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The Classification of 7- and 8-dimensional
Naturally Reductive Spaces

Reinier Storm

Abstract. A new method for classifying naturally reductive spaces is presented. This method relies on
anew construction and the structure theory of naturally reductive spaces recently developed by the au-
thor. This method is applied to obtain the classification of all naturally reductive spaces in dimension 7
and 8.

1 Introduction

A locally naturally reductive space is a Riemannian manifold together with a metric
connection that has parallel skew-torsion and parallel curvature. A locally symmetric
space can thus be seen as a naturally reductive space with zero torsion. In the seminal
paper [5], Cartan classified all symmetric spaces.

The story for naturally reductive spaces is quite different, of not available. A good
place to start is to classify them in small dimensions. This has been done in dimen-
sions 3, 4, and 5 in [13,14,19] and more recently in dimension 6 in [1]. These classi-
fications essentially rely on being able to parametrize the possible torsion and curva-
ture tensors of the naturally reductive connections and then solving the first Bianchi
identity. Such a parametrization breaks down in higher dimensions. The recent devel-
opments in [16,17] tell us however that naturally reductive spaces are still very rigid.
This gives us the ability to present a completely new way to classify naturally reductive
spaces.

1.1 Results

The new approach presented here can be applied in any dimension, but becomes in-
creasingly more elaborate as the dimension increases. Therefore, it becomes impor-
tant to find ways to limit the possible cases. This will be carried out explicitly for
naturally reductive spaces of dimension 7 and 8. An important point is the division
of naturally reductive spaces into two types, as in [17]:
TypeI The transvection algebra is semi-simple.

TypeII The transvection algebra is not semi-simple.

Another simplification of the classification comes from the partial duality of natu-
rally reductive spaces defined in [17]; see also Definition 2.7. Every naturally reduc-
tive space of Type I can be related to a compact one. Therefore, we will only list
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the compact spaces of Type I and in case a non-compact partial dual space exists we
will mention this. For the spaces of Type II, we will only list the ones for which the
semi-simple factor of the canonical base space is compact, and we will mention if a
partial dual spaces exist. It is not difficult to explicitly obtain all partial dual spaces.
This makes the classification much more transparent. The classification of all 7- and
8-dimensional naturally reductive spaces is summarized in Theorem 3.6 for Type I
and in Theorem 4.5 for Type II.

2 Preliminaries

The essential structure of a locally homogeneous space is encoded in the infinitesimal
model. We now briefly discuss this below.

Theorem 2.1 (Ambrose-Singer [3]) A complete simply connected Riemannian man-
ifold (M, g) is a homogeneous Riemannian manifold if and only if there exists a metric
connection V with torsion T and curvature R such that

(2.1) VT=0 and VR=0.
A metric connection satisfying (2.1) is called an Ambrose-Singer connection. The

torsion T and curvature R of an Ambrose-Singer connection evaluated at a point
p € M are linear maps

(2.2) Ty: A°T,M — T,M and R,: A’T,M —> so(T,M)
that satisfy, for all x, y, z € T, M,

(2.3) Ry(x,y) Ty =Rp(x,y) R, =0,
(2.4) &Ry (x,9)z - Tp(Tp(x, ), 2) =0,

(2.5) G"’}”ZRP(Tp(x,y),z) =0,

where &7 denotes the cyclic sum over x, y, and z, and - denotes the natural action
of s0( T, M) on tensors. The first equation encodes that T and R are parallel objects for
V, and under this condition the first and second Bianchi identity become equations
(2.4) and (2.5), respectively. A pair of tensors (T, R), as in (2.2), on a vector space
m with a metric g satisfying (2.3), (2.4) and (2.5) is called an infinitesimal model on
(m, g).

Conversely, given an infinitesimal model (T, R) of a homogeneous space, one can
construct a homogeneous space with that infinitesimal model. This construction is
known as the Nomizu construction; see [15]. This construction goes as follows. Let

h:={heso(m):h-T=0, h-R=0}.
and set g := h ® m. On g, the following Lie bracket is defined for all 4,k € § and
X,y em:
(2.6) [h+x,k+y]:=][h, k]so(m) —R(x,y)+h(y) - k(x)-T(x,y),

where [ -, - ]so(m) denotes the Lie bracket in s0(m). The bracket from (2.6) satisfies
the Jacobi identity if and only if R and T satisfy equations (2.3), (2.4), and (2.5). We
will call g the symmetry algebra of the infinitesimal model (T, R). Let G be the simply
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connected Lie group with Lie algebra g and let H be the connected subgroup with
Lie algebra h. The infinitesimal model is regular if H is a closed subgroup of G. If
this is the case, then clearly the canonical connection on G/H has the infinitesimal
model (T, R) we started with. In [18, Thm. 5.2], it was proved that an infinitesimal
model coming from an invariant connection on a globally homogeneous Riemannian
manifold, as in (2.2), is regular.

Definition 2.2 Let (g = h®m, g) be a Lie algebra together with a subalgebra ) c g,a
complement m of h, and a metric g on m. Supposead(h)m c mand, forall x, y,z € m,
that
g(lxylm>2) = =g(1: [x,2]m)

Then we call (g = h ® m, g) a naturally reductive decomposition with b the isotropy
algebra. We will mostly refer to just g = h @ m as a naturally reductive decomposi-
tion and let the metric be implicit. The infinitesimal model of the naturally reductive
decomposition is defined by

(2.7) T(x,y):==[x%¥]m> Vx,yem,
R(x,y) = —ad([x, y]p) € s0(m), Vx,yem,

where [x, ¥]m and [, ]y are the m- and h-component of [x, y], respectively. We
call the decomposition an effective naturally reductive decomposition if the restricted
adjoint map ad: h — so(m) is injective. We will say that g is the transvection algebra
of the naturally reductive decomposition g = h ® m if the decomposition is effective
and im(R) = ad(h) c so(m). Note that (2.3) implies that im(R) c so(m) is a sub-
algebra and that the transvection algebra is always a Lie subalgebra of the symmetry
algebra. When we simply refer to g = h @ m as a naturally reductive transvection alge-
bra, we mean that this is a naturally reductive decomposition for which g is also the
transvection algebra.

The following theorem is a classical result by Kostant (see also [6]).

Theorem 2.3 (Kostant, [11]) Let (g = h ® m, g) be an effective naturally reductive
decomposition. Then € := [m,m], @ m is an ideal in g and there exists a unique ad(t)-
invariant non-degenerate symmetric bilinear form g on € such that glmxm = g and
[m, m], L m. Conversely, any ad(g)-invariant non-degenerate symmetric bilinear form
gong=hemwithm = h' and glmxm positive definite gives a naturally reductive
decomposition.

In [16] a new construction of naturally reductive spaces is defined. This starts from
a naturally reductive transvection algebra and a certain subalgebra ¢ of derivations
of the transvection algebra together with an ad(¥)-invariant metric B on ¢ and con-
structs a new naturally reductive decomposition. This new decomposition we call the
(€, B)-extension, and generally this new space is a homogeneous fiber bundle over
the original space. More explicitly, for g = ) ® m a non-zero transvection algebra the
algebra, £ of derivations has to be a subalgebra of

s(g) = {f € Der(g) : f(h) = {0}, f(m) cm, flm €s50(m)}.
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Let 50(o0) be the Lie algebra of all skew-symmetric matrices of finite rank. If g = {0},
then we define §({0}) = so(o0). For every finite dimensional subalgebra £ c s(g)
with an ad(®)-invariant metric B on ¢ a new naturally reductive decomposition is
obtained, which is called a (¢, B)-extension of g = h & m; see [16].

One can imagine that simply connected spaces of Type I are relatively easy to clas-
sify in low dimensions. This is indeed the case, and similar results with different pur-
poses can be found in the literature, e.g., [10]. The theory developed in [17] together
with the construction of [16] allow us to classify all remaining naturally reductive
spaces. The main reason for this is the following slightly rephrased result from [17].

Theorem 2.4 ([17, Thm. 4]) For every naturally reductive decomposition of Type II,
there exists a unique naturally reductive transvection algebra of the form

(2.8) g=heome,, R,

where h) ® m is a semi-simple algebra and &, ,. denotes the direct sum of Lie algebras,
such that the original Type IT decomposition is a (¥, B)-extension of g = homer , R”.

Definition 2.5 'The unique naturally reductive decomposition from Theorem 2.4 in
(2.8) is called the canonical base space of the Type II space. The ideal h & m is called
the semi-simple factor, and the ideal R" is called the Euclidean factor.

The above theorem is the fundamental result on which the here-presented classi-
fication method is based. It also suggests some further simplifications for the classifi-
cation that are discussed below.

Definition 2.6 A Lie algebra g together with a subalgebra ) c g define a naturally
reductive pair (g, h) if there exists an ad(g)-invariant non-degenerate symmetric bi-
linear form g for which g|mxm is positive definite, where m = h* and such that g is the
transvection algebra of the corresponding naturally reductive decomposition.

Definition 2.7 A naturally reductive pair (g*,h*) is a partial dual of a naturally
reductive pair (g, ) when g* is a real form of g ® C different from g and the com-
plexified Lie algebra pairs are isomorphic: (g® C,h ® C) = (g* ® C,h* @ C).

Remark 2.8 1In [17] it is shown that every naturally reductive pair of Type I ad-
mits exactly one compact partial dual pair of Type I and for a space of Type II there
exists exactly one partial dual pair for which the semi-simple factor of the canonical
base space is compact. Moreover, a partial dual of a naturally reductive pair (g, h) of
Type I exists if and only if (g;,proj, (h)) is a symmetric pair for some i, where
g=0199 D ® g, is the decomposition of g into simple ideals. We will use this
partial duality to deflate our classification list and make it more comprehensive.

In a classification, it is common to only list the irreducible objects. This is also the
case for naturally reductive spaces.

Definition 2.9  Aninfinitesimal model (T, R) onm is reducible if there exists a non-
trivial orthogonal decomposition m = m; ®@m;, such that T = Ty ® T, and R = Ry +R;,
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where T; € A*m; and R; € L(A*m;,s0(m;)). A naturally reductive decomposition is
reducible if and only if its infinitesimal model its reducible.

Remark 2.10  Given a simply connected Riemannian manifold with an Ambrose-
Singer connection (M, g, V), its infinitesimal model is reducible in the sense of Defi-
nition 2.9 ifand only if (M, g, V) = (M), g1, V1) x (M2, g2, V2); i.e., the Riemannian
manifold is a product and the Ambrose-Singer connection is a product connection.

The local reducibility of a naturally reductive space or equivalently the reducibility
of its infinitesimal model only depends on the torsion.

Theorem 2.11 ([17,20]) A naturally reductive decomposition is reducible in the sense
of Definition 2.9 if and only if there exists a non-trivial orthogonal decomposition
m=my ®m,suchthat T = Ty & T, with T; € A’m;.

The following propositions will simplify the classification procedure significantly;
see [17] for the proofs. The first proposition gives a necessary and sufficient condition
for a (¢, B)-extension to be irreducible.

Proposition 2.12  Letg=homer , R" be a naturally reductive transvection algebra
with by @ m semi-simple. Furthermore, let € c 5(g) and let B be some ad(%)-invariant
inner product on €. Consider the following decomposition

(29 g=(hem) @4 ®ra (hp®m,) Sra My BL g - OLa Mpig,

where b; ® m; is an irreducible naturally reductive decomposition with b; c by and
m; cmfori=1...,pand my ; c R" is an irreducible €-module for j = 1,...,q.
We choose the my, ..., m,,, mutually orthogonal. Suppose that g = h®m &, R" is
the canonical base space of the (¥, B)-extension. The (¥, B)-extension is reducible if and
only if there exists a non-trivial partition

{my,..,mpy, My, mpy b = WOW’, WnW' =g,

and an orthogonal decomposition of ideals € = ¥’ @ £/ with respect to B such that ¥’ acts
trivially on all elements of W' and € acts trivially on all elements of W'.

We also need to recall some definitions from [16].

Definition 2.13 Let(g=hemer, R" g)beaasin (2.8). Let  c 5(g) be a Lie
subalgebra and let B be an ad(®)-invariant inner producton €. Let ¢: £ - so(m®R")
be the natural Lie algebra representation and let y: ¢ — so(¢ @ m @ R") be the Lie
algebra representation y := ad @ ¢.

Then we define ¢;: £ - so(m) and ¢,: € - so(IR") to be the restricted represen-
tations of ¢: € - so(m & R"). Next we put

b =ker(g,), t3:=ker(g)), E:=(B@t) ct
where the orthogonal complement is taken with respect to B. Furthermore, we have
s(g) 2 Z(h)@p@so(n), wherep:={mem:[h,m] =0, Vh e h} and Z(h) denotes
the center of . In this way, we identify ¢, @ £, c Aut(h & m) with inner derivations:
b b, c Z(h)@p ch@m.
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All the spaces of Type Il are constructed as (¥, B)-extensions. Generically, a (¢, B)-
extension results in a space of Type II. However, in general it does not. The following
proposition guaranties that all of the (€, B)-extensions we list are of Type II. This is to
assure that none of the spaces we list are isomorphic.

Proposition 2.14  Let f be the transvection algebra of a (¢, B)-extension of a naturally
reductive transvection algebra of the form g = h @ m @ , R". The canonical base space
of f is isomorphic to g = h @ m & ,. R” if and only if the following hold:

(1) ﬂm(z’(bl)) = {0};
(i) ker(Rlaacn)+y(r)) = {0}
where 1y, denotes the projection onto wv and R is the curvature tensor associated with f.

For Lemma 2.14, we need to be able to compute ker(R) the following lemma sim-
plifies this.

Lemma 215 Letg=hemar, R" bea naturally reductive transvection algebra.
Let ¥ c s(g) and let B be an ad(¥)-invariant inner product on €. Let (T, R) be the
infinitesimal model of the (€, B)-extension. Then

ad(h**) @ ad(£*) = ad(h** @ €°) cim(R) and ker(R) cad(Z(he¥)),

where g*° denotes the semi-simple commutator ideal of a Lie algebra g and Z(g) denotes
the center of g. Moreover, if ¢ = {0}, then ker(R) = {0}.

Finally, we need to be able to decide whether two spaces of Type II are isomorphic.
The following proposition does exactly this.

Proposition 2.16 Letg, = h; dm; = bh; ® mg; &, R™ be naturally reductive
transvection algebras with by; ® my ; semi-simple or 0-dimensional for i = 1,2. Suppose
gi = b; ® m; is the canonical base space of some (¢;, B;)-extension for i = 1,2 and that
the (¥, B )-extension and (¥,, By )-extension are isomorphic. Then there is a Lie algebra
isomorphism 1: g; — @a. Furthermore, T(h1) = b, T|m, : My = my is an isometry and
1,.: ¥ — & is an isometry, where 7.: Der(g;) — Der(g,) is the induced map on
derivations.

The above proposition also covers Type I spaces by considering a Type I space
as a trivial (&, B)-extension over itself. Also note that the isomorphism 7 from the
above proposition is necessarily an isometry with respect to the unique invariant non-
degenerate symmetric bilinear form of Theorem 2.3.

3 Classification of Type I

Now we describe how to classify all naturally reductive decompositions of Type I in
some dimension k. First, we list all semi-simple Lie algebras g of dimension less or
equal to %k(k +1). For all of these, we look for subalgebras h c g together with
all ad(g)-invariant non-degenerate symmetric bilinear forms g on g such that the
following hold:

https://doi.org/10.4153/50008414X19000300 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X19000300

1252 R. Storm

k 3 4| 5 6 |7 8
b 50(3)|n/aju(2)|su(3)|g,|su(3)
Dy =dim(h)| 3 [n/al 4 | 8 |14 8

Table 1: Stabilizers of some irreducible 3-form of the largest dimension possible.

(1) dim(a/b) = ks

(2)  glmxm is positive definite, where m = b+,

(3) the torsion T from (2.7) is irreducible;

(4) [m,m]y =h.

We will refer to these as conditions (1) to (4), as we will use them regularly. Condi-
tion (3) implies that the decomposition g = ) @ m will be irreducible; see Theorem 2.11,
Condition (4) implies that g is the transvection algebra; see [17, Lem. 8]. This produces
all irreducible naturally reductive transvection algebras g = h & m of Type I, and thus,
after finding all isomorphic ones, we obtain a classification of all naturally reductive
transvection algebras of Type I in dimension k.

Remark 3.1 The naturally reductive structures on globally homogeneous spaces are
the ones that are regular. To obtain all regular structures, we only have to investigate
when H is closed in G, where G is the simply connected Lie group with Lie algebra g
and H is the connected subgroup with Lie subalgebra b; see [12,18]. For all the cases
we discuss, we mention when the naturally reductive structure at hand is regular.

The above approach is very crude and becomes quite a lot of work even in dimen-
sions 7 and 8. We can make our method more efficient by first looking for an upper
bound for the dimension of . We used above that § is always a subalgebra of so(k),
and thus dim(h) < 1k(k - 1). However, since b is the stabilizer of an irreducible
3-form T € A*m, we can improve this estimate. In Table 1 we list stabilizers of irre-
ducible 3-forms in R¥ for 3 < k < 8 that are of the largest dimension possible. The
dimension of this stabilizer is denoted by Dy. Additionally, we can also look for the
stabilizer with the second largest dimension dy. In dimension 7, we find this is u(3),
which has dimension 9. In dimension 8, we find it has at most dimension 5. Now
we can follow the same approach as before, but only the semi-simple Lie algebras up
to dimension k + Dy have to be listed, and we also do not have to list semi-simple
Lie algebras g with k + dy < dim(g) < k + Dy. This is already a big improvement
compared to the initial approach.

The next step is to find all subalgebras of these semi-simple Lie algebras, such
that the conditions (1)-(4) are satisfied. We do this for every semi-simple Lie alge-
bra by listing all reductive algebras b that satisfy dim(h) = dim(g) — k and rank(}h) <
min{rank(g), rank(so(k))}. Once we have listed all such pairs (g, h), we have to
find all possible injective Lie algebra homomorphisms ) - g up to conjugation by an
automorphism of g, such that the conditions (3) and (4) are satisfied for some non-
degenerate symmetric bilinear form g. For condition (3), it is often easier to check
the condition in the following lemma; see [17, Lem. 5] for a proof.
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Lemma 3.2 Let g = h ® m be a naturally reductive transvection algebra. Let g be the
unique ad(g)-invariant non-degenerate symmetric bilinear form from Kostant’s theo-
rem; see Theorem 2.3. The reductive decomposition g = b & m is reducible if and only
if there exist two non-trivial orthogonal ideals g, c g and g, c g with respect to g such
thatg=g1 @ g andbh =0 @ b, withh; cg; fori=1,2.

The following lemma is useful when listing all conjugacy classes of subalgebras of
50(n) and su(n) in small dimensions.

Lemma 3.3 Letg =so0(n) org =su(n). Let m: g - End(K") be the vector repre-
sentation, with K = R", C". Let f;: b — g be an injective Lie algebra homomorphism
for i =1,2. We denote the image of f; by b; := fi(h). If the representations m o f; and
o f, are equivalent, then the subalgebras by, and b, are conjugate by an automorphism

of g.

Note that the above lemma implies the naturally reductive pairs defined by (g, b;)
and (g, b,) are isomorphic if and only if the representations representations of h; and
b, are equivalent. The last step is to find all ad(g)-invariant non-degenerate symmet-
ric bilinear forms on g such that condition 2 is satisfied.

Let us briefly illustrate how one can obtain Table 1 by explaining it in dimension 8.
The largest dimensional stabilizer will be a proper subalgebra of s0(8) of dimension
greater than or equal to 8, since the adjoint representation of su(3) stabilizes the irre-
ducible 3-form defined by T(x, y, z) := Bay(3)([%, ¥],2), where Bgy3) is the Killing
form of su(3). Any stabilizer is a reductive Lie algebra and its commutator ideal is
equal to one of the following semi-simple Lie subalgebras of s0(8):

su(2), su(2)’,  su(3), su(2)’, sp(2),
s0(4) @so0(4), sp(2)@sp(l), g2 su(4), so(7).

The only Lie algebras b with semi-simple part su(2) and rank(h) < rank(so(8)) = 4
are h = su(2) @R’ for i = 1,2, 3. These are of dimension less than or equal to 6. Hence
to find the stabilizer with the largest dimension, we can forget about these cases. For
the other Lie algebras we can list all faithful 8-dimensional real representations and
check if there exists an irreducible invariant 3-form. Then one needs to check if the
action can be extended to a larger Lie algebra and see if the 3-form is still stabilized
by this larger Lie algebra.

The following lemma will exclude many Lie subalgebras h ¢ so(k) from having an
invariant irreducible 3-form.

Lemma 3.4  Suppose that so(1) c § c so(k), where the inclusion so(1) c so(k) is
the standard block embedding and | > 3. Then there is no h-invariant irreducible 3-form
T e A°R.

Proof We show that there is no irreducible 3-form invariant under so (1), and this
implies that there is no invariant irreducible 3-form under the h-action. As an so([)-
module R¥ splits into two orthogonal submodules, R¥ = R! @ R¥~!. This implies
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that
Te AR @ A'R'@R* ' o R' ® A’R*' 0 AR*,

and all direct sums are preserved by so(!). Let T, denote the component of T in
A’R! ® R¥~!. We can identify T, with an so(1)-equivariant map Tp: AR’ — R*-,
Since 50(1) acts trivially on R¥~! and has no fixed 2-forms, because A’R! = s0(1) is
the adjoint representation. We conclude by Schur’s lemma that T, = 0. By a similar
argument the component of T in R' ® A?R¥~/ vanishes. We conclude T € A’R! @
A3R*! and thus T is reducible. ™

Note that su(2)? is a subalgebra of each of the following Lie algebras
su(2)’, sp(2), so(4) ®@so(4), sp(2)@sp(l), g2 su(4), so(7).

Therefore, if there is no representation of su(2)? that stabilizes an irreducible 3-form,
then there is also no representation of any of these Lie algebras that stabilizes and ir-
reducible 3-form. In the following, we will denote a highest weight representations of
a semi-simple Lie algebra g with highest weight njAy +--- + n,A, as R(ny,...,np),
where A,..., A, are the fundamental weights of g in the Bourbaki labeling. The real
irreducible representations correspond to a subset of the complex irreducible repre-
sentations; see, for example, [4]. All complexifications of 8-dimension faithful real
representations of su(2)* are

2R(1,0) ®2R(0,1),  2R(1,0) ® R(0,2) ® R(0,0),  R(1,1) @ 4R(0,0),
R(L1) ®2R(0,1),  R(L1)®R(0,2) ®R(0,0),  R(1,1)®R(1,1),
R(4,0)®R(0,2),  R(2,0) ® R(0,2) ®2R(0,0).

For example, the real representation underlying 2R(1,0) ® 2R(0,1) is R* @ R*
such that the first su(2)-summand only acts on the first R*-summand, where R*
denotes the representation C? by restricting scalars to R and similarly for the second
summand. For the representations 2R(1,0) @ R(0,2) ® R(0,0), R(1,1) @ R(0,2) ®
R(0,0), R(2,0)®R(0,2)®2R(0,0), R(1,1)®4R(0,0), and R(4,0) ®R(0, 2), we can
apply Lemma 3.4 to see that there is no invariant irreducible 3-form. For the other
three representations it follows that there are no irreducible invariant 3-forms by a
similar argument as that in Lemma 3.4.

We conclude that the stabilizer of some irreducible 3-form of the largest dimension
possible has su(3) as its commutator ideal. The representation R(1,1) is the complex-
ified adjoint representation of su(3), and it is of real type. Hence, the endomorphism
ring is trivial, and su(3) is the stabilizer of an irreducible 3-form with the largest di-
mension. We also see from the table that the stabilizer of an irreducible 3-form of
the second largest dimension has su(2) as its semi-simple part. Let us consider the
algebra su(2) @ R* = u(2) ® R%. There is only one faithful Lie algebra representation
of this algebra on R®, namely: R® = R* @ R? @ R?, where R* = C? is the vector rep-
resentation of u(2) and each R?-summand is an irreducible R-representation. Again
by a similar argument as in Lemma 3.4, we conclude there is no irreducible invariant
3-form for this representation. Thus, the biggest dimension of a stabilizer of an irre-
ducible 3-form of dimension less than 8 has dimension less than or equal to 5. So for
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’ h ‘ R¢ ‘inv. irred. 3-form
su(3) 2R(1,0) ® R(0,0) v
su(2)®  |R(1,1,0) ® R(0,0,2) X
50(5) R(1,0) ® 2R(0,0) X
su(3) @ su(2) 1] n/a
su(2)* @ n/a
s50(5) @ su(2) 1% n/a
9 R(1,0) v
su(3) ® su(2)? @ n/a

Table 2: 7-dimensional representations with irreducible 3-forms.

the case k = 8, we only have to list all semi-simple Lie algebras g with dim(g) < 13
and add those of dimension 16.

For k = 7 there is a stabilizer of an irreducible 3-form with a relatively large di-
mension, namely G,. There is only one naturally reductive decomposition that has
g2 as isotropy algebra, the decomposition of Spin(7)/G,. In Table 2 we list all semi-
simple Lie algebras with their dimension between 8 and 14 together with all of their
7-dimensional faithful representations. In the third column we indicated if the rep-
resentation admits an invariant irreducible 3-form. Lemma 3.4 implies that there
does not exists an invariant irreducible 3-form for the representations of s1(2)* and
$0(5). The endomorphism ring of the su(3)-representation 2R(1,0) & R(0,0) is
1-dimensional. Consequently, the stabilizer of an irreducible 3-form in dimension 7
with the second largest dimension is 1(3). For a particular choice of basis in R” the
u(3)-invariant torsion forms are spanned by e; A (e2 + e34 + 2es6), where e;; de-
notes e; A e;. Thus, for k = 7 we only have to list all semi-simple Lie algebras g with
dim(g) <16 and add to this the pair (s0(7), g2).

3.1 Classification of Type I in Dimension 7

Now we follow the classification approach described above in dimension 7. In the sec-
ond column of Table 3, all compact semi-simple Lie algebras g of dimension7 < k < 16
are listed and to this the case (g, ) = (s0(7), g») isadded. In the third column, all Lie
algebras h of dimension dim(g) — 7 and with rank(h) < min{rank(g), rank(s0(7))}
are listed. The following result will exclude many cases from satisfying condition 3.

Lemma 3.5 Letg=g19g,® - ® gy, withg; simplefori=1,...,k. Lethc gbe
a subalgebra with a naturally reductive decomposition g = ) ® m, where m = h* with
respect to some ad(g)-invariant non-degenerate symmetric bilinear form. If g=h & m
is irreducible, then

rank g > rankh + k — 1.
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[dim(g)] g | b \
8 su(3) R
9 su(2)? R?
10 50(5) su(2)
11 |su(3) @su(2) su(2) o R
12 su(2)? su(2) @ R?

13 |so(5)@su(2)| su(2)esu(2)
14 |su3)esu(2)? su(2)’eR

14 g2 16}
15 su(2)’ su(3)
15 su(4) su(3)

16 |s0(5) ®su(2)?|su(3) @ R, su(2)?
16 |su(3) @su(3) su(3) ® R, su(2)?
21 50(7) 92

Table 3: Candidates for 7-dimensional Type I naturally reductive pairs.

Proof For k = 1 the statement is true. Suppose that it is true for a certain k € N.
Letg = g1 ® - ® gr ® gxs1 and let us denote g’ = g ® -+~ & g. Let mp: g — g
and 7,: g — gk be the projections. Let b := ker(m,), b3 := ker(m;) and h, c ha
complementary ideal of h; @ b3, which exists because  is a reductive Lie algebra. Note
that rank b, > 1, because otherwise the decomposition is reducible by Lemma 3.2.
By our induction hypothesis, we have

rankg’ > rankbh; ® h, + k - L.
Furthermore, we have rank gy, > rank b, + rank ;. Combining these yields

rank g > rank b; + rank b, + k — 1+ rank b, + rank hj; > rank h + k. [

Now that we have all candidates for the pairs (g, b)), it remains to find all possible
conjugacy classes of injective Lie algebra homomorphisms f) — g such that conditions
(3) and (4) from the beginning of this section are satisfied. The pairs (g, ), which are
excluded by Lemma 3.5, are

(su(2)*,su(2) @ R?), (su(3) ®@su(2)’,su(2)’@R), (su(2)’,s5u(3))
(so(5) @ su(2)*,su(3) ®R), (s0(5) ®su(2)? su(2)?).
For the pair (s1(3) ® su(3),5u(2)?) there does not exist an injective Lie algebra ho-

momorphism from § to g. It is easily seen that no injective Lie algebra homomor-
phism su(3) ® R — su(3) @ su(3) satisfies condition (3) or (4). The remaining
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pairs are
(su(3),R), (su(2)’,R?), (s0(5),5u(2)), (su(3)®su(2),su(2)eR),
(s0(5) ®@su(2),su(2) ®su(2)), (su(4),s5u(3)), (s0(7),92)-

For these remaining cases, we now describe explicitly all subalgebras b together with
all the possible non-degenerate symmetric bilinear forms.

Case (g,h) = (su(3),R). Every subalgebra R c su(3) is conjugate to one spanned

by
ia 0 0
r(a,b):=| 0 ib 0 ,
0 0 —-i(a+b)

with a, b € R and not both equal to zero. By Lemma 3.3, two pairs (a,b) and (¢, d)
will give an isomorphic infinitesimal model exactly when their subalgebras are conju-
gate by an element A € Aut(su(3)). If A is an inner automorphism, then A(r(a, b))
has the same eigenvalues as r(a, b). Therefore, A(r(a,b)) = A(r(a,b)) for some
signed permutation matrix in A € SU(3). An outer automorphism 7: s1(3) — su(3)
is given by taking the negative transpose in su(3). We have 7(r(a,b)) = r(-a, -b).
The outer automorphism group of su(3) is Z,. We can now see that all pairs (x, y)
for which span{r(x, )} is conjugate to span{r(a, b) } by an automorphism of su(3)
are

+(a,b), £(a,—-a-"), +(b,a), +(b,-a-"b), £t(-a-b,a), +(-a-b,b).

By using these automorphisms, we can always arrange that a > b > 0. Thus the
isomorphism classes are precisely described by > 1. The connected subgroup with
this Lie algebra is closed if and only if § = q € Q. The homogeneous spaces are

SU(3)/S!, where S; is the image of

e? 0 0
S'—SsUB); 6+—| 0 e 0 .

0 0 e—i0(1+q)

The ad(g)-invariant non-degenerate symmetric bilinear form g on g is induced from
the Killing form of su(3); hence, for every case there is a 1-parameter family of natu-
rally reductive metrics.

Case (g,h) = (su(2)*,R?). Let x1, x,, x3 be the following basis of su(2):

(3.1) X1 = ((l) _Ol) , X i= ((1) _01) , X3 = ((z) (1))

The ad(g)-invariant non-degenerate symmetric bilinear form on su(2)? is necessar-
ily positive definite and given by g = 8_Tlstu(2) ® s_Tlngu(Z) ® 8‘—/\123511(2). Without loss
of generality, we assume that 0 < 1; < A, < A3. If the naturally reductive decomposi-
tion is irreducible, then b is conjugate by an automorphism of su(2)? to a subalgebra
spanned by

hy == (a1x1,a2%1,0) and  hy == (0, bixy, baxy),

https://doi.org/10.4153/50008414X19000300 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X19000300

1258 R. Storm

with a;,4d2,b1,b, > 0. If A} = A, < A3, then b is conjugate to one with a; < a,.
Similarly, if A; < A, = A3, then we can arrange that by < b,. Lastly, if A; = A, = A3, then
we can arrange that a; < a, and b; < b,. Under these conditions, every irreducible
naturally reductive space is represented exactly once. The connected subgroup H of
SU(2)? with Lie(H) = b is a closed subgroup precisely when 2 =g ¢Qand Z—f =
g2 € Q. If H is closed, then it is isomorphic to S' x S'. We obtain a 3-parameter family
of naturally reductive structures on SU(2)%/ (Slql x Slqz), where the parameters are
A, Az, A3 > 0 and Lie(S;l x 8;,) = b. Note that (su(2),R) is a symmetric pair with
(s(2,R),R) its dual symmetric pair. We obtain the partial dual spaces by replacing
one or two of the su(2)-factors by s[(2,R). If we replace the first factor, then glmxm

2 2
is positive definite if and only if 53+ + 33 < 0 and when we replace the last factor then
1 2

2 2
Glmxm is positive definite if and only if % - i—i < 0. If we replace the middle factor,
2 3

then the condition becomes
1 2
Moo A

A4
2 2 2 2 232
—)L% ayby - P bya; + JBF a;b; <0.

We get similar conditions if two out of the three factors are non-compact.

Case (g, ) = (s0(5),5u(2)). For this pair, there are three nonequivalent faithful
5-dimensional real representations of su(2). They correspond to the representations
R(2) ® 2R(0), 2R(1) ® R(0), R(4), where each summand corresponds to a real ir-
reducible representation. This gives us the following simply connected spaces:

$O0(5)/SO(3)ir,  SO(5)/SOB)s>  Sp(2)/Sp(Vses

where SO(3);, denotes the subgroup given by the 5-dimensional irreducible repre-
sentation of SO(3); SO(3): is the standard SO(3) subgroup of SO(5), and Sp(1) C
Sp(2) is the standard Sp(1) subgroup. The first space corresponds to the representa-
tion R(4), the second space to R(2) ® 2R(0) and the last space to 2R(1) @ R(0). In
particular all the possible infinitesimal models for the pair (s0(5),su(2)) are regu-
lar. The metric is induced from the Killing form on s0(5), and thus for each case, we
get a l-parameter family of naturally reductive metrics. We can easily see that these
three naturally reductive spaces are not isomorphic, because they have pairwise dif-
ferent isotropy representations, and the isotropy representations are the same as the
holonomy representations of the canonical connections.

Case (g,h) = (su(3) @ su(2),su(2) ®R). Let f: h — g be an injective Lie algebra
homomorphism. If f(su(2)) c su(2), then f(R) c su(3), since f(su(2)) and f(R)
commute. Now conditions (3) and (4) from the beginning of this section are not satis-
fied. There are, up to conjugation, only two injective Lie algebra homomorphism from
su(2) to su(3) associated with the irreducible representations on C* and C?. The ir-
reducible representation on C* defines the irreducible symmetric pair (s1(3), 50(3)).
This implies that f(R) c su(2) and thus results in a reducible space; see Lemma 3.2.
In other words, condition (3) is not satisfied. Hence, the inclusion of su(2) in su(3)
can only be the standard inclusion. We obtain the following subalgebras:

su(2)g ®R,p csu(3) dsu(2) and su(2)x ® R csu(3) @ su(2).
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In the first inclusion, su(2)s = is(su(2)) with ig: su(2) — su(3) the standard in-
clusion, and R, ; is the subalgebra spanned by

ja 00 ib 0
0 ia 0 Ao Zib
0 0 -—2ia

By Lemma 3.2, this naturally reductive decomposition is irreducible if and only if a
and b are non-zero. In this case, the connected subgroup of SU(3) x SU(2) with Lie
algebra su(2)s ® R, is closed exactly when § = g € Q. Hence, the infinitesimal
model is regular if and only if { € Q. This subalgebra is conjugate by an automor-
phism of s1(3) @ su(2) to one with a,b > 0. The ad(g)-invariant non-degenerate
symmetric bilinear form is given by g = %‘Bsu@) ® %Bsu(z)' For this case, g has
to be positive definite, i.e., A;, A, > 0. We obtain a 2-parameter family of naturally
reductive structures on (SU(3) x SU(2))/(SU(2)s x S; ), where Lie(S}) = Ry .
The subalgebra su(2), @ R is defined by su(2), := (ise ® id)(su(2)) and R is

spanned by

P00 oo

0oi 0], ( 0 0)

0 0 -2i
The corresponding naturally reductive decomposition is irreducible and regular. The
ad(g)-invariant non-degenerate symmetric bilinear form is the same as in the pre-
vious case. In this case, the space can be normal homogeneous or not. The normal
homogeneous metrics correspond to Ay, A, > 0. For the non-normal homogeneous
case, we have A; > 0, 1, < 0and A; + A, < 0. We obtain a 2-parameter family of natu-
rally reductive structures on (SU(3) x SU(2))/(SU(2)a x S*). This space, together
with one of the normal homogeneous metrics, has positive sectional curvature and is
known as a Wilking’s space, see [21].

Note that for both cases (su(3), f(su(2) @ R)) is a symmetric pair. Therefore,
by Remark 2.8, we see that both spaces have non-compact partial duals. For a non-
compact partial dual the ad(g*)-invariant non-degenerate symmetric bilinear form
is given by §* = 2 By (2,1 ® 52 Byy(a). For the first space, g |y is negative definite
precisely when —3a*; + b*1, < 0. For the second space, g"|yxp is negative definite
if and only if A1, A, > 0 and —A; + 1, < 0. For the first space, (5u(2), projg,,)(h))
is also a symmetric pair. If we replace this pair with its symmetric dual, we obtain a
naturally reductive structure on

(SU(3) x SL(2,R)) /(SU(2) x S}).

The ad(g*)-invariant non-degenerate symmetric bilinear form is g* = %Bsu@) ®
%Bs ((2,R)- Wehave that g* | m is positive definite if and only if 1, A, > 0 and 3a%)—
b1, < 0. Suppose we replace both factors by their non-compact dual. The invariant
symmetric bilinear form is %Bsu(z,n ® %235[(2,111{) with A3, A, > 0. This has signature

(6,5), and thus g|mxm is never positive definite, which is not allowed.

Case (g,h) = (s0(5) @ su(2),s5u(2) ® su(2)). In order for condition (3) to be sat-
isfied, we see that both su(2) factors of h need to have a non-zero image in so(5).
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There is only one 5-dimensional orthogonal faithful representation of su(2) ®su(2) =
50(4), and this corresponds to the standard inclusion of s0(4) in s0(5). We will de-
note the image of the su(2)-summand, which has non-zero image in both so(5) and
su(2) by su(2)a. The associated infinitesimal model is always regular, and this gives
us the following naturally reductive space:

(Spin(5) x SU(2)) /(SU(2)s x SU(2)).

On this homogeneous space, we have a 2-parameter family of ad(g)-invariant non-
degenerate symmetric bilinear forms: g := %1350(5) ® %Bsu(z). The normal ho-
mogeneous spaces correspond to the parameter 1;, A, > 0. The non-normal homo-
geneous spaces correspond to A; > 0, A; < 0, and 24, + 1, < 0. The inequality ensures
that glsy(2), is negative definite, and thus glmxm is positive definite, where m is the
orthogonal complement of 511(2) » ® su(2) in spin(5) & su(2) with respect to g. This
space is known as the squashed 7-sphere. This is one of the homogeneous spaces for
which there exists a proper nearly parallel G,-structure; see [7].

Note that (s0(5), f(su(2) @ su(2)) is a symmetric pair. From Remark 2.8, we see
that there exists a non-compact partial dual. For the non-compact partial dual the
ad(g*)-invariant non-degenerate symmetric bilinear form is given by g* = 2 B, (4
@ _TAZBsu(Z)‘ The parameters A; and A, have to satisfy A;,A; > 0 and -24; + 1, < 0
for the metric g|\, . to be positive definite.

Case (g,h) = (su(4),su(3)). Therearetwo non-equivalent faithful representations
of su(3) on C*. They correspond to the reducible representations C* ® C = R(1,0) &
R(0,0) and C3 ® C = R(0,1) ® R(0,0). The two subalgebras defined by these repre-
sentations are conjugate by an outer automorphism of su(4). Therefore, there is only
one injective Lie algebra homomorphism su(3) — s1(4) up to conjugation, and this
is the standard inclusion. This yields the 7-dimensional Berger sphere as a naturally
reductive space

SU(4)/SU(3).

The associated infinitesimal model is always regular, and we get a I-parameter family
of metrics.

Case (g,h) =(50(7),92). Thereis, up to conjugation, only one subalgebra g, c s0(7),
and the corresponding infinitesimal model is regular. There is only a I-parameter fam-
ily of metrics and the corresponding naturally reductive space SO(7)/G, is isometric
to $7 with a round metric.

3.2 Classification of Type I in dimension 8

In the second column of Table 4, we list all candidates of compact semi-simple Lie
algebras g of dimension 8 < k < 16. We have already shown that g can only have
dimension less than or equal to 13 or the dimension of g is 16. In the third column
of Table 4, we list all Lie algebras of dimension dim(g) — 8 that satisfy rank(h) <
min(rank(g), rank(s0(8)) < 4.
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[dim(g)] g | b \
8 su(3) (0}
9 su(2)? R
10 50(5) R?
11 |su(3) @su(2) su(2), R?
12 su(2)* su(2) o R, R*
13 |s0(5) ®su(2) su(2) @ R?
16 |s0(5) ® su(2)?|su(3), su(2)? ® R?
16 su(3)?  |su(3), su(2)’ @ R?

Table 4: Candidates for 8-dimensional Type I naturally reductive pairs.

The pairs (g, b) that are excluded by Lemma 3.5 are
(su(3) ®su(2),R%), (su(2)*,su(2)@R), (su(2)*,R*),
(s0(5) ® su(2),su(2) ®R?), (s0(5) ® su(2)% su(2)? @ R?),
(su(3)%,5u(2)? @ R?).

For the pair (s0(5) @ 5u(2)2, su(3)) there does not exist an injective Lie algebra ho-
momorphism from su(3) to s0(5) ® su(2)2. The remaining cases are

(su(3),{0}), (su(2)’,R), (s0(5),R?),
(su(3) @ su(2),su(2)), (su(3)*su(3)).

We will discuss them case by case below.

Case (g,h) = (su(3),{0}). Thepair (su(3),{0}) isalways regular. The simply con-
nected naturally reductive space for this case is SU(3) with some bi-invariant metric.
In other words, we have a I-parameter family of naturally reductive structures.

Case (g,h) = (su(2)*,R). Let x;,x,,x3 be as in (3.1). The ad(g)-invariant non-
degenerate symmetrlc b111near form is necessarily positive definite and is given by
g= 8/\2 Bou(2) ® S)Lz Bsu2) ® 8,\2 By (2), S0 we can assume that 0 < A; < A, < A3. Every

subalgebra Rc 51.1(2)3 is conjugate to one given by

Raya0,a5 = span{ (aixy, azx1, a3x1) },

with a;, a3, a3 > 0. If ; = A, < A3, then we can conjugate b such that a; < a,. Sim-
ilarly, if ; < A, = A3, then we can arrange that a; < a;. Lastly if ,; = 1, = A3,
then we can arrange that a; < a4, < a3. Under these conditions none of these are
conjugate to each other. From Lemma 3.2 we see that the naturally reductive de-
composition is irreducible if and only if all a;, a,, a; are non-zero. Clearly, the con-
nected subgroup of SU(2)* with this Lie algebra is a closed subgroup if and only if
%2 = g1 €Qand 2 = g, € Q. Ifitis closed, then we obtain a 3-parameter family of nat-

urally reductive structures on SU(2)*/S! _, where S}

g1, 18 the connected subgroup

q1,92
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with Lie(S}h)qz) = B. Note that (su(2),R) is a symmetric pair with (s[(2,R),R) its
dual symmetric pair. We obtain the partial dual spaces by replacing one su(2)-factor
by s1(2,R). If we replaced the j-th su(2)-summand by s[(2,R), then the restriction

¢ pxp is negative definite if and only if Z?:l(—l)‘s“f(;—i)z <0.

Case (g,h) = (s0(5),R?). The subalgebra R? c 50(5) has to be the maximal torus.
In particular, these spaces are always regular. The simply connected naturally reduc-
tive space for this case is SO(5)/(SO(2) x SO(2)), where SO(2) x SO(2) is embed-
ded block diagonally. The metric is induced from any negative multiple of the Killing
form of s0(5). In other words, we have a 1-parameter family of naturally reductive
structures.

Case (g,h) = (su(3) ®su(2),s5u(2)). Up toconjugation, there are two injective Lie
algebra homomorphisms su(2) — su(3)®su(2) such that conditions (3) and (4) from
the beginning of this section are satisfied. For the inclusion in the second factor, there
is only the identity. For the inclusion in su(3) there are two choices, namely, the stan-
dard inclusion, denoted by is and the other given by the 3-dimensional irreducible
representation of su(2), denoted by i;,. For both inclusions, the infinitesimal model
is regular. The simply connected homogeneous spaces are

(SU(3) xSU(2)) /(i xid)(SU(2)) and (SU(3) x SU(2)) /(i xid)(SU(2)),

where we denote the corresponding group homomorphism of ig; and i, also by ig
and i, respectively. There is a 2-parameter family of ad(g)-invariant non-degenerate
symmetric bilinear forms: g = %‘Bsu@) ® %Bsu(z). The normal homogeneous
spaces correspond to Ay, A, > 0. For the non-normal homogeneous spaces, we have
A1 > 0 and A, < 0. Furthermore, we require that the condition A; + 1, < 0 holds for
the first space and 41, + A, < 0 for the second space.

For the space (SU(3) x SU(2))/(i; x id)(SU(2)) there is a non-compact partial
dual space

(SL(3,R) x SU(2)) /(i;r x id)(SU(2)).
The ad(g*)-invariant non-degenerate symmetric bilinear forms are
—_ M A
= Ele(s,R) ® TBﬁu(Z)-

In order to obtain a positive definite metric on our space, require that 1,1, > 0 and
—4/11 + Az <0.

Case (g,h) = (su(3)% 5u(3)). There are two possible conjugacy classes of the sub-
algebra s1(3), namely su(3) x {0} and the diagonal su(3),. The first case clearly
does not satisfy condition (4). Therefore, the subalgebra h has to be the diagonal sub-
algebra. The ad(g)-invariant metrics are given by g = —11Bgy(3) ® —A2Bgy(3), with
A # 0 and A, # 0. By permuting the two su(3)-factors, we can assume that A; > 1,.
The normal homogeneous spaces correspond to A;, A, > 0. Note that for A; = A, and
A1 > 0 we obtain a symmetric space. For the non-normal homogeneous spaces, we
require that the signature of g is (8,8) and that g|gxp is negative definite. This is the
case if and only if A; + 1, < 0 and A; > 0 > A,. All the naturally reductive structures
are regular and irreducible. For every case, the homogeneous space is isometric to
SU(3) with some bi-invariant metric.
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The pair (g, ) is a symmetric pair. The ad(g*)-invariant non-degenerate symmet-
ric bilinear forms for the dual pair (s(3,C), su(3)) are all a multiple of the Killing
form of 5[(3, C), and thus all induce a symmetric structure. Consequently, there are
no non-symmetric partial dual naturally reductive structures.

This concludes the classification of all 7- and 8-dimensional naturally reductive
spaces of Type I. We summarize the discussion from Subsection 3.1 and Section 3.2 as
the following result.

Theorem 3.6  All 7- and 8-dimensional compact simply connected naturally reduc-
tive spaces of Type I are presented in Table 5 and Table 6, respectively. Furthermore,
the dimension of the parameter space of naturally reductive structures is indicated and
whether non-compact partial dual spaces exist or not.

4 Classification of Type Il

By Theorem 2.4 we can construct every infinitesimal model of a naturally reductive
decomposition of Type [T as a (¥, B)-extension of a naturally reductive decomposition
of the form

g :beam@L.a. Rn)

where h) @ m is semi-simple and g is the transvection algebra of this naturally reduc-
tive decomposition. In this section we will construct all 7 and 8 dimensional irre-
ducible (¢, B)-extensions of all naturally reductive decomposition of the above form
with h ® m compact. We use the partial duality to obtain all other spaces; see Re-
mark 2.8. For every case we will mention if there exist partial dual spaces.

We start by finding all possible candidates for the canonical base spaces of irre-
ducible Type II spaces. From this list, we construct all possible irreducible (¢, B)-
extensions. To guarantee that there are no duplicates in our list, we use Lemma 2.14
and Proposition 2.16. Note that to classify the naturally reductive spaces of Type II
in some dimension k, we need the classification of all naturally reductive spaces of
Type I up to dimension k — 1.

Remark 4.1 We want all of our (£, B)-extensions to be irreducible. If there exists an
irreducible (£, B)-extension of a naturally reductive transvection algebra as in (2.9),
then Lemma 2.12 in particular implies s(h; ® m;) # {0} foreveryi = 1,...,p. In
particular, this excludes the possibility that h; @ m; is an irreducible symmetric de-
composition that is not hermitian symmetric.

If £ is abelian and £ = £, then by Lemma 2.14(i), we require that 7, (Z(6;)) = {0}.
We need this condition in order for the canonical base space to be the base space we
start with. Note that 7, (¥;) = {0} if and only if & c Z(h). Thus, for the (¢, B)-
extension to be irreducible and satisfy Lemma 2.14(i) we require that Z(h;) # {0} for
everyi=1,...,p.

4.1 Classification of Type Il in Dimension 7

First, we argue that all possible canonical base spaces of irreducible naturally reduc-
tive decompositions of Type II with a compact semi-simple factor are given in (4.1).
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This is done by systematically excluding all other possibilities.

RS, R4, S$? x R,

CP? xR?, $% x 8% x R?, Sp(2)/(SU(2) x Y,
D 50(5)/(50(3) xSO(2)), SUB)/(S' x 81, SU(4)/S(U(1) x U(3)),

CP? x §2, §? x 8% x §2.

Remark 4.2 Even though we write all above base spaces as globally homogeneous
spaces, we actually treat the family of naturally reductive decompositions to which
they belong, which can also contain non-regular decomposition, i.e., strictly locally
homogeneous spaces. The parameter values for which the locally naturally reductive
structures are regular have to be considered case by case.

The Euclidean factor cannot be R”, because then the Lie algebra £ c s0(5) is two-
dimensional and its linear action on R has a vector on which it acts trivially. From
Lemma 2.12, we see that such any (&, B)-extension results in a reducible naturally
reductive space.

Suppose that the Euclidean factor is R?, the Lie algebra £ c s0(3) has to be equal
to s0(3) in order not to have a vector on which it acts trivially. This means that the
semi-simple factor of the base space has to be 1-dimensional, which is not possible.

Suppose that the Euclidean factor is R?. If the dimension of the semi-simple fac-
tor is two, then dim(s(g)) < 2 and thus we cannot construct an irreducible (¢, B)-
extension of dimension 7. If the dimension of the semi-simple factor is three, then
dim(®) = 2, and thus ¢ is abelian. The semi-simple factor is either SU(2) or the sym-
metric space (SU(2) x SU(2))/SU(2) a. The last case is excluded by Remark 4.1. For
SU(2), the algebra ¥, is 1-dimensional, and thus we see that Lemma 2.14(i) cannot
be satisfied. If the dimension of the semi-simple factor is four, then the semi-simple
factor has to be a hermitian symmetric space by [13]. There are only two compact
homogeneous spaces that allow a hermitian symmetric structure; these are $* x §*
and CP?.

For all other 7-dimensional naturally reductive spaces of Type II, the base space
has only a semi-simple factor. It is easy to check that every 7-dimensional (&, B)-
extension of any naturally reductive space of Type I of dimension less than or equal
to 4 is reducible. This leaves us with the 5- and 6-dimensional cases. The only
compact spaces of Type I in dimension 5 with dim(s(g)) > 2 are S* x SU(2) and
(SU(2) x SU(2))/S". However, we see for any 2-dimensional £ c s(g) that condi-
tion (i) of Lemma 2.14 is not satisfied in both cases and thus they are excluded. The
nearly Kéhler spaces G,/SU(3) and (SU(2) x SU(2) x SU(2))/SU(2)a can be ex-
cluded, because for both s(g) = {0} holds. Similarly ((SU(2) x SU(2))/SU(2)a) x
((SU(2) x SU(2))/SU(2),s) satisty s(g) = {0}. The spaces SU(2) x ((SU(2) x
SU(2))/SU(2)a, and SU(2) x SU(2) can be excluded, because they do not satisfy
Lemma 2.14(i) for any € c s5(g). All other 6-dimensional naturally reductive spaces of
Type I are possible.

A classification of naturally reductive decompositions of Type II in dimension 7 is
readily obtained in the following steps. From the list of possible canonical base spaces
in (4.1) we have to make all irreducible (¢, B)-extensions such that Lemma 2.14(i)
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and (ii) are satisfied. Lemma 2.12 tells us exactly when the constructed spaces are ir-
reducible. We also have to filter out all isomorphic spaces. Proposition 2.16 makes
this quite easy in all the occurring cases. How to obtain a globally homogeneous nat-
urally reductive space from these data is described in [16]. To make the classification
complete we just need to check for every case if partial dual naturally reductive spaces
exist. We will not discuss every case, because some cases are very similar. We attempt
to cover all the different ‘types’ of (¥, B)-extensions in the selected cases below. The
final result is formulated in Theorem 4.5.

Remark 4.3 From Lemma 2.15, we know that £ = {0} implies ker(R|qa(p)+y(e)) =
{0}. Thus, in particular, Lemma 2.14(i) and (ii) are automatically satisfied. Therefore,
we will only check the conditions of Lemma 2.14 when ¢; # {0}.

Before we start, let us introduce some notation.

Notation 4.4 Below e;; € s0(n) is the matrix whose only non-zero entries are its
ij-th and ji-th entry, which are —1and 1, respectively. Let B2 be the metric on so(n)
be defined by By:(x, ) := —%tr(x ). In the following, we use the contraction with
the metric on m to make the identification A’m 2 so(m); i.e., e;; is identified with
e; Aej. The curvature tensor then becomes a symmetric map R: so(m) — so(m) with
respect to Bje.

The representation ¢: £ - so(m @ R"), from Definition 2.13, uniquely determines
the algebra € c 5(g), and below we will always describe ¢ through ¢ ().

The canonical base space is R®.  Consider the canonical base space R®. The Lie al-
gebra ¢ is 1-dimensional. Let k be a unit vector in £. Then there is an orthonormal
basis ey, . . ., e of R® and constants ¢y, ¢, ¢3 € R such that

¢(k) = crenn + c2e34 + c3e56 € 50(6).

It is clear from Lemma 2.12 that the spaces are irreducible precisely when ¢y, ¢z, ¢3 €
R\{0}. Therefore, from now on, we suppose that c;, c;,c3 € R\{0}. The (& B)-
extensions describe naturally reductive structures on the 7-dimensional Heisenberg
group, as explained in [16]. We get a 3-parameter family of naturally reductive struc-
tures on the 7-dimensional Heisenberg group. We can ensure that 0 < ¢; < ¢; < ¢3 by
choosing a different basis of R®. When we do this, all the described naturally reductive
structures are non-isomorphic.

The canonical base space is R*. The Lie algebra £ has to be s1(2), and the repre-
sentation ¢: su(2) — s0(4) has to be the irreducible 4-dimensional representation
in order for the (&, B)-extension to be irreducible. The (&, B)-extension will yield a
naturally reductive structure on the quaternionic Heisenberg group. The choice of
an invariant metric B on £ gives us a 1-parameter family of naturally reductive struc-
tures. This family of naturally reductive structures is quite interesting and is investi-
gated in [2]. In [9], it was proved that the Heisenberg groups and the quaternionic-
Heisenberg groups are the only groups of type H for which the natural left invariant
metric is naturally reductive.
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The canonical base space is S* x R*. Let h, e}, e, be an orthonormal basis of 5u(2)
with respect to ﬁBﬁu(z). The transvection algebra of the base space is given by
1
g=su(2)®, ., R*=pemae,, R,

where fj := span{h} and m := span{e;, e,}. The ad(g)-invariant non-degenerate
symmetric bilinear form on g is given by g = 8;,\lfB5u(2) ® Beya. We have s(g) =
span{h} ®s0(4). Let k € £ be a unit vector. Then there is an orthonormal basis of R*
such that
¢(k) = cjad(h)|m + c2e34 + c3€56,

with ¢;, ¢z, ¢3 € R. All these spaces are irreducible precisely when ¢, ¢3, ¢; € R\{0}
by Lemma 2.12. Therefore, from now on, we suppose that cj, ¢,, c; € R\{0}. We have
£ = £, and from [16, Sec. 2.3] we know that the (£, B)-extension defines a naturally re-
ductive structure on $* x H>, where H> denotes the 5-dimensional Heisenberg group.
On this homogeneous space, we obtain a 4-parameter family of naturally reductive
structures, with ¢, ¢, ¢3 and A; > 0 as parameters. By an automorphism of g, we
can arrange that ¢c; > ¢; > 0 and ¢; > 0. When we do this, none of these naturally
reductive structures are isomorphic. Note that we can replace the semi-simple factor
§% = SU(2)/S" by its non-compact dual symmetric space, SL(2,R)/S".

The canonical base space is CP?x 8% Lethy, hy, hs, ha, e1, €2, €3, e4 be an orthonor-
mal basis of su(3) with respect to —1/12A7 By, (3 such that hy, hy, h3, hy span the Lie
algebra of the isotropy group S(U(2) x U(1)) c SU(3) with h4 spanning the cen-
ter. Let hs, es,es be an orthonormal basis of su(2) with respect to —1/8A3Bgy(2).
The transvection algebra of the base space is given by g = su(3) @ su(2) = h @ m,
where b := span{hi, ..., hs} and m := span{ey,...,es}. The ad(g)-invariant non-
degenerate symmetric bilinear form is g = ﬁBsu@) ® %Bsu(n- The algebra £ c5(g)
= span{hy, hs | is1-dimensional. Let k € € be a unit vector. Then ¢(k) = cjad(hyg)|m +
c2ad(hs)|m. The curvature of the (&, B)-extension is given by
5

R == ad(hi)|m ©ad(hi)|m + ¢(k) © p(k).
i=1
From Lemma 2.15, we have ker(R|q(pot)) = ker(Rlag(zhot)) = ker(Rlaacz(n)). We
need to check when R|,q¢z(s)) has trivial kernel. Note that the center of b is given by
span{hy, hs}. Let wy, w; € s0(m) be such that Byz (w;, hj) = 84jand B2 (w3, hj) = J5;
for j=1,...,5. Then

R(w)) = (-1+ ¢i)ad(hy)|m + c1c2ad(h5)|m>
R(w,) = cicad(hy)|m + (~1+ ¢3)ad(hs)|m.

We see that R|,4(z(p)) has rank 2 precisely when ¢{ + ¢ # 1. In other words, the base
space is equal to the canonical base space if and only if ¢} + ¢ # 1. By Lemma 2.12,
the (&, B)-extension is reducible precisely when either ¢; = 0 or ¢; = 0. Suppose
that the (&, B)-extension is irreducible. With an automorphism of g we can always
arrange that ¢; > 0 and ¢, > 0. Under this condition, none of the described (&, B)-
extensions are isomorphic. The (&, B)-extension is regular if and only if the con-
nected subgroup Hy with Lie subalgebra hy = ¢ c b is closed in SU(3) x SU(2);

https://doi.org/10.4153/50008414X19000300 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X19000300

The Classification of 7- and 8-dimensional Naturally Reductive Spaces 1267

see [16]. We have by = span{cyhy — c1hs}. We see that Hy is closed precisely when
q = c2Mi/V/3cid; € Q. The (&, B)-extension describes a naturally reductive structure
on (SU(3) xSU(2))/(SU(2) x S;), where SU(2) is the standard subgroup of SU(3)
and S; is the subgroup with Lie subalgebra hg. To obtain all of these naturally reduc-
tive structures on the fixed homogeneous space (SU(3) x SU(2))/(SU(2) x S}),
we start by defining by := Lie(S;) and € := by c b with respect to g. We have
a l-parameter family of ad(¢)-invariant metrics on €. Together with the parame-
ters Ay, A, this gives us a 3-parameter family of naturally reductive structures on
(SU(3) x SU(2))/(SU(2) x S;). Note that we can replace SU(3)/S(U(2) x U(1))
by its non-compact dual SU(2,1)/S(U(2) x U(1)), and we can also replace S? by its
non-compact dual.

4.2 Classification of Type Il in Dimension 8

First we argue that all possible canonical base spaces of irreducible naturally reductive
decompositions of Type II with a compact semi-simple factor are given in (4.2). This
is done by systematically excluding all other possibilities. A point space is denoted

by {*}.
RS, RS,
RY, $? x R*
SU(2) x R*, CP* xR?,
§% x §% x R?, (SU(2) x SU(2))/S} x R?,
SU(3)/SU(2)s x R?, SU(2) x 8% x R?,
42 su@)sy, (SU(3) x SU(2))/(SU(2)sx x S}),
(SU(3) x SU(2))/(SU(2)a x §"),  SU(2)*/(S}, x SL,),
$2 x (SU(2) x SU(2))/S}, SU(3)/(S' x §Y),
82 x 82 x §2, $? x CP?

{x}.

Just as for the 7-dimensional case, Remark 4.2 also applies here.

The Euclidean factor cannot be R, because then dim(£) = 1 and the linear action
of € on R” has a vector on which it acts trivially, and by Lemma 2.12, any such (&, B)-
extension is reducible.

If the Euclidean factor is R, then the semi-simple factor needs to have dimension
zero and dim(¢) = 2.

If the Euclidean factor is R> and the semi-simple factor is 2-dimensional, then
dim(%) = 1. Just as for R7, we see that the linear action of £ on R® has a vector on which
it acts trivially and by Lemma 2.12, any such (¥, B)-extension is reducible. Thus, also
for R, the semi-simple factor has to be zero dimensional.

Suppose that the Euclidean factor is R*. The semi-simple factor can be 0-, 2-, or
3-dimensional. If it is 2-dimensional, then it is S2. If it is 3-dimensional, then it either
is the symmetric space (SU(2) x SU(2))/SU(2) or the Lie group SU(2). The first
case is excluded by Remark 4.1.

If the Euclidean factor is R?, then £ has to contain s0(3) in order for the linear
representation of £ on R? not to have a vector on which it acts trivially. We see that
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if the semi-simple factor is 0-dimensional, then we cannot construct an irreducible
8-dimensional (&, B)-extension. The only other possibility is that the semi-simple
factor is 2-dimensional. In this case, we immediately see by Lemma 2.12 that any such
(s0(3), B)-extension is reducible.

Suppose that the Euclidean factor is R?. The semi-simple factor can either be 3-, 4-,
or 5-dimensional, because if the semi-simple factor is 2-dimensional, then dim(s(g))
< 2 and thus we cannot make an irreducible 8-dimensional (¢, B)-extension from this.
Suppose that the semi-simple factor is 5-dimensional. We see that there are three
possibilities: (SU(2) x SU(2))/SL, SU(3)/SU(2), and SU(2) x S%. Suppose that the
semi-simple factor is 4-dimensional. If it is irreducible, then it can only be CP?. If
it is reducible, then it can only be S* x S?. Suppose that the semi-simple factor is
3-dimensional. From Remark 4.1, we see that the semi-simple factor has to be equal
to SU(2) and s(g) = su(2) @ so0(2). The Lie algebra ¢ c s(g) = su(2) @ s0(2) is a
3-dimensional subalgebra. Hence £ = su(2) c s(g), and thus £ acts trivially on R?.
Therefore, by Lemma 2.12, any such (¥, B)-extension is reducible.

Only base spaces with no Euclidean part remain. Now we discuss the case for
which the base space has an irreducible 3-dimensional factor. There are only two
compact irreducible 3-dimensional naturally reductive spaces of Type I: SU(2) and
the symmetric space (SU(2) x SU(2))/SU(2). The symmetric space is excluded by
Remark 4.1. If we have SU(2) as a 3-dimensional factor, then £ has to be at least
3-dimensional; see Lemma 2.14(i). The only possibility for a base space is SU(2) x S2,
but just as for the case SU(2) x R?, any 8-dimensional (£, B)-extension of this space
is reducible. We conclude that if there is no Euclidean factor, then the semi-simple
factor can not contain a 3-dimensional factor.

If the base space is 7-dimensional, then dim(¢) = 1, and thus ¢ is abelian. By Re-
mark 4.1 we require that Z(h;) # {0} for every i = 1,..., p. We noted above that
there cannot be a 3-dimensional factor; hence, the 7-dimensional space either is ir-
reducible or it is a product of a 5-dimensional irreducible space and a 2-dimensional
space. Consequently, all possible spaces are

SU(3)/Sy,  (SU(3) x SU(2))/(SU(2) x S}),
(SU(3) x SU(2))/(SU(2)a x S"),  SU(2)*/(S, % Sh,),
(SU(2) x SU(2))/S, x $%.

For a 6-dimensional base space, ¢ is abelian, and thus by Remark 4.1, we need that
Z(h;) # {0} for every i = 1,..., p. There are no 3-dimensional factors by the above
argument. We can easily see that all possibilities are SU(3)/(S! x S'), CP? x §2, and
§% x §% x 82,

We check that every 5-dimensional irreducible naturally reductive space of
Type I satisfies dim(s(g)) < 2 and thus we cannot make an 8-dimensional irreducible
(¢, B)-extension from this. Every reducible 5-dimensional space of Type I contains a
3-dimensional factor and thus can be excluded by the above discussion. Similarly for
every 4-dimensional space of Type I we have dim(s(g)) < 2, and thus we cannot
make an irreducible 8-dimensional (¥, B)-extension of this.

The Lie algebra su(3) has dimension 8 and is a compact simple Lie algebra. There-
fore, a point space is also a possible base space.
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We proceed as in the 7-dimensional case. Also we do not discuss every case sepa-
rately, because of the large similarities between them.

The canonical base space is R°.  The Lie algebra ¢ has to be 3-dimensional and in
order to have a 5-dimensional representation without vectors on which £ acts trivially.
The only possibility is £ = su(2), and the representation of ¢ is the 5-dimensional
irreducible representation of su(2). Let ki, k», k3 be an orthonormal basis of s1(2)

with respect to B = —ﬁBw(z). We choose a basis such that

¢(k1) = )l(\/gem — €4 — 635), (P(kz) = /1(—\/5312 +e34 — 625),
(P(k3) = /\(6’23 + 2645).

The (&, B)-extension defines a naturally reductive structure on an 8-dimensional
2-step nilpotent Lie group, as described in [16, Sec. 2.2]. On this homogeneous
space, we obtain a l-parameter family of naturally reductive structures, with A > 0 as
parameter.

The canonical base space is (SU(2) x SU(2))/S, x R%. The Lie algebra £is I-dimen-
sional. Let k € ¢ be a unit vector. To keep the notation concise, we consider su(2) ~
sp(1) c gl(1,H). We denote by i, j, k the imaginary quaternions, i.e., i* = j* = k* =
ijk = —1. The non-degenerate symmetric bilinear form on sp(1) @ sp(1) is given by
_TifBﬂJ(l) ® —8—}1535,,(1), where By, 1y denotes the Killing form of sp(1). Let

eri=(117,0), e3i=(0,A2)), es5:=(a?A] +A3)7 (Aai,~A3i),

MA
€y = (A]k, 0)) €4 = (O) Alk)’ h:= #(i’(xi)’
Va2AE + A2
where ey, ..., e5 is an orthonormal basis of m := h* with respect to the metric above
and a € R\{0}. Let {eg, e} be an orthonormal basis of R%. For k € £ a unit vector,

we have
o(k) = cjad(h)|m + c2ad(es)|m + c3€67,

where e, e is an orthonormal basis of R?. The (¥, B)-extension is reducible precisely
when ¢; = 0or¢; = ¢; = 0. If ¢; # 0, then the (¢, B)-extension defines a naturally
reductive structure on

(SU(2) x SU(2) x H*) /Ry,

where the image of Lie(R,) in su(2) @ su(2) is spanned by & and in Lie( H>) by the
center; see [16, Sec. 2.3] for more details. Using an automorphism of g we can arrange
that ¢1, ¢2, ¢35 > 0. Under these extra assumptions all the naturally reductive structures
are non-isomorphic. This (€, B)-extension is regular for all values of a even though
the base space is only regular when « € Q. For every a € R\{0}, we obtain in this way
a 5-parameter family of naturally reductive structures with A;, 1, > 0 and ¢y, ¢2, ¢3 as
parameters.

If ¢; = 0, then the naturally reductive structure is only regular when « = g € Q. In
this case, the (£, B)-extension defines a naturally reductive structure on

(SU(2) x SU(2)) /S, x H.
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On this homogeneous space we obtain a 4-parameter family of naturally reductive
structures, with A, A, > 0 and c,, c; as parameters.
For both spaces, we can replace one S factor by its symmetric dual SL(2,R)/S".

The canonical base space is SU(3)/(S" x S').  We pick the following orthonormal

basis with respect to g = 535 Beu(3) of b := Lie(S! x §"):
i)

il 0 0 N

hi:=[0 —il 0| and hy:=| O ‘7§ 0

0O 0 O 2i)

0 0 Ve

In this case, we have ¢(£) = ad(h)|wm. The only freedom is in the choice of a metric B
on . For x1, x, x3 € R, we define a quadratic form on Z(u(3)) by

ta O 0 x10% + 3,02 + x3¢2
0 ib 0]—

. A2
0 0 ic

Restricting this to b gives us the following symmetric bilinear form in the basis

(l’ll,l’lz)l
5 _ X1+ X %(—xl'?')@)
pre %(—xl‘sz) L1+ xp + 4x3)

This is positive definite if and only if its trace and determinant are positive; i.e.,
3
Ztr(Bxl,Xz,X3) =Xt X2+ X3 > 0)

3
1 det(Byy xy,x,) = X1X2 + X2X3 + X1x3 > 0.

This parametrizes exactly all metric tensors on . From Proposition 2.16, we know
that two of these metrics induce an isomorphic naturally reductive structure precisely
when they are conjugate by an automorphism of su(3), which preserves b, i.e., an
element of the normalizer Ngy(3)(h) of b in su(3). Two metrics are conjugate by
an element of Ngy(3y(h) if and only if they are conjugate by an element of the Weyl
group of s1(3). The Weyl group of su(3) is isomorphic to S;, and the action of the
Weyl group on | is given by permuting the diagonal entries. Therefore, the induced
Weyl group action on the metrics By, x,,x, Simply permutes the indices. We see that
under the conditions x3 > x, > xj every S;-orbit of these metrics is parametrized
exactly ones. We still need to know when Lemma 2.14(ii) is satisfied. The curvature
of the (¥, B)-extension is given by

R = —ad(hy)m © ad(hy) | — ad(F2) | ® ad(h2)|m

2
+ Z (B_l),-jad(h,-)|m © ad(hj)|m
ij=1
In the basis (A, h;), this becomes

R =612 -1 0 612 det(B)"! %(x11+x2+4x3) %(xl—xz) .
0 -1 ﬁ(xl - XZ) X1+ X2
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This has full rank if and only if x;x; + X2x3 + X103 — X1 — X2 — X3 + % + 0. Under
this condition the canonical base space is equal to SU(3)/(S' x S') by Lemma 2.14.
The (&, B)-extension is always regular and irreducible. Under the above conditions,
we obtain a 4-parameter family of naturally reductive structures on SU(3), with A > 0
and x, x, x3 as parameters. None of these structures are isomorphic under the con-
dition x3 > x, > x;.

The canonical base space is {*}. We write g = {0} for the 0-dimensional Lie alge-
bra. Let € = su(3) and let B = 33 Bgy(3). Let xi,..., x5 be an orthonormal basis of
su(3) with respect to B. The torsion and curvature are given by

8
T(x,y,2) =2B([x,y],z) and R=) ad(x;)®ad(x;).
i=1
The infinitesimal model is always irreducible and regular and defines a 1-parameter
family of naturally reductive structures on R® with A > 0 as parameter; see [16].

We summarize the classification of all 7- and 8-dimensional naturally reductive
spaces of Type II in the following theorem.

Theorem 4.5  All 7- and 8-dimensional simply connected naturally reductive spaces
of Type 1I for which the semi-simple factor of the canonical base space is compact are
presented in Tables 7 and 8, respectively. Furthermore, for every space, the canonical base
space is listed, the dimension of the parameter space of naturally reductive structures of
Type II and whether partial dual spaces exist or not.

Notation 4.6 In Tables 7 and 8, H" denotes the n-dimensional Heisenberg group
and QH’ denotes the 7-dimensional quaternionic Heisenberg group. The subscripts
qi € Q and « € R denote parameters that determine the subgroup; see Section 3 for
the details. Lastly, for ¢: ¢ — so(n), a Lie algebra representation Nil(¢) denotes a
naturally reductive structure on the 2-step nilpotent Lie group as described in [8] and
(16, Sec. 2.2].

A Tables

Tables 5 and 6 are referred to in Theorem 3.6, and they contain all compact simply
connected naturally reductive spaces of Type I in dimensions 7 and 8. In the first col-
umn Lie(G) is the transvection algebra of the naturally reductive space. The second
column indicates if there exist non-compact partial dual spaces. The third column
indicates the number of parameters of naturally reductive structures of Type I there
exist on the space.

Tables 7 and 8 are referred to in Theorem 4.5. They contain all simply connected
naturally reductive spaces of Type II for which the semi-simple factor of the canonical
base space is compact. The second column gives the canonical base space and the
third column indicates if partial dual spaces exist. In the fourth column, the number
of parameters of naturally reductive structures of Type II are given.
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G/H ‘dual‘# param.‘
SU(3)/S}

SU(2)*/(Sy, x S;,)
SO(5)/SO(3)ir
SO(5)/SO(3)s
Sp(2)/Sp(1)st

(SU(3) x SU(2))/(SU(2) x S;)
(SU(3) x SU(2))/(SU(2)a x S)
(Spin(5) x SU(2))/(SU(2)a x SU(2))
SU(4)/SU(3)

Spin(7)/G,

X% NN S]] > [N %
= NN DN = = =] W =

Table 5: 7-dimensional naturally reductive spaces of Type L.

’ G/H ‘dual‘# param.‘
SU(3)
SU(2)*/Sy, 4,
SO0(5)/(SO(2) x SO(2))
(SU3) x SU(2))/SU(2)stxid
(SUG) x SU2))/SUQ)ier s
(SU(3) x SU(3))/SU(3)a

SIS X[ %N X
N[N =] W]|—

Table 6: 8-dimensional naturally reductive spaces of Type L.

G/H ‘ canonical base space ‘dual‘# param.‘
H’ RS X 3
QH’ R* X 1
S?x H® S? x R* v 4
$%x §* x H? §% x §% x R? v 5
CpP?x H? CP* xR? v 3
$p(2)/Sp()st Sp(2)/(SU(2)xS") | X | 2
SU(3)/S; SU(3)/(S" x S') X 2
SO(5)/SO(3)st SO(5)/(SO(3) x SO(2))| vV 2
SU(4)/SU(3) SU4)/S(U1)xU@B3)) | v 2
(SU(3) x SU(2))/(SU(2) x ) CP*x §? v 3
SU(2)*/(Sq, x Sy,) $% x 8% x §2 v 4

Table 7: 7-dimensional naturally reductive spaces of Type IL
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’ G/H ‘ canonical base space ‘dual‘# param.‘
Nil(R? - 50(6)) R® X 5
Nil(¢ir: s50(3) - 50(5)) R> X 1
Nil(u(2) - s0(4)) R* X 2
(SU(2) x Nil(R* - s0(4)))/R $? x R* v/ 6
SU(2) x H® §? xR* v 5
SU(2) x H® SU(2) x R* X 4
SU(3)/SU(2)s x H? CP* xR? v 4
(SU(2) xSU(2) x H*) /R, §% x §% x R? v 6
(SU(2) x SU(2))/S; x H’ $% x §% x R? v 5
(SU(2) x SU(2) x H*)/R, (SU(2) x SU(2))/SL xR? v 5
(SU(2) xSU(2))/S; x H* (SU(2) x SU(2))/S; x R? v 4
SU(3)/SU(2)s x H? SU(3)/SU(2)s x R? X 3
SU(2) x $* x H? SU(2) x §* x R? v 5
SU(3) SU(3)/S} X | 3
SU(2)*/S,, SU(2)*/(Sy, x S;,) v 4
SU(2)*/S},.q (SU(2) x SU(2))/S; x S* v 4
(SU(3) x SU(2))/SU(2)stxia |(SU(3) x SU(2))/(SU(2)s xSY)| v 3
(SU(3) xSU(2))/SU(2)«  |(SU(3) x SU(2))/(SU(2)st x S})| vV 3
SU(3) SU(3)/(S" x 8Y) X | 4
SU(3)/SU(2)s x SU(2) CP? x §? v 5
SU(2)*/S4, 0, S x 8% x §2 v 6
R® {*} X 1

Table 8: 8-dimensional naturally reductive spaces of Type IL
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