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INTEGRAL REPRESENTATION BY BOUNDARY
VECTOR MEASURES

BY
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ABSTRACT. In this paper we show that if X is a compact Haus-
dorff space, A is an arbitrary linear subspace of C(X, C), and if E is
a Banach space, then each element L of (A® E)* can be rep-
resented by a boundary E*-valued vector measure of the same
norm as L.

Introduction. All the results obtained in this paper are valid for real and
complex Banach spaces. However we shall deal only with complex Banach
spaces.

Let X be a compact Hausdorff space and let E be a Banach space with dual
E*. Let C(X, E) denote the Banach space of all continuous E-valued functions
defined on X under the supremum norm. In [6] O. Hustad showed that if A is
a linear subspace of C(X, C) that separates the points of X and contains the
constant functions, then each continuous linear function [ on A can be
represented by a “boundary measure” that has the same norm as [ Later
Choquet [2] and Fuhr and Phelps [5] independently extended Hustad’s
theorem to the case in which the subspace A does not contain the constant
functions. In [9], we showed that if the compact space X is metrizable and E is
an arbitrary Banach space, then it is possible to extend Hustad’s theorem to
those subspaces of C(X, E) that are of the form A ® E, where A is a linear
subspace of C(X, C) that separates points of X and A Q@ E is the closed linear
subspace of C(X, E) generated by elements of the form a ® v, with a in A and
v in E and where for all x in X we have;

a®uv(x)=a(x)-v

In this paper we shall prove, using the technique we developed in [8], an
extension of our result in [9]. Namely, we shall show that for any compact
Hausdorff space X and any linear subspace A of C(X, C), each continuous
linear functional L on A ® E can be represented by a boundary E *_valued
vector measure that has the same norm as L.

First let us collect some notations.
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If V is a Banach space, we shall denote by V* its topological dual.

It is known [7] that if Y is a compact Hausdorff space and E is a Banach
space, the dual of C(Y, E) is isometrically isomorphic to M(Y, E*), the space
of w*-regular E*-valued vector measures defined on the o-field of Borel
subsets of Y and that are of bounded variation [3].

The space of all complex valued regular Borel measures on Y will simply be
denoted by M(Y). The subset of M(Y) consisting of probability measures
(resp., the positive measures) will be denoted M{(Y) (resp., M*(Y)).

If w is in M(Y, E*), and x is in E, we denote by (x, u) the element of M(Y)
defined as follows:

(x, w)(B)=w(B)x for each Borel subset B of X.

1. A representation theorem for point separating subspaces of
C(X, C). Throughout this section X is a compact Hausdorff space, A is a
linear subspace of C(X, C) that separates points of X, and E is a Banach space.
We shall denote by A @ E the closed linear subspace of C(X, E) generated by
elements of the form a ® x, where a is in A and x is in E. Also we shall denote
by U the unit ball of A* by ¢: X — U the canonical map, and by T the unit
circle in the plane.

DerFnNmioN 1.1. A measure p in M(X, E*) is called a boundary vector
measure for A if its variation || (when carried via ¢) is maximal for the
Choquet ordering on M*(U) [1].

The following Lemma can easily be obtained using the characterization of
maximal measures on compact convex sets [1, 27.4].

LemMa 1.2. A vector measure w in M(X, E*) is a boundary vector measure
for A if and only if for each x in E the scalar measure {(x, u) is a boundary
measure for A.

We are now ready to prove the main result of this section.

THeOREM 1.3. Let X be a compact Hausdorff space, let A be a linear subspace
of C(X, C) that separates points of X, and let E be a Banach space. Then for
each L in (AQ® E)* there exists a vector measure w in M(X, E*) such that

@) lell=0L,
(ii) fx bdw =L(b) for all bin AQE, and
(iii) the measure w is a boundary vector measure for A.

Proof. If A(U, E) denotes the Banach space of all continuous affine E-
valued functions on U, then A®E embeds isometrically in A(U, E) as

https://doi.org/10.4153/CMB-1982-022-4 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1982-022-4

166 P. SAAB [June

follows: For b =", a; @ x; we let j(b) denote the element of A(U, E) defined
by
jb)a* =Y a*(a)-x, forall a*in U.
i=1

The mapping j is obviously linear. It is an isometry since the set of extreme
points of U is included in T - ¢(X). Let L be an element of (A ® E)*. With the
help of the Hahn-Banach theorem, pick @ in A(U, E)* such that, ® when
restricted to j(A®E), is equal to L and ||¢|=||L]|.

By [8] the functional L can be represented by a measure A in M(U, E*) such
that

(i) L(b)={yj(b)dA for all b in AQE,

(ii) [IAll=]IL]l, and

(iii) the variation |A| of A is maximal for the Choquet ordering on M*(U).

Since the measure |A| is maximal it is supported by T -@(X) [5]. Let
s: T-¢(X)— TxX be the Borel selection map defined by Fuhr and Phelps
[5, Lemma 7.2]. Denote by s(\) the E*-valued set function defined on Borel
subsets of T'xX X as follows:

s(A)(B)=A(s"Y(B)) for each Borel subset B of T x X.
It is easily checked that s(A) is in M(T x X, E*). Let u be equal to Hys(A),
where for every v in M(Tx X, E*) and every f in C(X, E)

Hyv(f) =L (- fdv

xX
It can easily be checked that u is in M(X, E*), and that for each x in E
(x, Hys(A)) = Hs((x, A))

where H is Hustad’s map see [6] or [5].
We claim that w is our required element. For this, note that for each a in A
and for each e in E

r(a®e)=<e, Hys(A))(a) = Hs({e, A))(a)
=L j(a®e)dr=L(aQe).
- (X)
This shows that H,s(A) and L agree on A @ E. This proves (ii). To prove (i), it
is easy to check that
[Hes (M) =<[IA]|=]IL],

hence ||[Hys(M)|| =Ll
Finally, since |A| is maximal for the Choquet ordering on M*(U), then for
each x in E, the scalar measure |[(x, A)| is also maximal. This implies that
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Hs((x, A)) is a boundary measure for A. An appeal to Lemma 1.2 shows that
the vector measure Hy,s(A) is a boundary vector measure for A since for each x
in E (x, Hgs(A)) = Hs({x, A)). This completes the proof.

2. A representation theorem for arbitrary subspaces of C(X, C). We shall
now proceed to prove Theorem 1.3 for an arbitrary linear subspace A of
C(X, O).

For each a in A denote by a the element of C(¢(X), C) defined by:

a(p(x))=a(x) forall xin X.

It is clear the element a is well defined. Denote by A the set {d: ac A}. If E is
a Banach space, consider A®E the corresponding linear subspace of
C(¢(X), E). The spaces AQE and A ®E are isometrically isomorphic. We
can now prove the main result of this paper.

TueoreM 2.1. Let A be an arbitrary linear subspace of C(X, C) and let E be a
Banach space. Then for each L in (AQ E)* there exists a measure p; in
M(X, E*) such that

(@) e ll=1ILI,
(i) fx bdur =L(b) for all b in AQE, and
(iii) the measure u; is a boundary vector measure for A.

Proof. Let L be in (A® E)* with ||L|=1. By virtue of the isometry of
AQ®E and AQE we may and do assume that L is in (A® E)*. Apply
Theorem 1.3 for A and ¢(X) to get a measure v in M(¢(X), E*) such that

G Ivl=ILl,

(i) { bdv=L(b) for all b in AQE, and

(iii) the measure |v| is maximal for the Choquet ordering on M*(U).

Since |v| is in M7 (¢ (X)), there is a net of positive discrete measures (v;);;
such that », =Y} ; e, and [[y;[|=1 for each i in I, and such that » converges
to |v| in the weak™® topology of M7 (¢(X)).

For each ie I let

ni
- i
i = Z A€yl
i=1

and note that the measure y; is in the weak* compact convex set M7 (X). Let u
be a weak* cluster point of the net (w;);c; in M7 (X). It is a straightforward
computation to show that ¢(u) =|v|. Since v is in M(¢(X), E*), it follows from
[4, p. 389] that there exists a mapping g: ¢(X)— E* that is |v|—essentially
bounded by one, (scalarly) weak*-Borel measurable, and such that v =g - |v|.
Let w; =go¢ - u be the E*-valued set function defined on Borel subset B of
X by:

w(B)(x) = J‘ (g°¢p(w), x) du(w) for each x in E.
B
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It is clear that g, is in M(X, E*) and that the variation |y, | =< w. We claim that
wp. is our required element. To this end, note that for each a in A and for each
x in E we have

Il

| a®xdu = (g°0(@),atw) 0 duto)
X X

= | (8°d(w), x)a(d(w)) du(w)
X

= a®xdv=L(a®x).

“b(X)

This shows that u;, =L on A ® E. Since |, | = w, it follows that ||, || ={lwl = 1.
Hence |y, | = u. Finally, the measure w, is a boundary vector measure for A
since ¢(Ju ) =|v| is maximal for the Choquet ordering on M*(U). This
completes the proof.
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