Proceedings of the Edinburgh Mathematical Society (2025) 68, 63—79
doi:10.1017/S001309152400052X

RESULTS ON THE NON-VANISHING OF DERIVATIVES OF
L-FUNCTIONS OF VECTOR-VALUED MODULAR FORMS

SUBONG LIM' AND WISSAM RAJT?

1Departmemf of Mathematics Education, Sungkyunkwan University, Jongno-gu, Seoul,
Republic of Korea
zDepam‘ment of Mathematics, American University of Beirut (AUB) and the Number
Theory Research Unit at the Center for Advanced Mathematical Sciences (CAMS) at
AUB, Beirut, Lebanon

Corresponding author: Wissam Raji, email: wr07@Qaub.edu.lb

(Received 19 May 2023)

Abstract We prove the existence of a vector-valued cusp form for the full modular group for which the
nth derivative of its L-function does not vanish under certain conditions. As an application, we generalize
our result to Kohnen’s plus space and prove an analogous result for Jacobi forms.

Keywords: Vector-valued modular forms; L-functions; Critical strip; Jacobi forms; non-vanishing

2020 Mathematics subject classification: Primary 11F66; 11F50
Secondary 11F30

1. Introduction

The theory of L-functions plays a crucial role in both number theory and arithmetic
geometry. L-Functions exhibit natural connections with various mathematical subjects
including number fields, automorphic forms, Artin representations, Shimura varieties,
abelian varieties and intersection theory. The central values of L-functions and their
derivatives reveal important connections to the geometric and arithmetic properties of
Shimura varieties such as the Gross-Zagier formula, Colmez’s conjecture and the averaged
Colmez formula. On the other hand, vector-valued modular forms are important gener-
alizations of elliptic modular forms that arise naturally in the theory of Jacobi forms,
Siegel modular forms and Moonshine. Important foundational results on vector-valued
modular forms were establihsed by Knopp and Mason [13, 14]. Being an important tool to
tackle classical problems in the theory of modular forms, Selberg used these forms to give
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an estimation for the Fourier coefficients of the classical modular forms [20]. Borcherds
in [4] and [6] used vector-valued modular forms associated with Weil representations to
provide a description of the Fourier expansion of various theta liftings. Some applications
of vector-valued modular forms stand out in high-energy physics by mainly providing a
method of differential equations in order to construct the modular multiplets and also
revealing the simple structure of the modular invariant mass models [18]. Other appli-
cations concerning vector-valued modular forms of half-integer weight seem to provide a
simple solution to the Riemann—Hilbert problem for representations of the modular group
[2]. So it is only natural to study the L-functions of vector-valued modular forms and
their properties as a buildup that aligns with the development of a Hecke theory to the
space of vector-valued modular forms. L-Functions of vector-valued modular forms have
been investigated in connection with sign changes of Fourier coefficients, Jacobi forms
and Hecke theory (for examples, see [3, 7, 11]). Moreover, they lead us to investigate a
Gross—Kohnen—Zagier theorem in higher dimensions [5].

In [17], we show that averages of L-functions associated with vector-valued cusp forms
do not vanish when the average is taken over the orthogonal basis of the space of vector-
valued cusp forms. To illustrate, we let {fr1,..., fk,dk} be an orthogonal basis of the
space Sk.,y,, of vector-valued cusp forms with Fourier coefficients by ;(n), where x is
a multiplier system of weight k& € 1Z on SLy(Z) and p : SLz(Z) — GL,,(C) is an
m-dimensional unitary complex representation. We also let to € Re > 0 and 1 <1i < m.
Then, there exists a constant C(tg,¢€,4) > 0 such that for & > C(tg,€,1%), the function

< L (s
Z fklafkl) bkvlvi(”z‘,o)

does not vanish at any point s = o + itg, with 251 < o < 2 —¢, where < L*(f1,5),€; >
denotes the ith component of L*(fx,s) and nuo is the number given in equation (3. 2).

Kohnen, Sengupta and Weigel in [16] proved a nonvanishing result for the derivatives
of L-functions in the critical strip for elliptic modular forms on the full group. In [19],
the second author generalized their result to modular forms of half-integer weight on the
plus space. In this paper, we show analogous results for the averages of the derivatives
of L-functions for the orthogonal basis of the space of vector-valued cusp forms in the
critical strip. In particular, given k € %Z, x a multiplier system of weight k¥ on SLy(Z),
to € R,e > 0,1 <¢ < m and n a positive integer, we show that there exists a constant
C(to,€,i,n) > 0 such that for k > C(tg, €,7,n), the function

dg

kl nO dn

Z fk; f;l @<L*(fk,l,8),e >
=1 I

does not vanish at any point s = o +it, with ¢ = ¢, % <o < g — €. From this, we show

that there exists a constant C(tg,€,n) such that for k > C(to,€,n) and any s = o + it,
with ¢ = tg, % <o < %— €, g—l— €< o< %, there exists f € Sk y,, such that

(f,s) #0.
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The isomorphism between the space of Jacobi forms of weight k and index m on SLo(Z)
and the space of vector-valued modular cusp forms with a specific multiplier system and
a given Weil representation depending on m leads to an analogous result for Jacobi forms.
We also give a similar result for cusp forms in the plus space.

2. The Kernel function

In this section, we define the kernel function Ry s; and determine its Fourier expansion.
The kernel function being a cusp form will play an important role in determining the
coefficients of a given cusp form in terms of L-functions when the given cusp form is
written in terms of the orthogonal basis. So, let I' = SLy(Z), k € %Z and x a unitary
multiplier system of weight k on I, i.e. x : I' — C satisfies the following conditions:

(1) |x(y)]=1forall yeT.
(2) x satisfies the consistency condition

xX(73)(ea™ +d3)" = x(1)x(72) (c1727 + di)*(coT + do)*,
where y3 = y172 and y; = (ZZ Zj) €l fori=1,2 and 3.

Let m be a positive integer and p : I' = GL(m, C) an m-dimensional unitary complex
representation. Let {ej, ..., e, } denote the standard basis of C™. For a vector-valued
function f = Z;"Zl fje; on H and v € I', define a slash operator by

(flrp)(T) = (em +d) " X (e~ () f (7).
The definition of the vector-valued modular forms is given as follows.

Definition 2.1. A vector-valued modular form of weight k € %Z, multiplier system x
and type p on ' is a sum f = Z;nzl fie; of functions holomorphic in H satisfying the
following conditions:

(1) f|l€,x,p’7 = f fOT all v e I.
(2) For each 1 < j <m, each function f; has a Fourier expansion of the form

fi(T)z Z aj(n)e2m(”+“j)7'.

n+r;20
Here and throughout the paper, k; is a certain positive number with 0 < r; < 1.

The space of all vector-valued modular forms of weight k, multiplier system x and type
p on I' is denoted by My, . ,. There is a subspace S ., of vector-valued cusp forms for
which we require that each a;(n) = 0 when n + x; is non-positive.

Following [12], we now define the L-function of a vector-valued cusp form. For a vector-

valued cusp form f(r) = 2311 Zn+;{j>0 aj (n)ezm(nJr'ij)Tej € Sk,x,p» We see that aj(n) =

O(nF/?) for every 1 < j < m as n — oo by the same argument for elliptic modular forms.
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Then, the vector-valued L-function defined by

(n+r;)s 7

L(f,s) = Z () e

converges absolutely for Re(s) > 0. This has an integral representation

L(s) s) = ” v US@
aople = [ s

From this, we see that it has an analytic continuation to C and a functional equation
given by

L*(f,5) = i*x(S)p(S)L* (f. k = 5),

where L*(f,s) = (1;25))8 L(f,s) and S = ((1) _01).
Let ¢ be an integer with 1 < ¢ < m. Define

Ps,i(T) :=7"%e;.

For s € C with 1 < Re(s) < k — 1, we define the kernel function by

Ry s.i := Yk(s) Zps,i|k.,x,p”/v
vyer

where v4(s) = 3e™/2I'(s)['(k — s). Then, this series converges absolutely uniformly
whenever 7 = u + v satisfies v > €,v < 1/¢ for a given € >0 and s varies over a compact
set. Moreover, it is a vector-valued cusp form in Sk y,,.

We write < -,- > for the standard scalar product on C™, i.e.

<Z Ajej, Y Mjej> =D NI
j=1 j=1 j=1

Then, for f,g € Sk y,p, we define the Petersson scalar product of f and g by

(fg)i= [ < o) > o L,

where F is the standard fundamental domain for the action of I' on H. Then, by
[17, Lemma 3.1], we have

(fa Rk,g,i) =c; < L*(fa S)vei >, (21)

k/2
where cj, 1= W
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We can also compute the Fourier expansion of Ry, , ;.

Lemma 2.2. [17, Lemma 3.2] The function Ry s; has the Fourier expansion

27rin+n<7'
Rksz :E E Tkszg ( j)a

=
where 74554 (n) is given by
Thosij(n) = 0; j(21) T (k — s)(n + r;)*
) (), DR T
+ Y oy TS 57 (2

(c,d)EZ2
(¢,d)=1,ac>0

« (ezm'(n+nj)d/cemx_1 ((25)) P ((25)),. 1Fi(s, ks —2min/(ac))

et (T 2)) o (0 1)) s 1B (oK 2mn/<ac>>>’

where 1 Fy (o, B; z) is Kummer’s degenerate hypergeometric function.

3. The main theorem

In this section, we give the main theorem for the existence of at least one L-function
whose derivative does not vanish.

Theorem 3.1. Let k € %Z, and let x be a multiplier system of weight k on SLa(Z).
Let tg € R,e > 0 and n a positive integer. Then, there exists a constant C(to,€,n) such
that for k > C(tg,€,n) and any s = o+it witht =tg, =1 < o < 3 —¢, 2+6 <o< k'H

there exists f € Sy y,p such that dTnL*(fv s) #0.

Proof. We follow the argument in the proof of Theorem 3.1 in [16]. Suppose that
{fe1s-, fk,dk} is an orthogonal basis of Sy, y,, with Fourier expansions

fra(r Z Z bi,i,i(n )2 TRIT (1 < < dy)

j= 177,+Ii >0

and dy, is the dimension of dim Sy y,.
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For each 1 < i < m, by equation (2.1), we have

< L*(fr,,5),€ >
Ry si=c . 3.1
" k; (fr,ts fr1) Tt 3.1)
Let
1 ifk; =0,
nio = nr 0 (32)
0 ifk; #0.

If we take the first Fourier coefficients of ith component function on both sides
of equation (3.1), then by Lemma 2.2 we have
(270)°T(k — 8)(ni0 + ki)t (3.3)
X)) 7 (S ), (FDMREm) T (s) (i + i)
(=1)k/2 k k—1 —k (C)S
2 i i -
o +r)* Y ek (E

(c,d)EZ2
(¢,d)=1,ac>0

% <62ﬂi(ni,0+l€j)d/ce‘n’isx—l ((z 3)) p—1 ((lcl Z))i,i L fi(s, ks —27Tini’0/(ac))

_|_
_l’_

4 o 2ilni 0 tRi)d/c—mis, —1 (= _bd>) p (e _bd))i’i lfl(s’k;Qﬂini70/(ac))>

< L* fk 1S ) )
Ch Z Feas i, l) bk,l,z(nz70)7
where
(e85 = DD o, i),
We assume that
dk: n
Z M d < L*(fk,l, S),ei > (34)

< (fras i) ds™
is zero. If we take the nth derivative with respect to s on both sides in equation (3.3),
then we have
d’ﬂ
ds™

e P ) T () (DM T 4 )

(2n)°T (k= 5) o+ 1| (35)
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a
(c,d)€Z2 (e,d)=1,ac>0

% <e27ri(m‘,0+nj)d/cemsxl ((g Z)) p71 ((Z Z))i,i 1f1(s, k; 727rin,;70/(ac))

e (5 1)) o7 (5 1), 151Gk (o)) |

Then, the left-hand side of equation (3.5) is equal to

n—v

v d
m;dy 27T(n10+/€1))}dn yF(k—s)

(27 (ni0 + ki)

=T L Z ( ) (log(27(ni o + ki)' TP (k — s)

nzO"‘Hz

= (2m)*(ni0 + K:)°~ 1(log(27r(nz 0o+ k:)))"T(k—s)

n—1

+(2m)°(nio + k) Y (- <Z> (log(2m (ns,0 + %:))) T (k — s).

Then, we have

1 dm”
(2m)%(n4,0 + k)50 (k — s) ds™

[(2%) I'(k—s)(nio+ ,%i)s_1

=2 (kg —s)

_ (10g(27T(ni,0 +R)))" + ;)(_1)”_” <V> (log(2m(ns 0 + Ki)))” s

Let ¢(s) := F((ss)) Then, one can see that rtn ()() 2) is a polynomial P(ap, M. op(n=1)

with integral coefficients and it contains the term "™, which is the highest power of ¥
occurring in P. It is known that ¢ satisfies the following asymptotic formulas:

o0

1

BZV
~ 1 _— —
7/’(8) og(s) 25 — 21/82”

and

-1 (2 -1
P (s) ~ (1) (”‘ L. . ZB;)."Q>

for s — oo in |arg(s)| < m, where B,, denotes the nth Bernoulli number (for example,
see [1, 6.3.18 and 6.4.11]). Let s = & — § + ity (e < 6 < %). Then, the leading term of
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(=) (g _g)
T'(k—s)
as |s| — oo in |arg(s)| < m for n € N. Therefore, we have

n—1

L) (1 — )

v=0

for 0 <v <n—1is (log(X + 6 —itg))" ™" as k — oo and (™ (s) = 0(

1
Is[™

> (= (Z) (log(2m(ni,0 + K4))) T Q (log(]; +6— ito)> +o(1)

as k — 0o, where @ is a polynomial of degree n and its highest coefficient is (—1)™.

For the first term on the right-hand side of equation (3.5), we have

ds™ {Xl (YN (" ))“- (=1)*/2(2m)* =T (s) (ni0 + m)ksﬂ

(N, K k& n v
S (), e b (1)

n—v

< [(2m(ni0 + i) ) T (s)

w(n; Ki))Fs
() (1), (e o 8
2,0 7

n

x> (~1) (’V‘) log(2m(ni o + #:))" T~ (s).

v=0

If we divide this by (2m)*(n; 0 + k;)* 'T'(k — s), then we have

k2 2m(nio + Ki))* 7%
(a0 + K4)?

X~ ((0-110)) p~ ((0-110)); 5 (—1)

(™ oot e PO T
S0 () stentno S

Let s = & — 6 +ity (¢ <6 < ). Then, by [1, 6.1.23 and 6.1.47], we have

1
1+0( —— ]|
|§+Zt0|

—20

2

‘k: .
= |= + 1ty

(3.6)

where the O constant is absolute, uniformly in € < § < % On the other hand, the highest-

(n—¥) s

order term in Fﬁg)) is (¢ (5 —d+ito))"". This behaves like (log(& — § + itg))" "
for 0 < v < nask — oo. Thus, we can see that all terms in the sum in equation (3.6) go

to zero as k — oo.
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The second term on the right-hand side of equation (3.5) is equal to

_ (-1 )k/2 (27) (mO‘FK«z)k 1 Z ok dn |:(>s

ds
c,d EZ c,d)=1 (IC>O
( ) ) s )

( 2miri o)A emisy =t ((avea)) p~ ((abed));; 1/1(s, k; —2ming o/ (ac))
_l’_

~2ming bR e iny (b —a)) p (<o be —a))y; 125, K zmni,o/mc)))}
1)k/2

=& ) (2m) (s ) 3 o 22% (Z) (5) (ee(5))" 67

(c,d)€Z2 (c,d)=1,ac>0

[(‘*’W""’““ﬂd/cemx—l ((ated)) p™ ((ase ), ; 1 fals, ks —2mini o/ (ac))

dan—v
X dsnfu

4 e~ Zmini0tri)d/ e —misy —1 ((—abe—d))p~t((—atbe =d));; 1f1(s ks 27rini70/(ac))>} .

In the above equation, the derivative in the last two lines is equal to

n—v
Z (n; V) {€2wi(ni70+'€j)d/cx_l ((g 3)) P_l ((Z g))l,l
w=0

d'U.) . dn*V*u)
X T [e’”s] W[ 1f1(s, k; —27Tz'ni,o/(ac))}

+ e—2wi(ni,0+ni)d/cx—1 (( o _bd)) p! ((Za _bd))“‘
dv . qn—v-w
X T [e_ms] W[ 1f1(s, k;?ﬂini’o/(ac))]}
Z (n; l/) { (ﬂ'i)w e27ri(ni,0+f€j)d/cen-isx—1 ((CCL S)) /)_1 ((‘é 3))171

d’ﬂ*l/*’u}

X W[ 1f1(s, k; —2m'ni70/(ac))]

+ (—ﬂ'i)w e—27‘ri(ni7o+l~ci)d/ce—7risx—1 (( —ca _bd)) p—l (( _ca —bd))zz
qn—v-w

X 7_[ 1f1(8, k, 27'('2'717;,0/(0/6))] }

dS"_” w

By [1, 13.2.1], for Re(8) > Re(«) > 0, we have

1
ilagi2) = [ et (1wt
0
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Therefore, for any n € Z>(, we obtain

& [ i (s,k;im” 0)}
ds™ ac

1 2min; n
iiz’ou d s—1 k—s—1
— ac _ 1-— d
/0 e Ton [u (1—u) ] U

= /01 et 2minid, zn:(—l)”—j (7;) (log(w))? (log(1 — w))" ™ | w*~1(1 — w)**~'du.

=0

Since log(u) = o(u_el) for any ¢ > 0 as u— 0, we see that

’d {U"l (s,k;i mn”O)H < K,

ds™ ac

where K, is a constant depending only on n.
Let s = % — § + ity (€ <& < 3). Then, the series in equation (3.7) is

o0 o0
< 2D B (oo (5) [ oroln
a=1c=1
n—1 anu i w
20 3 (") og (£)] "2 (") (5) Kooma).

This can be estimated in terms of the Riemann zeta function and a positive constant
factor B(top,n) depending only on t¢ and n. If we divide the second term on the right-hand
side of equation (3.5) by (27)%(ni 0 + k) 'I'(k — s), then the absolute value is

k
(2m(nio + #:))2"°

<
T(& + 6 —ito)

B(fo, n)

and this goes to 0 as k — oo uniformly in § € (e, %) by Stirling’s formula.

In conclusion, if we divide both sides of equation (3.5) by (27)*(ni o + ;)*'T'(k — s),
then the right-hand side goes to zero as k — oo, but the absolute value of the left-hand
side is

k
> |log(§ + 9§ — itg)|"

as k — oo. This is a contradiction.
Therefore, there exists a constant C(tg,€,4,n) > 0 such that for & > C(tg,¢€,i,n), the

function in equation (3.4) does not vanish at any point s = o +it, with ¢t = ¢, kgl <o <
g — €. From this, we get the desired result by using the functional equation of L*(f, s)
(f € Sk,x,p)~ O
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Remark 3.2.

(1) In [15, 16], one takes the average over the basis consisting of normalized Hecke
eigenforms for the case of classical modular forms. In fact, the basis is an orthogonal
basis, and the results in [15, 16] hold for any orthogonal basis of the space of cusp
forms.

(2) The vector-valued cusp form f in Theorem 3.1 depends on n in general.

4. The case of T'g(IN)

Now, we consider the case of an elliptic modular form of integral weight on the congruence
subgroup I'o(N). By using Theorem 3.1, we can extend a result in [16] to the case of
[o(N). To illustrate, let N be a positive integer and let k be a positive even integer. Let
' =T4(N), and let Si(T') be the space of cusp forms of weight k£ on . Let {v1,...,ym}
be the set of representatives of I' \ SLy(Z), with 73 = I. For f € Si(I'), we define a
vector-valued function f:H — C™ by f=3"", fje; and

fi=fley; (1 <5 <m),

where (fli (¢54))(2) == (cz + d)~"f(y2). Then, f is a vector-valued modular form of
weight £ and the trivial multiplier system with respect to p on SLy(Z), where p is a certain
m-dimensional unitary complex representation such that p(v) is a permutation matrix
for each v € SLy(Z) and is an identity matrix if v € T'. Then, the map f — f induces
an isomorphism between Si(I') and Sy ,, where Sy , denotes the space of vector-valued
cusp forms of weight k and trivial multiplier system with respect to p on SLy(Z).

For f,§ € Sk,p, we define a Petersson inner product by

; - dad
(f.9) :=/F<f,§>y’“ f/g :

Note that if f, g € Si(T") such that f and ¢ are orthogonal, then f and g is also orthogonal.

Corollary 4.1. Let k be a positive even integer with k> 2. Let N and n be positive
integers and I' = To(N). Let tg € R,e > 0. Then, there exists a constant C(tg,e,n) >0
such that for k > C(tg,e,n), there exists a basis element f € Si(T') satisfying

n

TN (f8) £ 0

at any point s = o + ity, with

E< <E_ dﬁ_’. < <E
5 o B € an B € o B .
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5. The case of Jacobi forms

We now consider the case of Jacobi forms. Let k£ be a positive even integer and m be a
positive integer. From now, we use the notation 7 = u +iv € H and z = x + iy € C.
We review basic notions of Jacobi forms (for more details, see [9, Section 3.1] and
[10, Section 5]). Let F' be a complex-valued function on H x C. For v = (2}) €

SL2(Z), X = (\, ) € Z?, we define

52

(Flem)(7,2) i= (7 + d) e 2™ ersa F(y(r, 2))
and
(F|lmX)(7,2) := eQWim(’\27+2)‘Z)F(T, z24+ AT+ p),

where (7, 2) = (Z:Is’ )

We now give the definition of a Jacobi form.

Definition 5.1. A Jacobi form of weight k and index m on SLa(Z) is a holomorphic
function F on H x C, satisfying

(1) Flgmy=F for every v € SLa(Z),
(2) F|jnX =F for every X € 72,
(3) F has the Fourier expansion of the form

F(r,z)= Y a(l,r)emm e, (5.1)
lL,reZ
4ml—r2>0

We denote by Ji n, the space of all Jacobi forms of weight £ and index m on SLy(Z).
If a Jacobi form satisfies the condition a(l,r) # 0 only if 4ml —r? > 0, then it is called a
Jacobi cusp form. We denote by Si ,, the space of all Jacobi cusp forms of weight k£ and
index m on SLy(Z).

Let F be a Jacobi cusp form F' € Sy ,,, with its Fourier expansion equation (5.1). We
define the partial L-functions of F' by

-2
. (1)
L(F,j,s) == > iy
n>0 (m)
n+j2EO (mod 4m)

for 1 < j < 2m. This L-function was studied in [3, 8]. Moreover, F' can be written as

F(r,z)= Y Fj(1)0m;(r,2) (5.2)

1<j<2m
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with uniquely determined holomorphic functions F; : H — C and functions in {F}| 1 <
j < 2m} have the Fourier expansions

’I’L+]2 . TINT L
D S ) il

n>0
n+j220 (mod 4m)

where the theta series 0,, ; is defined by

) .
em,j (T, Z) — E 6271‘17“ 7'/(4m)627mrz

r€Z
r=j (mod 2m)

for 1 <j < 2m.

We write Mp,(R) for the metaplectic group. The elements of Mp,(R) are pairs (v, ¢(7)),
where v = (%) € SLy(R) and ¢ denotes a holomorphic function on H, with ¢(7)? =
¢t + d. Throughout this paper, following [21], we use the convention that /7 is chosen
so that arg(y/7) € (—n/2,7/2]. The map

(68) = (2a)=((24),Ver +d)

defines a locally isomorphic embedding of SLy(R) into Mp,(R). Let Mp,(Z) be the inverse
image of SLy(Z) under the covering map Mp,(R) — SLo(R). It is well-known that Mp,(Z)

is generated by T and S, where T and S are the lifts of the standard generators T and S
of SLy(Z), respectively. We define a 2m-dimensional unitary complex representation py,
of Mp,(Z) by

.9
ﬁm(T)ej — e—27rz] /(4m)ej

and

Let x be a multiplier system of weight % on SLy(Z). We define a map p,, : SL2(Z) —
GLQm(C) by

pm(7) = X(7)Pm(7)

for v € SLy(Z). The map p,, gives a 2m-dimensional unitary representation of SLy(Z).
Let {e1,...,es,} denote the standard basis of C*™. For F € Sk,m, we define a vector-
valued function F : H — C?™ by F = 23:1 Fjeji where Fj is defined by the theta
expansion in equation (5.2). Then, the map F +— F induces an isomorphism between
Sk,m and Sk— 1

3:X:Pm’
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Let L*(F,j,s) := (ggf))s L(F,j,s). Then, we have the following corollary.

Corollary 5.2. Let k be a positive even integer with k>2. Let m and n be positive
integers. Let to € R and € > 0.

(1) Let j be a positive integer with 1 < j < 2m. Then, there exists a constant

C(to,€,5,n) > 0 such that for any k > C(to,€,5,n) and any s = o + ity with

%-3 _ _2%-1
1 7 1

— €,

there exists a Jacobi cusp form F € Sy, such that

d’n
~_L*(F,j .
T L, s) £ 0

(2) There exists a constant C(to,e,n) > 0 such that for any k > C(to,e,n) and any
s = o + ity with

2k—3< <2k—1 d 2k—1+ < <2k—|—1
7 o 1 € an 1 e<o 1

there exist a Jacobi cusp form F € Sk and j € {1,...,2m} such that

d’I’L
~_L*(F,j .
T L (E g, s) £0

Remark 5.3. Note that p,,(—I) is not equal to the identity matrix in GLg,,(C).
Instead, we have

pm(—I)ej = iegm,j.

By a similar argument, we prove the same result as in Theorem 3.1 for the representation
Pm-

6. The case of Kohnen plus space

Let k be a positive even integer. By [10, Theorem 5.4], there is an isomorphism ¢ between
Sk,1 and S;i L where S}j 1 denotes the space of cusp forms in the plus space of weight

2
k— % on I'g(4). Moreover, this isomorphism is compatible with the Petersson scalar

products.
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Let f be a cusp form in ST | with Fourier expansion f(7) = n>0 c(n)e?minT,
k=3 n=0,3 (mod 4)

Then, the L-function of f is defined by

L(f,s) := Z c(n)

ns
n>0
n=0,3 (mod 4)

For 1 <7 <2, let ¢; be defined by

¢(n) = c(n) ifn=—j2 (mod4),
e 0 otherwise.

Then, ¢(n) = ¢1(n) + cz(n) for all n. With this, we consider partial sums of L(f,s) by

L= S 4l

ns
n>0
n=0,3 (mod 4)

for1 <j<2.

Suppose that F' is a Jacobi cusp form in Si;. By the theta expansion in equa-
tion (5.2), we have a corresponding vector-valued modular form (F3(7), F2(7)). Then,
the isomorphism ¢ from S 1 to S]:r_l is given by

2

From this, we see that

L(f.3:8) = 35 L(F,jvs).

We have the following corollary regarding the partial sums of L(f,s) for f € S;;

Nl

Corollary 6.1. Let k be a positive even integer with k> 2. Let n be a positive integer.
Let tg € R and ¢ > 0.

(1) Let j be a positive integer with 1 < j < 2. Then, there exists a constant
C(to,€,j,n) > 0 such that for any k > C(tg,€,j,n) and any s = o + ity with

2k -3 2k—1

<o <

€,
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there exists a cusp form [ € SZ‘ 1 such that

2

dn

— [4°L* j 0.

WL () #

(2) There exists a constant C(tg,e,n) > 0 such that for any k > C(to,€,n) and any
s = o + itg, with

2k —3 2k — 1 2k — 1 2k +1
1 <o < —€ and +e<o< 1

there exist a cusp form f € SZ‘ and j € {1,...,2} such that

1
2

n

d
=45 (¢, 4, 0.
g WL (58] #
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