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SMOOTHNESS OF NOETHERIAN RINGS
HIROSHI TANIMOTO

Introduction

In [16] we studied the following problems which had been asked by
H. Matsumura (cf. [11]):

(I) What is the difference between smoothness and I-smoothness?
In particular, concerning the characterization of smoothness,

) When is a ring A[X,, - --, X,]/a smooth over A?

In this paper, according to these problems, we will study I-smoothness
further when rings are noetherian as in [16].

Now if A is a noetherian ring and B is a quotient ring of a noe-
therian smooth A-algebra, I-smoothness is fairly easy to handle and some
strong results are known (cf. [10, (29. E) Theorem 64] or [16, Proposition
(5.2)]). But in general, since all noetherian A-algebras are not neces-
sarily quotient rings of noetherian smooth A-algebras, it is difficult to
deal with I-smoothness. For example, for a noetherian ring A and an
ideal I of A, A[X,, ---,X,] is (X,, -+, X,)A[X,, - -+, X,]-smooth over A
and the I-adic completion (A4, I)" is f-smooth over A. But since these
rings are not quotient rings of noetherian smooth A-algebras in general,
it is hard to show whether these are smooth over A or not.

In Section 1, we will state some preliminary results.

In Section 2, restricting ourselves to the case of local rings contain-
ing a field, we will characterize noetherian smooth local rings over a
“D-finite” subfield of A (for the definition, see Section 2). As a result,
when the residue field and the dimension of the ring are fixed, we can
give the “maximal” noetherian smooth local ring over a ‘“D-finite” sub-
field of A.

In Section 3, we will deal with Problem (II). Concerning this prob-
lem, we listed up the following problems in [16]:

(A) When is A[X], ---, X,] smooth over A?
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(B) When is A[X], ---, X,]/a smooth over A in the case that a = 0?
In particular

(C) when is (A, I)" smooth over A?
And when A contains a field, some results were given. In this section,
we will deal with these problems, mainly Problem (A), when A does not
necessarily contain a field or the topology is not necessarily discrete.

In Section 4, we study the set of prime ideals

ZR[X]) = {PeSpec (R[X])|R[X] is P-smooth over R}

where R is a noetherian local ring of dimension 1 and X are variables
over R. This set is stable under specialization, but it is not necessarily
a closed subset of Spec (R[X]) (cf. [16, §5]). In this section, we will
show some results about this set. Some of them are closely related to
the smoothness of R over R. So [16, §4] will be wuseful to study
2 (RIX]).

The notation and the terminology of [10] and [16] are freely used.
If the topology is discrete, we say simply smooth (or unramified, or etale)
instead of saying 0-smooth (or O-unramified, or O-etale, resp.). For the
fundamental properties of André’s homology, see [1] or [4].

The writer wishes to express his hearty thanks to Prof. H. Matsumura
for his kind suggestions and encouragement.

§1. Preliminary resulits

First we state the criteria about I-smoothness and I-unramifiedness.

PropositioN (1.1) (cf. [3, 1.1]). Let A be a ring and B be a noetherian
A-algebra. For an ideal I of B, B is I-smooth over A if and only if 2,
is formally projective and H,(A, B, BlJ) = 0 for all the open ideals J of B.

On the other hand, B is I-unramified over A if and only if 25, @5 (B[J)
= 0 for all the open ideals J of B.

If I =0, we have the following:

ProposiTioN (1.2) (cf. [16, Proposition (1.5)]). When A is a noetherian
ring and B is a noetherian A-algebra, B is smooth over A if and only if
Qz,4 is a projective B-module and the ring homomorphism A — B is regular.

For I-etaleness, we have only to notice that *“I-etale = I-smooth +
T-unramified”.
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Now let (A4, m, K) be a noetherian local ring containing a field %.
Then it is well-known that A is m-smooth over k2 if and only if A is
geometrically regular over k& (cf. [10, (39.C) Theorem 93]). In addition to
this, we will notice the following:

LemmA (1.3). Consider the following conditions:

(1) A is m-smooth over k;

(2) A is regular and K is separable over k;

(3) A is regular and m-smooth over k[x] where x = {x,,---,x,} is @
regular system of parameters of A.
Then (1)< (2)&@B). If A has a quasi-coefficient field containing k (cf.
[10, (38.F)]), then (1) = (2) holds.

Proof. (2) = (3) follows easily by [6, 0y (19.7.1.)]. (3) = (2) is obvious.
(2) = (1) follows by [10, (28.M) Proposition]. Now we assume that A has
a quasi-coefficient field containing k. We will show (1) = (2). By [6, Oy
(22.5.8)], A is regular. Hence we have only to show that K is separable
over k. Now by [10, (38.F), Theorem 91] and our assumption, A has a
coefficient field K’ containing k. Then A = K’[x] where x = {x,, - - -, %,
is a regular system of parameters of A. Since k — A is regular by [6,
0,y (22.5.8)], Q(A) = K'((x)) is separable over k. Since K’ contains k, K’
is separable over k. Q.E.D.

Remark (1.4). (1) If we assume (2), A has a quasi-coeflicient field
containing % by [9, Theorem 3].

(2) We cannot prove (1) = (2) without the condition that A has a
quasi-coeflicient field containing 2. We can find such an example in [11,
§ 28, Exercise]: Let k2 be an imperfect field of characteristic p > 0, and
let aek — k*. Put A = k[X]y».., where X is a variable over k. Then
A has no quasi-coefficient fields containing 2 and A is smooth over k.
Moreover the residue field of A is not separable over k.

We quote the following lemma from [3].

LEmMMA (1.5) (cf. [3, 3.3 Remark]). Let A be a noctherian ring, B be
a noetherian A-algebra and C be an A-algebra. Assume that C is essen-
tially of finite type and faithfully flat over A. Then B®,C is etale (or
regular) over C if and only if B is etale (or regular, resp.) over A.
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§2. Smooth local rings over subfields

Throughout this section, (A, m, K) means a noetherian local ring
where m is the maximal ideal of A and K is the residue field. We assume
that A contains a field .. Put n =dim A. If K is smooth over 2 and
ranky 24, < oo, we say that k is a D-finite subfield of A. Recall that
if K is etale over k, k is called a quasi-coefficient field of A (cf. [10, (38.F)]).
We notice that a quasi-coefficient field of A is a D-finite subfield of A.
Now the smoothness of A over k is characterized as follows:

TuEOREM (2.1). Let k be a D-finite subfield of A. Assume that A is
smooth over k. Then A is an excellent regular local ring. Moreover such
a local ring is characterized as follows:

) If ch(k) =0, we have A" = K(X) where X ={X,,-.--,X,} are
variables over K and K{(X) means (K[X], (X))*. Conversely, if A* = K(X)
where X are not necessarily contained in A, A is smooth over all the D-
finite subfields of A contained in K.

(2) If ch (k) =p >0, we have A?[l, x] = A where | is a quasi-coefficient
field of A containing k (cf. [9, Theorem 3]) and x = {x,, - - -, x,} is a regular
system of parameters of A. Conversely, if A is a regular local ring and
A?[l, x] = A, A is smooth over all the D-finite subfields of A contained in l.

Proof. By [6, 0y (22.5.8)], A is regular. In particular, A is universally
catenary. Now by [6, 0,y (22.5.8)], £ — A is regular. Moreover since A
is smooth over k&, £, is a free A-module. So by [4, Theorem 2.1], it
follows that A — A is regular. Therefore A is excellent.

To prove the remaining assertions, we will first show the following
lemma:

LEmmA (2.2). Let x = {x,, ---, x,} be a regular system of parameters
of A, and let | be a quasi-coefficient field of A containing k (cf. [9, Theorem
3]). Then if A is smooth over k, A is etale over I[x].

Proof. Since K is separable over [/, A is m-smooth over /[x] by Lemma
(1.3). So by André’s theorem (cf. [2]), /[x] - A is regular. So we have
only to show that 2,,,;,; = 0. Now we have the following exact sequence:

®
Qupayr Quay A —> Quje —> Quyypn —> 0 .

Since k is a D-finite subfield of A, the first term of the sequence is a
finitely generated A-module. And 2,, is a free A-module by our

https://doi.org/10.1017/5S002776300002105X Published online by Cambridge University Press


https://doi.org/10.1017/S002776300002105X

NOETHERIAN RINGS 167

assumption. Since 2,0, ®4(A/m) =0, ¢ ®,(A/m) is surjective. There-
fore rank, 2,,, < co and 2,,,; is a finitely generated A-module. Since
Q410 @4 (A/m) =0, we have 2,1, =0 by NAK. Q.E.D.

Case 1. ch(k) = 0. Since A" is etale over A, A* is etale over I[x]
by Lemma (2.2). Hence A" is unramified over I{x), that is, £, = 0.
Therefore since A" is a domain of characteristic zero, A" is algebraic
over Kx). Denoting a coefficient field of A containing I by K’ (cf. [10,
(38.F) Theorem 91]), we have the following commutative diagram:

K’(g_c)—)fi

1

Kxy —> A™.

Since K’(x) and A" are excellent and K@> = AA” = A, both K’{x) and
A" are algebraically closed in A by [12, (44.1) Theorem]. Since K’(x) is
algebraic over I{x), we have A" = K’(x)>. Conversely, assume that A"
= K(X), and let & be a D-finite subfield of A contained in K. Let [ be
a quasi-coefficient field of A containing %k, and let K’ be a coefficient field
of A containing I (cf. [9, Theorem 3]). Now since A" is regular, A is
also regular. Hence we denote a regular system of parameters of A by
¥y ={y, -+, ¥.}. Then we have the following commutative diagram:

A A =KX —> A

] |

k—>Il[y] —> Ky) — > K'{y> .
Since tr.deg, K = tr.deg, K’ = tr.deg, [, we have
tr. deg, K(X) = tr.deg, I{y) .

Therefore K(X) is algebraic over I{y). Since K’(y) is algebraic over
I{yy and since A = K[X] = K'[y], we have K<(X) =K'(yy by [12,
(44.1) Theorem]. So we may assume that / & K and A" = K{y). Now
A" is etale over A. Hence it follows that 2,0, ®4 A" = 2/, Since
A" = K(y) is etale over I[y], we have 2,,,,; = 0. Therefore 2,,; =0.
Since I[y] > A is regular by the proof of Lemma (2.2), A is etale over
I[y]. Since I[y] is smooth over k, A is smooth over k.

Case II. ch(k) =p >0. By Lemma (2.2), we have 2,,,; =0. Thus
Qo = 0. Since Q(A) is a field of characteristic p, we have Q(A) =
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Q(A*[l, x]). Now since A is a regular local ring and A is etale over
l[x], we have that A? @ 0. 1l[x] = A?[], x] (cf. [16, Lemma (4.5)]) and this
ring is integrally closed in its total quotient field by [6, (6.14.1)]. Since
A is integral over A”[l, x], we have A = A?[l, x]. Conversely, let A be
a regular local ring and x = {x,, - - -, x,,} be a regular system of parameters
of A. Assume that A?[l, x] = A for a quasi-coefficient field / of A. Since
l[x] is smooth over all the D-finite subfields of A contained in I/, we have
only to show that A is smooth over [[x]. By the proof of Lemma (2.2),
[[x] > A is regular. Moreover since A”[l,x] = A, we have 2,,,; =0.
Therefore A is etale over [[x]. Q.E.D.

Remark (2.3). In the case of characteristic p, A has a p-basis x,, - - -
x, over [

b

COROLLARY (2.4). Let (A, m, K) be a regular local ring containing a
field k and let x = {x,, ---,x,} be a regular system of parameters of A.
Assume that ch (k) =p >0 and k is a D-finite subfield of A. Then A is
smooth over k if and only if Q(A) = Q(A?[l, x]) where [l is a quasi-coefficient
field of A containing k.

ExampLE (2.5). Let K be a field of characteristic p > 0. Then K?*°
=, K?" is a maximal perfect field contained in K. Let X be a variable
over K and put A = K**[X][K]x. Then it is easy to see that (A4, (X), K)
is a DVR containing K and that if K is not perfect, A # A. Now
(K*"[X]IK]D?[K, X] = K*"[X][K]. So A is smooth over K by Corollary
2.4).

COROLLARY (2.6). Let (A, m, K), k and x satisfy the same conditions
as Corollary (2.4). Let K be a coefficient field of A containing k. Assume
that A is smooth over k. Then we have the following:

(1) If ch(k) =0, we have A € K{x);

(2) If ch(k) =p>0, we have A < (N, K*"[x][K].

Therefore in the case ch(k) = 0, if we fix the dimension and the
residue field, K{x) is maximal among the regular local subrings of K[x]
with completion K[x] which are smooth over D-finite subfields. Our
next interest is in the case ch (k) = p > 0. The answer is the following:

THEOREM (2.7). Let K be a field of characteristic p >0 and X =
{X,, - -+, X,} be variables over K. Put A = (", K?"[X][K]. Then (A, (X),
K) is a regular local ring containing K and A =~ K [X]. And A is smooth
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over K. Therefore M, K*"[X][K] plays a similar role as K(X) in the
case of characteristic zero.

Proof. First we characterize the elements of A. For fe K[X],

(#) f[feA if and only if K?"({all the coeflicients of f}) is a finite
extension of K" for all m > 0 (K? means K).

Step 1. We will show that A is noetherian. For the purpose, we
have only to show that all the ideals of A are finitely generated. Lot a
be an ideal of A. Put I = aK[X]. Since K[X] is noetherian, I =
(fy -+, fOK[X] for some f;, ---,f,ea. Let geIN A. Put k, = K*"({all
the coefficients of f,,---,f:;,8}). Then by (%), k, is a finite extension
over K?" for all m > 0. Hence %,[X] € K*"[X][K]. Putk =,k and
J = 1IN k[X]. Then since K[X] is faithfully flat over £2[X] and f, - -,
f., g k[X], we have J = (f, - -, f)R[X] and gedJ. On the other hand,
R[X] = Mnka[X] € N K?"[X][K] = A. Therefore we have geJA =
(f., -, f)A. Hence a =(f,, - -,f)A. Thus A is noetherian. It follows
easily that (4, (X), K) is a regular local ring and A = K[X].

Step II. We will show that A is smooth over K. By Step I, A is
regular. So we have only to show that A = A?[K, X] by Theorem (2.1).
Thus it suffices to prove that A © A?[K, X]. Let fe A. Then f can be
written as follows:

f= > X XoF, (X0, ---, X?)
0<as<p
where all F,.. . (X7, -, XD)eA.

Now by (), 1. = K*"({all the coefficients of f}) is a finite extension of K?"
for all m > 0. Let I’ be a p-basis of K over K?. Then there is a family
of increasing subsets [, &1, & --- < I, & .- of I" such that #(I",) < oo
and [, < K*(I",) forallm > 1. SoifI',=1{r,---,7,},each F, .. (X?, ---
X?) can be written as follows:

Falu-a"(le) MY Xﬁ = Z Tigl T rflGﬂpnm(lev Tty Xg)

0<3:<p

where G,,. . (X?, ---, XD e K°[X?, .-, X2].

b

Then since [, < K*(I',) and [, C I',, it follows easily that L, =
K7"({all the coefficients of G,.. ., }) © K?"(I'2). So L, is a finite extension
of K?". Therefore L = K" '({all the coeflicients of G3.!,}) is a finite
extension of K?"' for all m > 1. Therefore by (#), each G%.!., is an ele-

ment of A. So fe A’[K, X]. Q.E.D.
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Remark (2.8). (1) In the above theorem, if [K: K?] < o0, A = K[X].
Of course, A is smooth over K. On the other hand, if [K: K?] = oo,
K*"[X][K] is not a Nagata ring for all m > 1 (cf. [10, (34.B)]). But
(Mw K*"[X]IK] is excellent by Theorem (2.1). Moreover K[X] is not
smooth over (M, K?"[X][K] by [16, Theorem (4.7)] and Theorem (2.7).

(2) It is easy to show that if ch (K) = p >0 and K is not a perfect
field, (K*"[X][KD i = MNn KP"[X][K] where X is a variable over K (cf.
Example (2.5)).

§3. Problems (A), (B) and (C)

In this section, we mainly deal with Problem (A). First we show
the following lemma:

LemMA (8.1). Let A be a noetherian ring with ch(4) >0 and B be
a noetherian flat A-algebra. Then if B/pB is etale over A/pA for all the
prime divisors p of ch(A), B is etale over A.

Proof. Since it follows easily that A — B is regular, we have only
to show that £, =0. Put ch(A)=p, - -p, where p,, ---,p, are prime
numbers not necessarily distinct. Then in order to prove £2;, =0, we
use induction on ¢. If £ =1, the assertion is obvious. Suppose ¢ > 1.
Put p=p, and ¢ =p,---p,. From the exact sequence 0 —-pA — A4 —
A/pA — 0 we have the following exact sequence:

051 QDA —> Q5,0 —> 25, Q,(ApA) —> 0 .

Now 244 ®,pA = (24 Oy (A/qA)) ®,pA = ‘Q(B/qB)/(A/qA) ®.pA. So by the
induction hypothesis, we have £;,, ®,pA = 0. On the other hand, by the
assumption we have 2;,, ®,(A/pA) = 0. Therefore 2, = 0. Q.E.D.

Now we will give an answer to Problem (A) when the ring A does
not necessarily contain a field (cf. [16, Theorem (2.2)]).

TuroreM (3.2). Let A be a noetherian ring and X, - - -, X, be variables
over A. Then the following conditions are equivalent:

1) A[X, ---,X,] is smooth over A for all n > 1;

2 A[X,---,X,] is smooth over A for some n > 1;

8) ch(A) >0, and for all prime divisors p of ch (A), A/pA is a finite
(A/pA)?*-module.

Proof. (1) = (2). Obvious.
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(2) = (3). We assume that ch (A) = 0. Then there exists p € Spec (A) such
that ch (A/p) = 0. So we assume that A is a domain with ch(4) = 0.
Then in the same way as in the proof of Lemma (2.2), we can show
Quexyary = 0 where X ={X,, .-+, X,}. So since ch(4) =0, QA[X]) is
algebraic over Q(A[X]). But tr.degyuxy Q(A[X]) > 0. This is a con-
tradiction. So we have ch (4) > 0. Therefore we have the assertion by
[16, Theorem (2.2)].

(3) = (1) follows easily from [16, Theorem (2.2)] and Lemma (3.1). Q.E.D.

COROLLARY (3.3). Let A be a noetherian ring and X ={X,, -+, X,}
be variables over A. Assume that A[X] is smooth over A for some n > 1.

Then A is an excellent ring, and for all the multiplicatively closed subsets
S of A, (S'A)[X] is smooth over S-'A.

Proof. The former follows from Theorem (3.2) and Kunz' theorem (cf.
{7, Theorem 2.5]). The latter is obvious. Q.E.D.

Now concerning the above corollary, we will consider the following
conditions:

(1) A[X, ---,X,] is smooth over A;

@ A.[X,---,X,] is smooth over A, for all m e Max (A).
By Theorem (3.2), if one of (1) and (2) holds, it follows that A is a G-ring
such that ch(A) >0 and [A/nt: (A/m)?] < oo for all me Max (A) where
p =ch(A/m). Now by Corollary (3.3), (1) = (2) holds. But the converse
seems difficult. For the equivalence of (1) and (2), we will show the fol-
lowing result:

ProposiTION (8.4). Let A be a noetherian ring satisfying the condition
(2). Then the condition (1) holds if and only if A[X] is a G-ring where
X=1{, -, X}

Proof. The “only if”’ part follows easily from Theorem (3.2) and Kunz’
theorem (cf. [7, Theorem 2.5]). We show the “if”” part. For m e Max (4),
put M = (m, X)A[X]. Consider the following sequence of ring homo-
morphisms:

A, [X] —> A[[X]] v —> A, [[X:[] .

Then we have the following exact sequence:

H(A[X]x, AulX], AulX]) —> Qi antn Quarrxiw AnlX]

'QAm[[X]]/Am[X] *
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Since A[X] is a G-ring by our assumption, A[X], — A,[X] is regular.
Hence the first term of the sequence is equal to zero. On the other
hand, in the same way as in the proof of Lemma (2.2), we can show that
the last term is equal to zero. Therefore it follows easily that £, xy4x;
= 0. Now since A is a G-ring, A[X] — A[X] is regular. Hence A[X]
is etale over A[X]. Thus A[X] is smooth over A. Q.E.D.

Therefore, in order to show (2) under the condition (1), it is enough
to prove the following problem which is the special case of the problem
asked by A. Grothendieck (cf. [6, (7.4.8)]):

ProBLEM (3.5). Let A be a G-ring containing a field of characteristic
p>0and X ={X|, .-+, X,} be variables over A. Assume that

[Afm: (A/m)?] < o0 for all me Max (A).
Then is A[X] a G-ring?

Remark (3.6). (1) If Problem (3.5) is true, the following property
holds by Theorem (3.2) and Proposition (3.4): Let A be a noetherian ring
of characteristic p > 0. Assume that A, is a finite AZ-module for all
me Max (A). Then A is a finite A”-module.

(2) By J. Nishimura (cf. [13]), it was shown that the completion of
a G-ring is not necessarily a G-ring. But his example does not satisfy
our assumption.

Next concerning Problem (A), we will study I-smoothness of A[X]
over A for a non-zero ideal I of A[X]. If I is generated by the elements
of A, we have the following result.

TueoreM (3.7). Let A be a noetherian ring with ch(A) >0 and X =
{Xi, ---, X,} be variables over A, and let a be an ideal of A such that a &
rad (A). Assume that A is an N-ring (cf. [13, Definition (0.1)]). Then the
following are equivalent:

1) A[X] is aA[X]-smooth over A;

2) A[X] is smooth over A.

Proof. (2)= (1). Obvious.
M =>©@). If A[X] is aA[X]-smooth over A, (A/a)[X] is smooth over
Ala. So by Corollary (3.3) and Marot’s theorem (cf. [10, (41.D) Theorem
106]), A = (A, a)" is a Nagata ring. Since A is an N-ring and a < rad (A),
A — A is faithfully flat and reduced. So by [8, Lemma (4.9)], A is also a
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Nagata ring. On the other hand, since a & rad (A), (A/m)[X] is smooth
over A/m for all me Max (A). So by Theorem (8.2) we have [A/m: (A/m)?]
< oo where p = ch(A/m). Therefore since A is a Nagata ring, by [14,
Theorem (1.2)] we have [Q(A[p): Q(A/p)*] < oo for all pe Min (A) where
p=-ch(A/p). So A/p is a finite (A/p)’-module. Then it follows easily (cf.
the proof of (3.1)) that A/pA is a finite (A4/pA)”-module for all the prime
divisors p of ch(A). Therefore A[X] is smooth over A by Theorem (3.2).

Q.E.D.

We cannot prove (1) = (2) without the condition N-ring. We will
construct such an example.

ExampLE (3.8). Let K be a field of characteristic p > 0 such that
[K: K?] = oo, and let X = {X], ---, X,} be variables over K. Put A =
K[X][K*~"]. Then by [15, Lemma 9], (A, (X), K?~) is a regular local
ring of dimension n and A = K?»""[X]. Since Q(A) is not separable over
Q(4), A is not a N-ring by [10, (31. F) Theorem 71]. In particular, A is
not a Nagata ring. Now let Y be a variable over A. Then since K?™®
is a perfect field, A[Y] is (X)A[Y]-smooth over A by Theorem (3.2). But
since A is not a Nagata ring, A[Y] is not smooth over A by Corollary
(8.3).

Now we will consider the case that the ideal I of A[X] is not neces-
sarily generated by the elements of A.
We will recall the following definition:

DerFiNiTION (3.9) (cf. [16, §3]). For a ring A and m e Max (4), we say
that A satisfies SC at m if one of the following is satisfied:

1) ch(4/m) =0;

@2) ch(A/m) =p >0 and [A/m: (A/m)?] = oo.
In particular, we say that A satisfies SC if for all m € Max (A), A satisfies
SC at m. We notice that it may happen that ch (A/m) % ch (4/w’) for 1,
m’ e Max (A). If A contains a rational field or (A, m, K) is a local ring
such that ch(K) =p >0 and [K: K?] = oo, A satisfies SC.

First we show the following lemma which gives an answer when A
is a field.

LemMma (3.10). Let K be a field satisfying SC and X = {X|, ---, X,}
be variables over K. For an ideal I of K[X], we assume that K[X] is
Ismooth over K. Then I = (X).
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Proof. Let P be a minimal prime divisor of I. We have only to show
P = (X). So we assume P x (X). Put A = K[X]/P. Now K[X] is P-
smooth over K. Hence in the same way as in the proof of Lemma (2.2),
it follows that Qxxyx xxy;; A is a finitely generated A-module. There-
fore 2, is also a finitely generated A-module. Thus rank; 2,,, < o
where L = Q(A). On the other hand, since P = (X), A is a complete local
domain with dim A > 0. Hence there are elements y = {y,, ---,»,} of A
such that y are analytically independent over K and A is a finite K[y]-
module. Now by the following lemma, we have rankg ), Qxy),x = .
Therefore by the following exact sequence:

HI(K((.'X))’ L, L) —> Qxyx Oxn L —>0x —> Qyxiy —> 0,
we have rank; 2,,, = . This is a contradiction. Q.E.D.

LEmma (8.11). Let K be a field and X = {X,, ---, X,} be variables
over K. Then if K satisfies SC, we have rankg x, Pxxyx = .

The proof is left to the reader.

THEOREM (3.12). Let A be a noetherian ring and X ={X,, ---, X,} be
variables over A. Assume that A satisfies SC. Then, for an ideal I of
A[X], if A[X] is I-smooth over A, we have dim A[X]/I < dim A.

Proof. Let M e Max (A[X]) such that I € M, and put m = M N A.
Then m e Max (A) and M = (m, X)A[X]. Now (A/m[X] is I(A/m)[X]-
smooth over A/m. Since A/m satisfies SC, ¥I + mA[X] = M by Lemma
(3.10). So for a positive integer £, there are elements g, = X!+ f;, (i =

1,.--,n) of I where f,, ---,f, e mA[X]. Now let a,, -+, a, be a system
of parameters of A,. Then v(a,, -+, G, &, - - -, 8)A[X]x = MA[X]x. So
Ay, -y Gy 81 0ty 8, 18 a system of parameters of A[X],. Since g, ---, g,
€ I, we have dim A[X],/IA[X], < dim A,. Q.E.D.

CoroLLARY (3.13). With A and X as in Theorem (3.12), assume that
A satisfies SC. Then for a prime ideal P of A[X] such that P < (X), if
A[X] is P-smooth over A, then we have P = (X).

For Problems (B) and (C), we will show some results. First, for Prob-
lem (B), we have:

ProposITION (3.14). With notation as in [16, Proposition (3.3)], let I
be an ideal of A contained in rad (A). Assume that A satisfies SC. If
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R = A[X]/a is IR-smooth over A, then R = (A, n(a))".
The proof is similar to that of [16, Proposition (3.3)].

For Problem (C) in the case that the ring A does not necessarily
contain a field, by [16, Theorem (4.7)] and the fact that the henselization
A" is etale over A, it is enough to show the following results which can
be proved easily.

ProposITION (3.15). Let A be a noetherian ring and B be a noetherian
flat A-algebra. Then if B/pB is etale over Alp for all pe Min (A), B is
etale over A.

The proof is similar to that of Lemma (3.1).

ProposiTioN (3.16) (cf. [16, Theorem (4.4)]). With notation as above,
assume that (A, I) is a henselian couple and A is a domain with ch (A)

= 0 which does not necessarily contain a field. Then A = (A, I)" is smooth
over A if and only if A = A.

§4. The formal power series rings over noetherian local rings of
dimension 1

Let R be a ring and A be an R-algebra. Recall the following nota-
tion (cf. [16, §5]):

Ln(A) = {PeSpec(A)| A is P-smooth over R} .

Now let (R, m, K) be a noetherian local ring and let A = R[X] where
X ={X, -+, X,} are variables over R. Then we want to determine
Z(R[X]). But it seems very difficult. Here we will give several results
on the problems in some special cases.

First we have the following proposition:

ProposiTioN (4.1). Let (R, m, K) be a noetherian local ring. Then

(1) Z(R[X]) = Spec (R[X]) if and only if ch(R) = p* >0 where p
is a prime number and te N, and R/pR is a finite (R/pR)"-module;

(2) suppose that R is a domain of dimension 1, then PN\ R = 0 for all
Pe Z(R[X]) — {(m, X)} if and only if R satisfies SC, that is, ch(K) =0
or ch(K)=p >0, [K: K?] = oo;

(8) under the same assumption as in (2), if R is smooth over R and
R is a DVR, Z,R[X]) D{X, —ay, -+, X, —ay)la, - -,a,em}. Con-
versely, if (X, —a,, -+, X, — a,) € L(R[X]) for some a,, ---,a,em such
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that a, > 0 for some i, then R is smooth over R.

Proof. (2) follows easily from Theorem (3.2) and Lemma (3.10), and
(3) follows easily from [16, Proposition (5.4)]. Thus we will show (1). By
Theorem (3.2), we have only to show the “only if” part. Assume Z,(R[X])
= Spec (R[X]). Then by the following lemma, R[X] is P-etale over R[X]
for all Pe Spec (R[X]). Since pR[X] e Spec (R[X]) for all p e Min (R[X]),
R[X]/pR[X] is etale over R[X]/p for all pe Min (R[X]). Therefore by
Proposition (3.15) R[X] is etale over R[X]. Hence R[X] is smooth over
R. So we have the conclusion by Theorem (3.2). Q.E.D.

LemmA (4.2). Let R be a noetherian ring and X ={X, ---, X,} be
variables over R, and let I be an ideal of R[X]. Then if R[X] is I-smooth
over R, R[X] is I-etale over R[X].

Proof. The situation is similar to that of Lemma (2.2). But we need
more careful study. First we have the following exact sequence by our
assumption:

0 —> H,(R[X], R[[X]], A) —> ‘QR[X]/R ®R[X] A
_(p—_) QR[[X]]/R ®R[[X]] A—> ‘QR[[X]]/R[X] ®R[[X]] A—> 0 ’

where A = R[X]/I. By the proof of Lemma (2.2), it follows that 2. xy/zcx
®QuxnA = 0. On the other hand, for all Me Max (R[X]) such that
M D I, we have the following exact sequence:

¥
0—> H1(R[X]; R[)_{]l, B)—> ‘QR[X]/R ®R[X] B—> ‘QR[[X]]/R ®R[[X]] B—0,

where B = R[X]/M. Since H,(R[X], R[X], B) = H(R, R, B) = 0, and since
¥ = ¢ ® B, it follows easily that ¢ is injective. Hence H(R[X], R[X], 4)
= 0. Therefore, by Proposition (1.1), R[X] is I-etale over R[X]. Q.E.D.

From now on, we assume that dim R = 1.

ProprosiTiON (4.3). Let (R, m) be a henselian local domain of dimen-
sion 1 and X ={X,, ---, X,} be variables over R. Let S be a subset of
Spec (R[X]) whose element P satisfies the following conditions: (1) P Z (X),
(2 PNR =0, (8 P is generated by polynomials over R and (4) R[X]/p
is integral over R where p = PN R[X]. Then if Pe ¥ (R[X]) for some
PeS, R is excellent. Moreover if ch(R) =0, R is smooth over R, and if

ch(R) =p >0, R is smooth over R where R is the derived normal ring
of R. Conversely, if R is smooth over R, then S C L R[XD.
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Proof. Assume that Pe Z,(R[X]) for some Pe S. Put p = PN R[X],
then P = pR[X] by (8). We denote R[X]/p by A. Since R is henselian,
A is also a henselian local domain with maximal ideal vmA by (4). More-
over as dim A =1 and p Z (X), we have vmA = v(X)A. Since R[X]/pR[X]
is the (X)A-adic completion of A, R[X]/P = A. Then we have the fol-
lowing commutative diagram:

N—
’;U;———) :I>)

>

By Lemma (4.2), A is etale over A. Hence A is a G-ring. Since A is
finite over R, R is also a G-ring by [5, 1.3 Proposition]. Since dim R =1,
R is universally catenary. Therefore R is excellent.

Now we assume that ch (R) = 0. Then since A is etale over A, we
have A = A by Proposition (3.16). Since A is finite over R, R is finite
over R. Thus R = R. Therefore R is smooth over R.

Next we assume that ch(R) =p >0. Then since R is excellent, R
is a finite R-module. So R is an excellent regular local ring of dimension

1. Hence we have only to show that Q(R’[R]) = Q(ILB) by [16, Corollary
(4.8)]. Now since A is etale over A and A = A®, R, it follows that 2 4
=04 ®zA=0. Hence Q2yuz/0m =0, and Q(IA?"[R]) = Q(R). On the
other hand, from the finiteness of R over R we have Q(R%) = Q(R). There-
fore QR’[R]) = Q(R).

The converse follows easily. Q.E.D.

Remark (4.4). We assume that R satisfies SC. Then for Pe Z,(R[X]),
we have P & (X) by Corollary (3.13), and if PN R % 0, then P = (m, X)
by Lemma (8.10). So the conditions (1) and (2) of Proposition (4.3) are
not so strong.

If R is a regular local ring of dimension 1, we obtain a stronger result
as follows:

ProrosiTioN (4.5). Let (R, m) be a regular local ring of dimension 1
and X ={X,, ---, X,} be variables over R. Let P be a prime ideal of R[X]
such that P 2 (X), PN R =0 and P is generated by polynomials. Then
if Pe Zn(R[X]), R is smooth over R. In particular, R is excellent.

Proof. Let M = (m, X)R[X] and p = PNR[X],. Then P = pR[X] by
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our assumption. Put A = R[X],/p. Then (A, xA)" = R[X]/P where x
are the homomorphic images of X in A. We denote the ring by A. Since
dimR =1 and P ¢ (X), A is a complete local ring with respect to the
maximal ideal. Then there exists a canonical homomorphism : A ®, R
— A. Since A is finitely generated over R, A®, R is nostherian. Put
Q= 0ANAR, I%) and B = (A ®p R)Q. Then we have the following
commutative diagram:

A
ek
A-2>B=(A®:R),

[

R“>R
Now since R[X] is P-smooth over R, R[X] is P-etale over R[X] by Lemma
(4.2). Therefore A is etale over A, in particular, ¢ is regular. Since
B = A, v is faithfully flat. Hence v is regular. On the other hand, since
R is a Gring and A is essentially of finite type over R, B = (A ®; R),
is also a G-ring. Hence + is regular. Therefore we have the following
exact sequence:

0—> Q4.4 ®,A —> Q4.

Since A is etale over A, 2;, =0. Hence 2,,®,;A =0. Since B = A,
we have 2;, =0. Thus B=(AQ, R)Q is etale over A. Now Ris a DVR
and A is a torsion-free R-module. Hence A is faithfully flat over R.
Therefore by Lemma (1.5), R is etale over R. Q.E.D.

In a special case, Z,(R[X]) is completely determined as follows:

ProposiTION (4.6). Let (R, m) be a noetherian local domain of dimen-
sion 1 containing a field. Assume that R satisfies SC and ranky gz, Qqr)«
< oo for a quasi-coefficient field k of R. Then we have Z(R[X]) = {(X),

(m, X}

Proof. Assume the contrary. Then there exists Pe Z,(R[X]) — {(X),
(m, X)}. Put A = R[X]/P. Now R[X] is P-smooth over R. Hence in
the same way as in the proof of Lemma (3.10), it follows that 2, is a

finitely generated A-module. Thus rank,, 24y, < o by our assumption.
On the other hand, since P Z (X) by Corollary (3.13), A is a complete
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local domain with dim A > 0. Hence in the same way as in the proof of
Lemma (3.10), we have rank,, 24, = co. This is a contradiction.
Q.E.D.
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