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FACTORISATION OF LIPSCHITZ FUNCTIONS
ON ZERO DIMENSIONAL GROUPS

WaLTER R. BLoom

Let G denote a locally compact metrisable zero dimensional
group with left translation invariant metric d . The Lipschitz

spaces are defined by
Li(a; 2) = {f € 27°() + 1Al = 0ldla, 0F), a » o} ,

where af : 2+ flax) and o >0 ; when r = ® the members of
Lip(a; r) are taken to be continuous. For a suitable choice of
metric it is shown that Lip(a; q) © Le » L9(G) , where
lsp=<2, a> q-l , P, q are conjugate indices and

B(6) = {f : £* ¢ IP(G), (f*(a) = f@r-l]]} . It is also shown
that for G infinite the range of values of « cannot be

extended.

The problem of factorising Lipschitz functions defined on real
Euclidean space or the circle group has been considered by Hahn [4], Lohoué
[7) and Uno [8). Subsequently Uno [9] has proved that for compact

metrisable zero dimensional abelian groups satisfying a certain boundedness
condition (the so~called bounded Vilenkin groups) Lip(a; q) c IP # L9(c) |,

wvhere 1 <p=<2, o> q-l and p, q are conjugate indices, that is,
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p_l + q-l =1 (with the usual convention if p =1 ). The proof that Uno

gives makes use of an ordering on the dual group, first introduced by
Vilenkin [10],

We show that this result holds for any locally compact metrisable zero

dimensional group G , the proof using only some simple properties of a
certain bounded approximate unit for Ll(G5 (see Lemma 1 below).

Throughout G will denote a locally compact metrisable zero
dimensional group with right Haar measure A . We take a neighbourhood

basis (Vh) at the identity consisting of a strictly decreasing sequence

of compact open subgroups of G (for the existence of such a basis see

{5, (1.7)]); when G is compact the V, are taken to be normal), (Bn)

to be any strictly decreasing sequence of positive numbers tending to zero,
and d defined on G X G by

-1
y x € Vh\Vh

n+l +1

A= ) =Y oy le kv,

0 s, T =y

(see [11, Section 2]). It is easily verified that d is a left
translation invariant metric on G compatible with the given topology. We

follow [711] and put B, = A(Vh) . This choice of metric agrees with that

usually taken when G 1is a product of finite cyclic groups, and includes
that considered by Uno [9]. The Lipschitz spaces Lip(a; r) will be
defined as in the abstract with respect to the above metric. It should be

noted that our choice of the strictly decreasing sequence (Vh) is

arbitrary.

We define kn = A(Vﬁ)'lgn , where En denotes the characteristic

function of the set V_ . Clearly k 2 0 and J kdx=1.
n n c "

Furthermore, by [5, (20.15)], (kn) is a bounded approximate unit for

.

Ll(G) . We require two lemmas.
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LEMMA 1.

(x

m+1-km) * (k

n+1-kn)
Proof. First note that
km * kn(x) = ()\(Vm)A(Vn))-lA(me n Vn)

Now suppose that m2n . For x € Vn N me n Vn = Vm:x: and

-1 . N
km * kn(:c) = )‘(Vn) . For =z ¢ Vn . me and Vn are disjoint, and

p— > 3
km * kn(:c) 0 . Hence km * kn = kn for mZ n , from which the lemma

follows.

LEMMA 2. Let f € Lip(e; ») . Then
< [o 4
"kn+1*f - kn*ﬂlr £ 2K (Vnﬂ] ,

where K depends only on f .

Proof. For each n ,
ko« f-f-= ja (,F-N, (s )

and, using Minkowski's inequality for integrals, for all = suitably

large,

IA

e f - £l jv I, FAl e, () drw)
n

1A

K sup{d(y, 0)® : y € Vn}

a
Ia(vnﬂ) .

We can assume that this inequality holds for all 7 2 1 , and hence
< a a| < a
ik, ¢ - k*f1l, < K[)\(Vm_z) N (7,,1) ] = 20(7, )% .
We now have our main result.

THEOREM 1. Let 1 <p <2 . There exists g € IF(G) n I8(G) such
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that for all f € Lip(a; q) with o > q-l , there exists h € L(G)
satisfying f =g * h.

Proof. Choose B € (q'l, a) and put

) - B
g =k + nZi A(Vﬁ+1) [kn+l-kn] .

Clearly g € IP(6) n I5(6) as k* =k and

- 8
Ilgllp = Ilklllp + ngl A(le) (Ilkn+1llp+llknllp)
- © -1
< p -1 B+p T-1 _
=(v)) +2 ngl Av,,,) <,

the last inequality following since B + p-l -1=8 - q-l >0 and

A(Vh+l) = 2-nk(Vi) (recall that V.

n+l 18 @ proper subgroup of Vh for

each n ). Now

- 5 -8
b=k f+ n§1 M) ™ (kpayRy) * £

satisfies the conditions of the theorem. Indeed we have, from Lemma 1,

[}

grh=k xf+ T (k, -k)=*f=1,
n=1
the second equality following from the property that (kn) is a bounded

approximate unit for Ll(G) (see the proof of Lemma 2, for example). Also

Lemma 2 shows that

Il = Wy « Fllg + T MV P&, + A1,

© 0.—8 -
< kg + f]]q + 2K ngl x(vml) <o,

so that h €19(c) .

For infinite groups the range of values of « in Theorem 1 cannot be
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extended. This we show using some of the properties of random Fourier
series, but first we require a preliminary result, which is of interest in

its own right. We introduce some notation.

Let G denote a compact group with dual object I , the set of

equivalence classes of continuous irreducible unitary representations of
G . For each 0 € £ fix a representative U(o) and let Ho be the

(o)

Hilbert space in which U acts. The (finite) dimension of Ho is

denoted by do . The Fourier series of f € Ll(G) is given by

o%; d; tr[?(o)U(o)(x)] ,

where tr denotes the usual trace function and F(o) , the Fourier

transform of f at o , is given by

o) = JG @) @ Yara)

write E(Z) =T | B(Ho) , where B(Ho) denotes the space of linear
o€L

operators on Ho and, for each E = (EG) € E(X) , define the norm ”E”P

as in [6, (28.34)13,

1/p
I, = [ £ dje 2 ]
p o€ oo ¢p

where || ”¢ are the von Neumann norms of [6, (D.37), (D.36) (e)]}. We put
p

Ep(z) = {£ € E(T) : IIE'IIP < o} .

Note that by the Peter-Weyl theorem, the Fourier transformation f + ? is

an isomorphism of the Hilbert spaces LQ(G) and 52(2) .

THEOREM 2. Let G be compact and 1 <p <2 . If f € Lipla; q)
with o > q"l then 1 ¢ E, (L) , where r = 2p(3p--2)'l .

Proof. From Theorem 1 we have
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Lip(a; q) c IP + 19(¢) c IP « L2(¢)

and, using [6, (28.36), (28.43) and (31.25)], we have that
% € Eq(E)EQ(Z) . The result now follows by appealing to [6, (28.33)].

Theorem 2, which is an extension of a classical theorem of Bernstein
on the absolute convergence of Fourier series, has been obtained previously
for G abelian (see [Z, Theorem 2]), where it was also shown ([2,

Theorem U4]) that the range of values of & cannot be extended. For G
not necessarily abelian Benke ([, Corollary, p. 323]) has a version of our
Theorem 2, but only for p = 2 and for (G satisfying a certain
boundedness condition. Benke also shows that his result is sharp (see [,

Theorem 3]).
We can now prove that the results of Theorem 1 are sharp.
THEOREM 3. Suppose G <is infinite and let 1 <p <2 . There
exists f € Lip(q™; q) with f ¢ IP = 190) .

Theorem 3 would also hold for p =1 , provided Lip(0; ®) is
defined to be L (G) . In this case the result would state that there

existed bounded functions that are not continuous.
Our proof of the theorem is divided into two cases:
(i) G noncompact

Choose a sequence {xn} with & =1 and satisfying Vixm nv z, = @

1 1

<

for m# n , and write f = Z: nn , wWhere nn denotes the characteristic
=1

function of ¥V x . We show that f € Lip(q'l; q) . First note that

f € I¥(G) for all r =1 , since

<

IS = T A0z) = T A <A T 2= 2w
n=1 n=1 =1

Furthermore, for a € Vk\Vk+l we see that ann = nn if n =k and

"ann”q = ”nn”q for all 7 ; for the latter equality just use the property

that the Haar measure of the compact (hence unimodular) group Vl is just
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the restriction of A to Vl , suitably normalised. It follows that for

such a ,
-] 0o q_l q_l
Il f-fll <2 Y Inll =2 Y A(v)? =kda, 0)
o q n=k+1 9 n=k+1 n
for some constant K , and thus f € Lip(q_l; q) . However it is clear

that f § CO(G) (the space of continuous functions on G vanishing at

infinity) and hence f ¢ Le * L9(G) (see [5, (20.32) (e)]).
(ii) G compact

In view of the proof of Theorem 2 we need only exhibit
fe€ Lip(q-l; q) having } 3 EP(Z) , where r = 2p(3p—2)_1 . We consider
kn = X(Vﬁ)_lin , introduced in the introduction. It is clear that the
restriction w of kndA to Vh is just the normalised Haar measure on
Vh and, by [6, (28.72) (g)] (note that since G is compact we have that

Vﬁ is normal),

{o€X:wo)#0}={c€zX:ao)=I}=4 ,

where An = {0 €L : U(O)(x) =T for all = € Vn} is the annihilator of

Vh in I . In particular the Fourier series of kn is given by

Y d (vl ()]
0€An

Now by [3, Theorem 4], W € E(Z) with each Wb unitary can be chosen so

that

y d<J trE/OU(O)(x)J
oeAn+l\An

is the Fourier series of a function Zn € 19(G) , where ”Zn"q < K(q)lllnll2

and X(q) 1is a constant depending only on ¢ . Define
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© -1+15
= q
f=1 A(Vn+1) by -
n=1
Using the equalities

N2l = Tk, k|, = [A(‘if ERVOR S
n'2 - e T ml2 T n+1’ “"Vn

we have
© -1 ¥
l!fllq = ngl A(le)q +’5K(q)[>\ (Vn+1]—l->‘(vn)_l} <w

so that f € LY(G) . Furthermore, for a € Vk\vk+l and 7 = k-1 we see

that

-1 =k * 1 -k * 1 = =0
n n

azn n  an+l n+l (akn+1_kn+l) * Zn

and, for some constant C{(q) ,
«©

-1
q +%
L A7) TRl

1A

I 71,

-1 _ _ %
2k(q) nl;k A(Vn+l)q +%[)‘(Vn+1) l_A(Vn) 1]

IA

-1
C@A(7,,)? = clg)dla, )T

1A

which shows that f € Lip(q_l; q) -
Now, using the property that the spectra of the Zn are pairwise

disjoint,
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1715 = & d I
r O€L o p
> S apt,) @ i o
n=1 0€An+l\An ®p
- r
=3 Av,.) ) d_|iw_i
n=1 T I
n+tl n
- 2
= ¥ (v ..) Y dc .
&~ n+l o
n=1 oeAn+l\An
As V ., is a proper subgroup of V, we have A(Vﬁ] - A(Vﬁ+l) E %A(Vﬁ+l)'
It follows that
) = Ik -k 12 2 (v, )7t
oea n+l nl2 T n+l ’
n+l " n

and so we deduce that f § Er(Z) . This completes the proof of Theorem 3.

Theorem 1 admits the following generalisation. We suppose that
X . -1 -1
< = -
1= pl = ... = pm = © gre given with pl + ... + pm m - 1 , where
m=z2 . If qj denotes the index conjugate to pj then each B > p;l

1

can be written as B =8, + ... + B with Bj>q3 , 1=j=m1,

1 m=1

since qil + ...+ q%}l = p;l . For each 1 =j =m-1 define

=kt nzi A n+l) ( n+l_kn)

Then, using the notation of the proof of Theorem 1, we have

g=gy* e *gp 1
Pj
where gj € L Y(G) . Hence we obtain

THEOREM 4. [Let p; > 1 =<4=<m, be as above. Then, for a > p;l

p P
Lip(a; p) <L L@y« ... « 1 ™q) .
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The sbove details follow that of [9, Section 6], where the result is

given for bounded Vilenkin groups.

£n

[2]

£33

[4]

£5]

[6]

£71]

(8]

£91

References

George Benke, "Smoothness and absolute convergence of Fourier series
in compact totally disconnected groups", J. Funct. Anal. 29
(1978), 319-327.

Walter R. Bloom, "Absolute convergence of Fourier series on totally

disconnected groups", submitted.

"Alessandro Figd-Talamanca and Daniel Rider, "A theorem of Littlewood
and lacunary series for compact groups", Pacifiec J. Math. 16

(1966), 505-51k.

Liang-Shin Hahn, "On multipliers of p-integrable functions", Trans.
Amer. Math. Soe. 128 (1967), 321-335.

Edwin Hewitt and Kenneth A. Ross, Abstract harmonic analysis 1.
Structure of topological groups, integration theory, group
representations (Die Grundlehren der mathematischen
Wissenschaften, 115, Springer-Verlag, Berlin, Heidelberg, New
York, 1963).

Edwin Hewitt and Kenneth A. Ross, Abstract harmonic analysis II.
Structure and analysis for compact groups. Analysis on locally
compact abelian groups (Die Grundlehren der mathematischen
Wissenschaften, 152, Springer-Verlag, Berlin, Heidelbetrg, New
York, 1970).

Noél Lohoué, "Une condition d'appartenance a Ap(T) " C.R. Acad.
Set. Paris Sér. A 270 (1970), 736-738.

Yoshikazu Uno, "Lipschitz functions and convolution", Proc. Japan
Acad. 50 (1974), 785-788.

Yoshikazu Uno, "Lipschitz functions and convolution on bounded
Vilenkin groups", Sci. Rep. Kanazawa Univ. 23 (1978), 1-6.

https://doi.org/10.1017/50004972700007073 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700007073

Factorisation of Lipschitz functions 225

[10] B.8. Bunewnnn [N.Ja. Vilenkin], "06 ogHOM HNacce MNOMHLX OPTOHOPMASbHLX
cvcTtem" [On a class of complete orthonormal systems], Izv. Akad.
Nauk SSSR Ser. Mat. 11 (1947), 363-400; English Transl: Amer.
Math. Soe. Transl. (2) 28 (1963), 1-35.

[11] P.L. Walker, "Lipschitz classes on O-dimensional groups", Proc.
Cambridge Philos. Soc. 63 (1967), 923-928.

School of Mathematical and Physical Sciences,
Murdoch University,

Murdoch,

Western Australia 6150,

https://doi.org/10.1017/50004972700007073 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700007073

