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FORMATION AND CONSTRUCTION OF A SHOCK
WAVE FOR 3-D COMPRESSIBLE EULER EQUATIONS
WITH THE SPHERICAL INITIAL DATA

HUICHENG YIN*

Abstract. In this paper, the problem on formation and construction of a
shock wave for three dimensional compressible Euler equations with the small
perturbed spherical initial data is studied. If the given smooth initial data
satisfy certain nondegeneracy conditions, then from the results in [22], we know
that there exists a unique blowup point at the blowup time such that the first
order derivatives of a smooth solution blow up, while the solution itself is still
continuous at the blowup point. From the blowup point, we construct a weak
entropy solution which is not uniformly Lipschitz continuous on two sides of
a shock curve. Moreover the strength of the constructed shock is zero at the
blowup point and then gradually increases. Additionally, some detailed and
precise estimates on the solution are obtained in a neighbourhood of the blowup
point.

§1. Introduction

In this paper, we are concerned with the development of singularities of
solutions to the following three dimensional compressible Euler equations
with smooth spherical initial data

Op + div(pu) = 0,

O(pu) + div(pu @ u + pI) = 0,
(1.1) 1 ) 1
Ot (pe + §pu2) + dlv((pe + Equ —|—p)u) =0,
pli=o = p +epo(x), ul=o = cup(x), Sli=0 =S,
where u = (u1,ug,us) is the velocity, p the density, p the pressure, e the
internal energy, I the 3 x 3 unit matrix, and S the specific entropy. More-
over, the pressure function p = p(p,S) and the internal energy function
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e = e(p, S) are smooth in their arguments, in particular, d,p(p,S) > 0 and
dse(p,S) > 0 for p > 0. With respect to the initial data in (1.1), p > 0 and
S are constants, ¢ > 0 is a small parameter, po(z) and ug(z) are in C°°(R3)
with supports in the ball B(0, M) of radius M > 0 centered at the origin.
In what follows, we assume that ug(x) = wo(z)x, with a smooth function
wo(x), and that wo(x) and po(x) are functions of r = |z| = /2% + 23 + 3.

Under the above assumptions, we know by [23] and [24] that the lifespan
T. of a smooth solution to (1.1) satisfies:

(1.2) limelnT. =7

e—0

2c

(pc'(p,S) +¢) nin, [4204wo(q) + 3qwo(q) + §(a9gpo(a) + po(q))]

9

where c(p, S) = 1/0,p(p,S), ¢ = ¢(p,S); and 79 > 0 as long as po(x) # 0
or ug(x) # 0. Therefore, (1.2) implies that the nontrivial smooth solution
of (1.1) must blow up in finite time. To better understand the physical
process of development of singularities from smooth flow and the evolution
of singularities starting from the blowup point, we are motivated to deduce
more precise estimates of a solution and its derivatives in a neighbourhood
of the blowup point.

Now we briefly mention some remarkable works on the hyperbolic con-
servation laws in one space dimension, since this will be helpful to under-
stand our motivation better in this paper. For 1-D hyperbolic systems of
conservation laws, there is an extensive literature treating the global ex-
istence and uniqueness of weak solutions with (small) initial data in BV
spaces (see [3], [9], [10], [16], [19] and the references therein). For instance,
the results of [3] and [19] yield uniqueness, continuous dependence and
global stability of entropy-admissible weak solutions for general n x n sys-
tems with small initial data. In the case of the system (1.1) with spherical
structure, we get a 3 x 3 system of conservation laws with source terms, by
use of polar coordinates. However, these source terms involve singularities
at r = 0, and this fact causes many difficulties when one wants to study
the global existence and uniqueness of weak solutions. Even the global exis-
tence of spherical weak entropy solutions of (1.1) seems to be open. Here we
should point out that when (1.1) does not contain the third equation (i.e.,
the equation for the entropy), the authors in [7] consider the case where
p(p) = Ap”, 1 <~ < 5/3, and prove the global existence of a weak entropy
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solution outside a core centered at the origin. Anyway, whether global so-
lutions exist or not, all above results do not give detailed properties of a
classical solution near blowup points. From the viewpoint of understanding
the physical process of the appearance of singularities, it is an interesting
problem to give a clear picture on the generation of singularities at a blowup
point, in particular, that of the singularity of the type of shock.

As in [5], the above problem is called formation and construction of a
shock. For scalar equations, this problem has been completely solved early
(see [6], [8], [20] and so on). It is well known that in this case the formation
of a shock is caused by the squeeze of characteristics. For 2 x 2 p-systems
of gas dynamics the same fact is also true (see [4] and [17]) under certain
conditions of nondegeneracy on the initial data or the blowup point. One of
the basic ideas in [4] and [17] is to introduce the Riemann invariants so that
the p-system can be diagonalized and subsequently to analyze the structure
of singularities at a blowup point as in the case of 1-D scalar equations.

For n xn (n > 3) systems in one space dimension, it is well known (see
(1], [11], [12], [18]) that if the system is strictly hyperbolic and genuinely
nonlinear with respect to a characteristic family and if the initial data are
smooth and satisfy some condition of nondegeneracy, then the correspond-
ing smooth solution blows up only at one spatial point at the blowup time.
We constructed in [5] a weak entropy solution near the blowup point. In
contradiction to the case of 2 x 2 p-systems as treated in [4] and [17], one
cannot effectively use of the Riemann invariants. One of the new ideas in
[5] is to find a new transformation of an n x n system by which the cor-
responding solution of the resulting system becomes more singular in one
specific direction than the others. Using this new form of the system as
well as Alinhac’s result (see [1]) on the blowup system analysis, we carried
out in [5] delicate analysis and constructed a shock starting from a blowup
point.

A problem arises naturally: Consider 1-D systems of conservation laws
with source terms. Suppose the first-order derivatives of a smooth solu-
tion blow up, while the solution itself remains bounded. Will the shock
be formed from the blowup point and propagate as shown in [4], [5] and
[17]? For 1-D compressible isentropic Euler equations, we have shown in
[5] that a new shock is formed and propagates from the blowup point. Do
similar phenomena occur for the multidimensional system (1.1) with spher-
ical structure? To this last question, we will give an affirmative answer in
this paper. In proving our assertion, one of the main difficulties is that
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the derivatives of a solution blow up like (T — ¢)~1, with 7. the blowup
time, are not locally integrable in space-time variables. In this sense, our
problem is different from the usual Riemann problem. In fact, for the Rie-
mann problem, the initial data are discontinuous and piecewise smooth; and
the derivatives are locally bounded (except the appearance of a measure)
around singularities. In addition to the methods developed in [5], we need
some new ingredients to overcome the above-mentioned difficulty. Firstly,
we need a result on extending a solution across the blowup time so that we
can not only analyze the blowup mechanism at the blowup point, but also
describe in detail the behavior of the derivatives of the solution. Secondly,
in the case where a shock arises, we have to carry out more detailed com-
putation than in the case treated in [5], which is needed by the appearance
of singular source terms after transforming (1.1), in order to prove the con-
vergence of approximate solutions around the blowup time. Here we should
note that the approximate solutions are not uniformly Lipschitzian in their
domains of definition.

Our paper is organized as follows. In Section 2, we first prove that a
solution of (1.1) blows up with respect to the third eigenvalue and that there
exists a unique blowup point under certain assumption of nondegeneracy
on the initial data. Secondly, we transform (1.1) to a new form and give a
precise description on formation (and construction) of a shock. In Section 3,
we construct approximate solutions near the blowup point with the aid of a
specific iteration scheme and prove the existence of a solution with a shock
starting from the blowup point.

§2. Analysis on the blowup mechanism and main theorem

Now we study the blowup mechanism of smooth solution to (1.1) and
extend the solution of (1.1) across the blowup time. We will also distinguish
a direction along which the first order derivatives of p and u will blow up.

Firstly, it is easy to see that as far as smooth solutions are concerned,
(1.1) is equivalent to the following system:

8tp + le(pU) = 07

8tu+uVu+@ =0,
(2.1) p

8tS + uVS = 0,

plimo = p+epo(r), ultmo = ewo(r)x, Sl=o =9,

https://doi.org/10.1017/5002776300000893X Published online by Cambridge University Press


https://doi.org/10.1017/S002776300000893X

FORMATION AND CONSTRUCTION OF A SHOCK WAVE FOR 3-D EULER EQUATIONS 129

where V denotes (9, 0zy, Oug)-

Here we emphasize that the systems (1.1) and (2.1) are not equivalent
for the weak solution. When the smooth solution of (1.1) blows up and the
shock wave is formed, then across the shock the entropy S will become a
function of (¢,z) plus a constant.

When the initial velocity in (2.1) is radial, the smooth solution to (2.1)
has such a form in t < T;: p(t,x) = p(t,r), u(t,x) = Vw(t,r) and S(t,z) =
S, where w(t,r) is a potential function of velocity.

From the second equation in (2.1), we get

(2.2) OVw + V(%|Vu)|2> — _Vh(p),

where 1 (p) = ¢*(p,5)/p, h(p) = 0. Hence dyw + 5|Vw|*> = —h(p).
Notice that h'(p) > 0 for p > 0. By the implicit function theorem we
see that

1
(2.3) p=h"1 (—(atw + 5|W|2)), 5=h"10).
Substituting (2.3) into the first equation in (2.1), we have
1 _
2 2(p-1(_ L 2
Ofw —c¢ (h ( (8tw+2|Vw| )),S)Aw
3 3
+2)  OworOpw + Y | Owdwdjw =0,

(24) k=1 i,k=1
w(0,7r) = 5/ swo(s)ds,

M
=2

| 01(0,7) = == polr) + (1),

where

"t d E(p,S) 1 L o 2
o)== [ [ (FED)| w2 (r)
For notational convenience, without loss of generality we assume ¢ = 1
in this paper.
By the results in [22] and [23], we know that the solution of (2.4) only
blows up for t < T, in the domain D = {(¢,r) : eT/2 <t < T, —AM <
r —t < M}, which is close to the surface of forward light cone (in fact, the
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blowup point lies in ¢ = T;). In light of the standard process of disposing the
problem on the nonlinear wave equations with small initial data, as in [11],
[13] or [14], we introduce the normal transformation o = r — ¢ and the slow
time variable 7 = ¢Int to rewrite the equation (2.4). Let w(t,r) = £G(r,0).
Then a direct computation yields an equation on G in the domain D

(25) 092G+ p(G,VG)I*G + e T/%q(G, V@G + ¢ ™/*r(G,VG) = 0,

where
_ A (pS) — (1 - 9,w)?)
PG, VEG) = 2e(1 — Oyw)
= (14 pd(p,8))0,G + e ™20(0,e7 /%, G, V. G),
1
Q(Gv VG) = _2(1 — arw)

1
=3 + 677-/60(0, e G, Vo,G),
1
r(G,VG) = 5(0:G — 2(0,G)*) + e 7 0(0,¢77%, G, V.1 G).

Here the notation “O(o, e /e, G, Vo,-G)” denotes generic smooth functions
in its arguments.

To study the blowup mechanism of solutions to (2.5), as in [2] and [22],
we introduce a transformation:

(2.6) T=7, 0=9(1,y),

which is singular only at the blowup point. ¢(7,y) is unknown and will
be determined together with the solution G of (2.5). Let G(,¢(7,y)) =
m(7,y), (0-G)(T,¢(7,y)) = v(1,y). Then (2.5) is reformulated as follows

Oyv
2. 2L +1=
( 7) 8y(p 1+ 2 07
where
7 t((p,S) — (50-p — Opw + 1)?)
1 pr—

2¢(1 — Opw)
= 287’80 - 2(1 + ﬁcl(ﬁv S))’U =+ 677/5611(67#87 ¥, m,, 87'@7 87'm)7
Iy = =200+ e Fqa(e”/%, om0, 070, 0rm, D0, 020, 02m),
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and the functions ¢; (i = 1,2) are smooth.
Inspired by the notion of blowup system for a quasilinear wave equation
in [2], we here define the blowup system corresponding to (2.5) as

Iy =0, I =0, I3 = 0ym —v0yp = 0,

0 Lof@a)n n(3a)-6(2 ). o(F)- 06 F0)

Obviously, if (2.8) is solved in the class of smooth functions, then (2.5) is
also solved in the domain where the transformation (2.6) is invertible. In
particular, when the function ¢(7,y) satisfies the following nondegeneracy
conditions at some point (7. = eln Ty, y.):

aySO(Tsyys) =0, a;@(Tsays) =0, aSW(Tsays) >0, 357—90(757?/5) <0,

and the function v has the property d,v(7:,y.) # 0, one can get a complete
description on the blowup mechanism of smooth solution to (2.4) at the
blowup point (T¢,r. = T-+¢(7,y:)). Indeed, a simple computation implies
that the solution w(t,r) and its first order derivatives are continuous at the
blowup point, while the second order derivatives of w(t,r) blow up like
1/(T. — t). Furthermore, we can give an extension property of solution to
(2.8).

LEMMA 2.1. Let

D:{(T,y):%STSQTO, —4M§y§M}.
Then the blowup system (2.8) has a smooth solution (¢, m,v) in D for
small € > 0, satisfying the estimates

[eler(py + Imlerpy + [Vlerpy < Ck k=1,2,3,...,

with constants Cy > 0 independent of €. In particular, suppose that the
function

F(q) = ¢*9qwo(q) + 3quo(q) + %(qaqpo(Q) + po(q))

satisfies a mondegeneracy condition at a unique minimum point, i.e., that
there exists a unique point qo such that F(qo) = min F(q), F'(q0) = 0 and
F"(qo) > 0. Then we have

aySO(T’ y) Z O
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in Dy ={(r,y) :10/2 <7 <7, —4M <y < M} of D.
Moreover there exists a unique point (7¢,ye) such that

(T’ y) = (Tivyi)’ a;@(Tsays) =0,

Oyo(1,y) =0 <=
Y 8390(7—573/5) > 0, 857-90(7—573/5) <0

and Oyv (7, y:) # 0.

Remark 2.1. By (1.2), we know that 7. actually satisfies

2
lim 7. = — - .
e>0 © (pc'(p,S) + 1) min, F(q)
Hence the effect of F(q) is very silimar to that of initial data for Burger’s
equation.
Proof. The proof is given in Theorem 2 of [22], so we omit it. 0

Based on Lemma 2.1, we can determine the blowup direction of (p, u, S)
and construct a 3-shock starting from the blowup point (T;,r. = T. +
©(7z,9:)). Motivated by the physical background we set u(t,z) = u(t,7) 7
From the system (1.1), we get a conservation law system on (p(¢,r),a(t,r),
S(t,r)) with the source terms
(2.9)

( . 2pu
Oup + 0, (pi)) = ===,

. . 21
Or(pit) + 0, (pir* +p) = =L,

1 1 . 2 1 -
Oy (pe + §pu2> + 8r((,oe + E'OUQ +p)u) = —;(pe + §pu2 —f—p)u,

p(0,7) = p+epo(r), @0,7)=cwo(r), S(0,7)=S.

Here we should notice that the blowup point of (1.1) is far away from r = 0
and the new shock will be constructed near the blowup point. Hence the
factor 1/r is not a singularity in our study.

A simple computation yields that (2.9) has three distinct eigenvalues
A(t,r) = a—c(p,S), Ao(t,r) = @ and A3(t,r) = @+ c(p,S). The cor-
responding left eigenvectors are Iy = (1,—p/c(p,5),0), lo = (0,0,1) and
ls = (1,p/c(p,S),0), respectively. Now we give a detailed information on
the blowup direction of (p,u, S) at the blowup point.
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LEMMA 2.2. Under the nondegeneracy condition on F(q) in Lem-
ma 2.1, l38r<§) blows up at the blowup point (T.,r:), while llﬁr(g) and

lg@r(éz) are still continuous and bounded.

Proof. By (2.3) and u = Vw, S = S for t < T., we can get

150, (1| = L (00— - (O + Bwil)).

c(p, S) c(p, S)

n 2D

Noting w = £G(elnt,r — t), then one has

p
- ep 1 € G\ 1 A2
130, = —< |1 — — — | 0,G — — ) |0,G
s rc(p,s>{[ t B s @07
€
- _ 92 GV +h t,G,0,G,0,;QG),
where hp is a smooth function on its arguments.
Additionally,
Oyv
(aTG)(T)@(Tv y)) = 0rm —vorp, (agG)(T)@(Tv y)) = ﬁv
(2.10) 5o Y
02 G)(1,0(1,y)) = 0yv — =2—0;
(02.G)(r. o(7.v)) Frons
and
woo @) = —L [y L < (v- %)+ =0 ]ay”
) T T 0,8 T re(p SN ) T e(p.8) T by

+ ;Ll (57 T, ta m,v, 87'90) 8Tm) 87-’(}),

where ﬁl is smooth.
Since I1 = 0 yields

-1
0,0 — (c(p, 5) )t+f(v_@)’
€ r r
we have
P 2e 15)
i p Oy
130, = __ 4 .
3 Z‘ rc(p, S) Oyp th
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Then by Lemma 2.1, we know that [30, ( g) blows up at the point (7%, 7c).
Similarly, by a direct computation we have

p

i ) 1 € m € Oyv
Loy a | = _ [—1+ _ _ (v__) 4 3&]

g re(p, S) c(p,S)  rep, S) r/ o te(p,S) Oy

+ h2(5) T, t7 m,v, aTQO, aTm) 8T/U)
= im(r,t, m, v, Orp, Orm, 0rv),

p
Lo | @) =o,

S
where hg and ilg are smooth.

Therefore Lemma 2.2 is proved. H

Now we give a reduction on (2.9) so that each equation in the new
system contains only the differentiation along the same direction. This
reduction will bring us much convenience in order to obtain the convergence
of our iterative scheme in the process of shock construction.

LEMMA 2.3. By an invertible transformation, the system (2.9) is re-
duced to
B(w)
0, A(w)orw = ——=
(2.11) i+ Aw)drw = ==,
w(0,7) = ewp(r, ),

_ A(w) a(w) 0
in a neighborhood of (p,0,S). Here A(w) = ( 18 Az((w)) A (() )), a(0) =0,
—a(w) A3(w

b1 (w)

and B(w) = (bl?w)) is a smooth vector function. Moreover (2.11) is
3 (w

rewritten as

b
Owi + A (w)0rwy + a(w)(Gywg + A1 (w)Opwse) = 15}1})’
(2.12) Orwo + )\g(w)arwg =0,
b
Orws + A3(w)drws — a(w)(drwse + Az(w)drws) = Siw),

where a(w) and b;(w), i = 1,2, are smooth and a(0) = b;(0) = 0.
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Proof. As in the case of 2 x 2 systems, we introduce the Riemann
invariants as follows

aq :fL—F(p,S),
(2.13) ag=9-25,
ag :&—l—F(p,S),

where 9,F(p, S) = ¢(p,S)/p and F(p,S) = 0.

Obviously, (2.13) is invertible as long as p > 0 (in our discussion, p is
a small perturbation of p, hence p > 0 is fulfilled).

By a direct computation using (2.13), we get from (2.9)

2u%  2ac(p, S
Oroy + M0rar + q(p, S)0rae = _% + M’

Oraa + Xo0rag = 0,

O + MOraz + q(p, S)0rag = T,
where q(p, S) = dsp(p,S)/p — c(p, S)IsF (p, S).
By a linear transformation
wy = o1 — q(p, S)az,
(214) W = (g,
w3 = a3 + q(p, S)az,
one gets
( 2a%  2dc(p, S
Owy + A (w)0rwy + a(w)drwe = —% + M,

Orwo + )\2(11})8,«’11)2 =0,
202 2ic(p, S)

Opwsz + )\3(11})8,«’11)3 — a(w)é?rwg, =7
r r

w1(0,7) = ewo(r) — F(p+epo(r),S), wa(0,7) =0,
w3(0,7) = ewo(r) + F(p+epo(r),S),

\

where a(w) = —q(p, S)c(p, S) + q(p, 9). )
Obviously, (2.13) and (2.14) transform the point (p, a,S) = (p,0,.S) to
the point (wi,ws,w3) = (0,0,0). Moreover a(0) = 0.
In addition, we see by a simple algebraic computation that (2.12) is
obtained directly from (2.11). Hence Lemma 2.3 is proved. [
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By Lemma 2.2, it is easy to see that J,.ws blows up at the blowup point
(T.,r:), while 0,w; and J,ws are continuous at (7:,r.). Hence we expect
that a 3-shock will be formed from the blowup point. Our result can be
stated as follows.

THEOREM 2.1.  Consider the system (2.9) and suppose that F(q) sat-
isfies the nondegeneracy condition as stated in Lemma 2.1 at only one
point. Then for small € > 0, (2.11) admits a weak entropy solution with
a continuously differentiable shock curve I' : r = ¢(t) which starts from
the blowup point (T:,rz). The solution w is continuously differentiable in
([Te, T-+ 1) xR)\I" and satisfies the Rankine-Hugoniot condition and entropy
condition on I'. Moreover, the estimates

O(t) = re + A3(Te, 7e) (t = T2) + O((t = T2)?),
wi(t,r) = wi(Te,re) + O((t = T + (r — 1o — Ag(Te,re) (2 — T))2) 2,
wa(t,r) = O((t = Te)* + (r — re = As(Te, o) (t — T2))%) /2,
ws(t,r) = ws(Te,r2) + O((t — T2) + (r — 1o — Ag(Te,r2)(t — T2))2)/®,
hold in
Q={tr): T.<t<T4+1r.—2Tc+1-t) <r<r.+2(T: +1-1)}.

Thus, returning to (2.9) we have

p(t,r) = p(Teyre) + O((t = To)* + (r — 1o — Na(Te, 7)) (t — T2)2)V°,
it r) = @(Teyre) + O((t = To)? + (r — re — Ag(Teyre))(t — T)2) M,
S(t,r) =S+ O((t = To)* + (r — 1o — Aa(Te, 7)) (¢ — T2)2)/?

near (Tz,r:). Here, “O” stands for uniformly bounded quantities indepen-
dent of €.

Remark 2.2. Some weaker singularities of the solution of (2.9) may
propagate into the domain [T.,T. + 1] x R along 1-characteristics and 2-
characteristics through (7., r.) although the solution itself is continuous
there.

Remark 2.3. Under the assumption of Theorem 2.1, we know by [22]
and [23] that the solution of (1.1) or (2.9) does not blow up away from a
small neighbourhood of r., provided that t is in [T., 7.+ 1]. Hence, in order
to complete our construction of a shock wave for ¢ € [T, T + 1], we need
only study our problem in the set {2 as defined above.
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Remark 2.4. The same method applies to (1.1) in two space dimensions
with axisymmetric and nondegenerate initial data, and we obtain results
similar to those stated in Theorem 2.1.

Remark 2.5. In view of the proof of Theorem 2.1 given in the next
section, the results in Theorem 2.1 hold in the time interval [T., T, + A/¢],
with an appropriate A > 0 depending only on the initial data of (1.1).

§3. Proof of Theorem 2.1

As remarked in the last section we need only to do analysis in the
neighbourhood 2 of (T¢,7:). The solution w of (2.11) will be constructed
in ¢ > T, by an iterative procedure. To this end, we will construct a se-
quence of approximate solutions {w(™ (¢,7)} and a corresponding sequence
{¢™ ()} standing for the location of the approximate shocks, and show the
convergence of these sequences. Here we choose the solution of blowup sys-
tem (2.8) as the first approximation w(©(t,7), while ¢ (¢) is determined
by an ordinary differential equation, which is derived from the Rankine-
Hugoniot conditions. The advantage of this choice is that we can get a
piecewise continuous solution of (2.11) which satisfies the entropy condition
on ¢ (t) and a “good” estimate near the point (7%, r.). Subsequently, the
whole sequence {w™ (t,7)} can be successively determined by the method
of characteristics, and {¢(" (t)} can be determined by the R-H conditions
correspondingly.

This section is arranged as follows: In Step 1, we give the first approxi-
mation of system (2.11) and some precise descriptions of the approximation
as a preparation for further discussion. In Step 2, we will give an iterative
scheme to construct the sequence {w™ (t,7)} of approximate solutions, and
establish estimates on {w(™}, {9w(™} and {9,w™}. Step 3 is devoted to
the proof of the convergence of all these sequences.

Step 1. First approximation
Denoting by H(t,y) = t + ¢(¢Int,y), by Lemma 2.1, we know that
H(t,y) satisfies

(tvy) = <T€7y€)7 8ZH(T€7y€) = 07

(3.1) OyH(t,y) =0 <
Yy OBH(T.,y:) >0, 0pH(T:,y:) <O0.

More precisely, by a similar treatment in [5] and [17], we can show the
following two lemmas which describe some subtle properties of H(t,y).
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LEMMA 3.1. 1) Fort € (T.,T; + 1] and in a small neighbourhood of
Ye, OyH(t,y) = 0 has two distinct real function roots n° (t) and n5.(t) such
that n5 (t) < ye <n°(t) and n3.(t) € C(T;, T + 1].
2) Setre(t) = H(t,n°(t)) and r5.(t) = H(t,n7(t)). Then
= H(t,y) has three distinct real roots y° (t,r) < ya(t,r) < y.(t,7)
if re (ri(t),re(t)).
r = H(t,y) has a unique real root y5 (t,r) if r > re(t).
r = H(t,y) has a unique real root y° (t,r) if r < ri (t).

3) Denote

Qp ={(t,r) € QT <t <T.+ 1,7 >rL(t)},
Q ={(t,r)eQ:T. <t <T.+ 1,7 <r(t)}.

Then y&.(t,1) € C*®(Q1) N C(Qy).

LEMMA 3.2. Denoting d- = (t — T.)3 + (r — re — X3(T, 1) (t — T2))3,

we have
Y3 (t,r) — ye| < CdYS, |0y (t,r)| < Cd 3,

Oeys(t.r)| < CdZV0, |ORye(t,7)| < A5,

where £ is the third characteristics passing through (Te,r:), and the generic
constant C is independent of €.

Based on Lemma 3.1 and Lemma 2.1, we can get two extensions of a
solution of (2.11) across the blowup time 7.

In fact, let p*(t,y) = p(t, H(t,y)) and u*(t,y) = u(t, H(t,y)). Then by
the definitions of G(7,0), m(7,y) and v(7,y) we have

p*(t,y) = b (g(t,y)),

(32) X € m(elnt,y)
ut(t,y) = m(“(dntay) - W),
where
g(t,y) = H(i ) {v(e Int,y) — %{&rm(e Int,y) —v(elnt,y)orp(elnt,y)

— 72H(Et,y) (v(s Int,y) — 7m§(12 Z)y))j }
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From (2.13), (2.14) and (3.2), we can define two vector valued functions
0 t ) — 0 (t 0 t ) 0 (t ) b
wy (t,r (wl,i 7T)>w2¢( T), W3 4 ;7)) by

wi +(t,r) = 'ty (t,r) — F(p" (tyi(tr)), S),

)

(3.3) w) L(t,r) =0,

)

wy 4 (t,) = u* (8, y5(8,)) + F(p* (ty5(t,7), S).

)

Note that wY.(t,r) are the smooth solutions of (2.11) in Q4 respectively.
Therefore, they are both extensions of solutions of (2.11).

Now we define the first approximate shock curve ¢°(t) starting from the
point (T.,r.). Since we have chosen the entropy S = S, we hope that ¢°(t)
can be determined by the corresponding Rankine-Hugoniot conditions for
the first two equations in (2.9), that is,

{ [p)(¢°(1)) = [pal,

(3.4) [pa] (8" (1)) = [pi® + p(p, 9)].

Hence ¢°(t) should satisfy the following ordinary differential equation

de’(t) < 0
¢O(TE) - ’réa
where
. 1 wd, —w?, _ wd —wd
o 2 3,+ 1,+ _ 3,— 1,—
Nt r) = {/0 ¢ (90(72 ,S) (1 9)G<72 S)> a9
(Wi +w§, —wl _ —wy_)? 1/2 wl | +wd A+ w) A+ wg
B 48 + 4 ’

and G (¥35%1, 5) is the inverse function of p in (2.13) and (2.14) with S = S.
As in [5, Lemma 3.2], we have

LEMMA 3.3. The equation (3.5) has a solution ¢°(t) € O[T, T. +1].
Moreover, ¢°(t) satisfies r5.(t) < ¢°(t) < r.(t), and

) =re + X3(Te,r)(t —Te) + O((t — T2)?); t e [T, T. +1]

Here O represents generic quantities independent of €.
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Define the function w®(t,r) = (w{(t,r), wd(t,r), wI(t,r)) by

0 0
w,  (t,r), > t
w?(t,r) = { it (:7) ¢ (1) 1=1,3,

w)_(tr), <)
wI(t,r) =0

in Q. Obviously, w(¢, ) is a solution of (2.11) in Q4 respectively. But it
is not a weak solution of (2.11) because it does not satisfy the Rankine-
Hugoniot condition along the curve 7 : r = ¢°(¢). We will use an iterative
scheme to construct a shock starting from the point (7%, r.) for the system
(2.11) by modifying the location of curve v as well as the solution on both
sides of 7. In the process of the forthcoming iteration, (w(t,r), ¢"(t)) will
be chosen as the first approximation of the iterative scheme.

LEMMA 3.4. In the domain Q\7y, we have the following.

1) wi(t,r) satisfies the estimates:

lw(t, ) — w(Te,r2)| < Ced/,
18wl (t, )| < Ced 'S,
|8, wl(t,r)| < Ced= />,
182wl (t,r)| < Ced/S.

(3.6)

2) wi(t,r) satisfies the estimates:

lw(t, ) — wd(Ty,r.)| < Cedl/?,
\&tw(l)(t,r)] < Ck,

|8rw(1)(t,r)] < Ck,

10200 (¢, )| < Ced V2

(3.7)

Proof. 1t is enough to prove the lemma in the domain 2.
For the simplicity to write, from (2.13) and (2.14) we denote by

wi(t,y) = w(t,y) — F(p*(t,y), 5) and wi(t,y) = v’ (t,y) + F(p*(t,y), ).
Then wgi(t,r) =wj(t,y3(t,r)) for i =1,3.
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1) Thanks to the existence and regularity in Lemma 2.1, one has

wy(t,r) — wi(Te, 1) = wi(t, y5.(8,7)) — w3 (T, ye)
= w3(Te, ye ) (t — Te) + Oyw3 (Te, ye ) (Y5 (¢, 7) — ye)
+O(e(t = T)* + e(y (1) — 9e)?),
Apwg (t, 1) = w3 (t, 45 (t,m)) + yw3 (¢, y5 (t,7)) ey (8, 1),
Brwy(t,r) = dyws (t,y5 (¢, 7)) 0,5 (¢, 1),

141

Ofw3(t,r) = Oqws (t, y7 (t,1)) (0 (8,7))° + By (t, w5 (7)) Oy (8, 7).

Hence (3.6) follows from Lemma 2.1 and Lemma 3.2.

2) Firstly, we claim that
(3.8) Oywi (Tz,y:) = 0.

In fact, by a direct computation from (3.2) one has

O (t,y) = aH( g+§;§)+;(ay@—8@’?m),

Oyp*(t,y) = %aygu

and

8yg(t,y):8yH{ IZ'F%( —%)Q—i]—T<”_%>}

N P w2 o) — (o= ™Y (90— L
—I—H{ayv t(ﬁmi 0yv0r — v0y, ) H(v H)(ﬁyv H)}

Since 0y H (1%, y:) = 0, Oy(7:,y=) = 0 and dym(7:,y:) = 0, we get

15
8 ’U)* T7 _ @@ I+[I ,
Y 1( € ya) H(Tg,ys)( )
where
Iﬁ ( ( €7y5 ,S) (8 m(Tévyé) - (Tmye)a;rﬁp(%aya)),
8
I[: UT€7y€ < E’ya’ )_1
C 67y€
7-573/5)) £ >
V(Te, — _ _8 T, '
says ( c yE T€7y€) T. 7'(10( € il/e)
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Taking the first order derivative in 7 on two sides of I3 = 0 in (2.8), and
using 9,¢(7¢,y-) = 0, one has

ang(Tea il/e) - U(TEa 96)857-90(7—67 il/e) =0,

that is, I = 0.
Additionally, I; = 0 in (2.8) implies

e _ € m(Te, ye)
iar(P(Taayé) — c(p ( €’y5) S) -1+ m(v(TeayE) - m)

This leads us to II = 0. Hence (3.8) is proved.
Secondly, we claim that

(3.9) GSwT(TE,ys) = 0.

Indeed, by 0,H(1.,y.) = 0?2 H( T:,y:) = 0 and Oyp(7e, y:) = Oyw(7e,ye) =

0?2 om(7e, y=) = 0, we have

2, _ € 2
yu (T-,y:) = mayU(Tsuys)'

Using I; = 0 and I3 = 0 again in (2.8), one has

2 2
8yg(Tsays)_ ( (( j’gj))7 )(8yv(7—says))2a
82 ( aaya) = 80(?{((%’ g;i)) S) 85'0(7—573/5)
%9 C( ( ane) S)p (Teaye)
T o) (T e, §) b))
Hence

8pc(p (T57 ys) )

( 57?/5)
C4(p ( 57?/5) S) (8

yg(Tsyys))Q

ang(Tays) 82 *( says)+

o2 9( 1, y:)
C(p (Tsyys)as)

=0.

Now we prove (3.7).
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By (3.8), (3.9) and Taylor’s formula, we get

Bywi (t, v (t,r)) = Opywi (Te, o) (t — Tv)
+O(e(t = To)* + e(y(t,r) — ye)?),

Owi (t,y7(t,7)) = 005wy (Te, ye ) (t — To) + Opwi (Tr, ye) (5 (1) — ye)
+O0(e(t = To)* + e(y (t,r) — y2)?).

By Lemma 2.1 and Lemma 3.2 one has
(3.10) |0ywi (t,y%(t, )| < CedY®,  |02wi(t, y5 (¢, 7)) < Ced?.
Additionally,
w(l)(t r)— w(l)(Tsurs) = 0wy (Te, ye)(t — Tz) + 3wa(T5,y5)(yi(t,T) — Ye)
+O(e(t = To)* +e(t = T3 (8, 7) — ye)* + ey (8,7) — 1)),
atwl (t7 T) = atwl (tv y+(t7 7")) +0 ’U)*( 7y (t7 T))atyi(tv 7"),
arwf(u T) = 8wa (ta yi— (t7 T))a’/‘y-i- (t7 T):
Orw (t,r) = Oquwi (t,y (4, 7)) Oy (8:1))? + Bywi (8, Y7 (1, 9)) D7y (8, 7).

Combining these with (3.10) and Lemma 3.2, we see that (3.7) holds.  []

Denoting the jump of wf(¢,z) on v by [w?], which equals w{ (¢, #°(t) +
0) — wl(t, 6°(t) — 0), we have

LEMMA 3.5. The jump of w) (i =1,3) satisfies
[w]] < Coe(t — T)'/?,  [[wd]] < Coelt — To)*/?.

Proof. Using the estimates of ¢°(t) on ~, we have d. = (t — T.)> +
(@°(t) — e — A3(Te,7r2))(t — Te)? ~ (t — T.)3. Therefore Lemma 3.4 1)
implies

S]] < Ju§(t, @°() + 0) = wi(Te, re)| + [wh (1, 6°() — 0) — w§(Te, 72|
S C()E(t — TE)l/Q.

Now we show that Lemma 3.5 holds for [w?{].

Since

wl(t,r) — wi(Te, re) = Opwi (Te,ye ) (t — Tz)
+O(e(t = To)* +e(t — To) (Y5 — ye)* +e(ys — ve)?)
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in Q4 , and since

w?(t,r) - w(l](TaTs) = Opwi (T, y:)(t — T¢)
+O( ( ) +€(t_T)(ys—_y€)2+€(yi_ya)g)
in Q_, we have
|[w]] = [w(t, &(t) + 0) = wi(Tz,re) — {w(t, () — 0) — w(Tz, 7e)}]
=10(ed?)| < Coe(t — T2)¥2. [
Step 2. The iterative scheme
Next we improve the approximation sequence successively. Denote the

unknown shock curve by r = ¢(t). Then the slope of shock o(t) = ¢'(t)
must satisfy the Rankine-Hugoniot conditions:

olp] = [pl],
(3.11) alpti] = [p@* + P(p, )],
o[ oe(, ) + 50| = [(0e(0.5) + 50 + P, )i,

and the entropy condition for 3-shock.
If we denote the inverse of the transformations given in (2.13) and (2.14)

by
(p,5) = (aw), 12,5 + w).
then (3.11) is equivalent to
olpr(w)] = [Fy(w)] = 0,
(312 olpa(w)] — [Fa(w)] =0,
olps(w)] = [Fy(w)] =0,
where
pr(w) = q(w),  pa(w) = L pr(w),
pa(w) = pr(w) (e(pr(w), 8 +wz) + 5 (11 2)),
and

Fi(w) = pa(w),  Ba(w) C“*wS%Mw+Ppu>S+wa
),

271) w
) = ) [0, 1+ L P05 )
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The entropy condition for 3-shock is written as
(3.13) Az(w_(t)) < o(t) < Ag(w4(t)), Ae(w—(t)) < o(t),
where

W+ (t) - (wl,ﬂ:(t)? w2,:|:(t)7 w3 (tv i))
= (wl (tv ¢(t) + 0)7 w2 (t’ ¢(t) + 0)7 wS(tv ¢(t) + O))

Now we claim that for small €, (wy —(t), we,— (%)) is uniquely determined
from (wq 4(t), wo+(t), ws +(t),o(t)) by two of three equalities in (3.12).
This assertion is important because by the entropy condition (3.13) we
need the boundary value (wq —(t), w2,—(t)) in order to solve wy _(t,r) and
wa, —(t,r) in the domain Q_.

LEMMA 3.6. (wq,—(t),ws,—(t)) is determined by the equations
olo1 ()] — [Fi(w)] =0, olpa(w)] — [Fa(w)] = 0.

Proof. By Lemma 2.3 and the assumption on ¢ = 1, we know that

(M(O)> - <M(o)) — diag{—1,0,1},

8(11}1,'11)2,“13) a(w17w27w3)

that is,
o(FL, By, Fa) g (0) 2(0) —252.(0) —52(0)
1,12, I3 0 ) d d
U2 T3 gy~ 1) | Cezgy Gezig) | = | —28r2(0) —2e2
<8<p1,p2,pg) ) g;g( ) g’;’j( : g;f;( ) g;f;( )
7o (0)  5E2(0) 255, 0) —5i5(0)
Additionally, a direct computation shows that
d(p1, p2) _
8(11}1,'11)2,“13)
—p/2 —0sp(p, S)
/2 0
~8(e(p, 8) + pdye(p, S))  pOse(p,S) — Osp(p, S)(e(p, S) + pOpe(p, 5))
has rank 2. Hence by the implicit function theorem we see that (wi _(t
] pu—

wa —(t)) is determined by the two equations o[p;(w)] — [F1(w)

§ and
olpa(w)] = [Fa(w)] = 0. i
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Consequently, from Lemma 3.6, (3.12) is equivalent to:
o]
(3.14) ol )
7 =3a( [ @ F) O 0) + (1~ Ot ©))as).

p1( (w)] =0,
pg(w)] 0,

where Az is the third eigenvalue of matrix (fol(apiFj)(Hp(w+(t)) + (1 -
0)pew_(0))d8)?_, with p(w(£)) = (p1 (ws (), pa(ws (1)), ps (ws (1))).

Based on the above preparations we now construct the weak entropy
solution of (2.11) by using an approximation procedure. To avoid difficul-
ties caused by unknown shock curve, which may change its location in the
process of iteration, we introduce a coordinate transformation

(3.15) { @=r=9lt),

t=t,

which transforms the (unknown) shock to z =0, t = ¢.
Under these new coordinates, the blowup point is (7%, 0) and the system
(2.12) is written as the following form:
(3.16)
(

pwn + (M — 0(£)Dzwn + a(w)(@ws + (A1 — o(t))Dwz) = zbl (Z<)t>’
Oywz + (A2 — o (t))dzws = 0,

Orws + (A3 — (1)) 0z w3 — a(w)(Frws + (A3 — o(t))dzwa) = zbj-(;)()t)’
wit, 2)le=r. = wi(Te, 2 +72), i=1,2,3.

Let

ol
I

(t,2) : T.<t<T.4+1, =2(T-+1—-1t) <2< 0},

-=A
{(t,z2)  T- <t<T.+1,0<2z<2(T.+1—1)}.

ol

+

When ¢ > 0 is small, Q_ U is obviously located in the determinate
region of {(T;,z) : —K < z < K}. In order to construct the weak entropy
solution of (2.11) in the domain 2_ U 24 and prove Theorem 2.1, we take
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the following iterative scheme:

(0wt + (M (w?) — o™ (1) dwi !

+
— n n n n n Bl (wn)
) O+ el = " (0)008 ) = s,
Qi + Oa(ul) — o™(8)0:uwl ! =0,
(3.17) < dwit' + (As(wh) — o™ ()0 wh !

AU + alw) - " (D)0.uf) =
Wi+

=t = w] (T, z + 1), wit(t,2)li=r. =0,
n+1

\ W3+ (t, 2)|e=1. = w3,:|:(T67Z +7e),

n+1(

and
(3.18)
(Ot + (A (w) — 0" (1) Dt
+a(w) (s + (M (w?) — 0" (1))d:wh ) = %’

Orwh T + (Mo (w™) — o™(£)dwy T =0,

5 1

o"(t) = 3( / (00, Fj) Op(w't (£,04)) + (1 — 0)p(w™ (¢,0 )))de)
wit(t, 2) =, = w) (Tt 2 +7e),

wi T (t, 2) =1, = wd _(Tt, 2 +7re),

with(t, 2)]2=0 = Wi (t,0-),

whth(t, 2)]2=0 = wh T (£,0-),

[F(w )],

1 palw" ™) = [Fy ().

—N—
9
3
)
g
3
x
I

Here, ¢™(t) = 1. —|—fT t)dt.
By the entropy condltlon (3.13), (3.17) and (3.18) are solved by the
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characteristics method. Since wgf =5, (3.17) becomes
by (wh)
n+1 n n n+1 I\
81tw1j- —1—()\1(w+) -0 (t))@zwlj = Zt+on(t)
b3 (w!)
n+1 n n n+1 +
Opwy + (Ns(wh) — o"(t))Dwy ! = o)’
(3.20) 8tw§:1 + (As(w™) — U"(t))az’wgil
— a0} + Calu”) — 0" (0003 ) =

wﬁf(t, 2= = w%Jr(Ta, z4re),

k wglj:l(t’ 2)le=r. = wg,:lz(Tsa z47e).

In order to estimate {w’ } and {c"(¢)}, we need the following lemma.

LEMMA 3.7. There exist two smooth functions
Gi(wi 4+ (t,0+4), w3 4 (¢,04),ws _(t,0—)), i=1,2
such that

(3.21)  [w] = Gi(wy 4+ (t,0+), w3 + (¢, 04), w3 (t,0-))[ws]®, i=1,2.

Proof. The equality for [ws] is well known, since the change of entropy
across a shock is a small quantity of third order of the strength of the shock
(for example, see [15] and [21]).

To prove the first equality (3.21), we rewrite (3.12) as

(3.22)

[wi]
OB By) oy — o) (2202209 oy 10 (o
( a(pl7p27p3) ( 7(1:’0 )) I) (8(w1,w2,w3))( 7(t’0 )) [ 2]

o [wn]? [un][wa]  [wi]fws]
=B | [wi][wa]  [w2]?*  [wy][ws]
[wi][ws]  [wo][ws]  [ws]?

Here B = (bij(w_(t,0—),wy (¢, 0+)))§’7j:1 is a 3 x 3 smooth function matrix.
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Since
3

o(t) = As(w—(t,0-)) + Y gi(w-(t,0-))[wi]

=1
3
+ Z 9ij (w— (t7 0_)7 W+ (t7 0+))[wi] [wj]v
ij=1

and since Lemma 2.3 implies

( d(p1, p2, p3) )_1 (3(F17F27F3)
a(w17w27w3) w=w_(t,0—)

d(p1, p2; p3) (- (5:0-)) - UI)

« a(pla P2, P3)
8(“}17 w2, w3)

w=w_(t,0—)
)\l(w—(tvo_)) -0 a(w—(tvo_)) 0
= 0 Ao(w_(t,0—)) — o 0 ,
0 afw_(105)) Aa(w_(1.0-)) — o

multiplying (3.22) by (M B gives

0 w1,w2,w3)) ‘wzw— (t,0—)

3
(3.23) [wi] = > Quj(w—(t,0-))[wi][w;]

2,5=1
3
+ Z Qijk:(w* (t’ 0_)7 W4 (t’ 0+))[wl] [wj] [wk]a
1,7,k=1

where Q;; and @);; are smooth.
Interchanging w_(t,0—) and wy(¢,04) in (3.23) gives

3
(324)  [wi] == Qij(wy(t,0+))wi][wy]

i.j=1

3
+ Z Qijk (’U)+ (t7 0+)7 w-— (t7 0_))[wi] [wj] [wk]

ij k=1

Summing up (3.23) and (3.24), we have

3
[wi] = Y Qujrlw—(t,0=),wy (¢, 04)) [wi] [w;] [wy],

i,5,k=1
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where Qijk are smooth.
Set [w1] = p[ws)?, and note that

QUL_(t, O—) = UJ17+(t, O+) - [wl],
[wa] = Ga (w11 (t,0+), w4 (£, 0+), w3 — (¢, 0-)) [ws]*.
Applying the implicit function theorem we see that if [ws] is small, then
p =Gy (wl,-l-(tv O+)a w3,+(t7 0+)7 w3, — (t7 0_))
for a smooth function G;. This proves Lemma 3.7. [
Step 3. Estimates of {w'["!(t,2)} and {o"(t)}
In this section, we estimate {w’"! (¢, 2)} and {¢™(¢)}. In what follows,

“N” represents a constant independent of n and ¢, which may vary from
line to line.

LEMMA 3.8. Let Cy > 0 be the constant given in Lemma 3.5. There
exists a number N > 0 independent of € such that, for alln

(3.25) wh € CH(Qx \ (T, 0)),

(3.26) jwf . —w§ | < Ne(t —To),

(3.27) 0. (wh o —w§ L) < Ne((t —To)® + 2%) 716,
(3.28) |On(wy 1 — w§ )| < Ne((t — To)* + 2%) 715,
(3.29) wl'y —wd.| < Ne(t —To)%%, =12,
(3.30) 0-(wiy —w) )| < Ne(t —To)'?, =12,
(3.31) Ou(wie —wl )| < Ne(t —T)'?, i=1,2,

in Q_ orin Q.

Proof.  Obviously, (3.25)—(3.31) hold for n = 0. Now we prove the
conclusion by induction. Assuming that these estimates hold for n, we
prove that they hold also for n+ 1. The proof will be divided into six steps.

Part 1. Estimate of o™ (t)
Suppose (3.25)—(3.31) are true for n. By the expression for ¢"(t) given
in (3.18) and the mean value theorem, we have

0" (t) — 0°(t)] < Celt - To)

in [T.,T. + 1]. Here C'y > 0 depends only on N.
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: n+1 n+1 n+1
Part 2. Estimates of wy', wi" and wy™,

We estimate only wj+;

or even simpler.
The function v(t,z) = wgﬂ —w) _ satisfies

; estimates of the others are completely parallel,

O+ (As(w™) — 0™)0.v = (A3(w?) — Ag(w™) + 0" — 0°) 0w _
+ a(w™ ) { O (wy _ —w) )+ (Ag(w™) — ™) (wh _ —w) )
— (A3(w?) = A3(w™) 4 0" — 00)821087_}
(3.32) + (@(w™) — a(w?))(@wd _ + (As(w’) — %) )
bs(w™)  by(w?)
z+9n(t) 24 ¢0t)’
(T, z) = 0.

_l’_

and
by(wt)  By(w?)
() 2+
b)) B
z+¢"(t) (z+¢"(1)(z + ¢°
in view of the induction hypothesis, a(0) = 0 and Lemma 3.4, we can apply
the method of characteristics to derive

t
o(t,0)] < faw")(wh — )|+ Oxe [ (14 Vo= Tods
T

< CNE2(t —T:)

o /T (0™ (t) — (1))t

with Cy > 0 depending only on N. Hence (3.26) holds for n + 1, whenever
€ is small.
Similarly, we can show

\w"ﬂ — w(l)7+\ < Cne(t —T.)%2.
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Part 3. Estimates of wftl and wgil
It is enough to estimate w?il. The function v(t,z) = wﬁtl — w%_

satisfies

o + M (w™) —o™dv = A (w?) = A\ (W) + o™ — 00)82111(1)7_
—a(w") {9 (wy _ — wg,,) + (M (w?) = o™)d.(wh _ — w%,)
— (M) = A (W) + 0" = 0o u) _}
(3.33) — (@) — a(w?))(Qwy _ + (M(w?) — 0%)o.w) )
by (w™) El(wg)
2 on(t) 2+ d0t)
[ 0(Tz,2) =0, v(t,2)]z=0 = wf‘tl(t, 0—) — w?ﬁ(t,O—).

Let £ = £(t,z,5) be the backward characteristics of (3.33) through the
point (¢,z) in the domain Q_. If the characteristics £ = £(t, z, s) intersects
the z-axis, then as in Part 2, we have |v(t,2)| < Ope?(t — T.)3/2. If the

characteristics & = (¢, z, s) intersects the t-axis at (s,0) with s > T, then

we have to estimate w?tl (t,0—). Firstly, by using the induction hypothesis

and the method of characteristics we have

(3.34) lu(t, z)| < ]w?il(s, 0—) — w(f,_(s, 0—)| + Cne?(t — T2)3/2.
Secondly, by Lemma 3.7 we know

(335)  [wf™] = Grlwf (s, 00), wh ! (5, 04), s 5,0 ) [ 1P
Since

wit (s,0-) = _(5,0-)] < |[wi ™|+ [wi (s, 04) —wf 4 (5,04)]+|[w?]

[wy ™) < Jws (s, 04) —wg 4 (5,0-40) [+ |wy ™ (s,0-) —w§ _(s,0-)[ + [[wS]],
it follows from (3.34), (3.35) and Part 2 that
(3.36)  |u(t,2)| < Coelt — To)3? + Cne?(t — T2)*? < Ne(t — T)?/?

for small .
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Part 4. Estimates of ]V(wgil —wj 1)
The function v(t,z) = 0, (wéIJrl - wgﬁ) satisfies
(3.37)
O + ()\3(’11)”) " (t))0v 4+ 0, (Ag(w™))v = a(wﬁ){afz(w’i, — w%,)
w) — 0™ (wh _ —wy )}
") = A3(w?) — o + 02wy _}
)~ Xl + 0" — o)

=) {(0w,A3) (W™)Dw] — (D As) (w?)0ow) _}Owf

+ D a(w! ) {0, s (w!) D] 0wl — B, A (w?)0:w]

2
w U)O

_o.wy _}

(T, z) = 0.

Let &t = ¢nFl(¢ 2, 5) be the backward characteristics of (3.37) through
the point (¢, z), that is, the solution of the equation
d§n+1
= Ma(l(s, ") —o"(s), To<s<t
s
€n+1|s:t =Zz.

As in the proofs of Lemmas 8.1 and 8.3 in [17], we can show that there
exists a constant C' independent of n and ¢ such that

(3.38) (s =T + ("2 > C((t - To)* + 2°)
and

! n n+1 3 1
(3.39) ‘/T (0N ™)) (s, € )ds| <0 4 0=/~ T2 < L
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The reasons for which we can use the methods in [17] are the following:
Firstly, we have O,;A3(0) # 0. Secondly, A3 and o satisfy a relation which
is similar to that given in Lemma 3.1 of [17] (see (3.50) below). These two
conditions are the only keys for proving Lemmas 8.1 and 8.3 in [17] for
p-system of 2 x 2 equations.

Combining (3.38) and (3.39) with Lemma 3.4, b;(0) = 0 and the induc-
tion hypothesis and then integrating (3.37), we obtain

ot )] < ()2 5~ v )1, 2)
t n n t s—=1;
T R e e

T:
n s— I + 1 d
S
(A N s A

< Oue?((t =T + 270+ [ 1(0:(Na(w™))) (5,6 ) o(s,y)|ds.

t
|
T:
By (3.39) and Gronwall’s inequality, we see that (3.37) holds for small ¢;
and (3.28) follows from (3.33).
Part 5. Estimates on |V(u/f,i1 —wf )|

The function v(¢, z) = 9, (wif —w} | ) satisfies
(O + (A (wh) — 0™ ()00 + 0. (A (w]))v

3
+ 3 {0u, M (W) D] — Dy M (W) 0wl ).l |}
(3.40) =1 )
_ by (w}) b1 (w))
- 82(2 + ¢>n(t)> B 82(,2 + ¢>0(t)>’
L v(Te, z) = 0.

For the backward characteristics €77 = €771 (¢, 2, 5) of (3.40) through
the point (t,z), we have

(3.41) wlzz+t;S

if € is small.
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By the characteristics method and b;(0) = 0 we get

t ‘U(S, n+1)‘
lv(t,z)] < Cne /E (5—T.)3 +1(§?+1)2)1/3d8

! s — TE S — TE
cond [ \Gmmr e e

Substituting (3.41) into the above inequality, we have

n+1

lvu(s
lu(t, )| < Cne®\/t —T. +Cn z-:/ _52/3ds.
Hence Gronwall’s inequality implies

lu(t,y)| < Cye2\/t — T.

Part 6. Estimates on |V (w] ”+1 w(l)77)| and ]V(wgtl w87)|

We estimate only lat(w?tl — w(f _)| and |0, (w’ftl —w? _)|. Firstly, the

function v(t, z) = ¢ (w] ”+1 —w) _) satisfies
(3.42)

0w+ (A1 (w™) — a™(t)0v + O (A1 (w”) — " (t))v
+a(w) {97 (wh _ —wy _) + (M(w) — 0™, (wh_ —wh )}
+ (M) = A(wl) — " 4+ 0°)0Fwh _}
+ (@(w™) — a(w 9)){8?11)87, + (A (w?) — ao)afzwg,,
— (M @2) = M(w) + 0™ — o) wi _
3
+ 3 {0, @) (w™)Ohwl _(dpwy _ + (A1)(w™) — o™)dwh )
j=1
— (0w, ) (w?) O _(Opwy _ + (Ar(w?)) — 0)dwh _}
+a(w™)o (A (w™) — o™0.wy _ — a(w?)d (A (w?) — 0°)dw) _
= a7 qb”(t)) o5 ¢0(t))’
v(T:, z) = 0.

We derive from Lemma 3.4, b1 (0) = 0, and the induction hypothesis that

(8, 2) — wf (£, 04)] < Cwe((t — To)* + 225,
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and
|U127(t,2’) — ! (t, O—)’ < CNE((t _ TE)S + 22)1/6

1,—

for i = 1,2,3. Hence, by the expressions of A3 and o™ (t),

(3.43) Ag(w™) — o™ (t)] < Cne((t — Te)® + 22)VE.
Furthermore, by Lemma 3.4, the induction hypothesis and (3.43), we
get
n CNE
(344) |8tw3,—(t7 Z)’ < ﬂ

Let ¢ = £(t,2,s) be the backward characteristics of (3.42) through (¢, z)
in Q_. Suppose first that this characteristics intersects the z-axis before
meeting the t-axis. Then, integrating (3.42) along the characteristics and
using the result in Part 1 as well as the induction hypothesis and a(0) =
b1(0) = 0, we get

lu(t, 2)| < Cne2(t — T.)"/?

+ [ 1A (w?)))(s,8(E 2, 8)) = (8:07)(s)[[v(s, (2, 2, 5))|ds.

T:

In view of (3.44), the induction hypothesis and the expression of a"(t), we
obtain

t
[(Oe( A (w™)))(s,&(t,2,8)) — (0:a™)(s)|ds < Cyen/t — Tk.
T
So, by Gronwall’s inequality, we conclude that
lu(t, 2)| < Ne(t — To)Y/?

for small e. When & = (¢, z, s) intersects the t-axis at (s, 0) for some s > T,
integrating along the characteristics gives

(345) o(t,2)| < One?(t = T2)"? + (9 (wi ! — wi _))(s,0-)]

+ [ 1A (wl)))(s,8(E 2, 8)) = (8:0™)(8)[[0(s,£(2, 2, 5))|ds.

T:

We here estimate the term ](8S(wftl —w) _))(s,0-)| on the right side of
(3.45).

https://doi.org/10.1017/5002776300000893X Published online by Cambridge University Press


https://doi.org/10.1017/S002776300000893X

FORMATION AND CONSTRUCTION OF A SHOCK WAVE FOR 3-D EULER EQUATIONS 157

Since
w1 < [wh ' (s,04) — wh | (s,04))]

+wh T (s,0-) — w§ _(s,04)] + [[wd]] < Cwels — T0)'2,

n Cne
[05w§ ™ = [Dgu)| < ———,
s—1T;
CN€
e ™) < 25

it follows from (3.35) and Lemma 3.4 that
05w}t (5,0-) — wf _(5,0-))| < One?(s — T)'?

for small e. We substitute this into (3.45) and apply Gronwall’s inequality
to get
lu(t, 2)| < Cne?(t — T.)'/?

for small €. Finally, since |Aj(w™) —o"| > 1/4 if € is small, we see from
(3.33) that
0:(wi !t —w} )t 2)| < Cne?(t - T2) V2

Combining all of the above estimates we complete the proof of the
lemma. []

Step 4. Convergence
The following result shows the contractivity of {c"} on [T;,T. + 1] and
of {w]', } on €y, respectively.

LEMMA 3.9. There exists a constant Cn independent of € and n such
that

3
(3.46) o™ — 0" Mo (i 111 < COn Z Jwi'y — wﬁf\le(Qi),

=1

(347) ”ng:l — w§7i“Lm(Qi) + CN Z ”w?,i - wa_EIHLOO(Qi)
i=1,2

<(1- e>{uw§¢ ~ w3 ey + On D it — wzzwrm@}
i=1,2

if € is small. Here,

lfs = wi s gy = lwig — Wi e,y + ol = wi M@ )-
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Proof. Firstly, (3.46) is obvious from Lemma 3.8 and the expression of
0" (t). Secondly, the function v(t, z) = wg”rl wy _ satisfies
(3.48)
v + (Az(w™) — 0™ v = A3(w™™ 1) = A3(w™) + o™ — "), wg__l
a(w) {0y (wh - —wy™h) + (As(w”) — 0™)0: (wh _ —wy )
— As(@™ 1) = Az(w™) + o™ — o™
+ (@(w?) = a(w"™)) (s~ + As (") — 0" dzwy )
ba(wt)  Byun)
2+ ¢Mt) 24" (B)
(T, z) = 0.

The first term on the right side of (3.48) is most difficult to estimate, since
it contains the nonintegrable function 8Zw§7:1. To avoid this difficulty, we
use

(B, s ) (")

7M w)) — w" wh
_ (angg)(w’z){aZ(A?’( ")) = D (D, As) (w0 L}

7j=1,2

for k = 1,2, which is legitimate since 0,,A3(0) # 0. Note that azw?ﬁ,
j=1,2, and 9,(A3(w™)) can be estimated by (3.9) and Lemma 3.8. Now

we set
7

(As(w™) = Ag(w™ ™)) D wy ! ZJZ,

where

{/ / Ny wk 91 Hw + (1 9)’(1]71_1) (1 — 91) n 1)9d9d91
X (wk _— wZ _1)(w;f, — wz_l)}ﬁzwg__l,

3
= D _{(@u;23) (w2) = (B, As) (w2)}0:w " (wif_ — wi™h),
Jj=1

3
T3 = (0w, As) (@) (@ =t — Bl ) (wh_ — w7,

j=1
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Ji = 0:(Ns(wl)) (wh _ —wih),

Js = — Z (Ow, A3) (W) O wy, _(wg _ — w:?,:l)a
k=1,2
_ (8wk )\3)(1[)2) W — w™ !
J6 - k:ZLQ (8’“}3)\3)(11)71)82()\3( —))( k,— k,— )7
(8wk)\3)(w71) n n
T2 2 B (P (RIS - )

k,j=1,3

Estimating each term gives

(3.49) [(As(w™) — Ag(w" ™)) D.wh "

CN€ n
< <|8z()‘3( ))| + \/——T€>|w —U}37 |+CN 212|wzi ! .

We next estimate (6™ — o™~ 1)d,w5~!. Note that

3

(@ s) (- (£, 0-) k] + O([w"P),

k=1

(3.50) o™ = As(w- )+

N =

which is derived as in [15] or [21]. Then, similarly to the proof of (3.49),
we can get

(3.51) |(o" — 0" )O.wh |

1 n CNE n 1 n—1
< (10Ot + = Yk — w4 O 3 fuly — )

1=1,2

Using (3.49) and (3.51), we can proceed as in the proof of Lemma 3.8 (in
particular, Part 4), to establish

3
g™ = Ny < (Ing + OneVo =Tl =l
1. 3 _
+ (5 In B + Cnevt — Ts) ||w§,i - wg,iIHL"O(Qi)

—1
+On Y Mol —wi ey
i=1,2
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Similarly, we obtain

Hwn+1 'U)3 —|—HL°O(Q ) <1n - 4+ CN€ \/ 5) ng-}— 'U)3 +1HLOO(Q+)
+ (5 In ) + Cnevt — TE) ”wg,:l: - w??;l: ”L‘x’(ﬁi)

-1
+On Y e — 0l e )

i=1,2
Adding these two estimates gives

(3.52)
3
Hwn+1 wg,iHLOO(Qi) = (2 In 5 +COnevit — Ts) [wg 4 — w; :I:IHLOO(Qi)

—1
+Cn Z [wils — w0 M ey
i=1,2

where the constant C'y of the last term of the right side can be made less
than 1 provided ¢ is small enough. As in Part 3 of the proof of Lemma 3.8,
we can also establish

1 -1
(353)  Jwit = wl e, < Onelt - T §jm} R el P
Finally, consider the function v(t, z) = w?“ w? _, which satisfies

(0w + (M (w") = 0™)d0 = (M (W) = M(w") + 0" — " 1)o,w] _
—a(w™) {9 (wh _ —wg__l)—i-()\l(wf)—a”)@ (wy —wg_l)
+ M@ = X (W) 4 o™ =" dwh _}
— (a(w™) — a(w ™)) (Gpws _ + (A (w) — 0™)dzwy )
by (w™) by(w" ™)

NI o)
v(Te,2) =0, v(t,2)]|,=0 = w"“(t 0—) —wy _(¢,0-).

If the backward characteristics £ = £(t, z,s) through (¢, z) intersects the
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z-axis before meeting the t-axis, we have

(3.54)  u(t, 2)| < la(w?)(wh _ —wy”")]

+Cne Y e = wiE |l ) /T (1+ =)

s—d¢g

3
—1
< CNé‘Z lwiis = W | oo oy -

If £ = (¢, 2, s) intersects the t-axis at (s,0) for some s > T, then
(3.55)

lu(t, 2)| < \wn+1(5,0—) —wy _(s,0—)| + C’st Hwn+1 _ wZiHL"O(Qi)’

By (3.35), Lemma 3.7 and the above estimates, we get

wi ™ (s,0-) = wi _(s,0-)] < [wit (s,04) — wi | (s,04)]
+ One(Jw ™ (s,0-) —wi _(s,0-)] + [wy ™ (5,0-) — wh _(s,0-))|

3
+ |y (s,0%) —wh 1 (5,08)]) < Cne Y Jwis — it lpsoy)-
i=1

Hence 3
[o(t,2)| < Cne D llwfe = Wi | oo )
i=1

The term \w"“(t z) —wy _(t,2)| is estimated similarly (and even more
simply), so the details are omitted.
Collecting terms now gives

1 —1
lws % = wh il poe(ayy + X (On + Dllwfy — wfe! | gy
i=1,2

3
< (2 In 3+ Cnevt—T.+ Cn(Cn + 1)6) |wy 4+ — wy ilHL"O )

C’N + C1]\/(6']\7 + 1)5 n n—1
CN +1 Z;Z(CN + 1)Hw2,i - w’i,i ”L‘x’(Qi)

Since 2In(3/2) < 1 and Cy/Cn +1 < 1, replacing Cy + 1 by Cn we
conclude that Lemma 3.9 is valid if ¢ is small. []
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Proof of Theorem 2.1. By Lemma 3.9 we see that there exist functions
o(t) € C[Te, T. + 1] and w; +(t, 2) € C(Q+) such that ¢”(t) — o uniformly
on [T, T: + 1] and w}, (t,2) — w; +(t, z) uniformly on Q., respectively, as
n — o0o. We can also prove that Vt,zwzi(t, z) — Vi w; +(t, z) uniformly on
any closed subsets of Q, respectively. Moreover, by Lemma 3.6, (3.17) and
(3.18), we see that z — w!, (¢, z) are equicontinuous in z € Q. , respectively,
for each fixed t € (TE,T; + 1). Hence, the boundary values w; 4(t,0%)
exist. Moreover, due to the equivalence of (3.12) and (3.14), we conclude
that these boundary values satisfy the Rankine-Hugoniot conditions on the
shock curve

r=a¢(t)="T.+ /t o(t)dt.

The entropy condition is also satisfied by Lemma 3.1 and the estimates
given in Lemma 3.8. So the functions

wi(t,z) _ {wi,(taz)7 z < (f)(t),

wi,-i-(tvz)? z > (b(t)v

define our desired weak entropy solution of (2.11). Estimates in Theo-
rem 2.1 follow directly from Lemma 3.6, Lemma 3.8 and the convergence
of approximate solutions. [
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