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PROJECTIVE SURFACES WITH K-VERY AMPLE LINE
BUNDLES OF DEGREE < 4K + 4

EDOARDO BALLICO anp ANDREW J. SOMMESE

Introduction

A line bundle, L, on a smooth, connected projective surface, S, is defined [7]
to be k-very ample for a non-negative integer, k, if given any O-dimensional sub-
scheme (Z, 0,) € S with length (Z, 0,) < k + 1, it follows that the restriction
map I'(L) = I'(L ® 0,) is onto. L is 1-very ample (respectively O-very ample) if
and only if L is very ample (respectively spanned at all points by global sections).
For a smooth surface, S, embedded in projective space by | L| where L is very
ample, L being k-very ample is equivalent to there being no k-secant P*"' to S
containing = &k + 1 points of S.

In this article we study pairs (S, L), where S is a smooth, projective surface
and L is a k-very ample line bundle satisfying L-L < 4k + 4.

In [8] M. Beltrametti and the second author studied the question of when L
being k-very ample implies that Ks & L is k-very ample. This question general-
izes classical questions for very ample bundles, and has a nice interpretation as a
question about adjunction on S[k], the space of O-dimensional subschemes of
length k on S (see the introduction to [8] for details).

That question breaks up naturally into the cases when d := L-L =24k + 5
and the cases when d < 4k + 4. In [8], Beltametti and the second author gave a
complete answer to the question for d = 4k + 5 using their generalization, [8], of
the Reider criterion for spannedness and very ampleness. This division into two
parts exists in the classical case for very ample line bundles (see [18]).

In §2 and §3 we prove a number of general results for k-very ample line
bundles on curves and surfaces respectively.

With these results we turn in §4 to the study of special pairs (S, L) with
d < 4k + 4, mainly P'-bundles and k-conic bundles. The study of such special
classes is required by our approach based on [8, Theorem (3.1)]. That theorem
says that either (S, L) is on a list of very special pairs or kK + L is spanned
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and big.

In §5 we classify all pairs (S, L) where L is a k-very ample line bundle on
S with k£ = 2 and d < max{11, 4k + 2}.

In §6 we show that for k = 9, if L is k-very ample and £(S) = — oo, then
L-L > 4k + 5. We also show that for k¥ = 5, if L is k-very ample and £(S) = 0,
then L-L = 4k + 5 except for S a K3-surface with d = 4k, 4k + 2, 4k + 4, or
an Enriques surface with d = 4k + 4. In Remark (6.2), we discuss the k-very
ampleness of Kg + L in view of our results.

We especially thank the referee for the proof of (2.3), which we conjectured
in our original paper, for the useful result (3.6), and for a number of simplifica-
tions of our original arguments. We thank S. Di Rocco for helpful suggestions
including a simplification of our original proof of Lemma (3.9), and a proof of a
version of (2.3) between our original result of and the complete statement proved
by the referee. We would both like to thank the University of Notre Dame for
making this collaboration possible. The first author was partially supported by
MURST and GNSAGA of CNR (Italy). The second author would also like to thank
the NSF (DMS 89-21702 and DMS 93-02021), and especially the Sonderfors-
chungsbereich 170 at the University of Gottingen.

1. Background material

Throughout this paper we will follow the notation of [8]. All surfaces will be
smooth, connected, and projective.

We need the following result, [17, Proposition (0.9)], which is due to Weil in
the non-ruled case and the second author in the ruled case.

LEMMA 1.1. Let L be a very ample line bundle on a smooth projecive surface, S.
If E is a line bundle on S with E. = O, for an open set of curves C € | L, then
E = O unless S is a P'-bundle over some curve with L, = Op:(1).

Note that if L is k-very ample for some k = 2, then there are no curves f on
S with L-f= 1.

The next result, [8, Proposition (2.6)], will let us assume without loss of
generality that d := L-L = 2k + 4.

THEOREM 1.2. Assume that L is k-very ample fork = 2 and d < 2k + 3. Then
2<k<3and (S, L) = (P, Op(k)).
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2. k-very ample line bundles on curves

In [6] the following result is shown.

THEOREM 2.1. Let L be a k-very ample line bundle on a smooth curve, C, of
genus g = 1. Then deg L = k + 2, and if h' (L) = 1, then K, is k-very ample with
g=2k+1.

THEOREM 2.2. Let L be a k-very ample line bundle on a smooth curve, C. If
W(L) =23and2g —2—d<k+2n (L) — 2 then K, is (k + 1) -very ample.

Proof. Consider the following procedure.
« Given an effective cycle, Z C C, such that h’(K, — L — Z) = 3 and deg Z
< ZhO(Kc — L) — 4, choose if possible two not necessarily distinct points
{a, b} < C such that ’’(K,—L—Z—a—b) >h"(K.,—L—2) — 1.
Let Z be redefined as the old cycle Z plus the points a, b.
Starting with the empty cycle Z, repeat the above procedure until it stops. We end
up with a cycle Z such that either

1. deg Z>2h" (K, — L) —4 and "(K,—L—2) 2 2; or

2. deg Z < 2h°(K, — L) —4 and K’(K, — L — 2) > 3.

In the first case, the k-very ampleness of K, (see (2.1)) and the fact that hO(KC —
L—2) =2 imply that deg(K, — L — 2) = k + 2, ie., deg(K, — L) = 2h°(K,
— L) + k— 2. Therefore assuming that 2g —2—d < k+ 2h'(L) — 2, the
second possibility must hold.

Here by construction given any 2, possibly equal points, a, b, we have
WK, —L—Z—a—0b =h"(K,—L—2Z) —2. Therefore K,—L—Z is
1-very ample. Thus by [6, Lemma (0.3.5)], we conclude that K, — Z = L + (K, —
L— 2)is (k+ 1)-very ample. Since h' (K. — Z) = h°(Z) > 1 we have by (2.1)
that K. is (k + 1)-very ample. QED.

In our original article we conjectured the following result, and proved a par-
tial version of it. We are very grateful to the referee for the following proof of the

full conjecture.

THEOREM 2.3. Let L be a k-very ample line bundle of degree d on an irreducible,
non-singular curve of genus g. If h* (L) = 2, then2g — 2 —d = k + 2h' (L) — 2.
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Proof. 1f h'(L) = 2, then 2g — 2 — d = k + 2 since K, is k-very ample by
(2.1). Hence we need only consider the case when (L) > 3.

We will assume that 2g —2 —d < k + 2h' (L) — 2 and derive a contradic-
tion. If K. is I-very ample but not (I + 1)-very ample, then C is (I + 2)-gonal,
and we have [ = k + 1 by (2.2). Since h°(L) and A'(L) are both greater than 1,
we haved =21+ 2,2g — 2 — d = | + 2. By a result of Coppens and Martens [9,
Theorem B] applied to K, — L, we get 2g —2—d = (1—1) + 2n'(L) — 2.
Since I > k, this contradicts the assumption. Q.E.D.

Theorem (2.5) below gives added information when h'(L) = 1. The following
lemma is a simple corollary of the Brill-Noether existence theorem and an ample-
ness result of Fulton-Lazarsfeld, [10, Lemma (2.7)]. In what follows, p(g, z, ¥),
denotes the Brill-Noether number, g — (z + 1) (g —y + 2).

LEmMMA 2.4. Let A be an effective divisor of degree t > 0 on a curve C. Assume
that o(g, x,y) = t— x. Assume that g+ x>y =t=x Then there is an
effective divisor D © C such that, deg D =y, h°(ID]) >z + 1, and A  D.

Proof. By the Brill-Noether existence theorem [2], if £ 2 y — g then there is
an algebraic set, VC C(w, of dimension at least £ where each fiber under the map
to Pic(C) is a linear series of dimension at least x. By [10, Lemma (2.7)], it
follows that A + C*™” meets V non-trivially. D can be taken to be any point in
the intersection. QE.D.

THEOREM 2.5. Let L be a k-very ample line bundle on a smooth curve, C.
Assume that k> 1. If h'(L) >0 and K. 2L, d:=degL >k + g— h'(L) +
k+1

B

Proof. Assume that the inequality is false, ie., that d<k+g—1—

(L) + ];tl_:L)l' Since A'(L) # 0, and K, % L, we can choose an effective divisor
A€ |K.—L| Set w:=2g— 2 — d. Note that p(g, "'(L), w+ k+1) > w—
B'(L), is equivalent to d < k + g — 1 — h'(L) + I;ll—:—L)l‘

Note that g+ A'(L) 2w+ k+1>w=>h'(L). The first inequality is
equivalent to A°(L) = k which is immediate since L is k-very ample. The second
is obvious. Since g =1, h'(L) < deg(K. — L), and the third inequality follows.
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We conclude from Lemma (2.4) that there exists an effective divisor D C C such
that deg D =k + 1+ w, A’(ID]) > h'(L) + 1,and A C D.

Set Z := D — A. Note that deg Z = k + 1. We will be done if we show that
W'(L—2) > h'(L) + 1. Indeed otherwise it would follow from the exact
sequence, 0> L — Z— L— L,— 0, that I'(L) — I'(L,) is not onto. Note that
W(L—2) =h(L—D+A) = h'(K,— D) = h’(ID]), which is > h'(L) +1
by the second property of D stated above. Q.E.D.

COROLLARY 2.6. Let L be a k-very ample line bundle on a smooth curve, C.
Assume that h'(L) # 0. Then either K. = L or g = 2k + 3. If g = 2k + 3, then
R = 1.

Proof. 1f h'(L) =1, then Theorem (2.5) gives d = 2k + g. Since K, %L,
d < 2g — 3. This gives g = 2k + 3.

If h'(L) > 2, then 2¢g — 2 >d + k+ 2h'(L) — 2 by (2.3). Using the ine-
quality from Theorem (2.5), we obtain

k+1

(1) 2g—2=2d+k+2n"0) —2>2k+g+hdL) —2+ D

If A'(L) = 2 then inequality (1) gives 2¢ — 2 > 2k + g + % and if ' (L) = 3,

then inequality (1) gives 2g — 2 = 2k + g + 2. In either case we get g = 2k + 4.
Q.E.D.

LEmMmA 2.7. Let L be a k-very ample line bundle on an irveducible curve, C with
k = 2. If the avithmetic genus, 7, of C is 2, 3, 4, then L =2 k + 7 + 2,

Proof. Assume that L < k + 7+ 1. Choose k — 1 smooth points {z,,...,
z, ) of C.Let £:=L— Xi.'x, By [8 Lemma (1.1)] it follows that £ is very
ample with  =degL — k+ 1< 7+ 2 and h'(L) = h'(¥).

If v=2, then | €| cannot embed C as a plane curve. Using Castelmuovo’s
bound for the genus, [8, (0.2)] with £°(¥) > 4 we have that deg £ = 5. This gives
that L =deg¥ + k—1 =5+ k — 1 proving the Lemma in the case 7 = 2.

If ¥ = 3 then either |,‘£’| embeds C as a plane curve, necessarily of degree 4,
or h°(¥) > 4. Note in the former case € = K, and h'(#) is thus 1. This contra-
dicts the fact that h'(L) = h'(¥) with degL =deg¥ +k—1>=deg? + 1. If
h’(¥) > 4, then by Castelnouvo’s bound for the genus, we have that deg £ = 6.
This gives that degL =deg¥ + k—1 =6 + k — 1 proving the Lemma in the
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case ¥ = 3.

If v =4, then | | cannot embed C as a plane curve. Castelnuovo’s bound
shows that dg % = 6. Note that if deg ¥ = 6, then since K(®) > 4, it follows
that £ = K, which gives the same cohomology contradiction as for ¥ = 3. There-
fore we have that deg & = 7. This proves the Lemma. QE.D.

In [5] the first author showed that given a k-very ample line bundle on a
smooth surface (respectively a ruled surface), then L) = 2k (respectively
W) =2k + 2). The argument as written there actually proves more, First there
is the useful Lemma [5, Lemma (1.3)].

LEmMMA 2.8. Let £ be a line bundle on be a smooth curve, C. Assume that theve
is a proper linear subspace, V C I'(¥) such that given any effective divisor Z on C
with deg Z = k + 1, the evaluation map C X V— I'(¥ Q O,) is onto. Then dim V
2 2k + 2 and dim I'(¥) = 2k + 3. In particular if L is a k-very ample line bundle
on a smooth surface S, and I'(L) — I'(L,) is not onto for some smooth C € | L, then
R(L) = 2k + 3 and h°(Ly) = 2k + 3.

The following is proved by step (c) of the proof of the main theorem of [5]

with no change.

THEOREM 2.9. Let L be a k-very ample line bundle on a smooth curve. Assume
that h' (L) # 0. Then (L) = 2k + 1.

The following is proved by step (b) of the proof of main theorem of [5].

Lemma 2.10. Let L be a k-very ample line bundle on a smooth curve C. If
W) =0, thendegL > 2k + g+ 1 ordegL > 2g + k.

Proof. Let d = deg L and assume to the contrary that d < 2k + g and
d<2g+k—1 We will be done if we show that there is a length k + 1,
0-cycle, Z < C, with I'(L) — I'(L,) not onto. This is equivalent to producing a
length k + 1, O-cycle, Z C C with h'(L — Z) = 1. This will be done if we pro-
duce an effective (possibly empty) O-cycle M © C of length 2¢ —2 —d+ k+ 1
and an effective, length £ + 1, O-cycle, Z < C such that K. — M = L — Z. Note
that degZ t+degM=k+1+2g—2—d+k+1 and this is =g by
hypothesis. Note also that deg M = 0 by hypothesis. Thus the difference map
C*¥ x C** — Jac(O) is onto. By the identification of Jac(C) with the compo-
nent of Pic(C) parametrizing deg(L — K_) line bundles we have produced the
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desired Z and M giving the contradiction. QE.D.

THEOREM 2.11. Let L be a k-very ample line bundle on a smooth, connected pro-
jective surface, S If k = 2 and h*(Ly) = 0 for some smooth C € | L|, then deg L >
2%+ g+ 1.

Proof. Let d:= degL and assume.to the contrary that d < g + 2k. By
(2.10) we can assume without loss of generality that

(2) 20 +k<d<g+ 2k

Since L-& > k for all irreducible curves, & C S, we see that for S = P? a
line bundle L is k-very ample only if it is of the form L = Op:(a) for some a = d.
For such an L with k£ = 2, (2) is impossible.

Similarly for S = P' x P!, a line bundle L is k-very ample only if it is of
the form L = Opi,pi(a, b) for some @ = k and b = k. For such an L with k = 2
(2) is impossible.

By (1.2) we can assume without loss of generality that d = 2k + 4. Combined
with (2) we conclude that ¥k = g = 4. Since L8 = k = 4 for all irreducible
curves § C S, we conclude from the main theorem of [18] that Ky + L is very am-
ple. Furthermore using the spannedness criterion for the adjoint of a very ample
bundle, e.g., [18], we see that Kg + (K + L) is spanned by global sections unless
S= PZ, S= P x P', or S is a P' bundle over a curve with K+ D), =
Op:1(1) for a fiber f of the bundle. The first two surfaces have already been dealt
with. The fact that L-f = k = 4 implies that (K5 + L)-f = 2, which rules out the
last case.

Moreover L 2 — 2K;. Indeed if this happened then we would have that either
S=P or S=P' x P or Sis not minimal. The first two cases have been dealt
with. If S is not minimal then there is a smooth rational curve § with Ks 6 = §-8
= — 1. Thus L-& = 2 which contradicts the fact that L-§ = k = 4.

Thus there exists a nontrivial § € | Ky + (Ks + L) |, which implies that
L-QKs+ L) =L-8 =k This gives 4g —4 —d = k. Using d =2 2g + k from
(2) we get k £ 2g — 4 — k. Thus k < g — 2 in contradiction to (2). QED.

CoroLLARY 2.12. Let L be a k-very ample line bundle on a smooth, connected,
projective surface, S. Assume that k=2 and that h'(L;) =0 for some smooth
CE|L|. Then h®(Ly) = 2k + 2 and d = 4k + 4 + K- L. In particular if d < 4k
+ 4 then K- L < 0 with equality implying d = 4k + 4.
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Proof. Note that h°(Ly) = d — g + 1 = 2k + 2. Simply rewrite the inequal-
ity in Theorem (2.11) using 2g — 2 = Ks-L + d. QE.D.

As a consequence we have the result that the first author’s proof in [5]
actually yields.

TueoREM 2.13. Let L be a k-very ample line bundle on a smooth surface, S, with
k=2 Then h'(L) =2k + 2 and h°(Ly) = 2k~+1 for a smooth C € |L|. If
equality holds in cither inequality, then Ky =0y or W' (L) =2 and I'(L) —
I'(Ly) is onto.

Proof. By (2.8), we can assume without loss of generality that the map
I'(L) > T'(Ly) is onto. If h'(Ly) =0 then h’'(Ly) =d—g+1=2k+2 by
Theorem (2.11). It h'(Ly) =1, and K. # L, then K’(Ly) =d—g+1+1 > 2k
+ 2 by Theorem (2.5). If h'(Ly) =1, and K, = L, then Ky = 04 by Theorem
(1.1). If A'(L,) = 2, then use Theorem (2.9). QED.

3. k-very ampleness for line bundles on surfaces

LemMa 3.1, Let L be a k-very ample line bundle on a smooth, connected, projec-
tive swrface, S, with k = 2, and d < 4k + 4. Assume that h' (L) #+ 0 for some
smooth curve, C € | L|. Then d = 2h°(L) — 4 with equality only if Ky = Os. In this
case d = 4k.

Proof. This is just Clifford’s inequality. Indeed given a smooth, C € | L|,

d
hO(LC) £§+ 1 with equality only if K. = L., or L, is a multiple of the

hyperelliptic line bundle on a hyperelliptic curve. If there was a hyperelliptic C €
| L] with k = 2, then hl(Lc) = (. Since k = 2, (S, L) can’t be scroll, and there-
fore by (1.1), we have equality only if Ky = 0. Note that in this case, K. = L,

d
d=2g— 2, and h'(Ly) = 1. Thus by (2.13), stl=g= (LY is = 2k+1,
ie,d = 4k. QED.
CoROLLARY 3.2. Let L be a k-very ample line bundle on a smooth, connected, sur-
Jace, S, with d < 4k + 4. Assume that Ks ~ 0, but Ky Z0s. Then d = 4k + 4,

and S is an Enrigues surface, i.e, 2Kg = Og with the double cover of S simply con-
nected. If Ky = O, then d equals 4k, 4k + 2, or 4k + 4, with S a K 3-surface.
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Proof. 1f Ky 20, but Kg~ 0, it follows that h°(0g) = 0. Moreover by
Kodaira’s Vanishing Theorem, h'(L) = h*(L) = 0. Thus hl(Lc) =0 for any
smooth C € | L|. By Corollary (2.12) we know that d = 4k + 4. Thus 2k + 2 =
g(L) —1=h"(L,). Note that if ¢ # 0, then the restriction I'(L) — I'(L,) is not
onto and (2.8) gives the absurdity, A’(Ly) = 2k + 3. Since ¢ = 0, the result is a
standard result of surface theory.

Assume now that Ky = 0. Then h'(L.) =1 for smooth C € | L|. From this
it follows from (3.1) that d equals 4k, 4k + 2, or 4k +4. If S is not a
K 3-surface, then ¢ = 2, and therefore since #'(L) =0 it follows that I'(L) —
I'(L.) is not onto. Therefore by (2.8) we have h’(L) > 2k + 3. Thus using
h'(@s) =2 and h'(L) =0, we have h’(Ly) = h°(L) —1 + 2 = 2k + 4. This
gives the absurdity that d = 2g — 2 = 2h°(Ly) — 2 = 4k + 6. QED.

The following result is proved in [3, 4].

THEOREM 3.3. Let L be a k-very ample line bundle on a smooth, projective
surface, S. If k = 2 then h°(L) = k + 5 with the exception when k = 2 and either
(S, L) = (P, Op2(2)), or (S, L) is the intersection of 3 quadrics in P°.

Lemva 3.4 If d < 2h°(L) — 4 then either d = 2h°(L) — 4, and S is a K3
surface, i.e., Kg = Og with ¢ = 0, or £(S) = — o0,

Proof.  Assume that £(S) > 0. Then d = 2h°(L) — 4. Therefore d = 2h°(L) — 4.
This implies that ¢tKg = Og for some minimum ¢ = 1. Letting C be a smooth
element in | L|, we conclude from, 0 — K,— K, + L— K.— 0, that g = hO(Ks
+ L) + g — h*(0y). But this gives:

2h°(L) —4=d=d+ Ky L=2g—2
> 20" (Kg + L) — 2x(05) = 2h°(L) — 2% (0s).

Thus x (0g) = 2 which implies that £ = 1 and S is a K3 surface. QED.

CorOLLARY 3.5. If d < max{10, 4k}, then either k(S) = — o, or S is a K3
surface satisfying (k, d) equal either (2,10), or (k, 4k).

Proof. This is immediate from Corollary (3,2) and Lemma (3.4). Q.E.D.

The following useful consequence of Theorem (2.3) was given by the referee.
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ProposITION 3.6. Let L be a k-very ample line bundle on a smooth connected sur-
face S and assume that hl(Lc) > 2 for a smooth C € | L|. Then d > 5k if k > 3,
and d 2 12 if k = 2. In particular, if d < 4k + 4, then (k, d) = (2,12), (3,15),
(3,16), or (4,20).

Proof. By the Riemann-Roch theorem and (2.3), we obtain d =k +
2n°(Ly) — 2. By (2.13) and (3.3), we have A°(L) =2k+1 if k>3 and
h°(Ly) = 6 if k = 2. Therefore d > 5k if k >3 and d = 12 if k = 2. QED.

LEmMMA 3.7. Assume that L is k-very ample with k = 2 on a smooth surface S.
Assume that d < 4k + 4, and that h'(Le)# O for a smooth C € | L|. Then g <
2d — 3n°(L) + 7.

Proof. By (3.1), it follows that d — 2 = 2(h°(L) — 3). By Castelnuovo’s ine-
quality, [11](8, (0.2)], the Lemma follows if we show that d — 2 < 3(A°(L) — 3).
Indeed if this was false then d = 3h°(L) — 7. If k < 3, then (3.3) gives the
absurdity 4k +4 >d > 3h"(L) —7 = 3k + 8. If k>4 then (2.13) gives the
absurdity, 4k + 4 > d > 3h°(L) — 7 = 6k — 1. QED.

There is a useful result on Castelnuovo curves as hyperplane sections, see
[11].

THEOREM 3.8. Let L be a very ample line bundle on a smooth, projective surface,
S. If there is a smooth C € | L| such that g(L) equals the upper bound given by Cas-
telnuovo’s bound for the embedding of C by the linear system | L|, then L is arithmeti-
cally normal, and h*(Os) = X, h' (L. In particular, ¢ =0, h'(L) = 0, and if
B'(Le) = 0 for a smooth C € | L1, then h*(05) = 0.

The case when d = 2k + 4. It will be convenient to de the classification for
the case d = 2k + 4 before proceeding any further.

LEmMMA 3.9  Let L be a k-very ample line bundle on a smooth, conmected projective
surface, S. Assume that d = 2k + 4 and k = 2. Then k = 2 and

1. (S, L) is the intersection of 3 quadrics in PS;

2. (S, L) = (P' X P, Op1,p:(2,2) ; o1

3. S is a Del Pezzo surface with K& = 2 and L = — 2K,
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Proof. By Theorem (3.3) and Lemma (3.4) we see that either (S, L) is the in-
tersection of 3 quadrics in P° or £(S) = — oo,

If hl(LC) # 0 for some smooth C € | L|, then by (3.7), we get that g <
2Qk+4) — (6k+6) +7=9—2k for k=3, and using (3.3), g <22k +4)
—3(k+5) +7=Fk=2 for k=2 with the exception of case 1). Also we have
g =2k + 1for all k = 2 by (2.1). Thus 2k +1 < g < 3 for all k = 2. This con-
tradicts k = 2.

If W'(L) =0 for some smooth C € [L|, then by (2.12) d =2k + g + 1,
which gives 2k +4 = 2k + g + 1, or 3 = g. Using Proposition (5.1) of [6] we
are done. QE.D.

4. Results for special classes of surfaces

The case of P'-bundles. Assume that S is a P'-bundle, p: S— Y over a
smooth curve, Y. Assume that L is k-very ample. Let f denote a fiber of the map,
b, and let E denote a section with minimal self-intersection, — e. Numerically L =
aE + bfand L-L = a(2b — ae). Note that — ¢ < e where ¢ is the genus of the
base curve. Necessary conditions for L to be k-very ample are that

(3) Lf=a=>k
(4) L-E=b—ae>uq,k)

where u(q, k) is the minimum degree of a k-very ample line bundle on a curve of
arithmetic genus ¢. Note that from the lemmas in [8, §1] it follows that if
k=1, u(q, k) =k with u(q, k) 2 k+ 2 if ¢ = 1. From Lemma (2.7) it follows
for k=2 and 2 < q¢<4 that u(q, k) =2 q+ k+ 2. We will use these lower
bounds for u(q, k) without further notice.

Writing 0 := 2b — ae, we have from the equation (4) that

(5) —ae=>2u(q, k) — 0.

All the cases in the following result are shown to exist in ([8]).

THEOREM 4.1  Assume that S is a P'-bundle, p : S— Y over a smooth curve, Y.
If L is k-very ample with k 2 2, and d *= L-L < 4k + 4, then
1. (S, L) = (P' X P, Opiypi(a, b)) with k=2 and (a,b) either (2,2),
(2,3), or (3.2);
2. (S, L) = (F, 2E + 4f) where k = 2 amd F, is the unique P'-bundle over
P' with a section E of self-intersection, — e = — 1;
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3. k=2,g=1,e=—1,and L ~2E + 2f

Proof. First note that L ~ aE + bf where @ = k by equation (3). If ¢ = 0,
then a straightforward calculation using @ = k and b — ae = k gives the two pos-
sibilities ¢ = 0, 1 with a, b, k as in the statement of the Theorem.

We thus have ¢ =1 and u(q, k) 2 k+2. Ife=>0then b—ae=L-E >k
+ 2. Thus d = a(2b — ae) = a2k + 4) = k(2k + 4) = 4k + 5.

If ¢ = 1 then the only remaining cases are with ¢ < 0. Since ¢ =2 —¢= — 1
it follows from the last paragraph that ¢ = — 1. Then from [8, Proposition (2.2)]
and equation (3) it follows that d = a(2b + @) wherea =2k, a+ b > k + 2, and
a+2b2=k+ 2. This gives d = 4k + 5 unless d =12, a=b =k = 2. From
here on we can assume without loss of generality that

(6) g=22 and —¢g=<e<O.
We claim that
(7) ifg=2 then a=k+3.

To see this note that from equations (5) and (6) that 2a = — ae = 2(¢ + k + 2)
d

.= 8 + 2k — %. Using d £ 4k + 4 and @ = k we get the inequality (7).

Recall Hartshorne's formula [8, (2.5.6)]. Let D ~ aE + bf be an effective
_(Ks+D)-D

divisor with @ = 1. Then with g(D) defined by g(D) := — 5 +1, we

have

a—1

(®) 2¢D) —2=a2q— 1D+,

D-D.

We now break into two separate cases deoending on whether there is at least one
smooth C € | L|, with A'(Ly) = 0 or # 0.

R'(Ly) =0. By (2.11), d = 2k + g + 1. Using Hartshorne's formula, this
fact, and the fact that @ = k, we get (k — 1)d + 2(qg — Dk* < k(2d — 4k — 4).
This gives 2(g — Dk* < k(d — 4k — 4) +d, or (g — Dk’ < 2k + 2. This is
impossible unless k = 2. In this case ¢ = 2. Going over the argument with the fact
that @ = k+ 3 by (7) and k = 2 gives 50 < 5(d — 12) +d or d = 19 which
contradicts d < 12,

hl(Lc) # 0. First we analyze the case k = 2. We have from (3.7), (3.3), and
(3.8) that g < 2d — 15. In particular
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(9) g<09.

Hartshorne's formula with @ = k gives d +8(g — 1) < 4(2d — 16). This
gives 8¢ + 56 < 7d. Using ¢ 2 2 from equation (6) and d < 4k + 4, we get that
the only possibilities are (d, ) = (11,2), (12,2), (12,3).

If d =11 then since d = a(2b — ae) with @ = 2, we conclude that @ = 11.
From Hartshorne’s formula we obtain that g = 17 which contradicts (9).
If d =12 then from 12 = d = a(2b — ae) we conclude that ¢ = 2, 3, 6. If
q = 2, then from inequality (7) we see that only @ = 6 is possible. In this case we
have from Hartshorne’s formula that g = 12 which contradicts the bound g < 9
above. If ¢ = 3 then equations (5) and (6) imply that 3¢ = —ae = 2(¢q + k + 2)
d

12
4 14 — VR From this we see that @ = 6. Hartshorne's formula implies

that g = 18, which contradicts (9).

From here on we can assume that ¥ = 3. We have from (3.7), (2.13), and
(3.8) that g < 2b — 6k. Note that @ < k + 3. To see this assume that ¢ = k + 4.
By Hartshorne's formula we have 2(¢ — D(k + 9)* < d + (k+ 4 3d — 12k — 2).
Using d < 4k + 4 and ¢ = 2 we obtain the contradiction k < 2.

We claim that ¢ = 2 can’t occur. If it did, then by the last paragraph and ine-
quality (7) we see that @ = k + 3. By Hartshorne’s formula we have 2(k + 3)°
<d+ (k+3)(3d— 12k — 2). Since a divides d and d < 4k + 4 we conclude
that d < 3(k + 3), which gives the absurdity (k +3)(6k — 1) < d < 3(k + 3).

We claim that £k = ¢ = 3. To see this apply Hartshorne’s formula with
¢=3,a>k>3 and g < 2d — 6k. We obtain (k — 1)d + 2(g — 1)k* < k(4d
— 12k — 2), ie, k(29 —2)k —10) < d. If k = 4 this gives the contradiction
6k < d. If k = 3 and ¢ = 4 we obtain the contradiction 24 < d.

Since ¢ = k = 3 the equations (5) and (6) imply that 3¢ = —ae = 2(q + k
+2) — % =16 — %. This implies that @ = 4 with equality implying d = 16.
Hartshorne’s inequality with d = 16, a = 4, ¢ = 3 gives g = 15 which contra-
dicts g £ 2d — 6k = 14. Thus a = 5. Hartshorne’s formula with @ = 5 and
q = 3 gives the contradiction 50 < d. QE.D.

The case of k-conic bundles. The following is a useful lower bound.
THEOREM 4.2. Let L be a k-very ample line bundle on a smooth, connected,

projective surface, S. If (S, L) is a k-conic bundle, then it follows that (kKs + L)L
= 2k0 wheve 02 1. If k22 and 6 = 1, then d = L-L 2 4k + 4 with equality
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omly ifk=2,d =12, KS2 =1, and Kg- L = — 4; this case is described, and shown
to exist, i |6, Proposition (5.3.4)].

Proof. Since there is a morphism p : S— Y with connected fibers from S to
Y and such that kK + L = p*H for some ample H on Y, it follows that
(kK + L)-L = 2k deg H.

We must now consider the case when deg H = 1. If deg H = 1, it follows
from the fact that kK + L is spanned, that Y = P'. From this it follows that q=
0 and S is rational. We have from 0 = K’K. + 2kK;- L +d = KK+ 4k —d
that d = 4k + k’K.. Since d = 2k + 4, we conclude that K > 0. Since S is
rational, this implies that — K has a non-trivial section and thus that L+ Kg <
— (k + 2). Therefore 2k = (kKs+ L)' L< —k(k+2)+dord=(k+ 4k
Since d < 4k + 4, we conclude that k =2,d =12, K;- L = — 4, and Ks2 =1.
This example is described and shown to exist in [6, Proposition (5.3.4)]. In [6] the
weaker concept of k-spannedness is used, but because their basic criterion for
k-spannedness is shown in [7] to hold for k-very ampleness, the results apply
with no change to the current situation. QE.D.

CorOLLARY 4.3.  Let L be a k-very ample line bundle on a smooth, connected, pro-
jective surface, S. Assume that (S, L) is a k-conic bundle with k > 2 and d < 4k
+ 4. Then h'(Oy) = 0, and either:

1. k=2, Ks2 =1, and Ks*L = — 4 (this case is described, and shown to exist,

i [6, Proposition (5.3.4)];
2. k=2 K:=—1 and KL= —2; or
3.k=3,d=15K:=—1,and K;-L = — 1.

Proof. Assume that (S, L) is not the case in the conclusion of the Corollary.

Now let us first assume that K- L < 0. By (4.2), we can assume that (kK +
L) L =2kd with § = 2. This gives that d = (20 — Ky L)k =2 (4 — K - L)k.
From sz; + 2kKs L + d = 0, we see that d is divisible by k and if moreover k
is even, then d is divisible by 2k. From this we see that we are reduced to the fol-
lowing cases:

1. Ky L=—2,k=2,d=12,0=2;

2. K L=—1,k=3,0=2,d=15;

3. K L=0,d=— k'K

Consider the equation kK’K5 + 2kKs-L +d = 0.1f Kg*L = — 2, we conclude
from the above list, that KS2 = — 1. Noting that (S, L) has no lines and looking at
the main result of [18], we see that £:= K;+ L is very ample. Note that
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(¥ =g(l) —q=6—gq. If ¢ =1, then noting that g(¥) = 3, and using the
double point formula, [12, page 434], we get the absurdity, 7(7 —5) — 10(3 — 1)
+ 0= —2.1f g = 2, we get the absurdity that ¢ # 0 and S is embedded in P
Thus ¢ = 0, and we get the possible case 2) of the Theorem.

If KL= —1, then g = 8 and KS2 = — 1. If ¢ = 0, then we have the possi-
ble second case of the Theorem. Therefore we can assume that ¢ = 1. Since L-8
= 3 for all curves & on S, we see that S has no lines relative to L. It follows from
the main result of [18] that Ky + L is very ample. Similarly g(Ky + L) = 6, and
we can conclude again from the main theorem of [18] that £ := 2K + L is very
ample. We have that 2°(¥) = g(K; + L) —g=6 — ¢q. If ¢ =1, we use the dou-
ble point formula to obtain the contradiction 7(7 —5) —10(3 —1) = — 2. If
g = 2, we get the absurdity that S is embedded into P°™*.

If K- L =0, then we have d = — k’KZ. Moreover h'(L.) = 0 for a smooth
C €| L] or by (1.1), we have the absurdity, that K; = 0. By (2.11), we conclude
that d = 4k + 4. Thus we have that k = 2, d = 12 = 4(— K{), which implies
that K. = — 3. Here x(05) = 0, 1. Since K;*L = 0 and since K & 0, we know
d— Ky L

2
(3.3) we conclude that A°(L) = 7. Following Andreatta, [1], we use the result of Le
Barz [14, page 45, 59] to rule this possibility out.

Now assume that Ks*L > 0. By (2.11), we see that

from (1.1) that A'(Ly) = 0. Thus h’(Ly) = + h'(Ly) = 6. Thus by

(L) # 0

for smooth C € | L|. Since h'(Ly) # 0 and h*(0) = 0, we conclude from (3.8),
that the Castelnuovo bound given on the genus for the embedding of C €| L]
given by | L| cannot be taken on. Thus we conclude from (3.7), (2.8), and (2.13)

that:
(10) g<2d—6k and KyL<3d—12k—2 for k=3
(11) g<2d—15 and Ky L<3d—32 for k=2

Using 0 < K- L with these two equations, we see that d = 4k + 1 for kK = 3 and
d = 11 for k = 2. Recall that k divides d and that 2k divides d when k is even.
Since d < 4k + 4, we get (k, d) = (2,12) or (3,15).

If (k, d) = (3,15), we conclude from the inequality (10), we conclude that
Ky L < 7. Since K¢ L and d have the same parity, we conclude that K;*L =1, 3,
5,7. 3K, + L)* = 0 gives 3K + 2K;-L + 5 = 0. We get divisibility contradic-
tions unless Ky+L = 5. In this case K. = — 5. Note that hO(LC) =7 by (3.3).
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Therefore from Riemann-Roch on C we get that hl(Lc) > 2. By (2.3) we conclude
that hl(LC) = 2. In this case x (@5) = 0, 1. Using [14, pg. 45, pg. 59] we see that
these cases don't occur.

If (k, d = (2,12), we enumerate the cases exactly as in the last paragraph
for (k, d) = (3,15), to get d = 12, K. = — 3 — K, L with K;- L =2, 4. It is
easy to check using (2.3) and (2.13), that A'(L,) = 1 if KL =2 and h'(L,) = 2
if Ks+L = 4. In both cases h°(L) = 7. Again x(05) = 0, 1. Using [14, pg. 45, pg.
59] we see that these cases don’t occur. QE.D.

A bound for surfaces with £(S) = 0. Given a smooth projective surface, S of
non-negative Kodaira dimension, with minimal model S’, Let 7(S) := e(S) —
e(S”) where ¢(Y), for a space, Y, denotes the topological Euler characteristic of Y.
Note that y(S) = 0 with equality of and only if S = S’ under the map of S to its
minimal model.

THEOREM 4.4. Let L be a k-very ample line bundle on a smooth projective sur-
face, S, with £(S) = 0.

1. Ifk(S) =0, then Ks-L = k7.

2. If x(O5) = 2, then K" L = ky + k + 2.

3. Ifk(S) = 1, then KL = ky + k—;—z

Proof. Since we only need the result when k& = 2, we leave the minor mod-
ifications for the case kK = 1 to the reader.

Let 7: S— S’ be the map of S onto its minimal model, S’. Note that Ky =
Ky + 225 2,E, where the A, are positive integers, and each E, is a rational
curve. Since E;- L = k by the k-very ampleness of L, it suffices to give a lower
bound for L'n'*Ks,. Since Ky is nef, we see that the case of £(S) = 0 is trivial. If
K, has a non-trivial section, s, that isn’t everywhere non-zero, then since the
zero set of s isn’'t a smooth rational curve, Ky - L' =2 k + 2. This takes care of the
case when x (0 = 2.

Assume now that £(S) = 1. Let ¢ : S"— B denote the canonical fibration,
and let F denote a generic fiber of the map. There is a possibly empty set of multi-
ple fibers, {m;F,|i € I, m; = 2}. The canonical bundle formula says in this case

(e 1)F. By

m
renumbering if necessary we can assume that if I is non-empty, m, < -+ < my,
where | I| denotes the cardinality of I If x(Og) — 2x(0z) > 0 then since L-

that K is numerically equal to (X Og) — 2x0p + 2,

i
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7 (F) =k + 2 we are done. If x(@s) — 2x(0p) = 0, then since £(S) =1, we
m; — . .. . .
know that (Z,-E, T)F is numerically non-trivial. Thus there is a multiple
1

fiber F;. Thus letting F; denote the pullback of F; we see that K5 = Zf:? ALE, +
(m; — 1)F/. Since the arithmetic genus of F/is 1, we conclude that L*Kg = 7(S)k
+ m;, — 1) (k+2) = 7(Sk + (k + 2), which would prove the lemma in this
case. Thus we can assume that x(Og) — 2x(0p) = — 1, — 2.

First let x (Os) — 2x(0,) = — 1. Since £(S) = 1 and K, is not numerically

o m; — 1
trivial, 22,; ( lm
i

> > 1. Following the argument of the last paragraph, we will

m;, — 1
m;

1
be done if we can show that (Zie, ( ) - l)mj > 5 Wwhere m, is the largest

of the integers m;. Note that if the cardinality of I was 1, the expression,

m; — 1 . . .
<Z,»E,< - ) — 1), could not be positive. If I has cardinality 2, then again
i
m, — 1 n m, — 1
m, my

m; — 1
m;

i

using the positivity of ( — 1), we see that at least one of the

m; _ 1
m; is = 3. Thus (Z,-E, ( ) - l)mj > # = - In the case of cardinality of
m; — 1

m;

)= 1)m =221

Now turn to the case when x(Og) — 2x(0p) = — 2. Since x(Og) 20, we
conclude that ¥(0s) =0 and B = P'. To prove the Theorem in this case it
m; — 1

m;

I at least 3, it is easily seen that (Z,-E, (

1
suffices to show that (Z,.E,< )—2>mj2§ with m; the largest of

the multiplicities. Using the fact that K is not numerically trivial, and thus that

m; — 1
<Z,«E, <'—m—) - 2) is positive, we see that the cardinality of I must be at least
—1

4
m; 1
3. If it is more than 3, then it is easy to see that (Zie,( tm ) - 2>m,~ = OR
i

Assume now that we are in the case when the cardinality of [ is 3. By renaming if
necassary we can assume that m; < m, < m, By a theorem of Katsura-Ueno ([13,
Theorem (3.3)]; see also [16, Prop. 1.3]), we know that the m; satisfy the strong
condition that each m; divides the least common multiple of the other two multipli-
cities. This is equivalent to m, = uxy, m, = pxz, and m, = pyz where g is the
least common divisor of all three m;, the integers x, y, z are pairwise relatively
prime, and x <y < 2. Thus the fact that Ky is numerically non-trivial is
equivalent to 1 — LI S > (0. We need to show that (1 _ L

pry  prz o Uyz uxy
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1 1 1 1 1
P > = fed -
2 uyz) Hyz = 5. Assume this is false. Then we have 0 < (1 ” 2
1 1 I z
- —,uyz) uyz < 7 Multiplying through by x we get 0 < puxyz —z—y —x < 2

z

or x+y+z<myz<x+y+z+2. Thus we have that§>1, ie., x 2 3.

Note that no two of the x, ¥, 2z can be equal because this would imply that ¢ was
not the greatest common divisor of m,, m,, m, Thus y = 4, and z = 5. Thus we
xt+y+t+z x
ztytz =z

1
- < 1
get the contradiction, 12 < pry < 2 P <3+ 5

In the case when £(S) = 2, note that since K;, =1 and x(O4) = 1, there is
a non-trivial divisor D € | 2K, |. If D is reducible, then 2L - n*Ks, = 2k which
gives the result for & = 2. If D is irreducible, then since 2g(D) — 2 = 6K& = 6,
we have that D has arithmetic genus = 4. Thus using [8, Lemma (1.1)] as in Lem-
ma (2.7), we get LD = k + 2, which finishes the proof. QE.D.

For some more information on k-very ampleness on elliptic surfaces see
Mella and Palleschi [15].

5. The classification result for degree < max{11, 4k + 2}

The following result is a corollary of [8, Theorem (3.1)].

THEOREM 5.1. Let L be a k-very ample line bundle on a smooth projective sur-
face, S. Assume that k = 2 and d = L- L < 4k + 4. Then tKs + L is very ample
Jort=0,...,k — 1, and kK5 + L is spanned and big unless either:

1. S=EP with L= Opea) fr 3<k<a<4ok=2<a<3;

2. (S, L) = (P' X P, Oprypila, b)) with k=2 and (a, b) either (2,2),

(2,3), o (3.2);
3. (S, L) = (F,, 2E + 4f) where k = 2 and F, is the unique P'-bundle over
P with a section E if self-intersection, — ¢ = — 1;

4. S is a P'-bundie over an elliptic curve with imvaviant e = — 1, and k = 2,

g=1 and L ~2E + 2f;

5. S is a Del Pezzo surface with L = — 2K  and k = 2, 2 < K& < 3;

6. (S, L) is a 2-conic bundle:

(a) d =12, hl(@s) =0, K.=1, KL = — 4 (this case is described, and
shown to exist, in [6, Proposition (5.3.4)]);
() d=12, '@y =0, Ki=—1,Ks:L=—2;0r
7. (S, L) is a 3-conic bundle with hl(@s) =0, d=15, KSZ =—1, and Ks-L
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=-1

Proof. This follows immediately from [8, Theorem (3.1)], Theorems (4.1) and
(4.3) above. Q.E.D.

CorOLLARY 5.2. Let L be a k-very ample line bundle on a smooth, connected
projective surface, S. Assume that k = 2. If kKg + L is nef and big, then (kK +
L)-L>k+4.

Proof. The proof of {8, Theorem (3.1)] shows that kKg + L is spanned. Thus
we can choose a smooth D € | kKs + L|. Let a:= L-D. We must show that
a=k+t4 Leto:=Ks (kKg + L).

Assume first that g(D) = 0, then 2g(D) — 2 = — 2. This implies

—2=(k+ DK, + L) kK, + L) = (k+ Do + a.

By bigness of kK, + L, we have that a + ko > 0. Solving for ¢ in terms of k and
— 2k
a,wegetthata+k0=gm>0. This gives thata = 3k +1 = k + 5.
A similar calculation for g(D) = 1 gives a =2 2k + 2 = k + 4.
Note that o = k. By [8, §1], @« < k + 3 implies that D is isomorphic to a
curve of order < 4. By Castelnuovo’s bound g(D) < 3. From (2.7) we conclude
that « = k + 4 if g(D) = 2, 3. Thus @ = k + 4 without exceptions. QE.D.

COROLLARY 5.3. Let L be a k-very ample line bundle on a smooth projective
surface, S. Assume that that k = 2 and d = L-L < 4k + 4. Assume that Ks- L
< — 1. Then (S, L) is one of the classes 1) to 6) of (5.1).

Proof. By (5.1), it can be assumed without loss of generality that kKs + L is
nef and big. Since (k — 1)Ky + L is very ample by (5.1), we also know from [18]
that kK + L is spanned.

Ky L <0 implies that £(S) = — o0, We will first do the cases when K- L
=-1, — 2.
Assume that Ky L = — 1, — 2. Using the Hodge index theorem and (1.2), we

conclude that K- Kz < 0. If Ky K; = 0, then either S is a P'-bundle over an
elliptic curve or a rational surface. Since the former has been covered by Theorem
(4.1), we can assume that S is a rational surface. In this case Kg* Kg = 0 implies
that — Ky is effective, and in particular since curves in — K have arithmetic
genus 1, — Kg*L = k + 2. Thus if Kg*L = — 1, — 2, it can be assumed that K;
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< — 1. Since kKg + L is spanned and big, we have that (kKg + L) - ((k + 1) K;
+ L) =2g(kKs;+ L) — 2 = — 2. From this we conclude that if Kg- L= —1,
— 2, then 4k +4=2d=2k(k+1) — (Ck+ DKL) — 2. From this we see
that Kg - L=—1,k=2, K= —1, and by parity d=9, 11. Note that

+
(L) =d—g+1= d—zl 2 6 by (3.3). Thus d = 11. Note that since kKs+ L

is nef and big, there is a unique 2-minimal model (S’, L) of (S, L). To
describe the 2-minimal model, note that g(Ks+ L) =4, and thus that h°(2K; + L)
= 4. From the very ampleness of K + L, and the fact that (2K, + L)?*=3, we
conclude that the 2-minimal model of (S, L) is (S’, L’) with S’ a cubic surface in
P’ and thus x (0) = 1. Note that 2°(L) = 7. By [14, page 45, 59] we show this
case doesn’t exist.

Now assume that Kg*L < — 3. It follows from (5.2) that d — 3k = d + kK-
L =k + 4. Thus we conclude that d = 4k + 4, and since d < 4k + 4 that K- L
= — 3 and d = 4k + 4. By the Hodge index theorem we conclude that K- K
< 0. From this we conclude (kKs+ L)-(kKs+ L) <0 — 6k +4k+4<4—
2k < 0 which contradicts the bigness of kK + L. This finishes the proof of the
Theorem. Q.E.D.

THEOREM 5.4. Let L be a k-very ample line bundle on a smooth projective sur-
face, S. Assume that that k = 2 and that d = L-L < max{11, 4k + 2}. Then (S,
L) is one of the following:

1. (S, L) = (P, 0p:(@) with2< k<3 fork<a<3 andwitha=k=4;

2. S is a K3-surface with d = 4k, 4k + 2;

3. k=2and (S, L) = (P' X P!, Op1,;2(2,2)) ; or

4. S is a Del Pezzo swrface and L = — 2K, with k = 2 = K.

Proof. First assume that hl(LC) =0 for some smooth C €| L/, then by
(2.12), it follows that 4k +4 + Ky L < d. In the case d < 11 it follows that
KL <0 and in the case d < 4k + 2 it follows that Kg- L < — 2. In both cases
we have Kg*L < — 1. Thus Corollary (5.3) applies to cover these cases.

Therefore from now on we can assume that 4 (Lz) # 0 for smooth C € | L|.
We can assume that Kg* L > 0. Otherwise we would have that Kg = 05 by (1.1).
In this case by (3.1) and (3.2), we have d = 4k, 4k + 2 with S a K3-surface.

If A'(Ly) = 1, then by (2.5), we conclude that d = 4k + 2 + K- L. Thus the
only possibility is k = 2, d = 11, K- L = 1. By (4.4) we conclude that £(S) =
— oo, By the Hodge index theorem. KS2 < 0. If it was equal to O, then either S is a
P'-bundle over an elliptic curve, which is covered by (4.1), or S is rational. If S
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is rational and K- Kg = 0, then | — K, | is non-empty, which gives the contradic-
tion that K+ L < 0. Moreover since (kK + L)* > 0, we conclude that Kg > —
3. Therefore we conclude that x(0g) = 0, 1. By [14, page 45, 59] we see that
these cases don’t exist.

If k' (Ly) = 2, then by (3.6) we are done. Q.E.D.

6. The classification result for large k&

THEOREM 6.1  Let L be a k-very ample line bundle on a smooth, connected, projec-
tive surface, S, with d = L-L < 4k + 4.
1. If k(S) = — © then k < 8;
2. If £(S) = 0 then if k = 5, either:
(a) Ky Z O5 with d = 4k, 4k + 2, 4k + 4, with S a K3-surface; or
(b) d =4k + 4 and S is an Enriques surface, i.e., 2K; = Og, ¢ = 0, and
K # 0.

Proof. Note:

1. By (5.4) we can assume without loss of generality that d = 4k + 3.

2. We can assume in light of (5.1) and (4.3) that KKy + L is spanned by
global sections and big, and therefore that — 2 < 2g(kK; + L) —2 =
(kKg+ L) -((k+ DK, + L).

3. Since the cases with Ky numerically trivial are listed we can assume that
if KL =0 then KX < 0 and £'(Ly) = 0.

If hl(Lc) =0 for a smooth C € | L|, then using (5.3) and (2.12) we conclude
that Ks*L = 0 and d = 4k + 4. By item 3) we can assume that KS2 < 0. By 2) we
conclude that — k(k +1) +d = — 2. This gives k < 4. Therefore we can
assume that £ (L) # 0.

If (L) =1, then d > 4k + 2 + K- L. By 1), we must have Kg*L = 1 and
2 respectively. By the Hodge index theorem we conclude that KS2 <0.

If K. = 0 then either S is a P'-bundle over an elliptic curve, a rational sur-
face, or £(S) = 0. In the first case we are done by (4.1). If S is rational and K-
K = 0, then | — KS| is non-empty, and therefore Ky*L < 0 giving the contradic-
tion that hl(LC) = 0. If k(S =0, then by (4.4) it follows that S is minimal if
k = 3. Since Kg-L > 0 and KZ = 0, we conclude that £(S) = 1. This implies S is
an elliptic surface mapped onto a curve by some power of K. By (4.4), we

k+2
conclude Kg-L = , which with K- L < 2 gives k < 2.

2
If K- Kg <0, then £(S) = — oo Indeed if £(S) = 0, then Kg- Kg <0 im-
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plies that S is not minimal, but by (4.4) we conclude then that K- L = k, which
implies that k£ < 2. By 2) we conclude that 84 + 8 = k(k +1),ie.,8 > k.
If ' (L) = 2, (3.6) implies that k < 4. QE.D.

Remark 6.2. Let L be a k-very ample line bundle on a smooth projective
surface, S. If d = L-L = 4k + 5, then the question of the k-very ampleness of
K + L is completely treated in [8]. Looking over the list in Theorem (5.4) we see
that for 1), 3), and 4) K; + L is not k-very ample. For 2), Ks + L = L is k-very
ample.

From Theorem (6.1), we see that for £ = 9 the only cases where questions
about the k-very ampleness of Kg + L remain are where d = 4k + 4, and S is an
Enriques surface. Here our knowledge is poor. By the result of [8], Ks + L is
(k — 1)-very ample. Looking over the classical approach to k-very ampleness for
K, + L, for k=1, we find that this case is difficult there also and in fact for
d = 8, requires the full knowledge of the adjunction mapping acquired in the case
h'(0s) = 0 by the second author in [17].

We note that [14, page 45, 59] rules out all surfaces that are not K3 with
d < 12 and K, numerically trivial.

Remark 6.3. 1t would be nice to complete the classification of pairs, (S, L),
with L a k-very ample line bundle on a smooth connected projective surface S,
and with L-L < 4k + 4.

Further calculation shows that in addition to the cases with k =2, d = 12
already mentioned in (5.1), there is only one other possibility with (k, d) =
(2, 12) and K not numerically trivial. It has the invariants, Kg-L = 0, h'(Ly) =
0 for a smooth C € | L|, K = — 2, x (@) = 1.

For the case when k = 8, d < 4k + 4, and K is not numerically trivial,
further calculation shows that the only possible set of invariants is d = 36, K: =
-1, K, L =2, hl(Lc) =1 for a smooth C € | L|, and x(6s) = 1. This surface
is rational if it exists since g(kK; + L) = 0.
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