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Abstract

If G is the unitary group U(V') or the symplectic group Sp(V') of a vector space V over a finite field of
characteristic p, and r is a positive integer, we determine the abelian p-subgroups of largest order in G
whose fixed subspaces in ¥ have dimension at least », with the restriction that we assume p #* 2 in the
symplectic case. In particular, we determine the abelian subgroups of largest order in a Sylow
p-subgroup of G. Our results complement earlier work on general linear and orthogonal groups.

1980 Mathematics subject classification (Amer. Math. Soc.): 20 G 40.

Introduction

Let G be a classical group of linear transformations on a vector space V over a
finite fieild of characteristic p. For a fixed number r, consider the abelian
p-subgroups of G of largest order fixing the vectors of an r-dimensional subspace
of V. These subgroups were determined in the cases when G is a general linear
group or an orthogonal group, by Goozeff (1970) and Wong (1981). In this paper
we deal with the cases when G is a unitary group or a symplectic group, where we
assume p # 2 in the symplectic case.

Our methods are inductive, and are similar to those used in the orthogonal
case, with some simplifications due to the fact that the underlying sesquilinear
form is not symmetric. After some notation, terminology and preliminary remarks
in Section 1, we study the unitary case, giving the orders of the relevant abelian
p-subgroups in Section 2, describing the subgroups themselves in Section 3, and
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finding the largest abelian subgroups of a fixed Sylow p-subgroup of G in Section
4. The corresponding results for the symplectic case are given in Section 5.

The case of the symplectic group in characteristic 2 has been studied indepen-
dently by Barry and the present author, and is dealt with in the companion paper,
Barry and Wong (1982), which follows this article.

1. Preliminaries

We take a finite field F of characteristic p, with an automorphism J such that
J? = 1. Consider a finite-dimensional vector space V over F with an anti-Hermi-
tian form H: V' X V — F. Thus

H(v+ v',w)=H(v,w) + H(v',w),
H(av,w) = aH(v,w),
H(w,v) = -H(v,w)’,

where v, v',w € ¥V, a € F. We use Dieudonné (1955) as a basic reference. If W, Z
are subspaces of V, W C Z, we have the following glossary.

W+ = orthogonal complement of W in V, relative to H.

Wy=wtnZz.

Radical of W, rad W = W5,

W is degenerate if rad W # 0.

W is totally isotropic if rad W = W.

Isotropic vector: v # 0, H(v, v) = 0.

The case J = 1 occurs when H is an alternating form, that is, H(v, v) = 0 for all
v. In this case, if V is nondegenerate, then ¥ has even dimension 2m, and all
maximal totally isotropic subspaces have dimension m. The isometry group,
consisting of all linear transformations ¢ on ¥ such that H(ov, ow) = H(v, w)
for all v, w in ¥, is the symplectic group Sp(V').

If /1 and V is nondegenerate, then H is uniquely determined to within
equivalence by the dimension of V, Dieudonné (1955), page 16, and all maximal
totally isotropic subspaces have dimension [ dim V). The isometry group in this
case is the unitary group U(V).

We shall assume in the rest of this section and in the next three sections that we
have the unitary case that J + 1 and V is nondegenerate of dimension n. The
symplectic case will be left to Section 5.

Let F, be the fixed field of J, and set ¢ =| F, |, so that | F|= ¢?, and a’ = a¥,
a € F. An element a of F is said to be skew if a’ = —a. Nonzero skew elements
exist, since every element of the form b’ — b is skew, and multiplication by such
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an element would convert H into an Hermitian form, which is perhaps more
commonly taken when the unitary group is defined.

LEMMA 1. Every skew element of F has the form b’ — b, for exactly q elements b
of F.

PrOOF. The map b — b7 — b is an endomorphism y of the additive group of F,
with kernel Fj, of order ¢g. Hence its image consists of g elements. If a is a nonzero
skew element, the set of skew elements is aF,. Thus the skew elements are
precisely the elements of the image of . This proves Lemma 1.

Sometimes we have to consider ¥ as a vector space over F;, and then we
speak of Fj-subspaces, Fj-dimension, and so on. The words subspace,
dimension,. .., without prefix, will mean subspace over F, dimension over F, and
so on. Also, we define, for x, y € V,

Hy(x, y) = H(x, y) = H(y, x) = tt H(x, y),
the trace of H(x, y) in Fy. Then H, is an alternating Fjy-bilinear form on V. We
speak of Hy-orthogonality, H-totally isotropic subspaces, Hj-radical, and so on,

to distinguish from the corresponding concepts relative to H, which we continue
to write without prefixes.

LeEMMA 2. If W is a subspace of V, then the Hy-radical of W is the same as the
radical of W. If dim W = s, dim(rad W) = h, then the maximal Hy-totally isotropic
F,-subspaces of W have F-dimension equal to s + h.

PROOF. Let x be an clement of the Hj-radical of W. If y € W, then
tr(aH(x, y)) = Hy(x, ay) = 0, for all a € F. Since the trace map is nonzero,
H(x, y) =0, and so x lies in the radical of W. Since the radical is clearly
contained in the H-radical, we have the first assertion. Now choose a subspace Y
such that

W= (radW)®Y,

so that dimg Y = 2dim Y = 2(s — k). The maximal H-totally isotropic F,-sub-
spaces T of W have the form

T=(radW)® U,

where U is a maximal Hy-totally isotropic Fy-subspace of Y. Since Y is nondegen-
erate relative to H,,

dimg U= j;dim; Y =s— h.

Since dim g(rad W) = 2h, we have dim T = s + h. This proves Lemma 2.
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2. Orders

As in Wong (1981), we say an element or subgroup of the unitary group U(V)
fixes a subspace X of V if it fixes every vector in X. More generally, it fixes a
quotient X/Y of subspaces if it maps every coset x + Y on itself, x € X. For
0 < r < n, we consider the abelian p-subgroups 4 of U(V') such that A fixes some
subspace of dimension r, and let @(V, r) be the set of those A having the largest
possible order. We denote this order as g/™", where ¢ is the number of elements
in the fixed field F; of J.

The following result is proved as in Wong (1981).

LEMMA 3. If A is a p-subgroup of U(V'), A # 1, then the vectors of V fixed by A
form a degenerate subspace. In particular, A fixes some isotropic vector.

If x is an isotropic vector, we can choose another isotropic vector y, such that
H(x, y) = 1, by Dieudonné (1955), page 20. Then x, y is called a hyperbolic pair,
and spans a nondegenerate subspace (x, y). If 1t € V, then H(t,t) is a skew
element of F (since H is anti-Hermitian), and so

B(1)={beF|b' —b=H(t 1)}

is a subset of F having ¢ elements, by Lemma 1.

LEMMA 4. Suppose x, y is a hyperbolic pair in V, and Z = (x, y)*, so that
V=Ax)® Z®(y). For p. € U(Z),t € Z, b € B(t), define a linear transforma-
tiona(p, t, b)yon V by

o(p,t,b)x = x,
o(p,t,b)z=pz— H(pz,t)x, z€2Z,
o(p,t,b)y=y+1t+ bx.

Then (i) o{p, t, b) is a unitary transformation fixing x, and, conversely, every
unitary transformation of V fixing x has the form o(p, t, b), for unique p € U(Z),
t € Z,beE B(1).

(i) o(p, t, b)o(p', ¢/, b)Yy =o(pw, t + pt’, b + b — H(ut', t)).

(iit) o(p, t, b) and o(p', t', b’y commute if and only if up’ = p'p, (p— 1)’ =
(0 — Dt,and H(p't, t") = H(put', t).

(iv) If W is a subspace of Z and X = (x)® W, then o(u, t, b) fixes X if and only
if u fixes Wandt € Wy .
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PROOF. Any unitary transformation o fixing x must leave (x)* = (x)® Z
invariant, and so must have the form

ox = X,
oz=pz+ f(z)x, z€2Z,
oy =ay +t+ bx,

where u: Z - Z, f: Z — F are linear maps, ¢t € Z, and a, b € F. Easy calculation
shows that o € U(V) if and only if p € U(Z), f(z) = -H(pz,t), a =1 and
b € B(t), so that ¢ = o(p, ¢, b). The multiplication formula is a straightforward
computation, and the last two assertions are obvious. This proves Lemma 4.

LEMMA 5. In the situation of Lemma 4, let A be an abelian subgroup of U(V')
fixing x. Let T={t € Z|o(l,t,b) € A, some b}, let S be the subspace of Z
spanned by T, and let S, be the Fy-subspace of Z spanned by T. Set s = dim S,
so = dimg Sy, h = dim g(rad §). Then

() Ifo(p, t, b) € A, then p. fixes S, and t is Hy-orthogonal to S,,.

(i1) S, is Hy-totally isotropic.

(i) A <min(s,n — 2 — 5), 50 <5 + h.

PRrOOF. If o(, 1, b), o(1, ', b') € A, then, since A is abelian, (g — 1)t’ = 0, by
Lemma 4(iii)). Hence p fixes T, and so p fixes S. Also, H(¢',t) = H(pt', 1) =
H(t, 1), so that Hy(t,t") = 0. Hence ¢ is Hy-orthogonal to S,. In particular, T is
Hj-orthogonal to Sy, and so S is H,-totally isotropic. This proves (i) and (ii).

Since rad S C S and rad S gsé, we have h<s and h<n—2—ys. By
Lemma 2, 5, < s + h. This proves Lemma 5.

We now find an upper bound for f(n, r), where we may assume n > r = 1, by
Lemma 3.

LEMMA 6. Let n > r = 1, and set
g(n,r,s) =1+ min(2s,n — 2) + f(n — 2, max(r — 1, 5)).

Then f(n, r) < max{g(n,r,s)|0<s<n—r—1}.

PrOOF. We take 4 in @(V, r), and may assume 4 # 1. By Lemma 3, we choose
a degenerate r-dimensional subspace X fixed by A, and take a nonzero vector x in
rad X. Take y and Z as in Lemma 4, and define the transformations o(p, ¢, b).
Set W= XN Z,sothat X = (x)® W.

The map o(y, ¢, b) — p is a homomorphism of A onto an abelian p-subgroup
A, of U(Z), whose kernel M consists of all a(1, 7, b) which lie in 4. Let T, S, S,
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s, 8o, h be defined as in Lemma 5. By Lemmas 4 and 5, 4, fixes both W and S, so
that

< gf(n—2.d)
|Al I q s

where d = max(r — 1, 5). Also, M C {o(1,¢,b) |t € S, b € B(1)}, so that
|M|<ql+s0<ql+s+h <q1+e,
where e = min(2s, n — 2), by Lemma 5. Hence,
|A|=|M|| 4, |< g5

Since S C W5 by Lemma 4, it follows that 0 <s<n —r — 1. This proves
Lemma 6.

Let S(V) be the set of all subspaces X of ¥ such that X D X* or X C X*, that
is, X is a totally isotropic subspace or the orthogonal complement of a totally
isotropic subspace. Let (V) be the set of all r-dimensional subspaces in S(V).
We have the following simple result.

LEMMA 7. Let r, s be nonnegative integers, r + s <n, d = max(r,s), and
X € 5,(V'). Then there exist subspaces W, S of X, such that W € 5(V'), S € 5(V),
and W is orthogonal to S.

PrROOF. By symmetry, we may assume r =s. Then, since X € S(V),
dim(rad X) = min(r, n — r) = s. We take W to be X, and S to be any s-dimen-
sional subspace of rad X. This proves Lemma 7.

LemMMA 8 (Recursion Formula). f(n,0) = f(n, 1), f(n,n) = 0. If | <r < n, then
f(n,r) = max{g(n,r,s)|0<s<n—r—1},

where g(n,r,s) =1+ min(2s,n — 2) + f(n — 2, max(r — 1, s)). There exist
X €E€S(V)and A € &(V, r) such that A fixes X.

PrROOF. Clearly f(n, n) = 0, while f(n,0) = f(n,1) by Lemma 3, and the last
assertion holds for r = n,0,1. In particular, the result holds for n < 1. We
suppose n = 2, and use induction. Suppose | < r<mnandO0<s<n-—r— 1. We
can choose an isotropic vector x in V, by Dieudonné (1955), page 16, and choose
y, Z as in Lemma 4. Let 4 = max(r — 1, s). By induction, there exist a subspace
Y € §,(Z) and an abelian p-subgroup 4, of U(Z) of order ¢/*~ %% fixing Y. By
Lemma 7, Y has subspaces W, S which are orthogonal to each other, such that
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WeES,_(Z), S E€S(Z). Since dim(rad §) = min(s, n — 2 — s), S has an H-
totally isotropic Fj-subspace S, of Fy-dimension s, =s + min(s,n — 2 —s) =
min(2s, n — 2). Then

A={o(p.t,b)|pEA,tESy,bEB(1)}

is a set of g8(™"*) elements of U(V), fixing the subspace X = (x)® W, which lies
in 5(¥). Since A, fixes §,, it is easy to check that 4 is closed under multiplica-
tion, so that A4 is a p-subgroup of U(V'). Since 4, is abelian, A4, fixes S, and S, is
H-totally isotropic, Lemma 4 shows that A is abelian. Hence, f(n, r) = g(n, r, 5).
Application of Lemma 6 completes the proof of Lemma 8.

The equality in the Recursion Formula implies that the inequalities for | 4, |
and | M| in the proof of Lemma 6 are in fact equalities. Thus

A, € @(Z,max(r — 1, 5)),
M= {o(l,1,b)|t €Sy, bE B(1)},

so=s+h, h=min(s,n—2—5).

Hence S € §/(Z), and S, is a maximal H-totally isotropic Fy-subspace of S.

THEOREM 1. Let U(V') be a finite unitary group, where V is an n-dimensional
vector space over a field of q* elements having characteristic p, and let /" be the
largest order of an abelian p-subgroup of U(V') fixing an r-dimensional subspace of
V.

(@) Ifr=4in, thenf(n,r) = (n — r)%.

(b) Ifnisevenand r < in, then f(n, r) = in>.

(©)Ifnisodd,n=3andr < in, then f(n,r) = $(n — 1)? + 1; and f(1,0) = 0.

PrOOF. The result holds for n < 1 or r = n. We may suppose n =2, 1 <r <n,
and use induction on n.

First suppose r = 4n. f 0<s<n—r— 1, then s<r—1and 2s<n— 2.
Thus, g(n, r,s) =1+ 2s + f(n — 2, r — 1). In the expression for f(n, r) given in
the Recursion Formula, the maximum value of g(n, r, s) occursats = n — r — 1,
and f(n,r) = 2n — 2r — 1 + f(n — 2, r — 1). By inductive hypothesis,

f(n=2,r—1)=(n—r~- 1>~

Hence, f(n, r) = (n — r)%.
Now let r < §n. If s < 3(n — 2), then f(n — 2, max(r — 1, s)) is a constant
function of s, by inductive hypothesis, and so

gln,r,s) =14 2s+ f(n—2,max(r — 1, 5))
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is a strictly increasing function of s in this range. If }(n —2)<s<n-r—1,
thens > r — 1, and so
gn,r,s)=1+n—2+f(n—2,s)=n—1+(n—2-s),

a strictly decreasing function of s in this range. Thus the maximum value of
g(n, r,s) occurs at most at the values s = [{(n — 3)], [1(n — 1)]. A check of
values shows that, if n is even, then g(n, r, 3(n — 4)) = tn* — 2, g(n, r,3(n — 2))
= 1n?, so that the maximum occurs only at s = {(n — 2), and f(n, r) = Ln%. If n
is odd, then g(n, r, 3(n — 3)) = g(n, r, 3(n — 1)) = L{(n — 1) + 1, so the maxi-
mum occurs at s = 3(n — 3), {(n— 1), and f(n,r)=Lt(n = 1)*+ 1. If n =3,
only the case s = j(n — 1) occurs.) This proves Theorem 1.

3. Groups

We let A( X) denote the subgroup of all elements of U(V') fixing a subspace X
of V. More generally, if Z is a nondegenerate subspace of ¥ containing X, we let
A,(X) denote the subgroup of U(Z) fixing X. Also, if X is a totally isotropic
subspace of ¥ and £ is an F,-subspace of the space of all linear transformations of
X+ /X into X, we write A(X, X /X; £) for the set of all elements 6 of U(V)
which fix both X and X* /X, and for which the map of X* /X into X induced by
o — 1 lies in £, It is easily checked that this is a subgroup of U(V'). We recall also
that 5(V) denotes the set of all r-dimensional subspaces of ¥ which are either
totally isotropic or orthogonal complements of totally isotropic subspaces.

THEOREM 2. Let U(V') be the unitary group of an n-dimensional vector space V
over a finite field of characteristic p, and let @(V,r) be the set of all abelian
p-subgroups of largest order in U(V') fixing an r-dimensional subspace of V.

(@) Ifr= yn, then Q(V, r) = {A(X)| X € 5(V))}.

(b) If n is even and r < in, then &(V, r) = Q(V, in).

(c) If nis odd, n = 3, and r < }n, then Q(V, r) consists of all A(X, X*/X; £),
where X is a totally isotropic subspace of dimension 1(n— 1) in V, and £ is an
Fy-subspace of Fy-dimension 1 in the space of all linear transformations of X* /X
into X.

ProOOF. The result is true for n <1 or r = n. We may assume n =2 and
1 < r < n, and use induction on 7.

First suppose r = in. If X € §(V), so that X D X, we choose a nonzero
vector x in X, and take y, Z asin Lemma 4. If W= X N Z, then W € §,_(Z),
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and
A(X)={o(p.1,b)|nEA,(W),t € W;,b€E B(1)}.

By inductive hypothesis, 4,(W) € @(Z, r — 1). As in the proof of Lemma 8,
A(X) is an abelian p-subgroup of U(V'), and a calculation of its order | 4(X) |=
| A,(W) || W5| q shows that A(X) € &(V, r).

Conversely, suppose A € @(V, r), take a degenerate r-dimensional subspace X
fixed by A4, choose a nonzero vector x in rad X, and set up the situation of the
proof of Lemma 6. By the proof of Theorem 1,s =n — r — 1 < §(n — 2). By the
remark following the proof of Lemma 8, S € 5(Z). Thus, S is totally isotropic.
Since W C S7 and dimW = r — 1, we have W = SZ, so that W D Wy . Hence
XD X", so that X €S(V). Since 4 C A(X) and A(X) € Q(V, r), we have
A = A(X). This completes the proof in case (a).

Now suppose n is even and r < in. By Theorem 1, @(V, r) D &(V, in).
Suppose 4 € @(V, r), and set up the situation of Lemma 6. By the proof of
Theorem 1, s = 3(n — 2). Since S € 5(Z), S is a maximal totally isotropic
subspace of Z, and S; = S is a maximal H-totally isotropic Fy-subspace of Z. If
o(p, t, b) € 4, then p fixes S, and ¢ is Hy-orthogonal to S, so that 1 € §; = S.
Hence A fixes (x)® S, which has dimension in, so that 4 € @(V, in). This
completes the proof in case (b).

Suppose n is odd, n = 3, and r < in. Let X be a totally isotropic subspace of
dimension 5(n — 1) in ¥, and £ an Fj-subspace of F;-dimension 1 in the space of
all linear transformations of X* /X into X. Choose a nonzero element 7 in £ and a
nonzero vector x in 7(X* /X). Take y, Zasin Lemma 4, W= XN Z. If z € X+,
denote its image in X~ /X by z. If 0 = o(u, ¢, b) lies in A(X, X" /X; £), then
t € Wy, u fixes Wy (since o fixes X* /(x)), and, for each z € W, there exists
¢ € F, such that -H(z, t)x = c7(z). Conversely, if p, t satisfy these conditions,
then o(p, t, b) lies in A(X, X* /X; £) (since W5 covers X* /X ). Choose w € W5
such that 7(w) = x. Since X spans X" /X, we see that

A(X, X+ /X; L)
= {o(p,1,b)|n €A, (W5),t € Wy ,H(w, 1) € Fy,b € B(1)}.
The map ¢ — H(w, t) is an Fy-linear map of W5 — F with kernel W. The inverse
image of F, under this map is an Fy-subspace S, of Fy-dimension n — 2 in Wy .

Since the totally isotropic space W has Fy-codimension 1 in S, S, is Hy-totally
isotropic. Now,

A(X, X /X, L) = {o(p,1,b) | E AL, (W5 ), t €5y, b € B(1)},

where we know 4,(W;) € &(Z, 3(n — 1)) by case (a). As in the proof of Lemma
8, A(X, X* /X; £) is an abelian p-subgroup of U(V), fixing X, and a calculation
of its order shows that A(X, X* /X; ) € &V, r).
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We note incidentally that every element of £ is induced by ¢ — 1 for some o in
A(X, X+ /X; £), since t = H(w, ) is a surjective map of S, on F,.

Now suppose that 4 € @(¥, r), and again set up the situation of Lemma 6.
First suppose s = 3(n — 1). Since S € §(Z), S D Sz . Since §, is a maximal
H,-totally isotropic Fy-subspace of S, we have S D S, D S5, and S, is its own
Hg-orthogonal complement in Z. Thus, if 0 =o(p, 1, b) €A, then t € S;. In
particular, p fixes $ O Sz and ¢ € S, so that o fixes X = (x)® Sz, a totally
isotropic subspace of dimension 3(n — 1), and also fixes X* /X. Choose z € S,
z & S5 . Since w — H(w, z) is a nonzero linear map of S on F, there exists w € S
such that H(w, z) = 1. Since the image of z spans the Fy-space S,/S5, we see
that H(w, t) € F,, for all 1 € §. Let £ be the Fj-space of linear transformations
of X* /X into X spanned by the transformation r such that (W) = x, where w is
the image of w in X* /X. If 6 = o(p, t, b) € 4, then

(6 - Dz=-H(z,1)x, z€S,

so that the linear transformation of X* /X into X induced by o — 1 is equal to
~H(w, t)7, which lies in £. Thus 4 C A(X, X* /X; £), and so
A=A(X, X+ /X; L).

Finally, by the proof of Theorem 1, we have the case s = $(n — 3), n = 5. Then
S is totally isotropic, S, = S. Since 4, € @(Z, 3(n — 3)) and f(n — 2, 3(n — 1))
<f(n—2,4(n—3)), S is the subspace of all vectors of Z fixed by A,. By
inductive hypothesis, A4, consists of all p € U(Z) which fix § and S3 /S, for
which the linear transformation of Sz /S induced by p — 1 lies in a fixed F,-space
£, of linear transformations of Fy-dimension 1. Letw € S;, w @& S,0# 1€ £,
u = 7(w), where w is the image of w in S /S. If p € 4,, then (g — I)w = c(p)u,
where c(p) € Fy. If 6 = o(p, 1, b) € A, then p € A, and 1 € S5, since S5 is the
Hgy-orthogonal complement of S,. Hence o fixes X = (x)® S and also X* /X.
Also,

(o—Dw=(p—Dw—H(pw, t)x = c(p)u — H(w, t)x,

since p fixes S7 /S and t € S5 .

As remarked before, every element of £, is induced from some element of 4,.
Hence there exists p’ € A, such that ¢(p’) = 1. There exist ¢/, b such that
o =o(p,t',b) € A. We have t = aw(mod S), ¢’ = a’'w(mod §), for some a, a’
€ F. Then, (p — i’ = (p — Da'w = a’c(p)u, (' — 1)t = ac(p)u = au. Hence
a’c(u)u = au, by Lemma 4, so that a = a’c(p). Now H(w, 1) = H(w, aw) =
a’H(w,w) = c(p)k, where k = (a’y’H(w,w). Thus, (o0 — Dw = c(p)(u — kx),
and we see that 4 C A(X, X* /X; £), where £ is the Fj-space of linear transfor-
mations of X* /X into X spanned by the map that takes w to u — kx. Hence
A = A(X, X* /X; £). This completes the proof of Theorem 2.
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All the groups occurring in Theorem 2 are elementary abelian, except that, in
odd dimension and characteristic 2, the groups A( X, X* /X; £) have exponent 4.
In this case, it can be shown that the elementary abelian 2-subgroups of largest
order in U(V') are the groups in @V, 1(n + 1)).

4. Sylow groups

As in Wong (1981), a Sylow p-subgroup P of U(V') can be described in terms of
a sequence of totally isotropic subspaces of ¥,

0=W,CW,CW,C---CW,,

such that dim W, = J, where m = [3n]. Then P consists of those elements of U(V)
which fix all W,/W,_, (1 <i < m) and W, /W, (in case n is odd), and we write

P=P(W,,W,,... .W,).

We now determine the abelian subgroups of largest order in P.

LEMMA 9. Ler X be a totally isotropic subspace in V, and Y a subspace of V which
is invariant under A(X*). Then either Y D X or Y C X*.

PROOF. Suppose Y ¢ X', and let y € Y, y & X. Let x € X. There exists a
nonzero element a of F such that aH(x, y) € F,. Then

H(y,y)=H(ax +y, ax +y),

and so there is an isometry of X* &(y) on X* @ (ax + y), which is the identity
on X+ and maps y on ax + y. By Witt’s theorem (Dieudonné (1955), page 21),
this map extends to an element of A(X*). Since y € Y and Y is invariant under
A(X*), we see thatax + y € Y, and so x € Y. Thus, X C Y. This proves Lemma
9.

THEOREM 3. Let P = P(W,, W,,..., W, ) be a Sylow p-subgroup of the unitary
group U(V') of a vector space V of dimension n =2m or 2m + 1 (m = 1) over a
finite field F of q° elements having characteristic p. Let Q(P) be the set of all
abelian subgroups of largest order in P, and let F; be the subfield of q elements in F.

(a) If n = 2m, then &(P) consists of the single group A(W,,).

(b) If n = 2m + 1, then @ (P) consists of all groups A(W,,, W /W,; £), where £
is an Fy-subspace of Fy-dimension 1 in the space of all linear maps of W,. /W, into
W,,. There are (g*™ — 1)/(q — 1) such groups.
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PROOEF. Suppose 4 € @(P). By Theorem 2, 4 has the form
A(X) or A(X, X+/X;E),

where X is totally isotropic of dimension m. In any case, 4 D A(X™), and so W,
is invariant under A(X"). If W,, C X*, then X + W, is totally isotropic, and so
X C W, since W, is a maximal totally isotropic subspace of V. By Lemma 9, we
have X C W, in any case, and so X = W_.

Conversely, every group A(W,) or AW, W, /W,; £) clearly lies in
P(Wy,W,,....,.W,).

In case (b), the vector space of all linear maps of W, /W, into W, has
dimension m over F, and so there are (¢>™ — 1) /(q — 1) possible choices for the
F,-subspace £ of Fy-dimension 1. This proves Theorem 3.

The determination of (€ ( P) for the unitary case has also been carried out in the
Ph.D. thesis of Michael Barry (1977), using the Chevalley commutator relations.

It is easy to check which of the groups in €(P) are normal in P. We give the
result without proof. '

THEOREM 4. In Theorem 3, let @ ,,( P) denote the set of groups in @( P) which are
normal in P.

(a) If n is even, then @, (P) = @(P).

(b) If n is odd and n = 3, then @\ (P) consists of the q + 1 groups of the form

AW, W,s /W,; £), where £ is an Fy-subspace of Fy-dimension 1 in the space of all
linear transformations of Wy /W,, into W,.

5. Symplectic case, p #* 2

Now suppose J = 1, p % 2, so that H is an alternating form, and let | F|= ¢
Assume V is nondegenerate so that ¥ has even dimension 2m, and let /(™"
denote the largest order of an abelian p-subgroup of Sp(V) fixing an r-dimen-
sional subspace of V.

We give only a sketch of part of the argument in this case, since the method is
just a simpler version of that used for the unitary case. Lemmas 3 and 4 hold for
Sp(V) in place of U(V'), where now B(t) = F for all ¢+. If A is an abelian
p-subgroup of Sp(V') fixing an r-dimensional subspace X, and x is a nonzero
vector in rad X, then S can be defined as in Lemma 5, and s = dim S satisfies
0 <s<2m — r— 1. The analogue of H is 2 H, which is nondegenerate because
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p # 2, and we see that S is totally isotropic, so that s < m — 1. The analogue of
Lemma 8, for 1 < r < 2m, is that

flm,r) =max{g(m,r,s)|0<s<mn(Zm—r—1,m— 1)},

where g(m, r,s) =1+ s + f(m — 1,max(r — 1, 5)). Induction on m leads to the
following result.

THEOREM 5. Let Sp(V') be the symplectic group of a 2m-dimensional vector space
V over a field F of q elements having odd characteristic p, and let q¢/™" be the
largest order of an abelian p-subgroup of Sp(V') fixing an r-dimensional subspace of
V.

@Ifr=m then f(m, r)=32m — rYQm —r + 1).

(b) If r < m, then f(m, r) =im(m + 1).

As before, we denote by 5/(V') the set of all r-dimensional subspaces X of V'
such that X C X* or X D X*, and we write A(X) for the subgroup of Sp(V') of
all elements fixing X. The following result is proved in the same way as Theorem

2(a), (b).

THEOREM 6. Let Sp(V') be the symplectic group of a 2m-dimensional vector space
V over a finite field of odd characteristic p, and let (V, r) be the set of all abelian
p-subgroups of Sp(V') of largest order fixing an r-dimensional subspace of V.

@Ifr=m, then@V, r)={A(X)| X € 5(V)}.

®) If r <m, then &V, r) = Q(V, m).

All the groups occuring in Theorem 6 are elementary abelian.
A Sylow p-subgroup P of Sp(¥) is determined by a sequence of totally
isotropic subspaces

0=W,CW,CW,C---CW,,

such that dim W, = i; P is the group P(W,, W,,..., W, ) of all elements of Sp(}')
fixing all W,/ W,_, (1 < i < m). The following result is proved in the same way as
Theorem 3(a).

THEOREM 7. Let P = P(W,, W,,..., W, ) be a Sylow p-subgroup of the symplectic
group Sp(V') of a 2m-dimensional vector space V over a finite field of odd
characteristic p. Then, A(W,,) is the unique abelian subgroup of largest order in P.

The last result was also proved by Barry (1979) by using the Chevalley
commutator relations.
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