢® = 0;
od
-2- fori=1,...,L —1do

vP) =P @ p; s
@) = P 4 1;
od

Note that ¢/ is the number of visits to node j in such a route.
A simple Euler network is a generalized Jackson network E = {o, v, N}, with

N =(1,0,...,0).
——
d

The routeing sequence v = {U,-(k)}izl _____ o 1s generated by a successful route, and o =
{ai(k) }i=1,.. ¢ 1s a sequence of real-valued nonnegative numbers representing service times.

Now consider a sequence of simple Euler networks, say {E(/)};=1.... 00, Where E(I) =
{o(D),v), (1,0,...,0)} (here, o(I) and v(/) are the driving sequences of E(/)). We define o
and v to be the infinite concatenations of {o (/) };=1.... oo and {v(])};=1,....c0, respectively. Denote
by o, the sequence obtained from o in the following manner: o, = (ca @, oM, ... &),
We consider the corresponding sequence of Jackson networks {JN/}, = {{o., v, N"}},, with
N" = (n,0,...,0). The Jackson network JN? corresponds to an empty network with n
customers in node O at time r = 0. We will denote by X” the time to empty the system JN”,
called the maximal dater of the network. By the Euler property of {E(i)};>1, we know that

X! < oo forall n (see [1]). We suppose that

o’ (n) ¢

lim ———— = _,
n—00 n A
® 1 1
tim T L a0, 1zk=k, (.0
0o n n®
P. .
lim “N”=m¢ 0<i<K, 1<j<K+1 4.2)
n—0o0 n

We assume that P = (p; j)1<i, j<k satisfies the NC condition, and denote by m; the solution
to the following system of equations:

K

7Ti=PO,i+ZPj,i7Tj, i=1,...,K. 4.3)
j=1
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The constant 7; is the expected number of visits to site i for the Markov chain with transition
matrix P and with initial distribution pg; (see the proof of Lemma 3.3). We will prove the
following theorem.

Theorem 4.1. Under the previous conditions, we have

n

lim —<£ = m

TTi
ax —
n—oo n 1<i<K M(l)

\/% forall c > 0.

4.2. Proof of Theorem 4.1

Given a routeing matrix P = (p; j,i, j = 1, ..., K) that satisfies the NC condition, and
avectorae = (v1,...,ag) € RX . we denote by rrl.“ the solution of the following system of
equations (see Lemma 3.3):

K
o o .
nl-:oz,wl—g pj,iﬂj, i=1,..., K.
Jj=1

Proposition 4.1. Consider a sequence of Jackson networks, as in Proposition 3.3, such that
u® > 0 forall k, 2O (1) = At/c with > > 0 and ¢ > 0 (with the convention that division by
0 yields 00), and X" < oo for all n. For such a sequence,

lim —? = max i \Y ﬂ
n—-oo n 1<i<K l,L(i) A ’
where o = (nV) + n(o)po’l, n® 4 n(o)po,K).

Proof. To prove the lower bound, consider.the auxiliary Jackson network JN" = {0,v",
N"}, and the associated vector Y (1), where Y @ (n) is the total number of customers that pass
through node i in this network. We have

K
Y(’)(n) =p®n 4 P&i(n(o)"l) + Z Pjn,i(Y(])(n))
j=1

and, hence, lim,, Y @ (n)/n = 7{, by the NC condition on P.

Now consider the original network JNZ. The number of customers that pass through
node i is still Y@ (n). Hence, we have the following inequality for the maximal dater of
node i > 1: X1 > @1 y®(x)). For node 0, the analogous inequality is xOn >
a7 (1, n ) Therefore,

x®.n o @ 1, YO m 7%
lim inf > i LX) T
n—00 n n— 00 n M(l)
0),n 0).n 0),n )
o, 1,n cn
liminf X > fim 2 )
n—00 n n— 00 n A

Since X" = maxj<j<x X" v X" the lower bound follows.
To prove the upper bound, we consider the original Jackson network. From Proposition 3.3,
we know that the corresponding arrival and departure processes A” and D" converge to the fluid
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limits A and D, respectively. Let T = inf{r > 0: A(i)(t) = ﬁ(i)(t)}, T = max;¢[1,K] T,
and M = T v cn© /i, Then

K
AV =nD + po’in(o) + ij,iﬁ(j)(t) forallt > M
j=1
and, hence, we have . .
AD@)y =DV (1) =x* forallt > M. (4.4)

Writing ig = argmax{T ®}, we have A (T) = D) (T) = () T by concavity of A and,
hence, T = 71;2‘) / ;L(’O). Moreover, (4.4) implies that, for all t > M,

YD) = DD (n) noo

n

07

where Y (n) is the total number of customers that pass through node i. Since X " < 00, we
know that

K
Xt <nt+Y oD nr), YO () + o0 (2O (nr), nOm)
i=1
for any 1. _
Taking t = M, we have limsup,,_, oo X2/n < M =T v en© /3 = a2 /u@ v en©® /3, and
the result follows.

Proof of Theorem 4.1. 1t is easy to see that the assumptions of Proposition 3.3 hold for the
Jackson networks JN” = {o., v, N}, with n® =1andn® =0,i # 0.

4.3. Stability of generalized Jackson networks

We now give the connection between this fluid limit and the stability region of generalized
Jackson networks under stationary ergodicity assumptions, following [1].

Assume that we have a probability space (2, ¥, P), endowed with an ergodic measure-
preserving shift 6. Consider a sequence of simple Euler networks {E(n)}52 _ ., say, where

En) ={om),v(n), (1,0,...,0)}. Let&E(n) = {{o(n)}, {v(n)}}. The stochastic assumptions
of [1, Section 4.1] are as follows.

e The variables {0 (n)} and {v(n)} are random variables defined on (2, ¥, P).

e The random variable & (n) satisfies the relation &(n) = £(0) o 6" for all n, which implies
that {£(n)}, is stationary and ergodic.

® ‘
e All the expectations E[¢®) (0)] and E[Zf’: 1(0) oi<k) (0)] are finite (¢ (n) is obtained by

Procedure 1 on E(n)).

In such a setting, we can find ©2¢ such that, on ¢, (4.1), (4.2), and Condition 3.1 (noncapture)
hold and P(€2p) = 1. By the strong law of large numbers, we have, almost surely,

%(qb(f)(l) +o 9V () = ElpV(0)] < oo,

WL O o0
Z( Yo oWt Y ai(/)(n)> N E[ 3 oi(/)(O)j| < co.
i=1 i=1 i=1
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From these equations, we derive condition (4.1):

. o ;
o EXE PP 1

lim = - = —— a.s.
n—00 n E[¢(1)(0)] M(])

By the same kind of argument, we can show that limit (4.2) holds almost surely. To show that P
satisfies the NC condition, we write V) = E[¢") (0)] and V) (n) = ¢ D (1) + - - - + ¢ (n).
Owing to the Euler property of the graphs, we have V) (n) = Py i(n) + Zle Pj; (VD (n)),
whence V@ = pg; + Z;{:l Dji V(). Equation (4.3) has a finite solution, so P satisfies the
NC condition and V@ =7; (see Lemma 3.3). Now we can define §2( as follows:

o a®(1,n) 1 P vV (n)
0_{7 pc(k)’ _>Pi,ja " —>7Tj}.
We will use the conventional notation 110 = A for the intensity of the external arrival.

The limit calculated in Theorem 4.1 is exactly the constant § (¢) defined in [1, Equation (85)].
In the event ¢, Theorem 4.1 applies and gives a new proof of Theorem 15 of [1], which says
that 6 (0) = y(0) = max; m;/ /L(i). Moreover, the lower bound of Lemma 6 (in [1]) is in fact
shown to be the exact value of §(c). Theorems 13 and 14 of [1] give the stability condition of
a Jackson-type queueing network in an ergodic setting. To be more precise, form < n < 0 we
define oy, ) and vy, ) to be the concatenations of {o (k)}n<k<n and {v(k)}n<k<n, and then
define the corresponding generalized Jackson networks as

JN[m,n] = {U[m,n]v Vim,n]» N[m,n]}v with N[m,n] =m-m+1,0,...,0).

We define X, 5 to be the time taken to empty the generalized Jackson network JN{; n
and denote by Zimn) = Xpmoa — > o U[(r(r)z),n],i the associated maximal dater. (Note that
our notation is consistent with [1].) The sequence Z[_, o; is increasing, so there exists a limit
Z = lim,_ o0 Z[—p,0) (Which may be either finite or infinite). We call this limit the maximal
dater of the generalized Jackson network JN = {o, v, N} where o and v are the infinite
concatenations of {o (k)}xr<o and {v(k)}x<o, respectively, and N = (00,0, ...,0). Let A be
the event

A:P:hma%mzw}
n—oo
This event is of crucial interest, since a finite, stationary construction of the state of the network
can only be made on the complementary part of A. In other words, Z < oo if and only if the
network is stable. The following theorem follows from Theorems 13 and 14 of [1].

Theorem 4.2. Let p = Amaxi<j<k ni/u(i). If p < 1 then P(A) = 0 while, if p > 1, then
P(A) = 1.

Remark 4.1. There exists a parallel stream of work that uses sample path methods — quite
different from those described in this paper — to prove a weaker form of stability called pathwise
stability or rate stability. Rate stability means that, with probability 1, the long-run average
departures must equal the long-run average arrivals at each station. In Chen [5], it was proved
that, for a multiclass queueing network under work-conserving service disciplines, the weak
stability of the fluid model implies the rate stability of the stochastic network. We refer the
reader to [5] for a detailed definition of the fluid model and weak stability; the main result of
[5] is that, under the usual traffic conditions, a generalized Jackson network is rate stable.
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Furthermore, in Dai [8] it was proved, under weak strong-law-of-large-numbers assumptions,
thatif p > 1 (with our notation) then the number of customers in the network diverges to infinity
with probability 1 as time t — oo (see Proposition 5.1 of [8]). This result corresponds to the
second part of our Theorem 4.2. To prove that p < 1 ensures stability of the generalized Jackson
network, Dai [7] needed i.i.d. assumptions and additional conditions on the interarrival times,
namely that they be unbounded and spread out. In this paper, we use fluid limits to derive the
same result under stationarity and ergodicity conditions only.

5. Rare events in generalized Jackson networks

The aim of this section is to give a picture of a particular kind of rare event in which the
maximal dater of a generalized Jackson network becomes very big. Under some stochastic
assumptions, we can prove that large maximal daters occur when a single large service time
has ‘taken place’ at one of the stations, while all other service times are close to their mean (see
[3]). We now give the corresponding fluid picture.

5.1. The single-big-event framework

We consider a sequence of simple Euler networks { E(n)};2_ ., say, where E(n) = {o(n),

v(n), 1}. Considering the corresponding JN[_, o0] network, we assume that

SOny > t/a forallr, (5.1)
s®n;y 5 u®r forallzandall k > 1, (5.2)
Bl'(t) — pijt forallt,i,and j. (5.3)
We further assume that P = (p;, j)1<i, j<k satisfies the NC condition, and we use the following
notation:
K
TP = poi+ Y Pkl i=1....K, (5.4)
k=1
Xi=Po,i+Zpk,iXk=>xj=Pj, i=1,...,K, (5.5
kj
K
Nj’izaj,i—i-Zpk,ﬂTj,k, i=1,...,K. (5.6)
k=1

Equation (5.4) is the traditional traffic equation of the network in terms of numbers of customers.
In (5.5), p; corresponds to the amount of traffic coming in queue j if queue i is blocked (its
departure process is null). Note that x; < m; in this case. Equation (5.6) corresponds to the
traffic equation in the network when there is no input from the outside world and only queue j
is active. We introduce the corresponding loads
= b =maxb; b~=ﬂ and Bj; =maxb;;

O P O J= R
and assume that the stability condition b < a holds. We suppose that the big event (i.e. the
large service time) occurs in the simple Euler network —n and, so, we replace E(—n) by an
extra E. The replacement network E is atypical in the sense that a large service time o takes
place at station j and within the set of service times of E.
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Let us look at the corresponding maximal dater Z|_, o)(E) in the fluid scale suggested by the
limit of Proposition4.1. If o > na then the number of customers blocked at station j attime o is
of order np j, whereas the numbers of customers at the other stations are small. So, according to
Proposition 4.1, the time taken to empty the network from time o on should be of order np; B;
hence, in this case, the maximal dater in question should be of order 0 — na +np; B;. On the
other hand, if 0 < na then, at time o, the number of customers blocked at station j is of order
pjo/a, and the other stations have few customers; from time o to the time of the last arrival
(which is of order na), station k has to serve approximately the load (pjo/a)b;  generated by
these blocked customers plus the load (na — o) by /a generated by the external arrivals in the time
interval from o to the last arrival. In this time interval, the service capacity is of order na — o.
Hence, the maximal dater should be of order maxy{p;b;ro/a + (na — o)by/a — (na — o)),

It is now natural to introduce the following function:

. o by *
f/(o,n) =1{g=pay(c —na+np;B;) + l{ofna}mlflx{pjbj,kz + (; — 1>(Vla - G)} .

To makgt our discussion more rigorous, gonsider the network JN" (E) with input {E (k)},?i_n,
where E (k) = E(k)forallk > —nand E(—n) = E := {0 (E), v(E), (1,0, ...,0)}. Thatis, if
we denotebya(k)*" and v®)-" the concatenations ({0 ® (E)},{c ® (—=n+1)}, ... .{c®©0)},...)
and (VO E)), p®(=n+ D}, ..., pR©O),...), respectively, then

IN"(E) = {¢"(E),v(E), N"}, with N* = (n,0,...,0).

The maximal dater of order [—n, 0] in this network will be denoted by Z"(E ); of course,

Z”(E(n)) = Z[_p,0). For all simple Euler networks E = {o, v, (1,0, ...,0)}, let YUNE) =
@\
Zf:jl olfj ). For some sequence of positive real numbers z,, we define

U/ (n) = {E is a simple Euler network such that Y(k)(E) < zyforall k # j},
V/(n) ={E € U/ (n), YV (E) = n(a —b), ¢ < L}.

Proposition 5.1. Under the previous assumptions, there exists a sequence 7, — 00, Wwith
zn/n — 0, such that

sup l(Z”(E)—f/(y<f'>(E),n)) 7500, (5.7)
EevVimlT

5.2. Computation of the fluid limit (Proof of Proposition 5.1)

We take a sequence of simple Euler networks F; € V/ (n) and write JN" = JN"(F,,).
Since z,/n tends to 0, we have

fl(o)’"(t) — t/a forallt,a.s.,
fl(k)’"(t) — /,L(k)l forallk # j > land all ¢, a.s.,
}A’i’fj (t) = pijt foralliand j and all ¢, a.s.
We write ¢, = YY) (F,) € [n(a — b), oo) and denote by 7}, the time taken by station j to com-

plete its first ¢(j )(F,) services in the network JN". From monotonicity, we obtain §, < T,, <
tn + Zk;ﬁj Y ®(F,). Hence, we have lim,,_, o T},/¢p = 1, since z,/¢p < zn/n(a — b) — 0.
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If we assume that ¢,/n — ¢ < oo, then JN” is such that »(.n (t) < L fort < T,. Hence,
E(f)’"(nt)/n < L/n for nt < T,, so that fl(j)’"(t) — 0 for all + < ¢,. We see that this last
fluid limit does not hold on the whole positive real line. Nevertheless, consider the Jackson
networks with the same driving sequences as JN" except for at station j, where we take the
concatenation of ({a(/ ) (Fp)}, 0o, ...). For this new network, the fluid limit for station j holds
on Ry and we can directly apply Proposition 3.3. However, it is easy to see that, for t < Ty,
this network and the original Jackson network JN" have exactly the same dynamics. Hence,
Proposition 3.3 applies for ¢t < ¢, so that for each k the sequence {AK).ny converges u.0.c. to a
limit A®) when n tends to co, with a similar result and notation for the departure process. We

have, with A = a1,

K
AD(t)y = poirt Aa)+ Y priDP (),
k=1

DY) = APy A a Dt with 7@ = p@ fori # jand i) = 0.

We can rewrite the first expression as
AD@) =rpoit na)+ ) priDP ).
k#j

Hence, with the notation introduced in Section 5.1, we have

AD@) = DD @) = axi(t Aa) <Ami(t Aa) fort <Candi # j,

A(j)(t) =Apjt Aa) fort <¢.

In what follows, we will consider the (new) Jackson network obtained by taking the state

of the initial network at time 7;, as initial condition and, as routeing and service sequences, the

routeing decisions arld (residual) service still unused at this time. This network will be denoted
by JN" = {", ", N"}, with

_ 0),
5O = (EOT(BONT) + 1) = Ty o0 e )

=(0),n _ ,,0),n 0),n
P = Vs g 410 Vs Onpy 420

NOW = p — 5O(T,),
and, fori # 0,

=@n _ .On n

o ={r SO (420" 1

S@n g, @),n

v - {UD(:')‘n(Tn)Jr]a VD@20 |2

NOn — AOnpy — pOr(Ty where

i) O DB hy1 if AO(T,) = DOM(T,),
rv =

DO (pO.n(T,y 4+ 1)) — T, otherwise.
We have

1. 1 . . .
lim —AD"(T,) = lim =DD""(T,)) = AD() = DV () fori # j,
n—-oon

n—oo n

1 1.
lim —AY"(T,) = Apj(¢ Aa), and lim —DY)"(T,) = 0.

n—oo n n—oon
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Hence,
Nz

N
7—>()»(a—{)"',O,...,)»pj({/\a),...,O)

SOn ) 5 foralls,
f](i)’”(t) — uD¢ foralli > 1andallz,

Igif’j(t) — p;i jt foralliand j and all 7.

We can apply Proposition 4.1 with a parameter « that depends on the quantity a — ¢. If
¢ > a we then have &« = pje;, where e; = (0,...,1,...,0) with the 1 in the jth position,
and

7Tl-a =PpjTj,i.

Proposition 4.1 gives

Zu(F, —T i
n( n) + na n — pj max % (58)
n [ 75
and, hence, we have
Zu(Fy) = (T, —na +np;Bj)(1 +o(n)) = f/(T,, n)(1 + o(n)). (5.9)

On the other hand, if { < a wethenhaveo = A(a—¢)Po+Ap;te;, where Py = (po 1, .. .,
Po,x ), and
= i(a — O + pjmjic].

In this case, Proposition 4.1 gives

Zn(Fn) +na—T,
n

SR [CE RS2

@

and, hence, we have

7 T b; +
Zu(Fy) = (1 +o0(m)) miax[pjbj,i; + (na— Tn)(; - 1>]
= [ (T, n)(1 + o(n)).

In the case ¢, /n — o0, which corresponds to { = 00, our results up until (5.8) still hold and,
hence, (5.9) holds as well.
This proves that

n—oo
0

(5.10)

n

‘Zn(Fn) - fj(gn: n)

for any sequence F,, € V/(n) with YV (F,) = ¢, € [n(a — b), o0) such that ¢, /n — ¢ <00
However, this result holds for any sequence F,, € V/(n). Consider any F,, € V/(n) and
suppose that

Zy(Fa) = f1(Y D (Fy), n)

n

=[/>0.

lim sup
n—oo
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By extracting a subsequence of {F}}, we can replace ‘lim sup’ by ‘lim’. Moreover, by making
a further extraction, we may suppose that ¥ G )(Fn) /n — ¢ < oo and, for this subsequence,
limit (5.10) is violated. Hence, for any sequence F},, we have

= 0. (5.11)

‘Zn(m — fIYY(Fy), n)
n

Now consider a sequence F;, € V/ (n) such that

Zu(E) — fI(YY(E), n)
n

‘Z,,w,,) — fI(YU(Fy), n)
n

— &n,
EeVi(n)

with g, — 0. We then see that (5.7) follows from (5.11).

Remark 5.1. In the stochastic framework of Section 4.3, we see that our assumptions on the
limits (5.1), (5.2), and (5.3) are justified. In particular, if the sequence of simple Euler networks
{E(n)}32 _ isii.d., then we deduce from the previous proposition that

ZME) = fIYV(E), n)

EeVi(n) h

Appendix A. Proof of Lemma 2.1

For 1 < j, we define the point process I'; as follows:

z,f-fzo forl <m<j—1,
t{j =tjA+a(j,n) forn > j.

The construction of I'; is depicted in Figure 1. For j > 1, we have

j—1 f0rt<r]’.4,

L) =
i) St —tf+o(l,j—1) fors=r1h,

with the convention that o (1, O) =0.
From (2.1), we have t > 7P <t > t{j for all j < n and, hence,

D(t) >n & inf I';(r) > n.
j<n

However, for all j > n + 1, we have I';(¢) > n for all ¢ so, in fact, D(¢) = inf j>1 I';(z). We
also have

inf [j(0) = inf Tl —1/ +o(l,j— DIAAQ@,

izl A

jzlafst

and we now show that inf ;> I';(t) = A(t) Ainfo<s<; X[t — s + X (A(s))]. Since ‘L’ € AZ,
on each interval [t [t jA) (we use the convention 164 = 0), we have A(s) = j — 1 and the
function s — X[t — s + X (j — 1)] is nonincreasing. Hence,

inf  Z[t—s+Z (AN =Z[t -1} +o(,j— DI

SE[T/ 1 /)
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FIGURE 1: Construction of I';.

A

Moreover, for rkA <t < T, we have

inf Z[t—s+ITT(AE)] = Z(ZT(k) > k= A().

se[rkf‘ 1)
Finally, we have

A A inf B[t —s+ET(AG)I =A@ A _inf  E[r - th ol j— D]
<s<t

jzlrftst

= inf I";(¢).
i i®

Appendix B. Construction of arrival and departure processes
Here we give a procedure that constructs the processes A and D.

Procedure 2.

—-1- t:=0;

fori >0do ‘ ‘ ‘

RD@) := 01(’); AD () :==n®; DD (1) :=0;

od
—2— V= min{i: A(i)(t)—D(i)(t)Zl} R(l)(t), Yy = argmin{l-: A<i)(t)—D(i)(t)Zl} R(l)(t),
-3- if V = oo then END;

fi
—4- DN (t+V):=DVt)+1; AV + V) := AV (1);

if AVt + V) = DVt + V) = 1 then RVt + V) =0, i
)

j= Voo i4+vy’ ' ' ' .
if j # K+ 1then AVt + V) := AD@) + 1; DVt + V) := DY (1);
it AO (1) — DD (1) = ) — :
if AV(1) = DV (1) = 0 then RV (1 + V) := 0,5, o f
fi

for i ‘gé {y,j}do _ ‘ . _ '
ROt +V):=RO@)—V; AVt +V):= AD@); DO + V) := DD (r);

od
t=t+YV,;
-5- goto 2;
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Remark B.1. Since the sequences {U}k) }j>1and {v;k) } j>1 are infinite, the variables vg/(?,) (1)
) )] : :
P COTRTY and o A 4yy D step —4 — are always available. Also note that the procedure ends

in step —3— if ZiKzo n® < co. If ZZ-K:O n® = oo, on the other hand, the procedure never
ends. The latter situation corresponds to a network with an infinite number of customers. In
this case, there exists 7 < oo such that lim;_,7 A(¢) = lim; .7 D(t) = o0.

Proof of Proposition 2.1. If we define J® = sup{;: Z{:l Ui(k) = 0}, the generalized
Jackson network is equivalent to

K
k k )
{{UJ(' )}j21<’<>+1v {V§~ )}j31<k)+1, n® 4+ E Pi,k(-](l))}.
i=0

Hence, we can assume that J®) = 0 for all k and we have A?)(0) = n; and DY) (0) = 0 for
timet = 0. Fort > 0, let

DO(1) = AV A inf SOl -5+ 2040 O],

<s<t
K
A(’)(t) =n® 4 P(),,'(E(O)(t) A n(O)) + Z PJ",'(D(])(I)).
j=1
Denote by
t; = inf{r > 0: E(O)(t—) #* »© (1) or there exists an i such that D(i)(t—) 7+ 5(i)(t)}
the first time of jump for processes D and A. Then,
AV = AD@) forO<t <1,
DY) =DPD@) forO<t <1,

provide a solution pair to (2.4) over t € [0,#]. In fact, this solution is exactly the one
constructed by Procedure 2. Now suppose that a solution pair (A, D) has been constructed on
[0, #,, 1, where t,, is a jump point for either AD or DO Asabove, let X(s) = A(s) fors < t, and
X(s) = A(t,) fors > t,, and for ¢t > 1, define

DY)y =XDt) A inf SOt — 5+ 2O (XD ()],
O<s=<t

K
AD() =nD + P (2O0) An D)+ P (DY (1)),
Jj=1

Letting
o RSO ) ; ; NG (s » 10
th+1 = inf{t > t,: TV (t—) # XV (¢) or there exists an i such that D'/ (r—) # D"/ (¢)}

leads us to the same conclusion as above. The uniqueness of (A, D) is a consequence of this
construction procedure.

Remark B.2. This construction is very similar to the construction of the reflection mapping
made in the proof of Theorem 2.1 of [6].
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Appendix C. Proof of Lemma 3.3

By Corollaries 1 and 2 of Seneta [15], part 3 of our Lemma 3.3 follows from part 2, which
in turn is a consequence of part 1. To see that part 3 implies part 1, just write the equations
for the expected number of visits of the Markov chain (X,) with transition matrix R to state
i 2K +1,ie.

K
Vi = E[Z 1{x,,=i}] =P(Xo=1i)+ Zp,-‘,-vj foralli € [1, K. (C.1)
n j:]

Since (I — PT) is invertible, (C.1) has a finite solution. Hence, the only absorbing state of
(Xp)is K + 1.
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