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Abstract

The aim of this paper is to investigate the almost sure stability with a certain rate function A(¢) for a class
of stochastic evolution equations in infinite dimensional spaces under various sufficient conditions. The
results obtained here include exponential and polynomial stability as special cases. Much more refined
sufficient conditions than the usual ones, for example, those described in [14], are obtained under our
framework by the method of Liapunov functions. Two examples are given to illustrate our theory.
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1. Introduction

There exists an extensive literature in the stability of stochastic differential equations.
We mention here Arnold [1, 2], Carverhill {4], Chappell [5], Chow {6, 7], Crauel
[8], Curtain [9, 10], Has’minskii [11] and Mao [15, 16] among others. However, all
of the above authors mainly pay attention to exponential stability. Recently, in [13,
14], Mao suggested considering another kind of stability, that is, polynomial stability,
which seems to possess great potential for many practical applications. His motivation
comes naturally from the following example.
Consider a one-dimensional linear It6 equation

14 -
dX,=~'1'—_|:—tX,dt+(1+t) det’ tZO’

with initial datum X, = xy € R, where p > 1/2 is a constant and W, is one-.
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dimensional Brownian motion. It is easy to obtain the explicit solution
Xi=xo+W)(A+0)77, t > 0.

Therefore for the Liapunov exponent, limsup,_, . log|X,|/t = 0, a.s. However, we

have
. log | X,| 1
lim —_—— < - = a.s.
l,qi:lp logt — P 2

In other words, the solution tends to zero almost surely polynomially, although it is
not exponentially stable. Therefore a natural question arises: Can we discuss stability
with a general rate function instead of exponential or polynomial? Precisely, given
a proper positive increasing function A(¢), under what assumptions does the solution
of a stochastic differential equation tend to zero asymptotically with the given rate
function A(t)?

In this paper, we shall establish almost sure stability with a given rate function A(f)
for a class of stochastic differential equations in Hilbert spaces. The results obtained
here include exponential and polynomial stability as special cases.

Let us first introduce some necessary notation. Let H, U, V, K be separable Hilbert
spaces. Let Z(U) = £ (U, U) be the linear space of all bounded linear operators on
U, equipped with the usual operator norm. We denote simply by || - || the norms in
U, H, (U, U) when there is no risk of confusion. Let O, € £ (U) be a symmetric
non-negative operator with Tr Oy < 400, the trace of operator Q4. It is known
that there exists a complete orthonormal basis {¢;} in U, and a bounded sequence of
non-negative real numbers A; — 0, such that Qe = e, k =1,2,...

Let K be a real, reflexive, Sobolev type Hilbert space such that the inclusions
K C H C V = K*, where K* is the dual of K, are densely defined and continuous.
Consider the following infinite dimensional stochastic differential equation in H:

(11) dXt=AXtdA1+f(Xnt)dFt+g(Xnt)tha X():)Co.

Here F, isa U-valued, continuous, finite variation process with Fy = 0, and A, is areal-
valued non-decreasing, continuous process with Ay = 0. Unless otherwise specified,
we will always assume that M, is a U-valued, continuous Qy-square integrable
martingale with M, = 0, and A is a linear operator, in general unbounded, defined on
a dense linear subspace K := Z(A) of H, generating a strong continuous semigroup
S(t) of bounded linear operators on H. Assume also that f : H x R* — £(U, V),
g: H x Rt - Z(U, H) are two continuous, locally bounded mappings. Moreover,
we are only concerned with the strong solution X, of equation (1.1); that is, X, is a
K -valued process. From now on, .Z (U, H) and .%,(U, H) shall denote the spaces
consisting of all nuclear operators and Hilbert-Schmidt operators from U into H,
respectively.
Throughout this paper, we impose the following standing assumption:
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(H1) There exists a symmetric, continuous non-negative %, (U, U)-valued pro-
cess Oy (t, w), a continuous U-valued adapted process Qr(t, @) and a continuous
non-decreasing real-valued process A, with A, = 0, such that

(1) (M) = [y Quls, ) dA,
(2) F = [y Qr(s, ) dA,,
where ((M,)) is the tensor quadratic variation of M,.
On the other hand, let us introduce the subspace U, = ,lfU of U which is
endowed with the inner product

2\ 1 _ _
(1, )0 =Y —{u, ey (v, edy = (03 ""u, 03 *v)u.

k=1 A

and is also a Hilbert space. An important role will be played by the space of all
Hilbert-Schmidt operators %, = % (U,, H) from U, into H. The space %} is also a
separable Hilbert space, equipped with the norm

Wike =Te[(v-0i) (v-0i) | <0, wesz

Let ®(z, w), t € [0, T], be an .%#, measurable oiﬂzo-valued process and we define the
norm, for arbitrary ¢ € [0, T,

p , 12

[P, = {E/ ||<D(s,w)”$20dAs}
1/2
{ /Tr B (s, w) - Q”2) (CD(s ) - Q'/z) } .

As usual, we also denote the family of all .#;-valued predictable processes (¢, @)
such that |®|; < +o00 by N2([0, T]; .£), or simply by N2(0, T).

Since It6’s formula in infinite dimensional space plays an important role in the
subsequent stability analysis, we shall give a version of it suitable for our purpose
without proof (see [17, 18] for the details).

THEOREM 1.1 (It6’s formula). Let (, ) and {, ) denote the inner product in H and
the duality between K and V, respectively. Suppose that V(x,t) is a continuous,
locally bounded functional V : H x R* — R admitting derivatives of the first and
second-order, denoted by V., V) and V', and satisfying:

(1) Foreachx € H,t € R*, V/(x,t) € R and the derivatives V|, V. are locally
bounded and continuous from H into H and £ (H, H), respectively.

(2) Vix,1) e K,Vx € K andVy € V, the mapping: x —< V/(x,t),y > is
continuous from K into R.
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(3) ForanyT € %\ (H, H), the mapping: x — Tr ||V (x, t)T||, from K into R,
is continuous.

Moreover, suppose that

(a f:HxR"— ZWU,V), g: HxRY — % (U, H) are two continuous,
locally bounded mappings.

(b) VX, eLP([0.TIxQ, K), p>1, f(X,, 1) € L([0, T1xQ, V), 1/p+1/g = 1.

(c) Vx, € K, (1.1) has a unique strong solution X, such that g(X,,t) € N,i o,
and X, € 47 (10, T]; K)NL?{Q; C ([0, T1; H)}, where 47 ([0, T1; K) denotes the
space of all adapted K -valued processes &, t € [0, T] which are jointly measurable
in (t, w) and are #,-measurable such that E fOT & NP dA;, < o0, and C ([0, T]; H)
denotes the space of H-valued continuous functions on [0, T).

Then we have, for arbitrary real-valued non-decreasing process A, with A = 0,

V(X,, A)) =V(Xo, 0) + / VI(X,, A))dA + / (V/(X,, A, g(X,, 5)dM,)
0 0
+/ (V/(X,, A), (AX, + f(Xo,5) 0 Qr(s)) dAs)
0

(12) + % /0 R [ViXe A 0 048 0 03] da.
In particular, suppose A, = A,, and define, for x € K andt € R*,
LV(x,t) =V/(x, 1) +(V/(x, 1), Ax + f(x,1) o (QF (1))
+ %Tr [Vx”x(x, 1)(g o Ou')g o }éz)*] ;
then It6’s formula can also be stated as follows:
V(X,, A;) = V(X,,0) + /01 LV(X,, A;)dA, + /0‘1 (VI(X,, Ay, g(Xs, 5)dM,) .

Next let us give the explicit definition of almost sure stability with rate function
D).

DEFINITION 1.1. Let A(-) be a real-valued function on R* such that A(t) > 0,
A(t) 1 +oo and log A(¢) is uniformly continuous in ¢. Equation (1.1) is said to be
almost surely stable with rate function A(t) of order § > 0 if for every xy € K there
exists a finite random variable & (w) such that

|1 X, (xp)l < E(w) - A1) as.

forallt € R*, or equivalently,

13 fm sup [PEIX GO _

m sy log A1) a.s.
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In order to prove our main results, we need a Gronwall-type lemma which can be

found in [14].

LEMMA 1.1. Letu(x), n(x) belongsto M ([0, Yl, R+), the family of all Borel meas-
urable, bounded, left limit non-negative functions definedon [0, Y], Y = (y1, ..., y»)
€ R", with n(x) positive and non-decreasing. Let A;(t) = (ai,(t), cee ,a,-,,(t)),
i=1,---,m, wherea;(t) : [0, y;] > R is aright continuous non-decreasing func-
tionwitha;;(0) =0foralli =1,--- ;mand j =1,--- ,n. Leta(x;) : [0, )] > R*
be right continuous and non-decreasing and let fi(x,s) (i = 1,2,...,m) be a

bounded Borel measurable non-negative function defined on 0 < s < x <Y and
non-decreasing in x. Then the inequality

u(x) sa(xl)+n<x)+zf fi(x, $)u(s—)d A (s)
i=t V0
implies

x| d
u(x) < (@0 + n(x))exp {/ e a)(:_‘)n(x) + Z/ Silx,s)dA; (S)}
0 1

2. The main results

In this section we shall use the Liapunov function to study almost sure stability for
a class of stochastic differential equations:

2.1) dX,=AX.dA, + f(X,.)dF, + g(X,, t)dM,, Xo=x5 € K.

Here f, g, A, F;, M, and V (x, 1) are defined as in the previous section and are assumed
to satisfy the standing hypothesis (H1) and all the conditions in Theorem 1.1. For
the purpose of stability analysis, we shall always assume equation (2.1) has a unique
strong solution which is denoted by X, (x;) € K as in the work of [18].

Since V (x, t) is a C*'-positive function, we define operators L and Q as follows:
Forx € K and t € R*, define

LV(x,t) =V/(x,0) +{V/(x,1), Ax + f(x,1) 0 (Qr(1)))
1 2
+ = 5 Tr[V” (x,1)(go Q) )(go Q) *]
and
(2.2) QV(x,1) =Tr[V:®V;<x,t)<go w)(go O ]

At present, we need the following hypothesis in the first two theorems of this
section, although we will remove this restriction later on:
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(H2) X (xp) #0 forany xo#O.
Now we can state our main results.

THEOREM 2.1. Let (H2) hold. Suppose Mt)has the property limsup,_, , logt/logA(t)
= g > 0. Assume there exists a positive function V (x, 1) € C*'[(H — {0}) x R*] —
R*, constants p > 0, u > 0,8 > 0, m > 0, C € R such that
(M) NxIPa@)™ < Vix, 1), x#0, 120,

2) LV(x,t) <CV(x,1), xeK—{0}, t=>0,
(3) liminf,_, o logA(A,)/logA(t) > u, limsup,,  CA,/logh(t) <mu—38—gq,
a.s.

Then equation (2.1) is almost surely stable with rate function A(t) of order §/ p, that
is,

log (| X )
lim supM < —— as.

-0 logA(t) T p
forall xo € K — {0}.

PROOF. By It6’s formula and the definitions of L and Q, we can show that

log V(X,, A;) = log V(x¢, 0)

+f _ [LV(XX, A -
0

V(X,, A,) oV(X;,, AS)} d A,

2V(Xs, A)

! 1
——_—_V’ Xs’ s/ KR s
+/0- (V(XS,AS) (X5, Ay), g(X s)dM)

t
1
<logV(xp,0) +CA, — | ————QV(X,, A,) dA,
< log V (x, 0) + C4, /OZV(XS,AS)ZQ (X, Ay)

' 1 )
2.3) +/0 (mVX(X“AS),g(Xs,S)dMs)-

Due to the exponential martingale inequality [17], we have

d 1
P : ——V/(X,, A,), g(X;,8)dM,
{‘” oi‘.‘i’,[/o <V<XS,A.;) (Ko A, 8(Xs5) )

t

v
_/ m—)—zQ(Xs, As)dAs] > g} S €7U£,
0 sy Ag

In particular, if

¢ =(1+o0)logk, v=1 T1t=%k o0>0 (k=1,2,...),
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then

' 1
P : —V'(X,, A)), g(X,,5)dM,
{w Oi?gk[fo (V(XS,AS) «(Xsr As), (X, 5) )

f 1
_/0 mQV(XS,AS)dAS] > (1+or)logk} <

Hence, by the Borel-Cantelli lemma, we deduce that for almost all w € €2 there exists
an integer ky(w) such that

t 1 /
fo (mvx(&’ As)9g(Xs,S)dMS)

t
1
< (1 1 k —QV XS, As dAS
<(1+o)log +/0 2V(X§,AS)2Q ( )
forall0 <t < k, k > ko(w). Substituting this into (2.3) gives
log V(X;, A)) <logV(x,0)+CA, + (1 +0)logk

forall0 <t < k, k > ko(w) almost surely. Consequently, by hypothesis (1), we have

log | X:| _ log V(X,, A) _ mlogA(A)

logi(t) — ploga(r) plog A(z)
- logV(x,0) 1 (mlogk(A,) _c A, ) (1+0)logk
plogA(z) pr log A(?) log A(2) plogi(t)
- logV(x,0) 1 (mlogA(A,) _c A, ) (1+o0)logk
plog A(t) r log A(2) log A(t) plogik — 1)

forallk — 1 <t < k, k > ky(w) almost surely.
Letting 0 — 0, together with assumption (3), implies

log | X, (xo) || <—lliminf mlogk(A,)_C A, q
100 log A(2) log A(?) p

lim sup <
100 log A(t) p

< — a.s.

8
p
The proof is complete.

THEOREM 2.2. Let (H2) hold. Suppose A(t) satisfies limsup,_, . logt/logi(t) =
g > 0. Assume there exists a positive function V (x, t) € C*! [(H —{0}) x R*] —>
R*, constants p > 0,8 > 0, u > 0, m > 0, C € R and a real-valued predictable

process £(t) such that
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(D xIPA@)™ < Vix, 1), x#0,1>0,
(2) LV(x,1) < CEMV(x,1), xeK—{0}, 1>0,
(3) QV(x, ) =EMV(x,1)*, xeK—-{0}, >0,
(4) liminf,_, . logA(A,)/logA(t) > u,
limsup,_,.. f; C&(s)dA,/logA(t) <mu—8—gq, as.

Then equation (2.1) is almost surely stable with rate function A(t) of order §/ p, that
is,

| X 8
imsup PEIX 00N _ 8
00 log A(t) p
forall xo € K — {0}.

PROOF. Using the same arguments similar to those used in the preceding proofs, it
is easy to obtain the following inequality

t {
1
log V(X;, A;) <log V(Xo,0)+C/O S(S)dAs—/O mQV(Xs,AS)dAS

! 1 ,
2.4 +/(; (mVX(XS’AS)’g(sts)dMS)'

Assigning £ > 0 arbitrarily and using the exponential martingale inequality, we then
have

' 1
Piw: su —V/(X,, A)), g(X;, 5)dM,
[ 05@1[/0 (V(Xs,AS) «( ), 8(X,, ) )

' v
_/ WQV(X“ AS)dAs:| > r} <e™V.
0 8§ s

In particular, letting
r=(1+6)"logk, v=s¢, T =k, k=1,2,...)

where 6 > 0, we see that there exists an integer ko (w), for almost all w € £, such that

t 1 l
/o (MVX(XS’As),g(X:,s)dMS>

< (1+6)"logk + OV(X,, A))dA;.

! €
/o 2V (X;, Ay)?
Therefore
log V(X;, A))
8_1 tQV(Xs,As)

t
< log V(xy,0)+C dA,+ (1 +80)e'logk dA,.
<log V(x,0)+ /O.E(s) T +0)e logh+— VX, A
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Letting ¢ = 7%, § > 0, yields that almost surely
log V(X,, A,)

t —"l !
< log V(xg, 0) + C[ E(s)dA; + (1 +0)s " logk + 8—2——/ E(s)dA;
0 0
t 1_ -8 t
= log V(xo,0) + e + &) logk + Cf E(s)dA, — —z—e—f E(s)YdA,
0 0

whenever 0 < ¢ <k, k > ko(w). Therefore it follows from hypothesis (1) that almost
surely

plog | X[[ +mlogA(A) < log V(X,, A)

t 1 - -3 !
51ogV(x0,0)+e5(1+9)1ogk+c[ E(s)dA, — ; féj(s)dA,.
0 0

Hence, letting & — 0 and then § — 0, we can obtain

log | X, (xp)]) ~10g V (x5, 0)
logi(t) — plogh(t)

iR R

Now we are in a position to obtain our conclusion:

log [ X, (x)ll _ 1 CLEG)MA, g mu

Iim su < —limsup —2 > 1L _ 7
mol Tloga() = p P Tlga) | p p
d
< ——.
P

The proof is complete.

In what follows, we shall remove hypothesis (H2).

THEOREM 2.3. Suppose A(t) has the property limsup, , logt/logA(r) =¢q > 0.
Assume that there exists a positive function V(x, t) € C*'[H x R*] — R*, constants
p>08>0u>0m>0a>08>0 C € R and a polynomial 1(t) with
positive coefficients such that
(1) {xPa ™ < Vix, 1), xeH, t>0,

(2) LV(x,1) < CV(x,t)+ p()et™, xeK,t=>9,

(3) QV(x, 1) < u@)e Vi, 1, xekK, >0

4) CA, = Cat + CB, liminf,_ o log A(4,)/ log A(f) > u,
limsup, ,,CA,/logA(t) <mu—~86—(d+1l)g as,

https://doi.org/10.1017/51446788700000367 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700000367

[10] Stability of stochastic evolution equations 137

where d denotes the degree of the polynomial u(t). Then equation (2.1) is almost
surely stable with rate function A(t) of order §/ p, that is,

log | X )
hm Sup M S —_— a.s.
=00 log A (1) p

forall xg € K.

PROOF. By It&’s formula, we easily have
e MV (X, A) =V (x,0) + fof e M [-CV (X, Ay) + LV (X, A)] dA
+ /0 (e—CA: VI(X,, Ay, g(X,, 5)dM,)
<V(x,0) + '/Ore“‘u(S)eC‘” dA,
+ /Ot (e M V/(X, Ay, g(X,,5)dM,).
Combined with condition (4), the ir;equality above implies
e “MV(X,, A) <V(xg, 0) + /0’ u(s)e P dA;
(2.5) + fot (e7M VX, A)), g(X,, ) dM,).

On the other hand, due to the exponential martingale inequality, we have

!
P{w: sup [/ (e M VUX,, Ay), 8(X,, 5)dM,)
O<r<t 0

! ve~2CAj
—/ 5 QV(Xs, A)) dAsjl >r¢<eV.
0
In particular, assigning 6 > 1 arbitrarily and setting
r = 9(d+l)k+l logk, v = 9—(d+l)k’ T = gk (k -1 2’ . )

where d is the degree of 1(t), then, by the Borel-Cantelli lemma, we easily deduce
that there exists an integer ko(w) for almost all w € 2 such that

t
/ (e HVI(X,, Ay, g(X,, 5)dM,)
0

9—(d+l)k

t
(2.6) < @V og | + f e M OV(X,, Ay dA,
0
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forall 0 <t < 6%, k > ko(w). Combining this with hypotheses (3) and (4), we have
OV (X,, Ay) < u(0)e ™V (X,, A;) < u@)e*PV(X,, A,),

which, together with (2.6), implies immediately that almost surely

t
/ ("M V/(X,. A, g(X;, 5)dM,)
0

9~(d+l)k

t
< QDR og k4 . e‘cﬂ/ u(s)e 4V (X,, A,) dA;
[

forall 0 <t < 6%, k > ko(w). Substituting this into (2.5) gives

e YMV(X,, A) < V(xg, 0) + 09TV og k

9—(d+1)k

+ _T— ‘eACﬂ/ M(s)e_CASV(st As)dAs +e_Cﬂ/ /L(s)dAs
0 0

forall0 <t < 6% k > ko(w). Now we can apply Lemma 1.1 to obtain

e MV (X,, A) <V (xp,0) + 0tV jog k
9@+
+ e P u(0*)Ag - exp [ 5

<v(l + 6“9+ og k), 0 <t <6, k > ko,

-e‘C’S;L(Ok)Aok} '

where v is a positive constant independent of k. Consequently,

e MV (X, A) - v(l + 69tk og k)
rd+lloglogt — 6W+DKk-D(log(k — 1) + loglog®)

forall ! <t < 0% k > ko(w).
This implies

e A V(X,, A) <

lim sup <v.0? g,

1—»oc  t4*lloglogt
Letting 6 tends to 1 yields
MV (X, A) _

liI,I_l,Ls,gp ti+!loglogt as
Finally,
log [ X:]| _ log V(X:, A) _ mlogA(A)
logh(t) — plogh(t) plog A(?)
~CA,
< ! log {e“*t“*Vloglogt - ¢ VX, A)] _ mlog)»(A,).
log A(t) 14+ loglog ¢ plogA(t)
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Therefore

lim sup

— d+1
P fog A1) mu+(d+ ”)

100 )

1
log | X, || <— (hm sup
p
<

8
=T
The proof is complete.

THEOREM 2.4. Suppose that the function A(t) satisfies limsup,_, . logt/logA(t) =
g > 0. Assume there exists a positive function V(x,t) € C*'[H x RT] — R,
constants p > 0, p>0m>0,u>0,6>0,a>08>0,u>0,C € R such
that
(1) IxlIPA@)™ < V(x, 1), x€H, t=0,
(2) LV(x,t) <CV(x,t)+ peterto xekK,t>0,
(3) QV(x,1) < pet™*V(x,1), xeKkK,t>0
(4) CA, =z Car+CB, liminf,  logi(A,)/logA(¢) > u, limsup, . t/logh(r)

<v <400, limsup, ,  CA,/logA(t) <mu—686—vp—gq, as.
Then equation (2.1) is almost surely stable with rate function A(t) of order 8/ p, that
is,
log || X 8
lim sup M < —— a.s.

forall xy € K.

PROOF. Using arguments similar to those used in Theorem 2.3, we have
e MV (X,, A) <V(xp,0) + f , pe P dA,
0
.7 + / ’ (e M VUX,, Ay), g(X,, 5)dM,).
0
By the exponential martingale inequality, we can also have

t
Piw: sup [/ (e Vi(X,, Ay), g(X,, 5)dM,)
O<t<rt 0

R
—/ oV(X;, As)dAs] >rp <e .
0

2
In particular, assigning 6 > 1 arbitrarily and substituting

r = ke’ logk, v=kle*, 1=k, k=1,2,...)
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into (2.7) and applying the Borel-Cantelli lemma, we deduce that there exists an
integer ko(w) for almost all w € €2 such that

t
/(e_CA‘Vx’(Xs,As),g(Xs,S)dMs)
0
l t
< kfe logk + EIf'ef”*”" / e” AV (X,, A,) dA,
0
forall 0 <t <k, k > ko(w). Hence we get from (2.7) that almost surely

1
e MV (X,, A)) <V (xg,0) + kOe” logk + f pe~CPosg A,
0

l t
+ Ek‘le‘cﬁ“”‘ / e AV (X, A)dA;.
0

This implies
e CYV(X,, A) < v(l + kfe” logk), 0<t<k, k>k

where v is a positive constant independent of k. Consequently, wheneverk —1 <t <

k9 k 2 ko(w)’
e 4V (X, A) - v(l + kBe* log k)
e”'tlogt T er* bk — Dlogk — 1)
Therefore
“CAv(X,, A
lim sup M <vp-e’ as.
=00 e’'tlogt

and it follows that almost surely

log || X, | - logV(X,, A)) B mlogL(A))
logi(t) — plogh(t) plogA(t)

e*CA'V(X,,A,)) mlog M(A,)
plogh(t)

< -log (e"'+CA’t logt -

log A(t) e’'tlogt

Hence we obtain

1/ CA,
li log | X,]| < li — —
1{3211310%0) og || '”—'f’lf,?pp<1ogx(t)+vp+q mu)
8
<-—.
p

The proof is now complete.
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The following theorem is an immediate consequence of the previous two theorems.

THEOREM 2.5. Suppose that the function \(t) satisfies limsup,_,_logr/logi(t) =
q > 0. Assume that there exists a positive function V(x,t) € C*'[H x R*] - R™,
constants p > 0, p >0, A>0u>0,6 >0, >0, 8 >0, C € Randapolynomial
with positive coefficients p(t) such that
(D) lxlIPae)™ £ Vix, 1), x€H, t>0,
Q) LV(x,t) < CV(x,t)+ u(t)eCoa+er, xekK, t>0,
3) QV(x,t) < u(t)e"***'V(x,t), xekK,t>0
4) CA, = Car+CB, liminf,_,logA,/logh(t) > u, limsup,_,  t/logAi(t)

<v <+oo, limsup,  CA,/logh(t) <mu—8—vp—gq, as.

Then equation (2.1) is almost surely stable with rate function A(t) of order 8/ p, that
is,

log | X 8
lim sup M < —— as.

00 loga(t) — p

forall xy € K.

PROOF. Forany ¢ > 0, there exists a constant M such that p(1)e€*+° < MeCx+oirer,
Hence the conclusion follows from Theorem 2.4.

3. Examples

In this section, we will give two examples to illustrate the results derived in the
previous sections.

ExAMPLE 3.1. Consider the following model equation in population biology [18]:

OXUX) _ o
_ = €
a1 # I+ X

3.D X (0, x) = xo, X |3p=0.

)an, t>0, xeDCR

where u, € are positive constants and D is a bounded domain with smooth boundary
in R". ‘

Let H = L*(D), K = H, (D), a Sobolev space with elements satisfying boundary
conditions above, V = K*, f =0, g : u(x) - e(u(x)/(1 + |u(x)])) from H into
H, and M (z, x) be an H-valued Wiener process with bounded continuous covariance
q(x, y).
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Introduce a Liapunov function
Viu,t)=em / u(x)’dx,  m>0.
D
It is easy to verify that

LV(u,t) :me""/ u(x)zdx——Z,ue""f |Vu(x)|* dx
D

D
u*(x)

> dx

(1 + lu(x)})

<me'™ / u(x)dx — 2;/,/ [Vu(x)|*dx - ™ + €*{qu, u)e™.
D D

+e”"/62q(x,x)
D

Let o = inf,cp) [Vu(x)|*/|u(x)|* and go = sup,.p |g(x, x)|. Thus we obtain
LV(u, 1) < (m—2pkg + €7qo)V(u, ).

Therefore, if there exists a § > 0 such that goe> < 2uio — 8, that is, if goe? < 2uhy,
then by Theorem 2.1, equation (3.1) is exponentially stable, that is,

1 X )
fmsup PEIX G0l _ 3

a.s.
100 t -2

EXAMPLE 3.2. A variation of (3.1) is the following:

X, x) X o | .
_— =vAX+0(1+|X])+p(t)e " (1+|X|)M(t,x),

at
t>0, xe DCR"

which satisfies the same initial boundary conditions as before. Here v, i, 8 are some
proper positive constants and p(f) is a polynomial. In contrast with the previous
example, f(u,t) = 0(u/(1 + |u|)) is non-linear, g(u, t) = p(t)e " (1/(1 + |u(x)|))
and M (¢, x) is an H-valued Wiener process with continuous covariance g (x, y) such
that [, !q(x, x)’dx = C < oo. Introduce a Liapunov function

Vi, 1) =1+ t)/ u(xy dx,
D
and it is easy to verify that

LV(u,t):f u(x)zdx—2v(1+t)/ IVu(x)|* dx
D D

u*(x) .
p (1 + [u(x))
2 _—2ut 1 ?
+ (A +)pQit)e ];) (—1 T |u(x)|> g(x,x)dx

<(1 =20 +20)V(u,t) + 4C(1 + 1) p*(t)e "

+260(141)
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and
OV(u,t) <4C(1+)p*t)e ™ V(u,t),

where

v 2
Ao = inf eOF
ESTE

Hence, by Theorem 2.5, we know that if 2vAy — 260 — 2 — 1 > 0, then the equation
is almost surely polynomially stable.
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