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SMOOTHNESS OF NOETHERIAN RINGS

HIROSHI TANIMOTO

Introduction

In [16] we studied the following problems which had been asked by
H. Matsumura (cf. [11]):

(I) What is the difference between smoothness and I-smoothness?
In particular, concerning the characterization of smoothness,

(II) When is a ring A\XU , XnJ/a smooth over A?
In this paper, according to these problems, we will study I-smoothness
further when rings are noetherian as in [16].

Now if A is a noetherian ring and B is a quotient ring of a noe-
therian smooth A-algebra, /-smoothness is fairly easy to handle and some
strong results are known (cf. [10, (29. E) Theorem 64] or [16, Proposition
(5.2)]). But in general, since all noetherian A-algebras are not neces-
sarily quotient rings of noetherian smooth A-algebras, it is difficult to
deal with I-smoothness. For example, for a noetherian ring A and an
ideal I of A, A[X1? , XnJ is (Xu , Xn)A{Xl9 , XnJ-smooth over A
and the I-adic completion (A, I)A is ί-smooth over A. But since these
rings are not quotient rings of noetherian smooth A-algebras in general,
it is hard to show whether these are smooth over A or not.

In Section 1, we will state some preliminary results.
In Section 2, restricting ourselves to the case of local rings contain-

ing a field, we will characterize noetherian smooth local rings over a
"D-finite" subfield of A (for the definition, see Section 2). As a result,
when the residue field and the dimension of the ring are fixed, we can
give the "maximal" noetherian smooth local ring over a "D-finite" sub-
field of A.

In Section 3, we will deal with Problem (II). Concerning this prob-
lem, we listed up the following problems in [16]:

(A) When is A{XU , XnJ smooth over A?
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(B) When is A{_XU , XnJ/a smooth over A in the case that a % 0?

In particular

(C) when is (A, J)A smooth over A?

And when A contains a field, some results were given. In this section,

we will deal with these problems, mainly Problem (A), when A does not

necessarily contain a field or the topology is not necessarily discrete.

In Section 4, we study the set of prime ideals

SeR{RlXJ) = {PeSpec(i?[Z])|i?[Z] is P-smooth over R}

where R is a noetherian local ring of dimension 1 and X are variables

over R. This set is stable under specialization, but it is not necessarily

a closed subset of Spec (22 [XJ) (cf. [16, §5]). In this section, we will

show some results about this set. Some of them are closely related to

the smoothness of R over E. So [16, §4] will be useful to study

The notation and the terminology of [10] and [16] are freely used.

If the topology is discrete, we say simply smooth (or unramified, or etale)

instead of saying 0-smooth (or 0-unramified, or 0-etale, resp.). For the

fundamental properties of Andre's homology, see [1] or [4],

The writer wishes to express his hearty thanks to Prof. H. Matsumura

for his kind, suggestions and encouragement.

§1. Preliminary results

First we state the criteria about /-smoothness and J-unramifiedness.

PROPOSITION (1.1) (cf. [3, 1.1]). Let A be a ring and B be a noetherian

A-algebra. For an ideal I of B, B is I-smooth over A if and only if ΩB/A

is formally protective and HX(A, B, BjJ) = 0 for all the open ideals J of B.

On the other hand, B is I-unramified over A if and only if ΩB/A ®B (B/J)

— 0 for all the open ideals J of B.

If I = 0, we have the following:

PROPOSITION (1.2) (cf. [16, Proposition (1.5)]). When A is a noetherian

ring and B is a noetherian A-algebra, B is smooth over A if and only if

ΩBJA is a protective B-module and the ring homomorphism A -> B is regular.

For 7-etaleness, we have only to notice that "/-etale = /-smooth +

/-unramified".
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Now let (A, m, K) be a noetherian local ring containing a field k.

Then it is well-known that A is m-smooth over k if and only if A is

geometrically regular over k (cf. [10, (39. C) Theorem 93]). In addition to

this, we will notice the following:

LEMMA (1.3). Consider the following conditions:

(1) A is m-smooth over k;

(2) A is regular and K is separable over k;

(3) A is regular and m-smooth over k[x] where x = {xl9 , xn} is a

regular system of parameters of A.

Then (1) <= (2) ζή> (3). // A has a quasi-coefficient field containing k (cf.

[10, (38.F)]), then (1) => (2) holds.

Proof. (2) =̂> (3) follows easily by [6, 0IV (19.7.1.)]. (3) => (2) is obvious.

(2) =Φ (1) follows by [10, (28.M) Proposition]. Now we assume that A has

a quasi-coefficient field containing k. We will show (1) => (2). By [β, 0IV

(22.5.8)], A is regular. Hence we have only to show that K is separable

over k. Now by [10, (38.F), Theorem 91] and our assumption, A has a

coefficient field Kf containing k. Then A = K'lxj where x = {xu , xn}

is a regular system of parameters of A. Since k —• A is regular by [6,

0IV (22.5.8)], Q(A) = K'((x)) is separable over k. Since Kf contains k, Kf

is separable over k. Q.E.D.

Remark (1.4). (1) If we assume (2), A has a quasi-coefficient field

containing k by [9, Theorem 3].

(2) We cannot prove (1) => (2) without the condition that A has a

quasi-coefficient field containing k. We can find such an example in [11,

§ 28, Exercise]: Let k be an imperfect field of characteristic p > 0, and

let aek — kp. Put A = k[X](YP-a) where X is a variable over k. Then

A has no quasi-coefficient fields containing k and A is smooth over k.

Moreover the residue field of A is not separable over k.

We quote the following lemma from [3].

LEMMA (1.5) (cf. [3, 3.3 Remark]). Let A be a noetherian ring, B be

a noetherian A-algebra and C be an A-algebra. Assume that C is essen-

tially of finite type and faithfully flat over A. Then B®AC is etale (or

regular) over C if and only if B is etale (or regular, resp.) over A.
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§2. Smooth local rings over subfields

Throughout this section, (A, m, K) means a noetherian local ring

where m is the maximal ideal of A and K is the residue field. We assume

that A contains a field k. Put n = dim A. If K is smooth over k and

rank^ Ωκ/k < oo, we say that k is a D-finite subfield of A. Recall that

if K is etale over k, k is called a quasi-coefficient field of A (cf. [10, (38.F)]).

We notice that a quasi-coefficient field of A is a Z)-finite subfield of A.

Now the smoothness of A over k is characterized as follows:

THEOREM (2.1). Let k be a D-finίte subfield of A. Assume that A is

smooth over k. Then A is an excellent regular local ring. Moreover such

a local ring is characterized as follows:

(1) If ch(fe) = 0, we have Ah ^ K(X) where X = {X,, . ,Xn} are

variables over K and K(X) means (K[X], (X))\ Conversely, if Ah = K(X>

where X are not necessarily contained in A, A is smooth over all the D-

finίte subfields of A contained in K.

(2) If ch (k) = p > 0, we have Ap[l, x] = A where I is a quasi-coefficient

field of A containing k (cf [9, Theorem 3]) and x = {xu , xn} is a regular

system of parameters of A. Conversely, if A is a regular local ring and

Ap[l, x] = A, A is smooth over all the D-finite subfields of A contained in L

Proof. By [6, 0IV (22.5.8)], A is regular. In particular, A is universally

catenary. Now by [6, 0IV (22.5.8)], k -> A is regular. Moreover since A

is smooth over k, ΩA/1c is a free A-module. So by [4, Theorem 2.1], it

follows that A -> A is regular. Therefore A is excellent.

To prove the remaining assertions, we will first show the following

lemma:

LEMMA (2.2). Let x = {xly , xn] be a regular system of parameters

of A, and let I be a quasi-coefficient field of A containing k (cf. [9, Theorem

3]). Then if A is smooth over k, A is etale over l[x].

Proof Since K is separable over /, A is m-smooth over l[x] by Lemma

(1.3). So by Andre's theorem (cf. [2]), l[x] —• A is regular. So we have

only to show that ΩA/ιίxl = 0. Now we have the following exact sequence:

(p

Ωiixyk ®io] A > ΩA/k > ΩA/l£X] > 0 .

Since k is a D-finite subfield of A, the first term of the sequence is a

finitely generated A-module. And ΩA/Jc is a free A-module by our
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assumption. Since ΩA/ιίxl ®A (Aim) = 0, φ ®A (A/m) is surjective. There-

fore rank^ ΩA/k < oo and ΩA/ιίxl is a finitely generated A-module. Since

ΩA/ιίxl(g)A(Alm) = 0, we have ΩAnw = 0 by NAU:. Q.E.D.

Case I. ch (£) = 0. Since Ah is etale over A, Ah is etale over l[x]

by Lemma (2.2). Hence Ah is unramified over Z<%>, that is, ΩAh/ι<x> = 0.

Therefore since A71 is a domain of characteristic zero, Ah is algebraic

over Z<x>. Denoting a coefficient field of A containing Z by Kf (cf. [10,

(38.F) Theorem 91]), we have the following commutative diagram:

>A

Z<x> > Ah .

Since K\x) and Ah are excellent and K'(x) ^ Ah ^ A, both if'<x> and

Ah are algebraically closed in A by [12, (44.1) Theorem]. Since K'(x) is

algebraic over l(x}, we have AΛ = K\x}. Conversely, assume that Ah

= K(K), and let έ be a D-finite subfield of A contained in K. Let Z be

a quasi-coefficient field of A containing k, and let if7 be a coefficient field

of A containing I (cf. [9, Theorem 3]). Now since Ah is regular, A is

also regular. Hence we denote a regular system of parameters of A by

y = {yl9 - ,yn}. Then we have the following commutative diagram:

A • Ah - K(X) > A

i ί ί
k > l[y] > l<y> • K'(y) .

Since tr. degfc K = tr. degfc K' — tr. degfc Z, we have

tr. degfc K(X} = tr. degfc

Therefore K(X) is algebraic over l(y). Since K'(y} is algebraic over

Z<2> and since A = K{XJ = K'ly}, we have K(X) = ^ < y > by [12,

(44.1) Theorem]. So we may assume that Z c: K and A" = ϋΓ<y>. Now

Ah is etale over A. Hence it follows that ΩA/ιίyΊ ®A Ah >̂ ΩAhnιvγ Since

A71 = if<y) is etale over l[y], we have ΩAh/ιίy:ϊ = 0. Therefore ΩA/ιίyl = 0.

Since Z[̂ ] —> A is regular by the proof of Lemma (2.2), A is etale over

Since l[y] is smooth over k, A is smooth over k.

Case II. ch(k) =p> 0. By Lemma (2.2), we have ΩmlxΛ = 0. Thus

) — 0. Since Q(A) is a field of characteristic p, we have Q(A) =
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Q(Ap[l, x]). Now since A is a regular local ring and A is etale over

l[x], we have that Ap ®lPWl[x\ = Ap[l, x] (cf. [16, Lemma (4.5)]) and this

ring is integrally closed in its total quotient field by [6, (6.14.1)]. Since

A is integral over Ap[ly x], we have A = Ap[l, x]. Conversely, let A be

a regular local ring and x = {xu , xn] be a regular system of parameters

of A. Assume that Ap[l, x] = A for a quasi-coefficient field I of A. Since

l[x] is smooth over all the D-finite subfields of A contained in I, we have

only to show that A is smooth over l[x\. By the proof of Lemma (2.2),

l[x]—> A is regular. Moreover since Ap[l, x] = A, we have ΩA/ιίxl = 0.

Therefore A is etale over l[x], Q.E.D.

Remark (2.3). In the case of characteristic p, A has a p-basis xί9 ,

xn over /.

COROLLARY (2.4). Let (A, m, K) be a regular local ring containing a

field k and let x = {xί9 , xn} be a regular system of parameters of A.

Assume that ch (k) = p > 0 ατz<i k is a D-finίte subfield of A. Then A is

smooth over k if and only if Q(A) = Q(Ap[l, x]) where I is a quasi-coefficient

field of A containing k.

EXAMPLE (2.5). Let if be a field of characteristic p > 0. Then Kp°°

= f~^nK
pn is a maximal perfect field contained in K. Let J b e a variable

over K and put A = KP~IXJ[K](X). Then it is easy to see that (A, (X), K)

is a DVR containing K and that if K is not perfect, A ^έ A. Now

(KpΰolXJ[K])p[K, X] = K*~IX][K]. So A is smooth over K by Corollary

(2.4).

COROLLARY (2.6). Let (A, in, K), k and x satisfy the same conditions

as Corollary (2.4). Let K be a coefficient field of A containing k. Assume

that A is smooth over k. Then we have the following:

(1) // ch(£) = 0, we have A c K(x);

(2) If ch(k)=p> 0, we have A c QmKpm{x}[K].

Therefore in the case ch (k) = 0, if we fix the dimension and the

residue field, K(x) is maximal among the regular local subrings of K[xJ

with completion if[x] which are smooth over Z)-finite subfields. Our

next interest is in the case ch(£) — p > 0. The answer is the following:

THEOREM (2.7). Let K be a field of characteristic p > 0 and X =

{Xu , Xn} be variables over K. Put A = ΠmKp*lXJ[K\. Then (A, (X),

K) is a regular local ring containing K and A = Kl_XJ. And A is smooth
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over K. Therefore Γ[nK
pnlXJ[K] plays a similar role as K(X) in the

case of characteristic zero.

Proof. First we characterize the elements of A. For feK[X~\,

( # ) fe A if and only if Kpm({ail the coefficients of /}) is a finite

extension of Kpm for all m > 0 (Kp0 means K).

Step I. We will show that A is noetherian. For the purpose, we

have only to show that all the ideals of A are finitely generated. Let α

be an ideal of A. Put I = αK\_XJ. Since i?[X] is noetherian, I —

(fu , ftWlXJ for some fu , ft e α. Let gel Π A. Put km = Kpm({αll

the coefficients of fu ,/„ g}). Then by (#), km is a finite extension

over Kpm for all ra > 0. Hence £m[X] c i^ m [X][ iq . Put k = Γ)mkm and

J = / Π AJ[X]. Then since i f [X] is faithfully flat over k{XJ and Λ, ,

/«, gek{XJ, we have J = (/1? ,/ί)£[2Π and g e J. On the other hand,

klXJ = Γ\mkmlXJ^nmKpmlXJ[K] = A. Therefore we have geJA =
(fu > /ίM Hence α = (/i, , /t)A. Thus A is noetherian. It follows

easily that (A, (X), i£) is a regular local ring and A = K[XJ.

Step II. We will show that A is smooth over K. By Step I, A is

regular. So we have only to show that A = AV[K, X] by Theorem (2.1).

Thus it suffices to prove that A c AP[K, X]. Let /e A. Then / can be

written as follows:

f= Σ XΓ'"XnnFαi...αn(Xf)^^Xξ)
0<αi<p

where all Fαi...α%(X?, , X*) e A .

Now by (#), /w = Xpm({all the coefficients of /}) is a finite extension of Kpm

for all m > 0. Let Γ be a p-basis of i£ over Kp. Then there is a family

of increasing subsets Γλ ^ Γ2 c . . . c Γ w c . . . of Z1 such that #(Tm) < oo

and lm c Kpm(ΓJ for all m > 1. So if Γλ = {λ1? . •, r j , each Fαi...αn(X», --,

Xξ) can be written as follows:

Zj ' 1
<3<

w h e r e G β l . . . β t ( X ? , - - , X * ) e K P { X P , .- , X P J .

Then since /m g Kpm(Γm) and Γi c Γm, it follows easily that Lm =

^^({all the coefficients of Gβl...βt}) c Kpm(Γp

m). So Lm is a finite extension

of Kpm. Therefore Lp~x = ^ ^ ( { a l l the coefficients of Gp

β~].βt}) is a finite

extension of Kpm~y for all m > 1. Therefore by (#), each Gp

β~].β[ is an ele-

ment of A. So /e AP[Z, Z]. Q.E.D.
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Remark (2.8). (1) In the above theorem, if [K: Kp] < oo, A = K{XJ.

Of course, A is smooth over K. On the other hand, if [K: Kp] = oo,

Kpm{XJ[K] is not a Nagata ring for all m > 1 (cf. [10, (34.B)]). But

ΠmKpmlXJ[K] is excellent by Theorem (2.1). Moreover K{XJ is not

smooth over Γ)mKpmiX][K] by [16, Theorem (4.7)] and Theorem (2.7).

(2) It is easy to show that if ch (K) = p > 0 and K is not a perfect

field, (Kp~lXJ[K])U) * nmKpmlXJ[K] where l i s a variable over K (cf.

Example (2.5)).

§3. Problems (A), (B) and (C)

In this section, we mainly deal with Problem (A). First we show

the following lemma:

LEMMA (3.1). Let A be a noetherian ring with ch (A) > 0 and B be

a noetherian flat A-algebra. Then if BjpB is etale over AjpA for all the

prime divisors p of ch (A), B is etale over A.

Proof. Since it follows easily that A —> B is regular, we have only

to show that ΩB/A = 0. Put ch (A) = px pt where pu -,pt are prime

numbers not necessarily distinct. Then in order to prove ΩB/A — 0, we

use induction on t. If t = 1, the assertion is obvious. Suppose t > 1.

Put p = Pί and q = p2 pt. From the exact sequence 0 ->pA -* A ->

A\pA —> 0 we have the following exact sequence:

> ΩBIA > ΩBIA 0Λ (A/pA) > 0 .

Now ΩB/A ®ApA ^ (ΩB/A ®A (A/qA)) ®ApA ^ Ω(B/qB)/u/qA) ®ApA. So by the

induction hypothesis, we have ΩB/A (g)A pA = 0. On the other hand, by the

assumption we have ΩB/A ®A {AlpA) = 0. Therefore ΩB/A = 0. Q.E.D.

Now we will give an answer to Problem (A) when the ring A does

not necessarily contain a field (cf. [16, Theorem (2.2)]).

THEOREM (3.2). Let A be a noetherian ring and Xl9 , Xn be variables

over A. Then the following conditions are equivalent:

(1) A [ X 1 ? , XnJ is smooth over A for all n>l;

(2) A\XU , XnJ is smooth over A for some n > 1;

(3) ch (A) > 0, and for all prime divisors p of ch (A), A/pA is a finite

{AjpA)p-module.

Proof. (1) =φ (2). Obvious.
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(2) φ (3). We assume that ch (A) = 0. Then there exists p e Spec (A) such

that ch (A/p) = 0. So we assume that A is a domain with ch (A) = 0.

Then in the same way as in the proof of Lemma (2.2), we can show
ΩΛίίxΏ/Λίx1 = 0 where X = {Xu . . , Xn}. So since ch (A) = 0, Q(AiKJ) is

algebraic over Q(A[X]). But tr. άegQ(Am) Q(A{XJ) > 0. This is a con-

tradiction. So we have ch (A) > 0. Therefore we have the assertion by

[16, Theorem (2.2)].

(3) φ (1) follows easily from [16, Theorem (2.2)] and Lemma (3.1). Q.E.D.

COROLLARY (3.3). Let A be a noetherίan ring and X = {Xl9 -,Xn}

be variables over A. Assume that A[X] is smooth over A for some n>l.

Then A is an excellent ring, and for all the multiplίcatίvely closed subsets

S of A, (S- !A)[Z] is smooth over S^A.

Proof The former follows from Theorem (3.2) and Kunz' theorem (cf.

[7, Theorem 2.5]). The latter is obvious. Q.E.D.

Now concerning the above corollary, we will consider the following

conditions:

(1) A[Xj, , XnJ is smooth over A;

(2) Am[Xu - , XnJ is smooth over Am for all m e Max (A).

By Theorem (3.2), if one of (1) and (2) holds, it follows that A is a G-ring

such that c h ( A ) > 0 and [A/m: (A/m)p] < co for all me Max (A) where

p = ch (A/m). Now by Corollary (3.3), (1) =̂> (2) holds. But the converse

seems difficult. For the equivalence of (1) and (2), we will show the fol-

lowing result:

PROPOSITION (3.4). Let A be a noetherian ring satisfying the condition

(2). Then the condition (1) holds if and only if A[X~\ is a G-ring where

K = {-Xi, , Xn}

Proof The "only if" part follows easily from Theorem (3.2) and Kunz'

theorem (cf. [7, Theorem 2.5]). We show the "if" part. For m e Max (A),

put M = (m, X)AIXJ. Consider the following sequence of ring homo-

morphisms:

AM] - ^ A[XJM — > Am[X] .

Then we have the following exact sequence:

A m [Z], AmlXJ) —•>
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Since A[X] is a G-ring by our assumption, ApT]^ —>AmpfJ is regular.

Hence the first term of the sequence is equal to zero. On the other

hand, in the same way as in the proof of Lemma (2.2), we can show that

the last term is equal to zero. Therefore it follows easily that ΩAίίxWAίx:[

= 0. Now since A is a G-ring, A[XJ->A[X] is regular. Hence A[2ί]

is etale over A[X], Thus A[X] is smooth over A. Q.E.D.

Therefore, in order to show (2) under the condition (1), it is enough

to prove the following problem which is the special case of the problem

asked by A. Grothendieck (cf. [6, (7.4.8)]):

PROBLEM (3.5). Let A be a G-ring containing a field of characteristic

p > 0 and X = {Xl9 , Xn) be variables over A. Assume that

[Aim: (Alm)p] < oo for all m e Max (A) .

Then is A[X] a G-ring?

Remark (3.6). (1) If Problem (3.5) is true, the following property

holds by Theorem (3.2) and Proposition (3.4): Let A be a noetherian ring

of characteristic p > 0. Assume that Am is a finite A^-module for all

m € Max (A). Then A is a finite Ap-module.
(2) By J. Nishimura (cf. [13]), it was shown that the completion of

a G-ring is not necessarily a G-ring. But his example does not satisfy
our assumption.

Next concerning Problem (A), we will study I-smoothness of A [ X |
over A for a non-zero ideal I of A[X]. If I is generated by the elements
of A, we have the following result.

THEOREM (3.7). Let A be a noetherian ring with ch (A) > 0 and X =
{Xu , Xn} be variables over A, and let a be an ideal of A such that a cz
rad(A). Assume that A is an N-ring (cf. [13, Definition (0.1)]). Then the
following are equivalent:

(1) A[2ί] is aA^XJ-smooth over A;

(2) A[X] is smooth over A.

Proof. (2) φ (1). Obvious.

(1) =φ> (2). If APT] is aA{XJ-smooth over A, (A/α)[X]] is smooth over

Ala. So by Corollary (3.3) and Marot's theorem (cf. [10, (41.D) Theorem

106]), A = (A, α)A is a Nagata ring. Since A is an iV-ring and α c: rad(A),

A—>A is faithfully flat and reduced. So by [8, Lemma (4.9)], A is also a
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Nagata ring. On the other hand, since α c: rad(A), (A/m)[X] is smooth

over A/m for all m e Max (A). So by Theorem (3.2) we have [A/m: (A/m)p]

< oo where p = ch (A/m). Therefore since A is a Nagata ring, by [14,

Theorem (1.2)] we have [Q(A/p): Q(A/p)p] < co for all peMin(A) where

p = ch (Alp). So A/p is a finite (A/p)p-module. Then it follows easily (cf.

the proof of (3.1)) that A/pA is a finite (A/pA)p-module for all the prime

divisors p of ch(A). Therefore A[X] is smooth over A by Theorem (3.2).

Q.E.D.

We cannot prove (1) => (2) without the condition iV-ring. We will

construct such an example.

EXAMPLE (3.8). Let K be a field of characteristic p > 0 such that

[K: Kp] = co, and let X = {Xu , Xn) be variables over K. Put A =

KlXjlK*-00]. Then by [15, Lemma 9], (A, (X), Kp~~) is a regular local

ring of dimension n and A ^ ifp~°°[Z]. Since Q(Ά) is not separable over

Q(A), A is not a iV-ring by [10, (31. F) Theorem 71]. In particular, A is

not a Nagata ring. Now let Y be a variable over A. Then since Kp~°°

is a perfect field, A[Y] is (Z)A[Y]-smooth over A by Theorem (3.2). But

since A is not a Nagata ring, A[Y] is not smooth over A by Corollary

(3.3).

Now we will consider the case that the ideal / of A[X] is not neces-

sarily generated by the elements of A.

We will recall the following definition:

DEFINITION (3.9) (cf. [16, § 3]). For a ring A and m e Max (A), we say

that A satisfies SC at m if one of the following is satisfied:

(1) ch(A/m) = 0;

(2) ch(A/m) =p > 0 and [A/m: (A/m)*] = oo.

In particular, we say that A satisfies SC if for all m e Max (A), A satisfies

SC at m. We notice that it may happen that ch (A/m) ^ ch (A/m') for m,

m' e Max (A). If A contains a rational field or (A, m, K) is a local ring

such that chCfiΓ) =p > 0 and [K: Kp] = oo, A satisfies SC.

First we show the following lemma which gives an answer when A

is a field.

LEMMA (3.10). Let K be a field satisfying SC and X = {Xl9 , Xn}

be variables over K. For an ideal I of K[XJ, we assume that K[X"\ is

I-smooth over K. Then VI = (X).
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Proof. Let P be a minimal prime divisor of I. We have only to show

p = Q0. So we assume P * (X). Put A = X[X]/P. Now K{XJ is P-

smooth over K. Hence in the same way as in the proof of Lemma (2.2),

it follows that Ωκίmyκ<g)κίίZΊ}A'ia a finitely generated A-module. There-

fore ΩA/K is also a finitely generated A-module. Thus rankL ΩL/K < oo

where L = Q(A). On the other hand, since P ^ (X), A is a complete local

domain with dim A > 0. Hence there are elements y = {yu , yr] of A

such that y are analytically independent over K and A is a finite K[y\-

module. Now by the following lemma, we have rank#((2/)) ΩK((y))/κ = oo.

Therefore by the following exact sequence:

Hλ{K((y)), L, L) > Ωκ((y))/K ®καy)) L >ΩL/K > ΩL/K((y)) > 0 ,

we have rank L ΩL/K = oo. This is a contradiction. Q.E.D.

LEMMA (3.11). Let K be α field and X = {Xί9 , Xn} be variables

over K. Then if K satisfies SC, we have rank j f iΓ( (X)) ΩK{{X))/K — oo.

The proof is left to the reader.

THEOREM (3.12). Let A be a noetherian ring and X = {Xu , Xn] be

variables over A. Assume that A satisfies SC. Then, for an ideal I of

A[XJ, if A[X] is I-smooth over A, we have d imA[XJ/I< dim A.

Proof. Let Me Max (A[X]) such that I c= M, and put m = M f) A.

Then me Max (A) and M = (m, X)A[X]. Now (A/m)[X] is /(A/m)[XJ-

smooth over A/m. Since A/m satisfies SC, Λ/I + mA[X] = M by Lemma

(3.10). So for a positive integer t, there are elements gt — X\ + ft (i =

1, , ή) of I where fl9 , fn e mA[X]. Now let au , am be a system

of parameters of Am. Then </(al9 , am,gu . ,gn)AlXJM = MA{X]M. So

«i, , am, gu ",gn is a system of parameters of A[X]JT Since gl9 , gn

el, we have dimAIXJM/IAIXJM < dimAm. Q.E.D.

COROLLARY (3.13). With A and X as in Theorem (3.12), assume that

A satisfies SC. Then for a prime ideal P of A[X] such that P ci (X)9 if

A[X] is P-smooth over A, then we have P = (X).

For Problems (B) and (C), we will show some results. First, for Prob-

lem (B), we have:

PROPOSITION (3.14). With notation as in [16, Proposition (3.3)], let I

be an ideal of A contained in rad (A). Assume that A satisfies SC. If
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R = A{X}la is IR-smooth over A, then R ^ (A, ττ(α))\

The proof is similar to that of [16, Proposition (3.3)].

For Problem (C) in the case that the ring A does not necessarily

contain a field, by [16, Theorem (4.7)] and the fact that the henselization

Ah is etale over A, it is enough to show the following results which can

be proved easily.

PROPOSITION (3.15). Let A be a noetherian ring and B be a noetherian

flat A-algebra. Then if B/pB is etale over A/p for all p e Min (A), B is

etale over A.

The proof is similar to that of Lemma (3.1).

PROPOSITION (3.16) (cf. [16, Theorem (4.4)]). With notation as above,

assume that (A, I) is a henselίan couple and A is a domain with ch (A)

= 0 which does not necessarily contain a field. Then A = (A, I)Λ is smooth

over A if and only if A = A.

§4. The formal power series rings over noetherian local rings of
dimension 1

Let R be a ring and A be an i?-algebra. Recall the following nota-

tion (cf. [16, §5]):

<£R(A) = {Pe Spec (A) \ A is P-smooth over R} .

Now let (R, m, K) be a noetherian local ring and let A = R\_XJ where

X = {X1? . . . 9 Xn) are variables over R. Then we want to determine

«δfΛ(i2[X]). But it seems very difficult. Here we will give several results

on the problems in some special cases.

First we have the following proposition:

PROPOSITION (4.1). Let (R, m, K) be a noetherian local ring. Then

(1) SeR(RlXJ) = Spec (RIKJ) if and only if ch (R) = p' > 0 where p

is a prime number and teN, and RIpR is a finite (RlpR)p-module;

(2) suppose that R is a domain of dimension 1, then P Π R = 0 for all

Pe&B(RlXJ) - {(m, X)} if and only if R satisfies SC, that is, ch(K) = 0

or ch(K) =p>0, [K: Kp] = oo;

(3) under the same assumption as in (2), if R is smooth over R and

R is a DVR, SeR{RlX\) 3 {{X, - aί9 , Xn - an)\au , an e m}. Con-

versely, if {Xx — al9 , Xn — an) e ^R{R\X1) for some au , an e m such
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that α ^ O for some i, then R is smooth over R.

Proof. (2) follows easily from Theorem (3.2) and Lemma (3.10), and

(3) follows easily from [16, Proposition (5.4)]. Thus we will show (1). By

Theorem (3.2), we have only to show the "only if" part. Assume £PR(R\X$)

= Spec (R{XJ). Then by the following lemma, R{XJ is P-etale over R[X\

for all P e Spec (22[X]) Since pR{XJ e Spec (R{XJ) for all p e Min (R[X\),

R{X}lpRlXJ is etale over R[X]/p for all peMin(R[X]). Therefore by

Proposition (3.15) i2[X] is etale over R[X\. Hence 2?|[2G is smooth over

R. So we have the conclusion by Theorem (3.2). Q.E.D.

LEMMA (4.2). Let R be a noetherian ring and X — {Xly , Xn} be

variables over R, and let I be an ideal of i2[X]. Then if R1[XJ is Ismooth

over R, R{XJ is Letale over R[X].

Proof. The situation is similar to that of Lemma (2.2). But we need

more careful study. First we have the following exact sequence by our

assumption:

0 > H^RIX], R{XJ, A) > ΩRm/R ®Rm A

* ^ ® A- ^ UR[£XJ]/RZX1 ®iZ[[X]] A > 0 ,

where A = RIXJ/L By the proof of Lemma (2.2), it follows that

®Λ[[x]] A = 0. On the other hand, for all M e Max(i?[X]) such that

M ^ I, we have the following exact sequence:
ψ

0 > HX{R[X\, R\_X~\, B) >ΩBm/R ®Rm B > QR[ixJ]/R ®R[x_x^ B > 0 ,

where B = B[Z]/M. Since HX{R[X\, R{XJ9 B) ̂  H^R, R, B) = 0, and since

ψ = φ (x) B, it follows easily that φ is injective. Hence H^RIX], R^XJ, A)

= 0. Therefore, by Proposition (1.1), i?[Z] is I-etale over R[X\. Q.E.D.

From now on, we assume that dim R = 1.

PROPOSITION (4.3). Let (R, m) be a henselian local domain of dimen-

sion 1 and X = {X19 , Xn} be variables over R. Let S be a subset of

Spec (R{XJ) whose element P satisfies the following conditions: (1) P ςL (X),

(2) P Π R = 0, (3) P is generated by polynomials over R and (4) R[X\jp

is integral over R where p = P Π R[X]. Then if P e &R(RIXJ) for some

Pe S, R is excellent. Moreover if ch (R) = 0, R is smooth over R, and if

ch (R) = p > 0, R is smooth over R where R is the derived normal ring

of R. Conversely, if R is smooth over R, then S c Jδ
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Proof. Assume that P e J^Λ(i2[Z]) for some P e S. Put p =

then P = pR{XJ by (3). We denote R[X\jp by A. Since i? is henselian,

A is also a henselian local domain with maximal ideal VmA by (4). More-

over as dim A=l and p ς£ (X), we have VmA = V'QQA. Since i2[Z]/jxB[Z]

is the (X)A-adic completion of A, JR[X]/P^ A Then we have the fol-

lowing commutative diagram:

A >A

R > R.

By Lemma (4.2), A is etale over A. Hence A is a G-ring. Since A is

finite over R, R is also a G-ring by [5, 1.3 Proposition]. Since dim R = 1,

i? is universally catenary. Therefore i? is excellent.

Now we assume that ch (R) = 0. Then since A is etale over A, we

have A = A hy Proposition (3.16). Since A is finite over R, R is finite

over R. Thus R — R. Therefore R is smooth over R.

Next we assume that ch (R) = p > 0. Then since i? is excellent, i?

is a finite i?-module. So R is an excellent regular local ring of dimension

1. Hence we have only to show that Q(kp[R]) = Q(k) by [16, Corollary

(4.8)]. Now since A is etale over A and A^ A®RR, it follows that Ωλ/A

^ ΩΛ/R ®R A = 0. Hence ΩQiA)mB) = 0, and Q(JSp[i?]) = Q(J?). On the

other hand, from the finiteness of R over R we have Q(R) = £?(#). There-

fore Q(S*[5]) = Q(5).
The converse follows easily. Q.E.D.

Remark (4.4). We assume that R satisfies SC. Then for P e J

we have P <ξ (Z) by Corollary (3.13), and if P Π P ^ 0, then P = (m, X)

by Lemma (3.10). So the conditions (1) and (2) of Proposition (4.3) are

not so strong.

If R is a regular local ring of dimension 1, we obtain a stronger result

as follows:

PROPOSITION (4.5). Let (R, m) be a regular local ring of dimension 1

and X = {Xί9 , Xn] be variables over R. Let P be a prime ideal of RIKJ

such that P (2 (X), P f] R = 0 and P is generated by polynomials. Then

if P e JδfΛ(i2[X]), R is smooth over R. In particular, R is excellent.

Proof. Let M = (m, X)R[X\ and p = PΓiR[X\M. Then P = pB[X] by
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our assumption. Put A = R[X]Mlp. Then (A, xA)* gz 22[X]/P where x

are the homomorphic images of X in A. We denote the ring by A. Since

dim R = 1 and P gL (X), 4 is a complete local ring with respect to the

maximal ideal. Then there exists a canonical homomorphism ψ: A®RR

-> A. Since A is finitely generated over R, A®RR is noetherian. Put

Q = (m, x)A (Ί (A ®Λ JB) and £ = (A ® Λ #) ρ . Then we have the following

commutative diagram:

ί 1
22 -^-»22

Now since 22[X] is P-smooth over 22, 22[X] is P-etale over 22[X] by Lemma

(4.2). Therefore A is etale over A, in particular, φ is regular. Since

B = A, ψ is faithfully flat. Hence v is regular. On the other hand, since

R is a G-ring and A is essentially of finite type over 22, B = (A ® Λ R)Q

is also a G-ring. Hence ψ is regular. Therefore we have the following

exact sequence:

0 >ΩB/A®BA >Ω1/A.

Since A is etale over A, ΩχjA = 0. Hence ΩB/A ®B A — 0. Since B ^ Â ,

we have β 5 M = 0. Thus B = (A ® Λ 22)Q is etale over A. Now 22 is a DVB

and A is a torsion-free 22-module. Hence A is faithfully flat over 22.

Therefore by Lemma (1.5), R is etale over 22. Q.E.D.

In a special case, «£?Λ(22[X]) is completely determined as follows:

PROPOSITION (4.6). Let (22, m) be a noetherian local domain of dimen-

sion 1 containing a field. Assume that R satisfies SC and rankQ(i2) ΩQiR)/k

< oo for a quasi-coefficient field k of R. Then we have ifΛ(22[X]) = {(X),

(m, X)}.

Proof. Assume the contrary. Then there exists P e J^Λ(B[X]) — {(X)>

(m,X)} P u t -A = 22[X]/P. Now B[X] is P-smooth over 22. Hence in

the same way as in the proof of Lemma (3.10), it follows that ΩAIR is a

finitely generated A-module. Thus rank ρ U ) ΩQU)/k < oo by our assumption.

On the other hand, since P $2 (X) by Corollary (3.13), A is a complete
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local domain with dim A > 0. Hence in the same way as in the proof of

Lemma (3.10), we have rankQ U ) ΩQU)/k — oo. This is a contradiction.

Q.E.D.
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