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Abstract

Let F be a finite extension of Q. Let Q be the Drinfeld upper half plane, and ! the
first Drinfeld covering of 2. We study the affinoid open subset Evl of =1 above a vertex of
the Bruhat-Tits tree for GL,(F). Our main result is that Pic(Zvl) [p] = 0, which we establish
by showing that Pic(Y)[p] =0 for Y the Deligne—Lusztig variety of SL; (]Fq) One formal
consequence is a description of the representation Hgt(Zi, Zp(l)) of GLy(OF) as the p-adic

completion of O(Z}) =
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1. Introduction

Let p be a prime, F a finite extension of (Q,, and K the completion of the maximal unram-
ified extension of F. Let M be the disjoint union of Z copies of €2, where 2 is the Drinfeld
upper half plane: the rigid analytic space over K defined by removing all F-rational points
from IP’}(’an. The work of Drinfeld [14] implies the existence of a tower of finite étale cover-
ings (M,))n>0 of My equipped with compatible actions of GL;(F), which has been shown
to realise both the local Langlands and Jacquet-Langlands correspondence in its étale coho-
mology [4, 5, 18, 19]. On the other hand, there is at present no formulated p-adic local
Langlands correspondence for GL,(F) for general finite extensions F. The Drinfeld tower
is expected to be of importance in yielding natural representations of GL,(F) that should
appear in any such correspondence. For example, the geometric p-adic étale cohomology of
the Drinfeld tower has been shown to encode the p-adic local Langlands correspondence for
F=Q,[7].

The preimage of the index zero piece 2 < My in the tower (M,,),>0 defines a tower
(Z™")u=0 of finite étale coverings of £¥ = Q. The transition morphisms are equivariant for
the action of the stabilising subgroup GL,(F)* = { g €GLy(F)|det(g) e OF } Let T be the
Bruhat-Tits tree for GL(F), v the central vertex of 7, and r: &' — @ — 7T the retraction
map. In this paper we study the open affinoid subset ! := r~!(v) of X!. This is stable under
the action of GL,(OF) and after a finite extension of K, X splits up into ¢ — 1 geometrically
connected components, each isomorphic to Sp(B), where,

1
x4 — x> '
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B=A[z)/ (7 = ( — %)), for A= K<x,
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The group GL,(F)™ acts with two orbits on the set of vertices of 7, and one can show
that for any vertex w adjacent to v, Evlv = Evl. As any such w will be in the other orbit from v,
Evlv = Evl for all vertices w € T, and consequently this open subset often determines global
properties of X !. For example, the first de-Rham cohomology H, éR(E 1) as a representation
of GL,(F) is determined by HGIlR(Evl) [21, theorem 6-1].

Our main result is that Pic(Z‘}) [p] =0 (Theorem 3-2). The p-adic étale cohomology
groups of Drinfeld spaces are of considerable interest [3, 69, 24], and one immediate con-
sequence of Theorem 3-2 is a description of the GL,(OF)-representation H e}t(E‘}, Zp(l)), as

the p-adic completion of (9(23&)X (Theorem 3-4). This description is very explicit, as the

unit group O(Evl) ™ has been described by Junger [22, theorem 5-1].

Our main interest in Theorem 3-2 is the following. A precise statement of the p-adic
local Langlands correspondence is formulated when F = Q) [10], and Dospinescu and Le
Bras [13] have used this to show that for F = Q) and all n > 1, the representation O(%") is
naturally a coadmissible module over D(G, K), the distribution algebra of G.

In an effort to remove the restriction on F, Ardakov and Wadsley show in their forth-
coming work [1] using p-adic D-modules that the representation O(El) splits up naturally
into a direct sum of coadmissible D(G, K)-modules. This decomposition contains O(£2),
and all other components are shown to be topologically irreducible D(G, K)-modules. The
benefits of this approach over that of [13], are that it holds for general field extensions F,
is purely local, and establishes topological irreducibility. The obvious disadvantage is that
it describes O(Z™) only for n = 1. One would like to establish similar results for O(X") for
n > 2, where the situation is significantly more complicated. This is partially due to the fact
that " — ©"~! has degree a power of p, whearas the degree of £! — € is coprime to p.
The methods of [1] use the standard result that Pic(£2) = 0, and in attempting to transfer these
methods to O(X?), one considers the group Pic(El) [p] instead. Almost nothing is known
about Pic(E 1) [p], which is strongly expected to be non-zero. Our result that Pic(Evl) [p1=0
is therefore slightly suprising. It also provides the first steps towards computing Pic(E ]) [p]
(by choosing an appropriate Cech cover), and allows one the possibility of using similar
methods to [1] locally.

In order to prove Theorem 3-2, we consider the affine curve Y defined by,

x? —yxl =1,

over the residue field of K, where F, is the residue field of F. This curve was first consid-
ered by Drinfeld, who showed that all the discrete series representations of SL; (Fq) can be
realised in the cohomology of Y [2, preface]. Inspired by this, these ideas were generalised
to all reductive groups G by Deligne and Lusztig in their landmark paper [12]. They intro-
duce what are now called Deligne—Lusztig varieties, which assign to G(Fq) and w e W, the
Weyl group, a base space X(w) and a finite covering Y(w), and it is in the étale cohomol-
ogy of Y(w) that the cuspidal representations are realised. These are spaces of considerable
interest, and the Picard groups of the base spaces X(w) have been considered in [17]. Here
we consider Y = Y(w) in the special case of G = SL,, and w # 1. It would be interesting to
study the Picard groups of Y(w) more generally.
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2. Deligne—Lusztig curves

Throughout this section, let [F be an algebraic field extension of ;. We consider the affine

curve,
Flx,
Y — Spec & S
xy? —yx4 =1
and its projective closure,
< FIX,Y,Z] )
Z = Proj .
XYq — YX9=Za+!

We also consider the projective curve,

W= Proj( FLU. V. W1 > .

UV + VU1 = Wat!
We would first like to show that Pic(Z)[p] = 0.

LEMMA 2-1. Z is a smooth integral projective curve over F. Furthermore, if F 4 CF,
then W = Z.

Proof. The polynomial P(X,Y,Z) =74t — (XY1 — YX?) e F[X, Y, Z] is prime, which
follows from Eisenstein’s criterion for P € F[X, Y][Z], at the prime ideal (X). Therefore
Z is integral. Furthermore, Z is smooth, because the system dxP = dyP = dzP =0 has no
solutions over Z(F). For the isomorphism, let A € Iqu with A9~ = —1, and let u e F with

4t =249, The element u lies in F 4, as,

pe =091 = —p,

SO,

pd' = (=) = —(—pw)=p.
Then the claimed isomorphism is given by,

U=X, V=Y, W=uZ
Indeed,

X!+ NXT=29(XY? — ¥X7),
= 2927 = (uzy*,
and similarly UL™'V)? — W~ 'V)U? = (= w)a+1,
PROPOSITION 2-2. Pic(Z)[p] =0.

Proof. By Lemma 2:1, Zg =Wy, and thus the group Pic(Zg) [p] = Pic(Wg) [p] =
J(F)[p], where J is the Jacobian of W. W is known as the Hermitian curve, defined by
affine equation wit!l =4 4y, and is maximal over qu [26, lemma 6-4-4], hence J (F)[p] =0
by [15, corollary 2-5]. Then, because pullback induces an exact sequence 0 — Pic(Z) —
Pic(ZF) [25, Tag OCCS5], and p-torsion is left exact, Pic(Z)[p] = 0.
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Our next goal is to establish that Pic(Y)[p] =0.

LEMMA 2-3. Z(F) \ Y(F) consists of the g + 1 points,
P={a:b:0)|(a:b) P! (F,)}.
Furthermore, P = Z(Fq).

Proof. If (a:b:c)e Z(F) with ¢ =0, then b%a — a?b =0, so bla=a’b. If a # 0, then
(b/a)!=b/a,so b/acF,, and (a:b) € P! (IFq). Similarly, if b#0, (a:b) € P! (Fq) Thus
Z(F) \ Y(F) =P. To see Z(F) \ Y(F) = Z(Fq), there are no points (a:b:c) € Z(Fq) with
¢ =1, because if so then 1 =ab? — ba? =ab — ba=0,as a,b €F,.

Therefore the closed points of Z \ 'Y are P [16, proposition 5-4], which we enumerate by
P ={Py, ..., Pg}. From [27, exercise 5-12 (a)] we have an exact sequence,

79+ — CI(Z) — CI(Y) — 0,
where the first map sends,
q
(mo, ...,mg) —> Z m;[Pi],
i=0

and the second sends, for / a finite set of closed points of Z,

> nplPl— " nplP].

Pel Pel\P

Let T' =([Po], ..., [P4]) CCI(Z) be the image of 79+ in CI(Z). The resulting exact
sequence,

0— T — Cl(Z) — CI(Y) — 0,
yields the long exact sequence,

0 — I'[p] — CI(Z)[p] — CLY)I[p]
— I'/pI' — CI(Z)/pCI(Z) — CI(Y)/pCI(Y) — O,

from the right derived functors of Homgz(Z/pZ, —). Then from Proposition 2-2 and the above
discussion we have the following.

PROPOSITION 2-4. There is an exact sequence
0 — CI(Y)[p] — T'/pI' — CI(Z)/pCI(Z),

where the map T /pI" — CI(Z)/pCI(Z) is that induced by the inclusion T’ — CI(Z).

Remark. We note that if Z \ Y contained exactly one degree 1 closed point Q, then we could
establish that Pic(Y)[p] = 0 almost immediately in the following way. In the exact sequence,

7Z — CI(Z) — CI(Y) — 0,
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the map Z — CI(Z) is actually injective and split by the degree homomorphism, hence
CI(Z) = 7Z x CI(Y) so,

0= CI(Z)[p] = ZIp] x CIY)[p] = CI(Y)(p].

In particular, this can be applied to show that the class groups of affine dehomogenisations
of Z with respect to both X and Y both have no p-torsion.

We want to show that CI(Y)[p] =0, and so in light of Proposition 2-4, we want to show
that,

r'/pI' — CI(Z)/pCI(Z),
is injective. In order to do so, we now examine the structure of I'. First we compute the

principal divisors of some rational functions on Z.

Definition 2-5. For (a:b) € P! (F,), we let P(,. 5 be the closed point of Z defined by
(a:b:0)ePY(F).

LEMMA 2-6. Let (a:b),(c:d)eP! (]Fq) with (a:b) #(c:d). Then the rational
function,
fm bX —aY
T dX —cY’
has associated principal divisor,

H=@+1) [P(a:b)] —(@+1 [P(c:d)] .
Proof. Consider the morphism ¢ : Z — P! corresponding to the extension of function

fields F(P!) — F(Z), which sends,
S bX —aY

— ,
T dX —cY

where P! = Proj(F[S, T]), and FP') = F(S/T). On F-points, 71— P! s given by,
L(x:y:z7)=(bx —ay:dx—cy).

This extension F(P') — F(Z) has degree g + 1 because it differs by an automorphism of P!
from the extension F(P') — F(Z), defined by,

S X
—— -,

T Y

which clearly has degree g+ 1. Let Qo, O be the closed points of P! defined by
(0:1),(1:0) e PY(F) respectively. By [23, corollary 3-9], we have that,

() =¢*S/T)=¢*([QoD — £ *([Qs0D),

and deg (¢*([Qo])) = deg (£ *([0s0])) = [F(P!) : F(Z)] = g + 1. But {*([Qo]) is some integer
multiple of [P(: )] and ¢*([Quo]) some integer multiple of [P )], hence,

=@+ [Pa:n]—(@@+D[Pc:a]-
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Let 'Y ¢ T be the degree 0 subgroup of T, and C1°(Z) C CI(Z) the degree 0 subgroup of
Cl(Z).

LEMMA 2-7. The function ¢ : Z x (Z/(q + 1)Z)1 — T,
¢ (no, .. nng) > no[Pol +ni([P1] = [Po]) + ... + ng([Pyl — [Po])),
is a surjective homomorphism. In particular, TV is a quotient of (Z/(q + 1)Z)A.

Proof. For each P € P, we can write Py = Py, . ) for some ay, by € . Foreach 0 <i #
J < g, consider the rational function,

. bl-X—a,-Y
- ij—an'

Taking the divisor of f,
0=()=(g+ DIPil — (¢ + DIFjl,

in I', by Lemma 2-6. Therefore, ¢ is a well-defined homomorphism, which is surjective
because {[Py], ..., [P4]} generate I". Finally, as ro= ([P1] = [Pol, ..., [Pg] — [Pol), then ro
is a quotient of (Z /(g + 1)Z)1.

We are finally in a position to prove the main result of this section.
THEOREM 2-8. Pic(Y)[p]=0.

Proof. We can split the degree homomorphism with [Pg], as [Pg] has degree 1 and ([Py])
is free [27, exercise 5-12 (b)]. Then,

v :Cl(Z) — C1%Z) x Z,
Q0+ (Q — deg (Q)[Po], deg (Q)),

is an isomorphism, which restricts to,
r=roxz.

We then obtain the following commutative diagram,

I ~ %7 ~ I’z
pI’ p(FOxZ) pl'% = pZ
CI(Z) ~ C1°(Z)xZ ~ C1°(z) zZ
pCl(Z) p(C1°(Z)xZ) pCI%(Z) & pZ-

Here, the vertical maps are induced from the inclusions of I' into CI(Z) and of 'Y into
C1°(Z), the left horizontal maps are induced by 1, and the right horizontal maps are the
standard identifications.

Now, by Lemma 2.7, I'? is a quotient of (Z/(g + 1)Z)4, thus I'°/pI"® = 0. Consequently,
I'/pI’ — CI(Z)/pCI(Z) is an injection. Therefore, CI(Y)[p] =0, by the exact sequence of
Proposition 2-4.
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3. Rigid curves

Let F be a finite extension of Q, with uniformiser 7 and residue field F,. Let K be a
complete field extension of F with residue field I, such that [F is an algebraic extension of
[F,. Let R be the ring of integers of K and = € K an element with 0 < |z | < 1.

Let A be the affinoid algebra,

1
x? — x> ’

for which the associated rigid space Sp(A) has admissible formal model Spf(Ap), where,

1
Ag=R(x,——).

Letu:=x7—x¢ Af)( C A*, and let B be the affinoid algebra,

A =K<x,

B ::A[z]/(zq+1 — u) .
Consider the ring extension,
Bo:=Aolz)/ (! —u).

By is @ -torsion free, and the natural map,

R ) )

is an isomorphism (because u €A6< is a unit), hence By is an admissible R-algebra. The
special fibre of Spf(By) is,

Spec(By ®r F) = Spec (]F[y, 1/v.1]/ (ﬂ“ - v)) :
where v =y7 — y, and the generic fibre of Spf(By) is Sp(By ®r K) = Sp(B).
LEMMA 3-1. Pic(Sp(B)) = Pic(Y).
Proof. First note that there is an isomorphism of F-algebras,
Flr, s1/(rs? — 519 — 1) > Fy, 1/v,1] /(r‘f+1 - v) :

given by r+— 1/t, s+ y/t, with inverse y +—> s/r, t+— 1/r. Thus Spec(Byg ®r F) =Y, and
Spf(Bp) is a smooth admissible formal model of Sp(B). Therefore by [20, lemma 3-6], the
natural maps,

Pic(Sp(B)) < Pic(Spf(By)) — Pic(Spec(By Q& F)),
are isomorphisms and we’re done.

We can now state our main results. If K contains F the completion of the maximal unram-
ified extension of F, then we can consider the rigid analytic space X! defined over any such
K. For an overview of the construction and properties of ! see [22, section 2]. If v e T is
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the central vertex of the Bruhat-Tits tree, then the open affinoid subset Eé =rlycz!
has coordinate ring isomorphic to,

o(x)) = Ay (" = (rur™)).
by [22, theorem 2-7].

Let w be a primitive (¢ — 1)st root of 7 in F. From now on we strengthen our assumption
on the complete field extension K of F and assume that,

K contains F(w) and F is an algebraic extension of F.

We note that this forces F to be an algebraic closure of ]Fq, and that this assumption holds
for any complete field extension K of F(w) which is contained in C,,.

THEOREM 3-2. Pic(Z]) [p]=0.
Proof. Because K contains w,
o(z!)=p",
and therefore,
Pic(zg) =~ Pic (sp (34—1)) — Pic(Sp(B))?~ ' = Pic(Y)7~,
by Lemma 3-1. But then Pic(X') [p] = Pic(Y)[p]9~!, which is zero by Theorem 2-8.

Recall that Evl =r~!(v) is the pre-image of v, the central vertex of the Bruhat-Tits tree.
The vertex v is fixed by GL,(Op), and because r is equivariant, GL2(OF) acts on Evl.

COROLLARY 3-3. The natural map,

1\~ 1" 1 (1
o(xl) s0(=))" — Hy(2h ).,
arising from the Kummer exact sequence is an isomorphism of GLy(Op)-modules.

Proof. Because K has characteristic 0, we can consider the Kummer exact sequence for
rigid analytic spaces [11, section 3-2]. Then the result follows from Theorem 3.2 after
taking the long exact sequence in étale cohomology, using that Pic(Zvl) =H élt(Evl, Gm)
[11, proposition 3-2-4].

As a consequence, we may now compute Hét(Zvl, Zp(l)) as the p-adic completion of

O(=))”™. This is completely explicit, as the group O(Z})™ has been computed by Junger
[22, theorem 5-1].

THEOREM 3-4. There is an isomorphism of Zy-linear representations of GL,(Op),

H (5. 2,(0) =m0 () /O<Ev1)xpn
n>1
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Proof. For all n > 1 the diagram,

OB /OB P —— HL (B, )

| |

O(%}) /O(83)P" ——— HE(Sy, ppr)

commutes. Then by the definition of H é}t(EVl, Z,(1)) and Corollary 3-3,

. ~ . x xp"
HL (20, 2,)) =tim B} (2L, 1) <1imO(2)) /0(=))
n>1 n>1
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