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In this paper we give necessary and sufficient conditions on a commutative semigroup in
order that it should have a maximal homomorphic image of one of the following types:
(1) groups, (2) semigroups which are unions of groups and (3) pseudoinvertible semigroups,
i.e. semigroups having the property that some power of each element lies in a subgroup of the
semigroup.

We shall adhere to the terminology and notation of [1]; in particular, we shall use the
basic theory of commutative semigroups which is given in [1, Section 4.3].

1. Maximal group homomorphic images. In order to characterise those commutative
semigroups which have maximal group homomorphic images, we require the following group-
theoretic lemma.

LeMMa 1.1. Let G be a group which has a minimum non-trivial subgroup. Then G is
p-primary for some prime p.

Proof. Let K be the minimum non-trivial subgroup of G. Then K is a group with no
non-trivial subgroups and so is cyclic of prime order; say K is generated by b, where b has
order p. If ais a non-identity element of G, then, since K is the minimum non-trivial subgroup
of G, b =a" for some integer n. Thus the subgroup H(a) of G, generated by a, is a finite
commutative group with minimum non-trivial subgroup K.

Now, it is immediate from the structure theorem for finite commutative groups [2,
Theorem 10.1] that a finite commutative group, which has a minimum non-trivial subgroup,
is cyclic of prime power order. Hence H(a) is p-primary for each ae G, and so G is p-primary.

THEOREM 1.2. Let S be a commutative semigroup. Then S has a maximal group homo-
morphic image if and only if the maximal cancellative homomorphic image of S is a group.

Proof. Clearly S has a maximal group homomorphic image if and only if the same is true
of its maximal cancellative homomorphic image. Hence it suffices to prove the result for
cancellative semigroups.

Let S be a cancellative commutative semigroup, and denote by G the group of quotients
of S; thus each element of G is of the form ab™! where a, be S. For each ge G other than the
identity, let M, be a subgroup of G which is maximal with respect to the property of not
containing g. Let G, = G/M, and denote by 0, the canonical homomorphism of G onto G,.
By Lemma 1.1, G, is a periodic group and so S8, is a subgroup of G,. Since G is generated,
as a group, by S, it follows that S0, =G,.

Now suppose that § admits a minimum group congruence; denote this by p. Then,
because each 6, is a homomorphism of S onto a group, (a, b) € p implies that af, = b0, for each
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non-identity element geG. But, if a # b, then af, # b0, for g = ab™'. Hence (a,b)ep
implies that @ = b, so that p is the identity congruence on S and S is a group.

The converse is obvious.

The proof of Theorem 1.2 shows that a cancellative commutative semigroup admits
enough homomorphisms onto groups to separate points. Hence we have the following
characterisation of such semigroups.

THEOREM 1.3. Let S be a commutative semigroup. Then S is cancellative if and only if it
is a subdirect product of groups.

If S'is an E-inversive semigroup, then each homomorphic image of S is also E-inversive;
in particular, the maximal cancellative homomorphic image of S is E-inversive. It is clear that
a cancellative E-inversive semigroup is a group. Hence, by Theorem 1.2, a commutative
E-inversive semigroup has a maximal group homomorphic image. Example 1.5 shows that
the converse is not true; that is, there exist commutative semigroups which are not E-inversive
but which have maximal group homomorphic images. However, if a commutative semigroup
obeys certain finiteness conditions, for example if it is finitely generated, then it has a maximal
group homomorphic image if and only if it is E-inversive.

THEOREM 1.4, Let S be a commutative semigroup whose maximal semilattice homomorphic
image A has a minimum member «. Then the following are equivalent:

(1) S,, the archimedean component of S corresponding to o, has an idempotent e;
(2) S has a kernel,

(3) S is E-inversive;

(4) S has a maximal group homomorphic image.

If Q1) holds, then Se is the maximal group homomorphic image of S.

Proof. (1)=>(2). LetIbeanideal of Sandletael. Then, since ee S,, which is the mini-
mum archimedean class of S, aee S,. Since S, is archimedean, it follows that e = ¢"e Sae < I,
for some positive integer n. Hence Se is the minimum ideal of S.

(2)=(3). If a commutative semigroup has a kernel, then the kernel is a group. Hence,
if S has a kernel K, for each a€ S, k€ K, there exists x € K such that a(kx) = (ak)x = e, where e

is the identity of K. Thus S is E-inversive.
We have already seen that (3) implies (4). Thus, to prove the equivalence of the four
statements, it suffices to prove that (4) implies (1).
Suppose that (4) holds, and let ¢ be the minimum cancellative congruence on S. Then
S/c is, by Theorem 1.2, a group. Hence, for a€S,, there exists xe.S such that (a, axa)ec.
However
c={(x,y)eSxS: xu=yu forsome ueS},

so that ay = axay for some yeS. Since a€S,, ay and ax belong to S, and so it follows, from
[5, Proposition 2.4], that S, has an idempotent.

Finally, suppose that (1) holds and denote by 8 the mapping of S onto Se defined by
x0 = xe. Itis clear that 0 is a homomorphism, and we have already seen that Se is a group.
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Thus ¢ € 6o6~1. But, from the definition of 6, we also have §o0~" = ¢. Hence equality
prevails and Se is the maximal group homomorphic image of S.

COROLLARY 1. Let S be a commutative archimedean semigroup. Then the following
statements are equivalent:

(1) S has an idempotent e;

(2) S has a kernel,

(3) S is pseudoinvertible;

(4) S is E-inversive;

(5) S has a maximal group homomorphic image.

If (1) holds, then Se is the maximal group homomorphic image of S.

Proof. By Theorem 1.4, we need only show that (1) is equivalent to (3). In fact, we show
that (1) implies (3); it is clear that (3) implies (1).
As in the proof of Theorem 1.4, Se is the kernel of S and so is a group. But, since S is

archimedean, if ae S, there exists a positive integer n such that a"e Se. Hence S is pseudo-
invertible.

COROLLARY 2. A finitely generated commutative semigroup has a maximal group homo-
morphic image if and only if it is E-inversive.

Proof. If S is finitely generated, then so is its maximal semilattice homomorphic image
A. Hence A is finite and so has a minimum member.

ExampPLE 1.5. For each positive integer #, let S, be a distinct copy of the additive semi-
group of positive integers and let S=|J{S,:n=1}. Then S becomes a commutative
semigroup if we define a multiplication as follows: for xe S, yeS,,

x+y if m=n,
xy=4 x if m>n,

y if m<n

Clearly S has no idempotents and so, certainly, is not E-inversive. However, given
x€S,, yeS,, there exists ze S such that xz = yz; for example, we may take any ze S,,,,. It
follows that S/c is the trivial group, so that S has a maximal group homomorphic image.

It is known {1, Section 12.1], that there is a free group on any semigroup. That is, if S
is a semigroup, then there is a group G and a homomorphism y:§— G with the following
property: given any homomorphism 8 of S into a group H, there exists a unique homomorphism
Y: G — H such that the diagram below commutes.

S\G\
/
v

y H

9%
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If S is a commutative semigroup then G is the group of quotients of S/c and y is the
composite of ¢': S — S/c with the inclusion mapping S/c - G. Hence Theorem 1.2 can be
stated in the form: if S is a commutative semigroup, then S has a maximal group homomorphic
image if and only if G = Sy.

Even if S is not commutative, the condition G = Sy is clearly sufficient in order that S
should have a maximal group homomorphic image. On the other hand, the condition G = Sy
is satisfied in extensive classes of semigroups which are known to admit maximal group homo-
morphic images; for example, it is satisfied for E-inversive semigroups. Hence it is natural to
make the conjecture: S has a maximal group homomorphic image if and only if G = Sy. We end
the section by giving an example to show that the conjecture is false.

ExaMPLE 1.6. Let G be a simple group which admits a lattice order; for example, let G
be the group C in Theorem 6 of [3]. Let S be the positive cone of G. Then each element of G
is of the form ab~! where a, be S, and it can be shown that, if we take y to be the inclusion
mapping S —G, then G is the free group on S; if 6 is a homomorphism of S into a group H,
then v : G — H is defined by (ab™ )y = af(b0)~! for a, be S.

Suppose that 8 is a homomorphism of S onto a group H. Then, since S is not a group, 6
is not one-to-one and therefore neither is ; thus, since G is simple, H must be the trivial
group. Hence $ has a maximal group homomorphic image. However S = Sy # G, since S
is not a group.

2, Maximal regular homomorphic images. In this section, we shall use Theorem 1.4 to
characterise those commutative semigroups which admit maximal regular homomorphic images.
To do this, we make use of the decomposition theory for commutative semigroups, which is
given in [1, Section 4.3]. For the convenience of the reader, we repeat those details of the
theory which we require.

Let S be a commutative semigroup and let » be the minimum semilattice congruence on
S. Then each n-class is an archimedean semigroup and S is the union of the semilattice
A = S/n of semigroups S,, ae A, where, for each ae A, S, is the n-class corresponding to a.
This is the unique expression of S as the union of a semilattice of archimedean semigroups.

THEOREM 2.1. Let S be an arbitrary commutative semigroup. Then S has a maximal
regular homomorphic image if and only if S is pseudoinvertible.

Let o be the minimum separative congruence on S. If S is pseudoinvertible, then S/o is the
maximal regular homomorphic image of S.

Proof. Suppose that S has a maximal regular homomorphic image, and denote by u
the minimum congruence p on S such that S/p is regular. Let S=[){S,:a€A} be the ex-
pression of S as the union of a semilattice of archimedean semigroups. Then, for each
a€A, p, = pn(S, x S,) is a congruence on S,. We shall show, in a sequence of lemmas, that
U, 1s the minimum group congruence on S,. By Corollary 1 to Theorem 1.4, this means that
each S, is pseudoinvertible. Thus S is pseudoinvertible.

LeEMMA 2.2. For each a€ A, u, is a group congruence on S,.
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Proof. Let aeS,; then, since S/u is a regular semigroup, there exists xe S such that
(a, axa)e u, (x, xax)eu. A semilattice is a regular semigroup; hence x4 S n and so (a, axa) ey,
(x, xax)en. Since S/n is a semilattice, it follows that (@, x)en; thatis, xeS,. Hence p, is a
regular congruence on S, and S,/p, is a regular semigroup. But S,/u, is also archimedean
and so has only one idempotent. Thus S,/y, is a group.

Let p, be a group congruence on S,, and pick ue S, such that up] is the identity of
G = S,/p,- Define p = p,up,, where

pr={(x,y)eDxD:(xu, yw)ep,},  p,=(S\D)x(S\D)
and
D=\ ){Ss:B=a}.
LEMMA 2.3. p is a regular congruence on S and
Pa = PO(S8, X S,).

Proof. There are two cases according as o is, or is not, the minimum element of A; these
correspond to p, = [] and p, # [J. In the first case S/p is a group and, in the second, S/p
is a group with zero. We shall give the proof for the second case; the first case is similar.

By [4, Lemma 1.3], D is the complement of a prime ideal of S and, clearly, has minimum
archimedean component S,. Hence we can define a mapping 8 of S onto G° by

(xu)p: if xeD,
x0 =
0 if xeS\D.

It is a straightforward matter to verify that § is a homomorphism of S onto G° and that
0-0"' = p. Hence p is a regular congruence on S.

Suppose that (x, y)e pn(S, x S,); then (xu)p! = (yu)p: and so, because up) is the iden-
tity of G, (x,»)ep,. Hence pn(S,xS,)<p,. On the other hand, it is clear that
P.Spn (S, x S,) so that equality prevails.

LEMMA 2.4. p, is the finest group congruence on S,.

Proof. Let p, be a group congruence on S, and define p as above. Then p is a regular
congruence on S and so u<p. It follows that

Hy = HN(S; X S,) E p(Se X Sp) = py.

Hence y, is the minimum group congruence on S,.

As remarked before Lemma 2.2, these lemmas show that S is pseudoinvertible if it has a
maximal regular homomorphic image. Conversely, if S is pseudoinvertible, then, by [1,
p. 135, Question 5], S/ is regular. On the other hand, by [1, Theorem 4.17], a commutative
regular semigroup is separative. Hence o is the finest regular congruence on S and S/a is the
maximal regular homomorphic image of S.
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COROLLARY. Let S be a commutative semigroup. Then S has a maximal pseudoinvertible
homomorphic image if and only if S is pseudoinvertible.

Proof. Suppose that S has a maximal pseudoinvertible homomorphic image and let &
denote the minimum congruence p on S such that S/p is pseudoinvertible. By Theorem 2.1,
S/¢€ has a maximal regular homomorphic image, 7 say. Since a regular commutative semi-
group is pseudoinvertible, T is also the maximal regular homomorphic image of S. Hence,
by Theorem 2.1, S is pseudoinvertible.

The converse is immediate.
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