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MULTIVALENT AND MEROMORPHIC FUNCTIONS
OF BOUNDED BOUNDARY ROTATION

RONALD J.LEACH

1. The class V,(p). We generalize the class V; of analytic functions of
bounded boundary rotation [8] by allowing critical points in the unit disc U.

Definition. Let f(z) = a2*+ ... (g = 1) be analytic in U. Then f(z)
belongs to the class Vi (p) if for r sufﬁc1ent1y close to 1,

rewf”(re'e)} B
(1. 1) f { e’ df = 2pw

rewf”(re’oﬂ

7 e S
We note that (1.1) implies that f has precisely p — 1 critical points in U.
Also, if f(z) € Vi(p), then Re {1 + zf"(2)/f'(z)} > 0 for ro < |z| < 1 if and
only if £ = 2. Hence Vs(p) = C(p), where C(p) is the class of p-valent convex
functions defined by Goodman [4].

If p = 1, then except for normalization, V,(p) reduces to the class V,. It
is well-known that the class V;(1) consists only of univalent functions if
2 = k = 4. To determine the largest value of k such that each function in
Vi (p) is at most p-valent, we will need the following

LemMma 1.1. Let f(z) € Vi(p). Then

df < pkw.

27
(1.2) limsup f Re{l +
0

1=

2T 0,1y i0 1
lim Re{l re J70e ) L g ewists.
fm J, Reqt + Sy | it
Proof. Let f(z) have non-zero critical points ay, . . . a¢p—, (g = 1), counting
multiplicities, and let 7o = max |a,|. Then for 7y < |2] < 1,
2" (2)
Re 1 4 =

(@)

is subharmonic. Consequently for p < |z < 1,
f27r {1 + rezﬂf[[(lroeiﬂ)}

0 f (™
is a convex function of log  and hence the limit exists.

THEOREM 1.2. Let f(2) € Vi(p). Then f(z) is at most max [p, {pk/2 — 1}]
valent, where {pk/2 — 1} denotes the smallest integer greater than pk/2 — 1.
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MULTIVALENT FUNCTIONS 187

Proof. By Lemma 1.1, given ¢ > 0 we may choose 7o < 1so thatif ro <7 <1,

T
j; {1+77—(_e—”) do < 2 ?-I—e .

Since f(z) is analytic for || < 7, it follows by a result due to Umezawa [17]
that f is at most max [p, {pk/2 — 1}] valent in |z| < r. The result follows by
letting r — 1.

Note. This was proved by Brannan [1] in the case p = 1.

CoRroLLARY 1.3. Let f(z) € V(p) with & < 2 + 2/p. Then f is at most
p-valent in U.

Our next goal is to obtain representation formulas for V;(p). We will need
to use the functions

(z—2,)( = 25)

2

(13) ¥ z,) =

which have been employed by Hummel [6] and others.

LEMMA 1.4. Let f(z) = ag® + ... (¢ Z 1) belong to Vi (p) and have non-zero
critical points zy, . . . 2p—q, counting multiplicities. Let

2 p—q

g@) = J 1 v@2)7 " @)da.
Then g(2) has p — 1 critical points all at 2 = 0 and g(z) € Vi(p).
Proof. 1t follows from the definition of g(z) that

2g’ (z) "3 E 2; 3%
45 e T fg(z—jzj 1—%2)'

Let ¢ > 0 be given. Since for |3| =

Re{ 5 __2% }=0,
z2—32; 1—232

there is an 7o < 1 such that if ro < r < 1, then

f:w {1 1 ("e(m) )} Ida = j:)%

Consequently
o ( 10 " i6
. re*'g" (re )}l <
lll'lr’l_jl,lp j; Re{l —g re™ df £ pkr + e

Since ¢ > Oisarbitrary and g has precisely p — 1 critical points, g(z) € Vi (p).

THEOREM 1.5. Let f(2) = a2+ ... € Vi(p) and suppose f(z) has non-zero
critical points z1, . . . Zp—q, COUunting multiplicities. Then:
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(i) there is a function u(t) of bounded variation on [0, 2r] with

j;rd,u(l) = 2p and L"' ldu(®)| < pk

and a constant A such that

(14) f'(z) = 48" ﬁ V(2 25) exp [— forlog (O ze—“)dn(t)] ;

(ii) there is a function h(z) € Vi and a constant A such that

(L5) ') = Az”“ﬁ Ve, ) 1 E)P;

(iii) there are two normalized univalent starlike functions s1(z) and s»(2) and
a constant A such that

o) 5@ = a7 [T wtes [2O ][22 [

Proof. An application of Plessner’s Theorem [3, p. 38] to the function g(z)
related to f(z) as in Lemma 1.4 yields (1.4), and (1.6) follows by decomposing
w(t) into the difference of two increasing functions.

The following distortion theorem is an easy consequence of Theorem 1.5
and thus we omit the proof. Hummel [6] has similar results for the class S(p).

THEOREM 1.6. Let f(3) = a2+ ... € Vi(p) have non-zero critical points
21, . .« Bp—q, COUnting multiplicities. Let Ry = max |z,|, Ry = min |z,|. Then
withz = re®,

3p(k—2)
TR (1+') 9lag| o H ¢ + |5, + rlz,))

RAEE A

r)%p(k—ﬂ

[ f'@)| =z (1 — T ) IgIII(;q,,] " ﬁ (r—lz;DA = |zgylr), Ri < r <1

1 - 7)2p(k_2) q aq N

If ( )] (1 F r)ép(k-i—ﬂ HI ! H (IZ]] 7’)(1 — [zjlr), 0 <7 <R,

THEOREM 1.7. Let f(2) = a;2* + ... € Vi(p) have p — q mon-zero critical
DOInts 21, . . . 2p—,, counting multiplicities. The f(z) is g-valently convex for |z| <
74, Where rq is the least positive root of

$L0+5) (52 + (-8 (=)

=)
D s g v
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Proof. Let u(t) be the function in (1.4) such that

50 = a0 T vz en |~ [ ox (1 -0 |.

Then we compute

zi (Z)}_ R A 2"1+ze .
{1+f<> =Re > “ s,y TReJ, 1o ).

Hummel [6] has obtained the bonds

2y (2, 25) > —lz;l (1 — 7’2)
¥z, 2,) — (3] — )@ — |zlr)

Since u(¢) has positive variation <p(1 + k/2) and negative variation
<p(k/2 — 1) it follows that

e [ {4 (152) (e 8) 2).

The result now follows by combining (1.7) and (1.8).

(1.7) Re

The following corollary is immediate.

CorROLLARY 1.8. Let f(z) = apz® + ... € Vi(p). Then f(z) is p-valently
convex for |z| < % (k — (k% — 4)V2) and this result is sharp.

2. Coefficient Bounds for V. (p). Goodman [4] has conjectured that if
f(2) = Y1 a,2" is at most p-valent in U, then for n = p + 1,

2j(n + p)!
Z (n —-J )(P + NP =D —p — 1) la.’il'

The conjecture (2.1) has been verified for certain subclasses of p-valent
functions. If f(z) belongs to the class K (p) of p-valent close-to-convex functions
defined by Livingston [9], then (2.1) is known for » = p + 1 with no restriction
onaiy,...a,[9)and forn = p + 1, provided ¢; = ... = a,—» = 0 [11].

We recall that if g(z) = z + > a2 0,5" € Vi, then |bo| < /2, |bs] = (B +
2)/6 [8] and |b4| = (k3 + 8k)/4! [15], with equality if

o=t

We will first consider functions f(z) € V;(p) with all critical points at the
origin.

(2.1) laa| =
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THEOREM 2.1. Let f(z) = a5 + ... € Vi(p). Then

@+ Dlaya| = p2k[apl

6 + Dol = (EE +5) pla

2
k
@ + Blapssl < B @ + 69 + 2)a,.
All of these results are sharp, with equality for F'(z) = p a,[g’ (2)]7, where

e =3 (1£2)7-1].

Proof. Let g(z) = 2z 4+ X% b,2" be the function in V, related to f by Theorem
1.5. We compute

% = 277+ 2pbu2” + [3pbs + 2p(p — 1)bs""
4

+ [41>b4 T p(p — 1)6bap, + =D = 2) bf] Pt
Comparing coefficients we have
@+ 1) apy1 = 2p%sa,
(P + 2) ap2 = [3pbs + 2p(p — 1)b2"] ay,
(p + 3) apss = [4pbs + 6p(p — 1)bobs + (4/3)p(p — 1) (p — 2)b2%la,
and the result follows from the estimates for |bs|, 03], and |b4| after a short

calculation.

We remark that if 2 = 2, we get the known results of Goodman [4] for
p-valent convex functions; namely,

4 Dlapa| £ 2p?ay)
(® + 2)|apa] = (2p + 1)pYay)
(® + 3laprs] = 32 + 1)(p + 1)pla,|.

We omit the proof of the next lemma whose proof is similar to [7, Theorem
3.2] and [8, p. 7-10].

LEMMA 2.2. Let g(z) =z 4+ boz> 4+ ... € Vi(p). Then for any integer
p =1, |3pbs — 2p(p — 1)bs?| < p2k2/2 — p, with equality for

o =4[ (FEE)" 1],

THEOREM 2.3. Let f(2) = ap15* + ... € Vi(p). Then
@& + Dlapn| = p2kla,] + (b — Dlap—| (p%2/2 — p + 1).
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Proof. If a,—; = 0, this reduces to Theorem 2.1 and our result is sharp in
this case. We then assume that @,—; # 0 and hence that f(z) has a non-zero
critical point zo, since each function in V,(p) has precisely p — 1 critical
points. Thus there is a function g(z) = > a1 b,2" € V(1) such that

(&) = pa,2»2 (z — z0) (1 — 20 2) [¢'(2)]”.
We may assume without loss of generality that b; = 1. Let [g'(3)]? =
>0 cn2™ Then we have ¢y = 1, ¢1 = 2pbs, ¢3 = 3pbs + (3)4b:% Now

e

Zlnanzn—-l = Z [—Z20cn + (1 + lzﬂfz)cmﬂ — 20Cmpals™

n=p— m=>0
+ [+ |20]2) — z0c1]” ™ — 202”2

and thus comparing coefficients

(P — Day1 = —20

pa, = (1 + |Zo|2) — ZyC1

(b + Daprr = —20 + (1 + [z0]2)er — zoce.
Hence

P 4 Dayr = —2 4+ a[(1 =+ [20]2) — 20¢1] + 201> — 20C2
Clp ay + (—Zo)[go/ZQ + Ca — C12].

Consequently
(0 + Dlapa| = lealplasl + (0 — Dlapal[1 + [e2 — ¢2?]]
= 2pbsla,| + (b — 1)lay|[1 + [3pbs — 2p (p + 1)b2?]
and the result follows by Lemma 2.2, since |by| < k/2.
We note that if & = 2 + 2/p, Theorem 2.3 yields the result

@+ Dlaps] £ 200 + Dlay| + (@ — Dlapa|[2(p + 1)2 — p + 1]

which is certainly not sharp since (2.1) is known to be sharp for p-valently
close-to-convex functions with z = p 4+ 1. In order to obtain a sharp coefficient
bound we restrict our attention to function f(z) = a,_1271 4+ ... € Vi(p)
with real coefficients. The following lemma will be needed.

LEMMA 2.4. Let g(z) = z + boz® + ... € Vy have real coefficients. Then if
p =2, |14 3pby — 2p(p + 1)b2?| < p°k2/2 — p — 1, and ihis result is sharp.

Proof. By Lemma 2.2, |3pb; — 2p(p + 1)b%| < p2k2/2 — p, with equality
for

N5 ]_ Eo E+2,
g(z)—;[(l_z) —l|=z+55+—p"2+...

for which 3pbs — 2p(p + 1)bs* = p — p??/2. Hence
14 3pbs — 2p(p + 1)be®> 2 1 4 p — pk2/2.
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It remains to show that
1+ 3pbs — 2p(p + 1)bs® < p%2/2 — p — L.
Suppose then that 3pbs; — 2p(p + 1)be® > p%?%/2 — p — 2. Since g € Vp,

there is a function u(¢) of bounded variation on [0, 27] with

J:" du(t) = 2 and LZ" l[du@)| <

such that

or

g ) = [ [ log (1 - ze"“)du(t)] .

A brief calculation shows that

3pbs — 2p(p + 1)by" = ’;[ fo - e (t) — ;bs( fo ” e""du(t))z] .

We have that

2
f € "du(t) = 2b, is real,
0
and hence
PR, P f e Pk
g —P—2<3 ) ¢ au(t) = 5
or,

(2.2) p%2/2 —p(1+k/2) —2<0.

The left hand side of (2.2) is an increasing function of p, (p = 2) for any fixed
value of & = 2.
When p = 2, we have

2k? —2(1 4+ k/2) —2 =0,
which is impossible for any £ > 2. Thus

14 3pbs — 2p(p + 1)bs* S p?%?/2 — p — 1
and the result follows.

THEOREM 2.5. Let f(z) = ap_12P1 + ... € Vi(p)(p > 2) have real coeffi-
cients. Then

(@ + Dlapn| = p?klay| + (0 — Dlapa| (p?%?/2 — p — 1)
and there is a function itn Vi(p) for which equality holds.

Proof. If f(z) has real coefficients, then f(z) maps U onto a domain symmetric
with respect to the real axis. Since f(z) has precisely p — 1 critical points, f
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has precisely one non-zero critical point zo which must be real since complex
roots of the equation f’(z) = 0 occur in conjugate pairs. Using the notation of
Theorem 2.3

(2.3) (@ + Dagps = payer + (p — Dapalzo/z0 + ¢2 — ¢1?]
= 2pbsa, + (p — 1)apa[l + 3pbs — 2p(p + 1)b27].

Since 2o and the @, are real, the ¢, and hence the b, are real. By Lemma 2.4,
since the b, are real,

1+ 3pbs — 2p(p + 1)b2?| < p%2/2 — p — 1.
Since g(z) € Vi, |b2] £ k/2 and the result follows.
To see that this result is sharp we consider
f'(z) =272z — 20) (1 — 202)[¢' ()],

where

k/2 a2 N1
g(z)=%[(i:l__z) —I:Iand0<20<pk (p;a 4) .

For this function it follows from (2.3) that
(& + Daprr = p*k ay + (—20)[1 + p — p*%2/2]
and hence since ¢, > 0 and a,_; < 0,
(0 + Dlagsa| = pklas| + (b — Dlapa| (p°%*/2 — p — 1).

We note that if & = 2 4+ 2/p, Theorem 2.5 reduces to a special case of the
Goodman conjecture, which is known to be sharp, if correct.

3. Asymptotic coefficient estimates for V. (p).
THEOREM 3.1. Let f(2) € Vi(p). Then
a=lim (1 — )P M (@, f)

751

exists. If @ > 0, there is a unique 6, so that
= lim (1 — 7P | £ (re")].
71
Proof. The result is known if p = 1 [12] and hence we may suppose p = 2.

If f has non-zero critical points ay, . . . @, then by Theorem 1.5 there are two
univalent starlike functions s;(z) and s»(z) such that

£ = zl'j: Ve 0y - [ %Jipww . [ 327(2)]"%"("‘2).

Since z/s2(2) and ¢(z, a;) are bounded near |z] = 1, it follows from [14] that
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a = 0 unless s1(z) = z/(1 — e%%)2, Thus we may suppose that

limsup (1 — 7)hr D M@, f')>0
71
and that s;(z) is of the form z/(1 — e%92)2. We may assume without loss of
generality that 8, = 0.
Choose a sequence 7, — 1 and a point z, on |z| = 7, with

lim (1 — )" | f"@)| > 0.

-0
We will show that the points z, eventually lie interior to a fixed stoltzangle with
vertex at z = 1. Suppose not. Then given M > 0, there is a subsequence z;
such that |1 — 25 > M(1 — r,). If we set L = max [R(¢"?)|, where R(z) =
7211y (z, a;), then for j sufficiently large we have

LIp(k—2
2, ip(k—2)

sa(z5)
1p(k+2)
[(1 —7;) lTﬂj[z—][:l [R(z,)]

= WP (1 B0 | oy

2L 27%? = |R(z,)|

ip(k—2
2, ir(k—2)

s2(25)

v

which is impossible since M > 0 was arbitrary and

lim (1 — 7,)#% | £7(z)] > 0.

N0

Since sq(z) is starlike in U, lim,,; 7/s2(r) exists ([14] and the fact that

oy (o817 = R > 0

and we have

lim —2— = lim —2
N0 52 (Zn) nsc0 52 (rn) )

It follows that for any sequence 2, such that

lim (1 — )% | £(z,)] > 0,

n—o
. - 1p(k~2) ) 2, 1p(x—2)
im RO oy = Em RG0S
. 1 — g, \P0tD 5, |0
Z lim (11 -znl) ERCOI v

= lim (1 — )% | £7(z,)|.

n—c0
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Since [f'(r)| < M(r, f), we have
fim (1 — ) | /()| = lim (1 — r,)"** M (r,, £7)

and the result follows.

We note that

T vyl

=1

1, (k—
a < 227%® max
|z]=1

THEOREM 3.2. Let f(2) = X T az" € Vi(p). Then

lim w(llgfzt—z = = ’
730 (1) TGk + 2))

where a is the constant of Theorem 3.1.

Proof. The proof in the case o > 0 follows by using the major-minor arc
technique of Hayman [5, Theorem 5.7] as modified by Noonan [12].

Let us now consider the case @ = 0. Given ¢ > 0, we may choose 7y < 1 so
that if 7o < r < 1, f has no critical points and

fZ:r " (1’6 10)
0

{1+7(m 7 }‘d0<(pk+e)7r

We may assume p = 2 since the result is known for p = 1. An argument
similar to that in [2] shows that

2
3.1) f rlf(re)|do < 2% [2(pk + ¢) + L]xM(r, f ).
0
Since M(r,f") = o(1 — r)—%z»(k+2)’
(3.2) M(r,f) = o(1 — r)~teG+n+1,
The result follows by using (3.1), (3.2) and the inequality

laa| < 5 f e ' (re"")|db.

4. The class V,*(p). We say that a function f(2) meromorphic in U belongs
to the class Vi*(p) if : f'(2) has a finite number of zeros and poles in U, there
isap<lsothatifp<r <1,

(4.1) f {1 + & (:e(’e)w)} 9 = —2pr

and

{1 +£€—f”(reio)}\ de < pkﬂ'

(4.2) lim sup fo" 7 (re %

r>1—
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Since f is meromorphic, each pole of f' must be of at least second order. We
note that by the argument of Lemma 1.1,

N o
{1 f' e™) df exists,

and that Vy*(p) = C(p), the class of p-valent meromorphic convex functions.
Pfaltzgraff and Pinchuk [13] defined the class A, of meromorphic functions
of bounded boundary rotation as the class of all functions

27

lim
71— 0

'@ = -3 eXp[ fo ) log (1 — ze‘“)du(t)] ,

where
2r 27 2r )
f du(t) = 2, f |du(t)] = k and f e "du(t) = 0.
0 0 0

(The last condition ensures that f’ does not have a simple pole at 0.) Since a
function in A; has no non-zero critical points, in general A; is a proper subclass
of Vi*(p)-

We note that (4.1) implies that for p < # < 1, the argument of the vector
tangent to f(|z] = r) decreases by 2px as 6 increases from 0 to 27 (z = re®)
and hence the curve f(|z] = r) has at least p loops.

TrEOREM 4.1. Let f(z) € Vi*(p). Then:

p+1=N(o,f) = @pk+2p+4)/4
and
0 =N(O,f) =pk—2)/4.

Proof. We will show the inequalities hold in |z] < 7, where 7 is chosen so that
(4.1) holds. From (4.1) and the argument principle we obtain

and hence f’(z) has at least p 4 1 poles. Following Umezawa [16], we note that
N (w, f') is constant until w arrives at a value assumed by f’(z) on |z| = r and
the jump of N(w, f’) at such a value must be an integer. Now

o2r Zf " (Z)} f Zf ” (Z)

14+ = df = Re
fo { f (@) 0 @)
and hence if € > 0 is given we may choose p < 1 so that if p < [z| < 1,

Re T 2)
)

df — 2«

(43) 27+ (pk + dg = [NQ,f") + N(o,f")] 2m.
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Since N(0,f") — N(eo,f) = —p -+ 1, (4.3) yields

IR TN

N, f") T+

’ p(k—Q) €
N(Orf)é—[l——l‘z

and the result follows.

The next Lemma, due to Umezawa [17] will be used in estimating the valency
of functions in V,*(p).

LEMMA 4.2. Let f(z) be meromorphic for |z| < R, f'(z) # 0 on |3| = R. If
2 ”
Re{l o, (Z)}
J. )
where [ ] denotes the greatest integer function, then f is at most M valent and at
least max [2N (0, f) — M, 1] valent for |21 < R.

d9 < 27[M — N(,f) + 1],

COROLLARY 4.3. Let f(z) € V*(p) have q poles in U. Then f(z) is at least
max [q + 1 — pk/2, 1] valent and at most pk/2 + q — 1 valent in U.

We note that if £ < 2 4+ 2/p, then for 7 sufficiently near 1,

i0p 0y 0
re'f (re_)}’
Re{l + 7 e g <p+1
and hence f(z) belongs to the class K*(p) of meromorphic close-to-convex
functions of order p defined by Livingston [10].

1 27

21 Jo

The following result is similar to Theorem 1.5 and its proof will be omitted.

THEOREM 4.4. Let f(z) € Vi*(p) and suppose f'(z) has zeros at ax . . . o, and
poles at Bi, . . . Butpt+1, counting multiplicities. Then there are two umivalent
starlike functions s1(z) and sq(z) such that

nt+p+1 —1 n ip(k—2)
f'(Z) = ;;;!ﬁl: ]I:Il 1[’(‘2’ BJ)] H IP(Z, aj) l::gl—ii):l

j=1

[

We note that Theorem 4.4 gives distortion theorems analogous to Theorems
1.6 and 1.7, but we do not state them here.

THEOREM 4.5. Let f(z) € Vi*(p). Then o = lim,,; (1 — r)2G&=2 Jr(r, )
exists. For k > 2, if a > 0, there is a unique 0y such that

a = lim (1 — )% 2| £/ ¢e'™)).
=1

.

Ead

2)
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Proof. The proof is similar to Theorem 3.1, using Theorem 4.4 instead of
Theorem 1.5.

We now turn to the problem of estimating the coefficients of a function

f@) € Vi*(p).

THEOREM 4.6. Let f(z) = > 0 _,a,2", with k > 2 4 2/p. Then if a denotes
the constant of Theorem 4.5,

. an «a
lim —po—n=2

o 1 T TRk - 2)]°

Proof. The proof in the case @ > 0 follows by using the major-minor arc
technique of Hayman [5, Theorem 5.7] as modified by Noonan [12]. Suppose
a = 0. Given ¢ > 0 we may choose 7o < 1sothatifr, < r < 1, (4.1) holds and

o 7’_61_0]( " (reio)}
L Re{l f (7’6”)

Using an argument similar to that of Brannan and Kirwan [2], there is a
constant C = C(p, k) such that

do < (pk + €).

j;h r| f'(re)|do < C- M(r,f).
Now

| f(re™)] + | f(roe®)]

IIA

'];:f’(ﬂew)ewdp

J 316,230 4 10
= o(1 — y) IpG=241

since M (r,f) = o(1 — r)=#¢=2_Therefore

IIA

rl(r,f') = forflf'(few)lde
=o0(l — 7,)—%12(16—2)+1

and the result follows from the standard inequality

e 1,
] <;Il(1—n,f).

We mention that Livingston [10] has shown that if f(z) = > o, @,3"
belongs to the class K*(p) and has all its poles at z = 0, then |a,| =0(1/n).
Consequently if f(z) € V*(p) with 2 < & < 2 + 2/p, we have |a,| =0(1/x).
Since when & = 2, V,*(p) is precisely the class of p-valent meromorphically
convex functions and hence |a,| =0(1/n?). To obtain an estimate on the
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growth of |a,| when & = 2 4+ 2/p we note that f(z) € V,*(p) implies f(z) €
Vi*(p) for all k' > k. Theorem 4.6 then yields that if 2 = 2 + 2/p, |a,] =
O(n=1*¢) for every € > 0.
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