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On the Tempered Spectrum
of Quasi-Split Classical Groups I

David Goldberg and Freydoon Shahidi

Abstract. 'We determine the poles of the standard intertwining operators for a maximal parabolic sub-
group of the quasi-split unitary group defined by a quadratic extension E/F of p-adic fields of char-
acteristic zero. We study the case where the Levi component M ~ GL,(E) X U, (F), with n = m
(mod 2). This, along with earlier work, determines the poles of the local Rankin-Selberg product L-
function L(s, 7" x 7), with 7/ an irreducible unitary supercuspidal representation of GL,(E) and T a
generic irreducible unitary supercuspidal representation of U,,(F). The results are interpreted using
the theory of twisted endoscopy.

Introduction

One significance of the approach of Langlands-Shahidi to the definition of local L-
functions is its connection with harmonic analysis and representation theory. More
precisely, when the data is supercuspidal, the L-functions are defined precisely by
means of the poles of standard intertwining operators. As investigated by the authors
in several manuscripts, the residues of the operators at these poles can be studied
by means of the theory of twisted endoscopy as developed by Kottwitz, Langlands,
and Shelstad. When the groups are quasisplit special orthogonal or symplectic, the
connection has already been studied by the authors. The purpose of this study is
to complete the cases of quasisplit classical groups by completing the problem for
quasisplit unitary groups.

It was first in [15], that the second named author studied the situation in which G
is any of the split classical groups Sp,,, or SO, and P is the Siegel parabolic subgroup.
In this case the L-functions in question are the symmetric square L(s, 7, Sym? p,,)
and the exterior square L(s, 7, A%p,), where 7 is a supercuspidal representation of
GL,(F) and p, is the standard representation of GL,(C) [15]. The first named au-
thor carried out a similar program for the Siegel parabolic subgroup of a quasi-
split unitary group, determining the Asai L-functions L(s, 7, ¥,,) and L(s, 7 ® u, ¥,)
[6, 7]. In fact, in each case the authors (separately) determined the L-functions
L(s, m, Sym? p,), L(s, m, A’p,), and L(s, 7, ¥,)) for any irreducible admissible repre-
sentation 7 of GL,(F) or GL,(E) (as appropriate). The case of an arbitrary maxi-
mal parabolic subgroup of SO, Sp,,,, or the non-split quasi-split special orthogonal
group SOJ, was carried out in two further steps. The second named author stud-
ied SO,, in [16] while we examined the remaining cases in [8]. In these cases the
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Levi subgroup is of the form M ~ GL, xG, where G is a classical group of the same
type and lower rank. The standard intertwining operator for a supercuspidal 7’ ® 7 of
M = M(F) is normalized by a product of two L-functions, L(s, 7/ x 7)L(2s, 7/, A2p,,).
Since the second factor, and in particular its poles, are known [15] and the product
has at most a simple pole [14], the poles of the Rankin product L-function are de-
termined by those of the intertwining operator which do not come from the exterior
square L-function.

As explained before, in all the above cases the theory of twisted endoscopy [12]
was used to describe the poles in question. This pattern continues in the case we
study here, and is expected in general. Furthermore, in a general setting, the second
named author has shown [13] that all poles of the intertwining operators come from
twisted endoscopy in the case where the L-group !N of N is abelian. (A situation
which does not apply in the case we discuss here.)

Here we let G = G(r) be the quasi-split unitary group in r variables defined with
respect to a quadratic extension E/F. Then a maximum parabolic subgroup is of the
form P = MN with M =~ Resg/r GL, xG(m), with r = n + m. The case m = 0
was discussed in [7], so we assume that m2 > 1. We further restrict ourselves to the
case where n = r (mod 2). We then consider a unitary supercuspidal representation
o~ 71" ®7 of M = M(F), and form the unitarily induced representation I(7' ® 7)
of G. The reducibility of I(7’ ® 7) is determined by the analytic behavior of the
standard intertwining operator A(s, 7’ ® T, wg) at s = 0 (see Section 1 for the defini-
tion). Furthermore, the product of L-functions, L(s, 7" x 7)L(2s, 7', ¥,,) normalizes
A(s, 7" ® T,wp), and hence has the same poles. Here ¥, is the Asai representation
described in [7].

Let u, be the alternating anti-diagonal matrix which defines our quasi-split uni-
tary group U,, in n variables, i.e. U(n/2,n/2)ifnisevenand U([n/2], [n/2]+1) if nis
odd. Lete: GL,(E) — GL,(E) be the automorphism defined by e(g) = u,'g 'u; !,
with ¢ — ¢ the coordinate action of the non-trivial Galois automorphism of E/F on
GL,(E). In the language of [16] we have ¢ = §*. As in [8, 16] computing the residue
of A(s, 7' @7, wp) leads us to consider a correspondence between certain e-conjugacy
classes in GL,,(E) and ordinary conjugacy classes in G(11). We again refer to this as the
e-norm correspondence (cf. Definition 2.8). This correspondence is surjective when
n > m (cf. Lemmas 2.13 and 2.15), and always has finite fibers (¢f. Corollary 2.14,
Lemma 2.15, and Lemma 3.9). When n < m, the image of the norm correspondence
contains no regular elliptic conjugacy classes. We let A be the inverse image of the
norm map (which is one to finite) extended by the scalars F* /NE*. This then agrees
with the image map Ag(;) g/ of Kottwitz and Shelstad [12] (cf. the discussion prior
to Lemma 3.5).

We break the residue of A(s, 7’ ® 7,wy) into two terms. The first of these we
call the regular term, since it is the contribution which comes from regular elliptic
conjugacy classes in G(m). The remaining term is called the singular term. Let ¢,/
be a matrix coefficient for 7’ and f; one for 7. Then the regular term can be given as

Re(fr,¥rr) = ZM(Ti”W(Ti)rl/ q:)s(ﬂ({’Y})J/JT/) ({7}, £)ID(y)| dv,
T; T;

i
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with the sum over representatives for the G-conjugacy classes of elliptic tori in G(£)
defined over F, (see pg. 287 of [8]). Here £ = min(n, m), ®, is a certain twisted
orbital integral, ® is the ordinary orbital integral, 1(T;) is the measure of T; = T;(F),
and |D()| is the usual Harish-Chandra discriminant.

The singular term can be written as follows. Let {T; } be a collection of representa-
tives for the G-conjugacy classes of Cartan subgroups of G(¢) defined over F. Let T/
be the set of regular elements of T; = T;(F). For each i choose any compact subgroup
w; of T!. Then,

Rsing(fT,wT’):13:6052|W(Ti)|71//

i

PA (5, 7) ‘D(’Y)| d77

\wi

where ¢ 4 is a function defined in Section 3. Note that the form of the singular term
given here differs from that of [8], where we took the limit of such residues as w; —
T/. However, as we argue here, the residue of the integral is in fact independent of w;,
and therefore the limit may be omitted (cf. the discussion prior to Lemma 3.9). This
comment applies to the results of Section 4 of [8], and in particular to Theorem 4.8
and Corollary 4.9 of that paper.

We now state our main results.

Theorem Let c = (4nlogqp)™!, with qg the order of the residue field of E. The inter-
twining operator A(s, 7' ® T, wy) has a pole at s = 0 if and only if, for some choice of
matrix coefficients f, and 1,/ for T and 7', respectively,

CRG(ﬁ'y¢‘r’) +Rsing(ﬁ'7¢7’) 7é 0.
Suppose now that v’ ~ (1')°.

(a) The induced representation I(t" ® ) is irreducible if and only if cRg + Rying # 0
(as an operator on the space, A(1) X A(1') of ordered pairs of matrix coefficients).
(b) If T is genericand I(t' ® ) is irreducible, then, for s € R, I(s, 7’ ® 7) is reducible
ats = £1/2 orats = 1, and at exactly one of these pairs. ]

As in [8], and [16], the non-vanishing of Rg(f;, ;) is expressible as a pairing
between the distribution character x, of 7 and the e-twisted character x2, of 7'.
Thus, we say that 7/ is the twisted endoscopic transfer of 7 if Rg(f;,¥,/) # 0 for
some choice of f. and ¢, (¢f Definition 4.1). Let u be a character of EX which
extends the class field character wg . From [7] we know that if 7/ ~ (7')7, then
exactly one of L(s, 7', ¥,,) or L(s, 7" ® u, ¥,,) has a pole at s = 0. Since such a pole
depends only on 7’ and not on 7, the non-vanishing of Rg( f;, ¥-+) must point to a
pole of L(s, 7" x 7).

On the other hand, L(s, 7', ¥,,) has a pole at s = 0 if and only if 7/ is an e-twisted
endoscopic transfer from U, via one of the two maps described in [7] (and which
one depends on the parity of n). Thus, in this case we expect Rg = 0, and therefore
Rging # 0, for any choice of 7. We summarize below.

Proposition (a) If nis odd and T’ comes from U, via standard e-twisted endoscopic
transfer, then L(s, 7' x 7) is holomorphic at s = 0 for any 7. If n is even and 7' comes
from U, via k-e-twisted endoscopic transfer, then L(s, 7" X T) is holomorphic at s = 0
for any T.
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(b) Otherwise, L(s,7',¥,,) has no pole at s = 0, so L(s, 7’ x 7) has a pole at s = 0 if
and only if cRg + Ring 7# 0. |

The first named author would like to thank the Department of Mathematics at the
University of lowa for providing the pleasant and stimulating environment in which
some of this work was completed.

1 Preliminaries

Let E/F be a quadratic extension of p-adic fields of characteristic zero with x — % =
7(x) the Galois automorphism. Let o € Gal(F/F) satisfy ¢ = 7(mod Gal(F/E)).

Choose 8 such that E = F(3), with 3 = —3. We take u, = 1 -1 i
-1
1
where n is the size of the matrix, and set w,, = ( . . ) Note that, if n1 is even,
1
then u, = Jw,, where ] = diag{1,~1,1,...,~1}, and Jw, = —w,]J. If nis odd,

then u, = Jw, = w,J, where J] = diag{—1,1,...,1,—1}. We further note that
u;l = (=1)"u,.
Now consider the group GL,, defined over E and the cocycle given by a,(g) =

u,t(o(g)) ! u;!. Then set G = G(r) = U,, defined with respect to the form u,. The
F-points of G are given by

G(r) = {g € GL.(E) | g(u,)'g = u,}.

The maximal torus of diagonal elements is

X1
Xr/2
T = / x—l X; € ResE/F Gm y
/2
%!
if  is even, and
X1
X[r/2]
T = 1 xi € Gy 7,

-—1
Xr/2)
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if r is odd. Let B = TU be the Borel subgroup of upper triangular matrices in G(r).
Denote by A the simple roots with respect to this choice of Borel subgroup. Suppose
thatn < [r/2],and let m = [r/2] — n. Welet ® = A\ {e, — e,+1}. Welet A = Ap,
and M = Mg. Then

8

M= h g € Resg/p GL,, h € G(m) » ~ Resg/r GL, XG(m).

e(g)

Here (g) = u,('g"")u, . For X € M,(E), we let 2(X) = u,'Xu, '. Let P = MN be
the standard parabolic subgroup with Levi component M.

L XY _
Lemma 1.1 Ifv € N, thenv = (0 I X'>, with X' = u,,'Xu,, Y € M,(E), and
00 I,
Y+ (=1)"™"e(Y) = XX'.
Proof Straightforward computation. ]
We denote such a v by n(X,Y).
The equation
(1.1) Y + (=1)™"g(Y) = XX’

is crucial to understanding the poles of the intertwining operator. Let N be the set
of e-conjugacy classes, {Y'}, in GL,(E), for which there is an E-rational solution to

(L.1).

Remark Ifn = m, we set 0(X) = w,' Xw;, ! and 5(X) = 6(X). Then we can rewrite
(1.1) as

Y+ Jw, Yw,] = XJw, X Jw,
YT+ (=)™ w, ] Yw, = XJw, X Jw, ] = —1" VX Jw,  Xw,

YT+ (=1)"0(Y)) = (=1)™' X JO(X).

Thus, when X is invertible, (1.1) has an interpretation in terms of equivalence of
hermitian or skew hermitian forms.

We compute the functional &, as defined in [14]. (Also see [7].) The restricted
root system for G(r) is of type C, 5, if r is even, and of type BC(,_,)/, if r is odd. The
unrestricted roots are of type A,_;. We let A be the simple restricted roots, and A be
the simple unrestricted roots. Then A = {a,'}l[r:/f], with a; = ¢; — ej41, fori # [r/2],
and o, 2) = 2e[,/;). Similarly, we write A = {B;}Z], with B; = ¢; — ¢;+1. The action
of Gal(E/F) on A identifies 3; and 3,_;, and thus «; is the restriction of both 3; and
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Br—i. Since the subset © of A corresponding to P is A \ {«,}, the corresponding
subset © of Ais A\ {83,, B,—n}. Now, we compute pg.

6= Y, B

B>0,3¢5(0)
=(r— ”)zn:iﬂi +n rz_i (r—1)5; +nr_fl(i — )i + (r —2n) rz_i (r—1i)B;
i1 =l i=nt1 i=r—n
— =6+ 6o +nr§njlﬁ,»).
i1 —

To compute &, we first compute, {pg, O), since 5, represents the unique simple root
in N. Note that

B o 2(p®7ﬁn) _ B
<p®75n> = Go, B) (,0@)7/871)

= (r—n)/2((n—1)Bucyr +nBy+ 1By, Bn) = (r—n)/2.
Therefore, & is given by
n r—n—1
(p6s B 'po =D iBi+ B +n Y B
i=1 i=n+1

Thus, if m = (g, h) € M, then

g™ = | detgle.
Note that the adjoint representation r of LM = (GL,,((C) x GL,(C) x GLm((C)) X
Wr on It decomposes into two irreducible pieces. Since (&, a,) = 1, we see that the
subspace of ‘1t containing Xgv should be labeled V; in the ordering given by [14].

Also note thatif 3 = >/ *1 3., then Xgv ¢ V. Purthermore, a straightforward
(but tedious) calculation shows that, if 3 restricts to a’, then (&, ') = 2, and thus
Xsv indeed lies in V5. Let r; denote the restriction of r to V;. Then IEM° ~ p, ®
Pm D pm @ Py, where py is the standard representation of GL;(C). Also, r; is the Asai

representation of GL,,(C) described in [7].
_ 1)Yl+mln .
Let wy = (1 I ( ) represent the non-trivial element of W ( G(r), A) .

Lemma 1.2 Suppose n(X,Y) € N. Then w(jln(X,Y) € PN ifand only if Y €
GL,(E), and then

(=1)mme(y) —Y'X I, I, 0 0
wy 'n(X,Y) = 0 I, —X'Y X X/ (Y-'x)/ I, 0
0 0 (—1)mmy Yy-' v 'x I,
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Proof Straightforward. u

We note for future reference that (Y ~'X)’ = X'e(Y).

Forn € Nwelet M, = {m € M | Ad(m)n = n}. Similarly, for i € N, we
let M; = {m € M | Ad(m)ia = a}. Finally, for m; € M, we let M, ., = {m €
M | Ad(wp)(m)mym~" = m; }. Note that M,,, ,,, is the twisted centralizer of 11, and
if my = (g, h), then My, ,, = Géﬁg x Gy, where Géﬁg is the e-twisted centralizer of
g € G’ = Resg/p GL, and Gy, is the centralizer of h € G(m).

Lemma 1.3 Suppose that n(X,Y) satisfies ngn(X,Y) = pifiy = mynay, as in
Lemma 1.2. Then the following hold:

(a) Myxy) = M,, = Mj, and so the F-points of all of these groups are equal as well.
Furthermore, My, C My, ;.
(b) Myym = GAY X Gz, where Z =1 — X'Y1X;

Proof Statement (a) is taken directly from [13, Lemma 2.1]. Part (b) follows from
Lemma 1.2 and the above discussion. [ |

For a connected reductive group H, defined over F, with H = H(F), we let £.(H)
be the collection of (equivalence classes of) irreducible admissible representations of
H. We denote by E(H) the unitary classes in E.(H). Let °€.(H) be the collection of
irreducible admissible supercuspidal representations of H, and we further denote by
°E(H) the collection E(H) N °E.(H).

Let G’ = Resg/r GL,. Choose (7/,V') € °€(G’), and (7,V) € OS(G(m)) . Let
Ind$ ( (7' ®|det()]f) ®T® IN) be the representation of G unitarily induced from
(7' ® | det()};) ® 7. We usually denote this representation by I(s, 7’ ® 7), and set
I(7"®7) = I(0, 7" @ 7). Welet V(s,7" @ 7) be the space of I(s,7’ ® 7) and let
V (s, 7" ® 7)o be the subspace of functions supported in PN.

We wish to study the reducibility of I(7" ® 7), we need to study the poles of the
intertwining operator A(s, 7/ ® 7, wy) defined by

Als, 7' @ T, W) f(g) = / f(wy 'ng) dn.
N

By Lemma 4.1 of [15] it is enough to assume that ¢ = eand f € V(s,7' ® 7)o.
Let L and L’ be compact subsets in M,,(E) and M,,,,(E), respectively. Let £, and &;/
be their characteristic functions. Set
0
I = &(NE (X)W ® ),

=
=R~
~ O O

X

for some v € V, and v/ € V’. Choose # and #' in V and V' respectively. We let
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Y (g) = (¥, 7(¢g' V'), and f;(g) = (¥, 7(g)v). Then
(1.2) (7' @ 7,A(s, 7" @ T, wo)h(e))

= [ ¢ ((=1)""e(Y)) £ = X'Y'X)|
(X.Y)

Cdet Y| g (v e (Y TIX) dX, Y.

2 Norm Correspondence

Lemma 2.1 Suppose that (X,Y) is an E-rational solution to (1.1). Further suppose
that (Xg)(Xg)' = XX', for some g € GL,,(E). Then Xg = Xh for some h € G(m).

Proof Consider E" and E™ as row vectors, and let U = E"X C E™. Let (,) be the

i
hermitian form given by ,,u,,. Here 3,, = s 1 " %S evenl Letg*: U — E™ be
1 if misodd.

given by g*(v) = vg. If v, v, € U, and v; = y; X, with y; € E", then

(18, v28) = VigBmtin'§' 7
= 1 XgBmtn' ' X' 7,
= )1 XBuntin' X' 72 = (v1,v2).
Thus, ¢* is an isometry onto a subspace of E™. By the hermitian version of Witt’s

Theorem, we can choose h € G(m) with v¢ = vh, forallv € U. If y € E", we have
yXh = yXg, and thus, Xh = Xg. ]

Suppose that Y + (—1)"*"&(Y) = XX’, and g € GL,(E). Then

gYe(g)~ '+ (—1)”+mé(gY5(g)_1) =gYVe(@) ™ + (= 1)""u, (gVu,' guy Hu, !
=gVe(g) ™ + (=1)""gu,' Yu, te(g) ™"

=g(Y +(=1)""&(Y))e(g) ™" = gXX'e(g) ™"
= gX(gXx)".

Thus, {X} € GL,(E) \ M, x»(E) parameterizes the e-conjugacy classes for which
(1.1) has a rational solution. Now suppose {X} parameterizes {Y '}, i.e. (X,Y)
satisfies (1.1). If g € GL,(E), then when we replace X by gX, we see that I — X'Y ~1X
is replaced by I — X'(e(g)~'Y~'g) X. So, I — X'Y~'X is unchanged if we replace
Y~ !'bye(g)Y '¢g~!, whichisalso in {Y '}

If X is changed to X; = gX then we say that {X; } parameterizes the e-conjugacy
class {Yl_l} with Y] = gYe(g)™}, since it is the pair (X;,Y;) which satisfies (1.1),
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even though the classes are the same. If X; = Xh, with h € GL,,(E), then by
Lemma 2.1 we may assume h € G(m). Therefore,

I-XY'X, =1—(Xh)'Y 'Xh=1—u,'h'Xu,Y ' Xh
=] —-h' XY 'Xh=h"'U- XY X)h.
Thus, the conjugacy class of I — X'Y !X is well defined for a class {X}. Moreover,

only finitely many conjugacy classes {I — X'Y ' X} are so attached to an e-conjugacy
class {Y "'}

Lemma 2.2 Suppose that {X,} parameterizes {Y; '} with X, = gXh, for some g €
GL,(E) and h € GL,,(E), and Y, = gYe(g) ™. Then in fact X, € GL,(E)XG(m), and
{X\} parameterizes precisely the same collection of e-conjugacy classes as X. ]

Lemma 2.3 Suppose that n(X,Y) € N, withY € GL,(E). Then

(a) I-X'YIX)X' = -X'Y le(Y )
(b)) XI-X'Y7'X) = —(Y " HY!X.

Proof Since n(X,Y) € N, and Y € GL,(E), we know that w; 'n(X,Y) € PN, and

furthermore
0 0 (=1
0 I X'
I X Y
(=1)"me(Y) -Y X 1 1 0 0
- 0 I-xvy"'x Xx' X'e(Y) I 0
0 0 (=1)mmy y-! v-lx 1

Comparing the (2, 1)-entries, we see that (I — X'Y "' X)X'e(Y) + X'Y~! = 0, which
implies (a). We then rewrite this as

(I = X'Y ' X)Xty = — 1, Xu,Y "'V Y0ty
Which implies
w, ' (1= XY ' X)u,' X = —"Xu,Y 'u Y.
This in turn implies
TRV X = XY ¥,
ie.,

XI-XY'X)™ = —vu, Yy 'X = —Ye(V)X.
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This immediately implies (b). u

Definition 2.4 Suppose that X € M,x,,. Let X be the square matrix obtained by
adding rows, if n < m, (respectively columns if n > m) of zeros to the bottom
(respectively. right) of X. We call X a projection if X is, i.e., if X* = X.

Lemma 2.5 Suppose that X € M, x, is a projection. Let U = E"X C E™. Set
Hx = {h € G(m) | Xh = g X, for some g, € GL,(E)}.

If{0} C U C E™, then Hx C G(m).

Proof By Corollary 4.3 of [16], we know that h € Hy ifand onlyif Uh = U. So U is
an Hy-invariant subspace. Since the standard representation of G(m) is irreducible,
we have the lemma. [ |

Lemma 2.6 Suppose that {X} € GL,(E) \ M,xm(E)/G(m). If there is some Y €
GL,(E) so that (X,Y) satisfies (1.1), then

XI-X'Y'X)=—e(Y"HY X,

and if X is a projection, then [ — X'Y "X € Hy.

Proof This follows from Lemma 2.3(a) and the definition of Hy. |

Lemma 2.7 Suppose that X € M, x,(E), and set U = E"X. We consider E™ as a
hermitian space with the non-degenerate form ,,u,,. Set Hy = {h € G(m) | Uh =
U}. If U is a non-degenerate subspace, then Hy is the centralizer of an involution in
G(m). If U is degenerate, then Hy, is contained in a proper parabolic subgroup of G(m).
If X is a projection, then H; = Hy.

Proof Suppose U is non-degenerate. Then E" = U @ U~L. If h € Hy, then Uh =
U, which implies that ULh = UL, Therefore, h is in the centralizer of (—1y @®
11 ). Conversely, suppose h is in the centralizer of (—1y @ 1y1). Let v € U, and
suppose that vi = w @ wh. Then v(—1y @ 1yL)h = —vh = —w @ —w™, while
vh(—=1y @ 1) = —w @ w. Therefore, w = 0, and we see that Uh C U.

Now suppose that U is degenerate. Then Rad U # {0}, and Hy, stabilizes Rad U.
Therefore, Hy C Px = MxNy, where Py is the parabolic subgroup stabilizing pre-
cisely the isotropic subspace Rad U. ]

Definition 2.8 Suppose that Y € GL,(E), and there is some X, for which (X, Y) is
an E-rational solution to (1.1). Let {Y '} be the e-conjugacy class of Y !, and set
N.({Y~'}) be the collection of G(m)-conjugacy classes { {I —X{Y;"'X,}} for which
Y, ' € {Y7'} and (X;,Y)) satisfies (1.1). We call N.({Y ~'}) the e-norm of {Y '},
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and it gives a one to finite correspondence between the e-conjugacy classes of GL,,(E)
for which (1.1) has an E-rational solution, and conjugacy classes in G(m).

Proposition 2.9 Suppose that n < m, and take X € M,x,,(E). Fix aY (if such exists)
in GL,(E) satisfying (1.1) with X. Then I — X'Y ~'X belongs to a proper parabolic
subgroup of G(m) or a proper centralizer of a singular elliptic element. Moreover, if
m > n+ 1, then N.({Y ~'}) never contains regular elliptic classes.

Proof That I — X'Y ~!X is in either a proper parabolic subgroup, or the proper cen-
tralizer of a singular elliptic element, follows from Lemmas 2.6 and 2.7. Further note
that the rank of X’Y~1X is at most #, and therefore, at least m — n eigenvalues of
I — X'Y~'X are equal to 1. Thus, if m > n + 1 we see that I — X'Y ' X cannot be
regular elliptic. ]

Lemma 2.10 Suppose that n = m, that S € M,(E), and that I + S € G(m).
Then there is a projection X € M,(E), and a choice of Y € GL,(E) for which S =
(*1)”+1X/Y71X — (71)n+lle71 — Y*lx'

Proof Note that X + &(X) = u,'Xu, ! is an anti-involution of M,,(E). Moreover,
since u; ! = (—1)""u,, we have X’ = (—1)""1&(X).

Since I + S € G(m), we have (I + S)(u,)(I +'S) = u,, which implies u,’S +
Suy, + Su,'S = 0. Therefore, £(S) = —(I + S)~'S. Now applying Lemma 5.6 of [16],
we see that we can choose a projection X in M,(E) and aY € GL,(E) for which
S=2&X)Y"'X =&(X)Y ! = Y~'X. Now X and Y have the desired property. []

Definition 2.11 If n = m, and v € G(m), and we choose X,Y as in Lemma 2.10
for which v = I — X'Y !X, then we say that (X,Y) is a canonical section over  if
det(Y|erx) € NEX. If n > m, and n = m (mod 2), then, letting k = (n — m)/2,

Ok m I, 0 0 .
wesaythat X = | X | € My andY = (8 160 _Olk) € GL,(E) form a canonical

Okxm
section over {7} if (X, Yy) is a canonical section over {v}.

Lemma 2.12 Suppose that n = m. Then N. is surjective. That is, if {~y} is a conjugacy
class in G(m), then v € N.({Y'}) for some Y.

Proof LetS € M, (E) withI + (—1)"S =« € G(m). By Lemma 2.10, we can choose
a projection X and an element Y of GL,,(E) for which

S=-XY'X=-XY"'=(-1DY'X,

Now,
(I+(=1)"S) u," T+ (—1)"S) = uy,

which implies

I+Y "X, (I+(=1D)™X'YIX) = u,.
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Therefore,

Y Xu, + (—1)" M, XY VX = (—1)"Y WX, XY X,
or,

Y Xu, + (= )", Y ", Xu, = (—1D)"Y " X, X Y u, Xy,
Thus,

Y7IX 4+ HX = (—D)"YIXX'e(Y HX.
In the case that # is even, we have
Y X+ HX =y 1 XX'e(y " HX.
In the case where nis odd,we let X; = —X and Y; = —Y. Then we have
I-XY7'X, =1+X'Y 'X=1-S=1.
Also, we have
Y7IX+&a(Y HX = -y IXX'E(Y HX,

which implies
YX + ey X = Y X E(YTHX.

Thus, for any #, we can choose X and Y so that X2=4+X,1-X'Y 1X= v, and

(2.1) Y7IX+e(Y HX =Y 'XX'e(Y HX.

Now, if v is in the right image of X, then (2.1) and Xv = %v gives us
(Y'+e( ) v=y""XX"a(Y )y,

which shows that (1.1) holds on the image of X.
Thus, we need to show that such a choice of X and Y can be made for which (1.1)
holds on the kernel of X. Notice that

kerX C kerY ' XX'e2(Y ™)X = kerY "' XX'e(Y 1),

so we need to show we can choose X and Y with Y + (Y) = 0 on ker X.

We know that Y 71X = (—=1)""'X'Y~land &(Y "1)X = (—1)""'X'E(Y!). Note
that (—1)""'X’ = &(X) is also a projection up to sign. Thus, Y ! and 2(Y ~!) both
define isomorphisms from ker X onto ker 2(X). For v € E", we define &(v) = "(u,v).
A straightforward calculation shows that (v)&(Y~!) = &(Y~'v). Choose bases B
and B’ for ker X and ker X’ = ker £(X), respectively. Then the above equality shows
that the matrix of Y !, x with respect to the bases B and B’ is the same as the
matrix of Z(Y ~!)|ier x With respect to the bases £(B) and (B’). Note that on ker X,
one can choose Y for which Y ! is &-skew hermitian. Thus, such a Y satisfies Y +
E(Y) = XX'. n

Lemma 2.13 Suppose that n is any positive integer. If (X,Y) satisfies (1.1), then the
conjugacy class {I — X'Y "' X} in G(m) determines the semisimple part of the conjugacy
class {e(Y) 'Y~} uniquely.
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Proof We assume that X is of rank r. Then we have E" = V@W, where W is the right
kernel of X, dim V' = r, and right multiplication by X gives an embedding of V into
E™ Ifv € W thenv(Y +(=1)""&(Y)) = vXX' = 0,50 (=)™ ly = yg(Y)Y ! =
ve(Y)~Y L. Consequently, e(Y)"'Y 7!y = (=1)""*11dy,. For v € V, we know
by Lemma 2.3(b) that

ve(Y)TlY 71X = —vX(T - X'Y1X).

Thus, the matrix of (Y) ™'Y ~! with respect to a basis which respects the decompo-
sition E" = V@ W is of the form (’3 (71)f+m+11 ) ,and A is determined by I — X'Y~1X.
Thus, the lemma holds. u

Corollary 2.14 Ifn = m, then N, has finite fibers.

Corollary 2.15 Ifn > m, and n = m (mod 2) then N, is surjective with finite fibers.

Proof Letk = (n — m)/2. Let h € U,,(F). By Lemma 2.12, there is an element

Yy € GL,,(E), and an Xy € M,,(E) so that Yo + &(Yy) = XoX{ and I, — XoY; ' Xo =
Ok L 0 0

h. Let S = XéYo_lXo. Let X = < kXXo ) and Y = (0 (-1, 0 > Then X’ =
Ok m 0 0 —I

(Omxk  (=1XX§ Opxk), and thus

Orxck Ok m Okxk
XX = | Ok (—DX0X]  Opixk
Orxck Ok m Ok xk
Furthermore,
—1I; 0 0
EY)=| 0 (=D*e(yy,) O
0 0 I
Thus,
Okxk Okxm Okxk
Y+&E(Y) = | Opxx  (=D¥(Yo+2(Y0)) Ok
Orxk Okxcm Okxk
Orxk Okxcm Okxk
= | Omxr  (=DFXoX{ Opxk | = XX
Orxck Okxm Okxk
Note that
I O xm
X'Y7'X = (Opxk (=1X Opxi) (—DFyy ! Xo
_Ik 0k><m
0
=0 Xy,' 0)[Xo| =X, "X =S
0
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The finiteness of the fibers follows from Lemma 2.13. |

Lemma 2.16 The involution ¢ fixes a splitting of G = Resg/p GL,,.

Proof Recall that G’ = GL, x(GL,)?, where o represents the Galois automorphism
of E/F. Moreover, the action of Gal E/F on G’ is by o(g, h) = (J(h), o(g)) , where
o(g) = g is the coordinate-wise Galois action. We take B to be the Borel subgroup
of upper triangular matrices in G’ and T}, the maximal torus of diagonal elements.
Let o; = ¢; — ;41 be a simple root, and let X, () = tE;(i11) be the standard splitting
of GL,, over E. Here E;(;1) is the elementary matrix for the 7, (i + 1) entry. Now set
X; = (X4, Xs;)- Then (B}, Tj, {X;}:) is a splitting for G’. Note that, to be precise, we
should write u), = (uy,, u,), and

e(g,h) = ulf (o(g, h) ()™ = (e(h),e(g)),
where £(g) is as before. Note that £(X,,,) = X,,, and therefore,
E(Xi) = E(Xa,'v)_(a,') = (6(5((11)’5()((11)) = Xi-

Consequently, ¢ fixes the splitting (B, Tj, {X;}). [ |
Suppose that F is algebraically closed. Then E = F, and the Galois map x +— % is

the identity. Note that T{ is an e-stable Cartan subgroup of G’. Let N. : Tj — T{ be
given by N.(Y) = Ye(Y). If Y = diag{ay, ..., a,}, then

e(Y) = diag{a, ',...,a; '} = diag{a,",...,a;'}.

Thus, N.(Y) = diag{a,a; ', aya; '

..., asa;'}. Therefore,
ker N, = {diag{ai, ..., a,/,anp2,...,a1}},
if n is even, and
kerNE = {diag{ala <+ /2]y Aln/2]+15 An/2]s - - - ,al}}v
if nis odd. Assume nis even. If Y = diag{ay,...,a,,,1,...,1}, then

(I — &)Yy = Yoe(Yy) ™! = diag{ay, .. Sy Aup2y An)ay -, A1)

is in ker N.. Therefore, ker N, = (I — ¢)T,. Similarly, if n is odd, and Y, =
diag{ay,..., a1, 1,...,1}, then

(I —e)Yo = Yoe(Yo) ™" = diag{ar,...,ap, a%n/z]ﬂy Aln/a]s -+ -5 A1}

is in ker N.. Since F is algebraically closed, ker N. = (I — ¢)Tj,.

Now suppose that F is not necessarily algebraically closed. Let Ty be a Cartan
subgroup of G(n) defined over F and (B’, T’) be a e-stable pair in G’, also defined
over F, for which there is an isomorphism Ty — T!., defined over F [12].

Lemma 2.17 Themap Y — Ye(Y) from T' to T’ has (T')¢ as its image, and can be
identified with the projection onto T, =T /(I — &)T".
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Proof Since (B}, T) and (B’, T’) are both e-stable pairs, there is an element g in the
e-fixed points of G’ for which g7'T{g = T’ [18]. Let K and K, be the kernels of
Y + Ye(Y) in T’ and T}, respectively. Note that K = g~ 'Kog. Since Ko = (I — )T},
and e(g) = g, we have K = (I — &)T’. Similarly, since the image of N. on T} is (T)%,
we see that the image of the map Y — Ye(Y) on T’ is (T')°. [ |

Lemma 2.18 Suppose that F is algebraically closed. Let {Y™'} € N = C be e-
semisimple, with Y in an e-stable pair (B', T’) of GL,,(F). Then there is an X in M, (F)
for which I — X'Y =X is semisimple in G(n), and I — X'Y ~1X is GL,,(F) conjugate
to —e(Y Y)Y L. Furthermore, every GL,(F)-conjugate of —e(Y ~')Y ~! belongs to the
image of {Y '} under the norm correspondence N..

Proof Since Y is e-semisimple, and lies in an e-stable pair, there is an element h €
(G")*(F) = U,(F) = G(n) for which Y, = hYh™! = diag{a,,...,a,}. Note that
Y, +&(Y,) = diag{a, +d,,a +d,_1,...,a, +a }. Suppose n is even. Leti = /—1.
Set Xy = idiag{a; + du,..., a2 + Gup241,1,...,1}. Note that X{ = —&(X;) =
—idiag{1,...,1,d,, + ay/241,-..,a +a,}. Thus,

X1X1' = diag{al + dn, ceeyQy + dl} = Y1 +é(Y1)

Note that - XY, ' X, = diag{a; 'a,,...,a; 'd}, is semisimple. If n is odd, then we
take y € Fwith yj = y* = 2a(,/51. Then let X, = diag{ay, ..., ap/),»,1,...,1}.
Then X| = &(X;) = diag{1,...,1, 7,42, - -, a1 }. Thus,

Xlel = diag{m + (in, ey Cl[n/z] + é[n/2]+27 2a[n/2]+1, ceey Ay + (il} = Y1 + E(Yl)

Ifweset X = h™'Xj, then Y + 2(Y) = XX, and I - X'Y7'X =T — X;Y;'X;
is semisimple. Note that since Y is in an e-stable Cartan, we have e(Y )Y ~! =
Y~ 'e(Y~!) is semisimple, and in the fixed points of ¢, i.e., in G(n).

Now choose Y, which is e-conjugate to Y, and a projection X; satisfying (1.1) for
which I — X’Y~!'X = I — XJY, 'X,. Since Y, and Y are -conjugate, we see that
s(le)Ygl and e(Y ~1)Y ! are conjugate. We have already seen that —<€(Y271)Y271

has matrix 1
(I—XZ'Y; X)|1mX2 *
0 I

with respect to the decomposition F" = Im X, & ker X;. Thus, the eigenvalues of
—e(Y~hY ! different from 1 are among those of I — X;Y ~'X, = I— X'Y ~'X. Since
Y le(Y™!) = e(Y~1)Y !, we see that Y, 'e(Y; ') has the same eigenvalues. Thus,
the eigenvalues of [—X'Y ~!X which are different from one are among the eigenvalues
of —e(Y, )Y, . Consequently, —e(Y ~')Y ~!and I— XY ~'X are GL,(F)-conjugate.

|

Lemma 2.19 Assume that n = m. Suppose thatY + &(Y) = XX',and Z = I —
X'Y7'X. Let g € Gly(F), and suppose that gX = Xh. Then h belongs to Gz(F),
and is uniquely determined modulo the right stabilizer of X. Conversely, suppose that
h € Gz(F), and (X,Y) forms a canonical section over Z. If thereisa g € G'(F) for
which gX = Xh, then g can be chosen to lie in G. y (F).
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Proof Since (X,Y) is a canonical section, we know that X'Y~1X = X'Y~! =
(="YX, and (—1)""'X’ is a projection. We set U, = XE", U/ = X'E",
U=EX,U =E'X",U,={v|Xv=0},and Uy = {v | X'v = 0}. Then we have
isomorphisms Y~': U; = U/ and Y~': U, = Uj. If welet &(v) = “(u,v) = 'vu; !,
then & gives isomorphisms from U; to U’ and U/ to U. Now &(Y) defines an isomor-
phism from U’ to U.

Suppose that h € G(F), and h~!X'Y~'Xh = X'Y~!'X. Then, applying ¢ to both
sides of this equality we have h~!X'e(Y ") Xh = X'e(Y 1) X.

We know that I — X and I + (—1)"X’ are projections and

(I+(-D)"X)Y'U-X)=(I+(-D)"X) Yy ' =y~'I-X).

Suppose that gy € G/ y with goX = Xgo. Since G, _ ) = G, | = (G/y), we have

Ly-
(I+(-1)"X")Y "I -X)=e(g) ' (I+(—1)"X")Y~'I - X)g.

Let g be defined by gly, = Xh|u,, and glu, = Dlv, = T — X)@lv,- fv € Uy,
then gXv = gv = Xhv. If v € Uy, then Y 'Xhv = hY ~'Xv = 0, which says that
Xhv = 0 = gXv. Thus, gX = Xh.

We now show that ¢ € G. . Suppose that v € Uj.

(D" XN e(@ 'Y lgv = (=D)""'X'e(@) 'Y gXv = (=)W 'X'Y " Xhy
= (=" X'yl
Since (I + (—1)"X")e(g) ™! = e(go)~'(I + (=1)"X"), we also see that
(I+(-1)"X")e(@ 'Y lgv=e(go) ' (I+(=1)"X") Y~ 'Xhv
=e(g) " (I+(=1)"X") XYy
=0=(I+(-D"X")Y v
Now suppose that v € U,. Then Y ~'v € U, and
(D" XNe(@ 'Y gy =h""((-D"'X") Y '(I = X)gov
=0=(-D"'XY v
Furthermore,
(I+ (71)”X’) (@) 'Y gy =e(g) T+ X)'Y I — X)gov
=(I+D)"X)Y "I =Xw=(I+(-D)"X")Y " 'v

Thus, e(g) € G.,_,, which says that ¢ € G.y. Therefore, g has the desired proper-
ties. ]

Corollary 2.20 Suppose that n > m, with n = n (mod 2). Then the statement of
Lemma 2.19 is true.
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Proof That the first statement of Lemma 2.19 holds is straightforward. Let k =
I
(n — m)/2. Suppose that X = (%) and Y = < ‘ (= DY, ), with (Xp,Yy) a

_Ik

canonical section over Z for M,,(E) x GL,,(E). If g = (%i %}2 %2 ) , then
31 &32 £33
812Xo 0
gX = g22X() and Xh = X()h
832Xo 0

Therefore, g,Xo = Xoh, while g1,Xy = g32Xo = 0. By our choice of X; and Y, we
I
can assume that &, € G;YO (F). Weletg = ( ‘e ; ) Then g X = gX = Xh.
: k

Moreover,
I
e(g0) = ua'q 'up = e(g2)
Iy
Thus,
I Iy
% 'Ye(g) = (—1)kg5,' Yoe(g) = (—DY, =Y.
I I
Thus, go has the desired properties. ]

Lemma 2.21 Letn = m, and denote by N_! the canonical section of the norm map, as
defined in Definition 2.11. Then N> is continuous.

Proof Suppose that n = m. Further suppose that S € M,,(E) with I — S € G(m).
Let X be a projection and Y € GL,(E) for which S = X'Y~'X = X'vY~! =
(=1)"'Y~!X. Then

g8 =eX'y ! = unt(X’Y—l)uﬂ_1
= u, ('Y ', Xu,)u, b = (—1)"e(Y THX.
Since Y + &(Y) = XX, we have
Ylre(y ) =a(Y HXX'Y ! = (=1)"E(S)S.
Now suppose that {I—S;} converges to I—-Sin G(m). Let {Y, '} = N1 ({I-S}),
and let X be the associated projection. Since Sx(V') converges to S(V') (pointwise)
we see that X, converges to X, which says that X; converges to X. Therefore, there is

a ko so that k > ko implies that X; = X. We have

S=XY ! =limS =limX/Y_ ' = X'limY, .
k k k Kok
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Applying &, we see that
é(X’likm Y, =(n likm ey, HX,

and thus,
lim (Y, HX =&y HX.

Suppose that v € W. Then Xv = v, and so limy E(YI:I)V = &(Y~!)v, and therefore,
E(Y,;l)|w converges to £(Y ~1)|y. Moreover,

Yo ey ) = (v XXy = (= 1) E(SK) S
Consequently,
likm(Yk +e(y, ) = 1i£nY,;‘ + likmé(Yk_l)
= (=" liII(n(E‘(Sk)Sk) =(=D"eS)S=y""+e(y .
Thus, on ker X, we have

likm Y, + é(likm Yyh=0=Y"+ey").

However, for k > ky, we have kerX; = kerX, and since det(Yi|erx) =

det(Y |gerx) mod NE*, and both are e-skew hermitian, we have Yj|ker X is e-con-

jugate to Y|ker x. Thus, we clearly have {Y;} — {Y}. [ |
3 The Pole

Let G’ = Resg/p GL,. If Y € G/, then we define
Gly={s€G [¢g'Yelg) =V}
We also define
G!y ={g|g 'Ye(g) = 2Y, for somez € NE*}.

Note that xy: Gy — F*, given by xy(g) = zif g~'Ye(g) = zY, is a homomor-
phism. Ifa € E*, then (al)~'Ye(al) = Ng/p(a)Y. Thus, y is surjective, and

G.y(F)\ G.y(F) ~ NE*,

forany {Y} € N.
Suppose that w is a character of E*. Let ¢ € C*°(G’,w). We define

(Y, 0) = / w(g'Yelg)) dg.

GG
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Suppose that ¢, is a matrix coefficient of 7’. For any {Y} € N, set
(Y, ¢T’| ‘5)

N / e (g71Ye(g)) [det(g7'Ye(g) | dg
Gly\e

:/ g /\ wT/(g_lh_lYe(h)e(g))’det(g_lh_lYE(h)E(g))‘;dg'dh
Ly \Gly JGIN\G

— / / wT/(g_les(g)) |det(g_le£(g)) |;dg'dz
NEX s’,y\G/

— [ W@ el g
NEX
Proposition 3.1 The twisted orbital integral ®.(Y, 1.+ | |°) converges for Re s > 0.

Proof Since v, is compactly supported modulo the center Z of G’, and Z C Ggﬁy,
we see that ®_(Y,1,/| |*) converges for all s. Since the integral over NE* converges
for Re s > 0, we have the proposition. ]

Lemma 3.2 Let n be even and a € F* [NE*. Set oy = diag{a,1,0,1,..., 0,1} €
GU,. Then, for any {y'} € N, we have N.({ay'}) = ozo_]NE({y’})ozo. If n is odd,
and o« € NEX*, then we choose A\ € E* so that A\ = «a. We then set
ap = diag{al,—1)/2, A\, Iiu—1)2} € GU,. Then, again we have N.({ay'}) =

oeo_lNE({’y’})ao.

Proof Let o = al,. Then, for all n, we have a¥ = apZ(cv). Suppose Y1 € {'},
and Y satisfies (1.1) with X. Then

Xa'X'=a(Y +&(Y)) = (aY) +&(aY).
On the other hand, we observe that

XaVX" = XapE(ag)X' = Xaou,' aou;, ' u,' Xuy,
= Xaou,' (Xao)uy = (Xap)(Xoao)'.
Thus, N.({ay'}) = N.({aY}) is the collection of conjugacy classes given by
{I — (Xap)' (aY) ' (Xap)} = ag '{I — X'Y ' X}a,

as X ranges over all its possible choices. This completes the lemma. ]

Proposition 3.3 Assume n = m. Suppose the e-conjugacy class {Y ~'} is e-regular.
Then N.({Y~'}) consists of a single conjugacy class in G of a regular semisimple ele-
ment in G. Assuming that Y and £(Y) commute, i.e., that Y " 'e(Y™1) is in G, then
the converse is true, i.e., if N.({Y ~'}) is regular, then {Y '} is e-regular (and hence
e-semisimple).
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Proof First we suppose the e-conjugacy class {Y '} is e-regular. Then, up to
GL,(F)-conjugation, ¢(Y~1)Y~! is a regular semisimple element of G. Choose
Y, !, e-conjugate to Y ™!, and a projection X, satisfying (1.1) with Y,, such that
I-XJY;'X; = I-X'Y~'X. By Lemma 2.13, the eigenvalues of e(Y ~')Y ! different
from 1 are among those of the semisimple part of I — XZ'YJIXZ. Since Y~ le(Y 1) is
GL, (E)-conjugate to (Y ~1)Y ~!, one sees that the eigenvalues of —(Y,)~'Y; ! and
—Y; 'e(Y,)~" are the same. Therefore, one can apply the argument of Lemma 5.10
of [16] to the equation in Lemma 2.3(a) to show that the eigenvalues of the semisim-
ple part of I — X;Y; ' X, which are not 1 are also among those of —&(Y,)~'Y; .
Then the semisimple parts of I — X'Y !X and —&(Y) 'Y ! are GL,,(F)-conjugate.
But —e(Y ~!)Y ! is GL,(F)-conjugate to a regular element in G, and therefore, I —
X'Y~'X must be semisimple and regular.

Suppose now that Y + 2(Y) = XX’, with Y™le(Y)™! € G(F), and assume
N.({Y~!}) contains a regular semisimple element {I — X'Y~!'X}. Again by
Lemma 2.3(a), and the argument of Lemma 2.13, the conjugacy class of - X'Y !X is
completely determined by the semisimple part of the conjugacy class {—Y 'e(Y ~!)}
in G(F). That is, the eigenvalues of the first are among those of the second. More-
over, by Lemma 2.13, the semisimple part of the conjugacy class of —e(Y~1)Y ! is
completely determined by I — X'Y ~'X. Since {I — X'Y ~'X} is regular semisimple in
G(F),and Y~ 'e(Y 1) € G(F), we conclude that Y ~'e(Y 1) is regular and semisim-
ple. Therefore, {Y '} is e-regular. In fact, let Y = (Y, ) represent an element in
the non-identity component of GL,, x{1,e}. Write Y = su, with s semisimple and
u unipotent. Then Y2 = s?2u? = Y~ le(Y~!). If Y~le(Y™!) is semisimple, then
u?> = u = 1, and thus Y is e-semisimple and e-regular. ]

Corollary 3.4 Suppose n > m and n = m (mod 2). Then, for almost all regular
elliptic conjugacy classes {h} € G(m), the collection of e-conjugacy classes, N '({h}) is
parameterized by a unique e-regular e-conjugacy class in GL,,(F).

Proof For almost all regular semisimple classes in G(m), there is a choice of Y, €

GL,,(F) which satisfies (1.1) with X, = I, so that I — X;Y; 'X, € {h}. In partic-

ular Y, + &(Y,) = I,. By Proposition 3.3, the e-conjugacy class of Y, is e-regular

and uniquely determined by h. Let k = (n — m)/2, as in Corollary 2.15. Let
Ok m

X = ( A ) € M,y n(E). Then

Ok m

Okxk Ok m Okxk
XX = [0psr (=D, 0k
Ok xk Ok m Okxck

Let
I 0 0
Y=[(0 (=D, o
0 0 —Ii

Then as computed before, Y + &(Y) = XX’ (Corollary 2.15). We have also seen that
I-X'Y'X=h
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It remains to check that for almost all Y;, the class of Y satisfying (1.1) is, up to
GL,,(F) —e-conjugacy, of the form given in the previous paragraph. First observe that

for almost all Y satisfying (1.1) with X = (2), Y acts semisimply on the direct sum

of the image and the kernel of XX’, both of which are invariant under ¢, since Y, is
e-regular. Moreover, Y must be e-skew symmetric on ker(XX”’) and can therefore be
given in the form diag(J;,Y>, J») with diag(J;, J») e-symmetric or e-skew symmetric
proving our assertion. [ ]

Let C be the set of conjugacy classes in G = G(m) and denote by €’ the set of
e-conjugacy classes in G’(F) = GL,(E). Suppose that # = m, and that T is a Cartan
subgroup of G, defined over F. Let T’ be an e-stable Cartan subgroup of G’ with
T = T/ defined over F. This isomorphism induces the image map Ag /G as defined
by Kottwitz and Shelstad, between semisimple classes in C and e-semisimple classes
in €’ [12]. Now we have

N:T =T, 5T,

with all the maps defined over F.

Lemma 3.5 Suppose that T = T. is defined over F as above. If § € T’ is strongly
e-regular, then Géﬁ = (T")".

Proof If § is strongly e-regular, then G/ 5 is a torus which is stable under Int(¢) o ¢,
and which is maximal with respect to this condition. Since T’ is a maximal torus,
we know that Tj = T'. Moreover, T’ is e-stable, so (T')° is the desired twisted
centralizer. [ |

As in [8] we wish to integrate over all the twisted conjugacy classes in N. By Propo-
sition 3.3 and the surjectivity of the norm correspondence, up to a set of measure zero
these classes are parameterized by regular semisimple conjugacy classes in G. To ac-
count for the fact that more than one regular conjugacy class in G can parameterize a
class in N, we integrate over all the Cartan subgroups of G. Fix a representative T for
each conjugacy class of Cartan subgroups of G which are defined over F. Let d7y be a
Haar measure for T = T(F). For {7’} € €', we define

D.(v") = det(Ad(y) o€ — 1) |g/q_,

as in [12]. Now by Lemma 2.17, Lemma 3.5, Proposition 3.3, and by computing
the Jacobian of the open immersion in page 227 of [1] (or Theorem 3.2 of [17]),
the measure |W(T)|~!|D.(y")| d7y as T ranges, will provide us with a measure for N.
Here {7} is in N.({7'}) for each e-regular {7’} in N.

By Lemma 4.5.A of [12], the function

k1(7,7") = |D(v") dy'/|D(v)| dy

is continuous on

{") T{r e (YD}
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We define

wyory — {MO") () € Ny} and o is € — regular
0 otherwise.

For {7} € C, we define

Ay} = {{er'} e N {7} € N.({7'}),a € NE* \ F*}.

We then set A(y, ay’) = w'(a)k(7,7').
We set

S (A, Ur) = D AR ).
{v'}YeA{"H

As in [8] one part of the residue of A(s, 7/ ® 7, W) at s = 0 will come from the Weyl
integration formula, applied to the class function ®. (A({v}), 1[;7/) . Thus, we expect
a contribution from these classes of the “regular term”

(3.1)
Re(frnthr) = 3 p(THIW (T / S({7}, £)®: (A}, ¥r) DY) d,

(1} L

with {T;} running over all the conjugacy classes of elliptic Cartan subgroups of G,
T; = T;(F), and u(T;) the measure of T;. Note that

Rolfos o) = S p(row(my [ 3
{T:} T (h}eN-({v'D)

Y. W@y, 9000, f)ID-(y)] dy

QENEX \FX

(3.2) :/ Zw’(a)ﬁ(l—X’Y*IX)wT,(Y*1)|detYHf’Pm d(X,Y).
N,

reg o

We now address the question of the convergence of Rg( f;, ¥;/). By Lemma 2.2 of
[16], we need to show that

/T , B(AD ver) 20 DOy

converges on any elliptic Cartan T of G. By Theorem 14 of [9], the function |D(~)|"/?-
®(v, f-) is bounded on the intersection of T(F) with the regular set Gy,. Therefore,
we need to prove the convergence of

/ & (AU, ) D) .
T(F)
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That is, we need to look at the absolute convergence of

/T 2 Y. W@y e )n(y,y)D)|' dy.

) {1} eN-({7'}) aENEX \Fx

It is enough to look at each term in the sum, namely, enough to show the conver-
gence of

(3.3) / 18- (', )| D)2 D7) .
T!/(F)

Since ®.(—, —) is a tempered distribution, the results of [9], and [4], imply the
function |D.(y")|'/?®.(y’,,) is bounded on the intersection of T.(F) with the e-
regular set. Moreover, (7,7’ )1/2 is continuous, and thus (3.3) converges.

Welet M = GL,(E) x G act on N by the adjoint action. The orbit of n(X,Y) is the
set of pairs n(gXh™',gYe(g)™!), withg € G’ = GL,(E) and h € G. The stabilizer
AV of this action at 7n(X,Y) consists of all those pairs (g,h) € M with g € G5’7Y (F)
and for which gX = Xh. Then, by Lemma 2.19, we see that h € Gz(F), withZ = I —
X'Y~'X. We consider AV as a subgroup of both G/ y (F) and Gz(F) via its projections
onto its components. We now reformulate (1.2) by first integrating over each M-
orbit in N. Note that by Lemma 2.3 of [13] d*(X,Y) = |det Y|~ {»® d(X,Y) is an
invariant measure on these orbits.

Now, making the change of variables, and using our assumption that 7 and n have
the same parity, we see that (1.2) can be rewritten as

(3.4) o Yo (V) (I = X'Y'X) | det YI3& (e(Y 1) & (X) d(X, Y).
XY

We consider the map from the orbit of n(X, Y) under M to G’/AY x AY \ G given
by n(gXh=',gYe(g)~") ~— (gAY, AVh). The fiber of this map is homeomorphic to
XAVY. Thus, integrating over the orbit of n(X, Y) can be accomplished by integrating
over the product of G’/AY x AV \ G and XA". Consequently, the contribution to
(3.4) from the orbit of n(X, Y) may be written as

/ / / o (g¥e(g) ") fr(h~ 'z | det(gVe(e) ™) |
gEG'/AY JheAV\G JXAY

&1 (gYe(@)™") €/ (gXhoh) d(Xho) dh dg
(3.5)

- / ; / ; / / ¥r(ga1Yelge) ™) fr(h'Zh)
$€G'[G!y Jg1€GL, /Gl JG\G JGL, AY JXG,
. | det(gleE(ggl)—l) |;.;§i(gg1Y6(gg1)_1) €1, (g0120Xhoh) d(Xho) dgo dh dg dg.

Here L = &(L). Now we use the fact that G/ /G! ~ NE*. Forz € NE*, let
£1(2) be a choice of representative in G;y which satisfies g (z)Ys( Q (z)) o zY. In
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fact, we can take g1 = a,I,,, where a, satisfies a,d, = z. Then (3.5) becomes

/ _ / / / / b (g )ee) ™) £o(h2h)
1161y INEX JG\G 6L, /av Jxa,

det(g(zV)e(@) ") |34 ( g((@)eg) ™) ) €1/(ga,g0Xhoh) d(Xho) dgo dh d* z dg

— [ war [ [ e(eree ) £z
NEX 16ty JeG Jel, av Jxa,

. ’det(g_lYa(g)_l) ‘;{z(nge(g)_l) &1 (ga,g0Xhoh) d(Xho) dgo dh dg d* z.

However, since (7/)° ~ 7/, we know that w’(z) = 1 on NE*. Now, summing over
a € F*/NE*, we get

Z w'(a) |Z|125m/ ) / / / U (gYe(g)™") f-(h~'Zh)
a€FX /[NEX NEX "/Gly YG\G I Gy AV JXGy

. ’det(gilaYs(g)fl) ’;&(gzaYs(g)fl) &1 (ga,goXhoh) d(Xho) dgo dh dg d* z.

We denote this last expression by P(s, 2).
Now suppose that X = I. Then Z = I & Y ~!. Moreover, if (Y, ) satisfies (1.1)
and g € G.y, then

Y+E(Y)=XX" = &I
which implies
Y +&(Y) =gYe(g)™ +&(gYe(@) ') = gX)(gX)’
= gXX’e(gY1 = g(:I:I)ae(gf1

and therefore, ge(g) ™! = I, which says that g € G(F). Now we clearly have G.y =
Gz. Also note that gX = Xh implies ¢ = h, and so AY = {(g,¢) | g§ € Gly}
G.y. We further assume that such a Y is e-regular and therefore Z is regular and
semisimple. Thus, in this case (3.6) becomes

b= 3 wie) [ R / ~ / (g Ye(@ )|
NEX )Gl JGA\G G,

FX /NEX

1R

. det(gaYe(g(;l)) ‘ ;fT(h*IZh)& (gazYs(g)*l) &1 (gashoh) dhg dhdg d™ z

We may assume that L is a basic open neighborhood about zero, that is, for some
integer t,
L =M,(pp) = {x=(x;)) | xijlp < g5 foralli, j}.

ThenL = L.
Lemma 3.6 ForanyY we have {g | gYe(g)~" € supp(3,+)} is compact.
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Proof Let Ly = {y € M,(E) | qz' 7" < ||¥lloo < q5}, where || || is the supremum
norm. Therefore, if z € NE*, with |z|p > 1, thenzy ¢ Lforany y € Ly. Letg € G'.
By changing g by an element of Gé,y, we may assume that gYe(g) ™! € Ly. We fix our
representatives for G’ /G y to have this property.

Now let C be a compact subset of G’ so that supp(t),/) C CZ(G'). Then, since
C is compact, we can choose integers kj, k;, j; and j; so that, for any ¢ € C, qé‘ <
lelloo < ¢ and g)} < |detc|z < gJ?. Note that if cz € Ly, then

5" " < llezlloo = llelloolzle < g,

which then implies
—t—1-k < 4=k
4qE <lzlp <qg .

Let Q = {z | q;' ' < |z|z < ¢4 ™}. Then Q2 is compact and CQ2 D CZ(G’) N L.
Thus,
{g¥e(g)~'} Nsupp(¥,/) C Ly N CZ(G') C CQ

is a closed subset of a compact set, hence compact. ]
Let supp(g) = {g | g¥e(g) "' € supp(¢),+)}. We see that

P (gYE(g)_l) &(azgYE(g)_l) =0,
unless gYe(g)~! € supp,» N a~'z7'L, and since supp(g) is compact, we have
| detz|g > m), for some 7, which depends only on v,/ and L. Also, since supp f; is
compact modulo Z(G), and Z(G) =~ E! is compact, we see that supp f; is compact.
Note that {h | hZh~! € supp f,} is then also compact, and we call this supp(h). Let
hy € Gz(F). We may assume that h is diagonal, and we further assume that

. - 1y 1
ho = diag{aIy,, axly, . .., apli,, @y Iiys - -5 G5 Iiy,ay I,

with the pairs (g;, (il-_l) distinct. Note that &/ (gahoh) = 0 unless ahy €
(supp(g)) - L'(supp(h)) 71, which is compact. Further note that if T is the com-
pact part of Gz, then there is some  so that if, for all i, |a,a;| < x and |a,a; '|p < &,
then

supp(g)ahoT supp(h) C L'.

Thus, for such a z and hy, the element h ranges over all of supp(h), which then gives
the term ®(Z, f;), which vanishes when the split component of Gz is non-trivial.
Thus, we may assume that G is compact.

Let k; > K, and further suppose that K = q; " and k; = qg’”'. Suppose that
la.|p = qg’. Then, since |a,a;] < q5™ and |a.a; |z < q;™, then we have |a;|p <
gz "™ and |a;|g > g . Thus for each £ > m’, we have a contribution to (3.6) of

ag / dxai/ dtqz ) &, (Y, 0. D(Z, ).
(/"X H ay ' <ailp<qz ™" T e ) S f
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Summing over all £ > m’', we have

O (Y, )2, £) Y g5 " ulh),

(>m’

w(l) = / dxa,-/ dt.
H 4y~ <lails<qz " T

The series converges for Re s > 0. Integrating over other values of z can only lead to
an entire function. Summing over F* /NE*, we have proved the following result.

where

Lemma 3.7 There is an entire function Ez(s) = E(s,Z,Y, f;,%;,L, L") so that
Y(s, Z) = Ez(s) is entire if Z is regular and non-elliptic and

V(s 2) = Ez(s)+ Y W (@)@ (Y, 902, f)u(G2(F)) g 7 L(1g, 4ns),
FX /NEX

for Res > 0 if Z is regular and elliptic. The integer b(Y,Z) depends onY,Z, ¢, fr,L
and L'. Thus,

Res (s, Z) = (4nlogqe) ' Y w'(@)@e(Y, ) R(Z, f)u(Gz(F))

FX /NEX
if Z is regular and elliptic and Res,—o ¥ (s, Z) = 0 if Z is regular and non-elliptic.

Corollary 3.8 Let T; be a Cartan subgroup of G. Let T/ be the regular set of T;(F). Let
w; be a compact subset of T!. Then given f, 1+, L and L', the integer b(Y,Z) can be
chosen independently for allY and all Z € w;.

Proof It is enough to show that one can choose the compact subsets supp(h) and
supp(g) independently of Y and Z € wj. For supp(h) this follows from the corollary
to Lemma 19 of [9]. For supp(g) this follows from the fact that supp(¢/,+) is compact
modulo Z(G’) and Lemma 2.1 of [1]. [ |

In order to calculate the residue of the intertwining operator, we integrate over all
the orbits of M acting on N. We accomplish this by integrating over the e-regular
e-conjugacy classes in N. First suppose that n = m. Then we must integrate (s, Z)
over the orbits of N under M. By Proposition 3.3 almost all such orbits are param-
eterized by single e-regular e-conjugacy classes in N. Thus, by removing a set of
measure zero from these classes, we can instead integrate (s, Z) over e-semisimple
e-regular e-conjugacy classes {Y } in N. Then N.({Y ~'}) is regular and semisimple.
Let {T;} denote a complete set of conjugacy classes of Cartan subgroups of G defined
over F. We can integrate over U; T; using measures

(W ()|~ si({vi}, {7/ DID() | dyi = (W (T)| ' D=(v])| di.
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Now suppose that n > m and n = m (mod 2). Then, for almost all {Y}, we
can choose a representative diag{/i,Y,, 2} as in Corollary 3.4, i.e., so that Y, €

GL,,(E) is e-regular and that X = ( 2) . Outside of a set of measure zero, the twisted

conjugacy classes in N form a fiber bundle with finite fibers coming from the twisted
conjugacy classes of diag{ ], ,}. The base of the fiber bundle is parameterized by
€-conjugacy classes {Y{l} in GL,,(E) such that (I,,,, Y;) is a solution to (1.1) when
GL,,(E) x G(m) is considered as a Levi subgroup of G(3m). Thus we may use e-
stable Cartan subgroups of GL,, and their F-isomorphisms with the T/s as in the case
n = m. We get measures £1({7i }, {7/ })|D(:)| dvi on the T;’s, and by surjectivity, we
can integrate over U; T; and then use the image correspondence A. Thus, for n > m,
and n = m (mod 2), and (X,Y) as above, we have

7. 7) = / 2ns » Y —1 -
=5 e [ e [ ] e s

FX /NEX N
- (h™'Zh)| detgYe(g)™'[;
(3.6) ~§L(ng£(g)_1)§Lf(gazXh0h) dhydhdgd*™z.

Applying Lemma 3.6 and Corollary 3.8 we find

U(s,2) = E(2) + Y w'(a)gp L1, ). (Y, 9,)D(Z, f;),

and thus the residue at s = 0 is as above.
Let T; be a representative of a conjugacy class of Cartan subgroups of G. Let T/ be
the subset of regular elements of T; = T;(F). Now let

R(s,Z) = (4nlogqr) ™' Y w'(@)®c(aY, v, )O(Z, f,)pu( Gz (F))

Then (s, Z) = (s, Z) — R(s, Z) is an entire function in s while it is locally constant
inZ € T/. Foreach vy € T/ we let

valsN = Y ().
{rreA({r}H

Recall that A({7}) = {{Y }/{7} € N.({Y™!)}. Then

SSW)™ [ vatIpe]dy
_Z|W(Ti)|’1u(T,-)/ o, (A({a}),¥rr) @y, £)|D(y)] dy
i T

:Z|W(Ti)|_l/ pals,1)|DOY)| dv,
i T
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where

pals) = > ols,7).
AD
Now we let w; denote a compact subset of T/. Then

lim ResZ|W(Ti)|_1/ Ya (s, M|D(y)] dy

wi—T/ s=0

= CRG(f’rv 1p7’)

. | —1
e fim R SWCD [ vats bl

= IIH},ZW(Tzn_]M(Tz)/\ (I)s(‘A({ﬂY})aw‘r’) <I)(77f‘r)|D('Y)‘d7
wi—1; T/ \wj

(3.7) + wh_rg Z [W(T)| ™! /w,- eals,7)D()|dy.

The first limit is zero since the normalized orbital integrals are locally bounded on
T/. Since p4(s,7y) is entire in s,

ljngIW(T,-)I’I/,

i

e (s, MID(Y)| dy
is independent of the choice of w; and we can drop the limit in front of it. Thus, the
residue is

Ro(ro i) + Res W [ e D]

and

R W)™ [ gl D6y
5= ; T/ \wi

is independent of w;, and thus depends only on the singular part of T;. Here ¢ =
(4nlogqp)~".

Now suppose n < m and n = m (mod 2). Let k = (m — n)/2. Consider the
injection

I
h — h ,
Ik

of G(n) into G(m). Let N.: N — C be the e-norm correspondence from e-conjugacy
classes N in GL,,(E) to conjugacy classes of G(m). Suppose X € M, x,(E) and Y €
GL,(E) satisfy Y + (Y) = XX’. Note that rank X'Y~!X < 5, so at most n <
m — 2 eigenvalues of I — X’Y !X are different from 1. Thus the conjugacy class
{I—X'"Y~'X} has a representative in the image of G(1) under the above injection. Let
CV be the subset of € consisting of those conjugacy classes of G(m) whose semisimple
parts meet G(n). Then we see that N. : N — CV.

Lemma 3.9 If n < m the norm correspondence N, has finite fibers.
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Proof We need only show that if Y € GL,(E) and X € M,,«,(E) satisfy (1.1), then
I — X'Y !X determines the semisimple part of the conjugacy class of (Y ~1)Y L.
By Lemma 2.3, we have e(Y )Y !X = —X(I — X'Y~'X). We suppose that X
is in row echelon form with the last n — r rows identically zero. We consider the
decomposition E” @ E"~", with X|p-—» = 0 and X|g- an injection into E™. Thus, the
matrix of (Y ~!)Y ~! with respect to a basis which respects the above decomposition
is (‘8 ’I‘),withA determined by I — X'Y ~!X. [ ]

Note that almost all of the e-conjugacy classes in N are parameterized by regular
semisimple conjugacy classes in G(n1), and thus by classes in €V. To see this, note that
if k is even, then we can take X; = (Onxk I, Onxk). Then

(=D"ur\ [ Okxn 0
Xll = Uy I, Uy = I,ﬁ
Uy 0k><n 0
Thus, X1 X{ =1, =Y + &(Y). Furthermore,
Iy
Ly —X\Y7'X; = Li+(=1)y~! ;
I

which represents a conjugacy class in CV. We further note that I,, + (—1)"Y ! is in
the image of the e-norm correspondence in the case n = m. If k is odd, and n is even,

we let
1
W, = |
1
and take X; = (OnX;< Wy, Onxk). Then
—ug Okxn 0 0
X = —u, Wo up= | —uwuu, | = [ —w,
Ug Okxcn 0 0
Thus, X;X{ = —I, =Y + &(Y). Furthermore,
I
I,— XYy = L+ (w,Y " tw 1)
Iy
Since n is even, (w,,) = —w,, = —w/, and so we have

(wnYe(wn)*l) + é(wnYe(wn)*l) =w,w, = I,.
Therefore, w,Yw, + &(w,Yw,) = —I, = I,I. Therefore,

L+ Wnyilwn =1I,— (In)/(WnYWn)illm
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is in the image of the norm correspondence for n = m. For the case where k and
n are both odd, welet Y, = —Y, and X; = (0 I, 0). Then X = (—ZI), and
X\ X{ = —I=—(Y +&(Y)) =Y; +&(Y;). Furthermore,

I 0 0
I-xy7'x,=(0o ,-Y' of,
0 0 I

and we know I, — Y ! is in the image of the norm correspondence when n = m.

Considering the pairs (X;,Y) as above, we see that AV projects surjectively onto
G.y (F), and that for almost all Y we have X,Gz(F) ~ G.y (F). Thus, summing over
F*/NE*, (3.5) becomes

7 ,Z _ ’ 2ns
P, 2)= > wl(a) /N |l

FX /NEX

. / / / P (g¥el@) ™) £ (' zh)| det(gVe@) ) |
116!, JG\G IX,G;

&1 (g2Ye(g)™") & (ga-Xihoh) d(Xiho) dhdg d* z

_ / 2ns
= Z w (a)/NEX |z|2

FX /NEX

(3.8) ~ / / / b (g¥e(@) ™) £ (' 2h)| det g e() [
//Ga/.y GZ\G s’,y

&1 (2gYe(9)™") &1 (2gg0Xih) dgo dh dg d* z.

Note that expression (3.8) has the same form as the expression for (s, Z) when
n > m, with the roles of G/, and G as well as those of g and hy exchanged. We
again define ¥ 4 (s,y) = ZYE.A({'y}) (s, ary). We also define ¢ 4 as before. The inte-
gration can again be transferred to integration over U; T;, where {T;} is a collection
of representatives for the conjugacy classes of Cartan subgroups of G(n). We then
argue as in the case n > m. Note that, since n < m, if {} is elliptic in €V, then
®(v, f;) = 0. Therefore, Rg(f;, 1-/) = 0. We have now proved the following result.

Theorem 3.10 Let { = min(n, m), and denote by {T;} a collection of representatives
for the conjugacy classes of Cartan subgroups of G({). For each i choose a compact subset
w; of the set of regular elements T! of T;. Then the intertwining operator A(s, 7' T, wp)
has a pole at s = 0 if and only if

CRG(fTa’lpT’) + 13:65 Z |W(Tl)‘7l /7:,

i

for some choice of matrix coefficients 1, and f. of 7' and T, respectively. Here ¢ =
(4nlogqp)~'. If n < m, then Rg(fr,¥,+) = 0, and thus the residue is determined by
the second term above. ]
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Corollary 3.11 Suppose that 7' ~ (7'). Fix a choice of compact subsets w; of T}.

(a) The induced representation I(t' ® T) is irreducible if and only if, for some choice of
data,

Rl )+ ST WE e [ ats DIy 0.

(b) Assume 7 is generic. If I(7! ® T) is irreducible, then I(s,7' ® 7), fors € R, is
reducible exactly at s = +1/2 or at s = +1, and only at one of these two pairs.

Remark We take this opportunity to correct some typographical errors in Section 4
of [8], which is the section corresponding to the current one. On pages 284-285, the
three sums that appear are all missing factors w’(a).

4 Connection With Twisted Endoscopy

We now describe the connection between the results of Section 3 and the theory of
twisted endoscopy and L-functions. Our work here is similar to Section 5 of [8].

Let . be the distribution character of 7, and also denote by x the locally inte-
grable function, [9], supported on the regular set of G satisfying

x-(f) = F(x)xr (x) dx.

Z\G

From [5, 11] we can choose a pseudocoefficient, f,, for 7, i.e., a matrix coefficient
satisfying

By, f.) = X+ () for all elliptic regular semisimple v € G,
T 0 for all non-elliptic regular semisimple v € G.

We are assuming that 7' ~ (7/)¢. Therefore, we choose an equivalence 7'(g) between

7’ and (7')%. Then for locally constant functions 1) which transform according to
(w’)7!, the e-twisted character of 7/ is defined [4] by

Xo(¥) = trace (7'(f)T'(e)) .

Furthermore, [4] there is a locally integrable function, also denoted by xZ, so that
X;(Y) = / Y(x)xS/ (x) dx.
Z/\Gl

An e-twisted pseudocoefficient 1 for 7/, is a matrix coefficient satisfying

X2, (v")  for all elliptic e-regular e-semisimple elementsy' € G/,

q)c”('yla 7/)) = {

0 for all non-elliptic e-regular e-semisimple v’ € G’.
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In general, the existence of twisted pseudocoefficients is yet to be determined. One
expects such functions to exist and we shall assume their existence for all e-invariant
irreducible supercuspidal representations of G’. We choose 1. to be such a function.
Then

o (AGYD, %) = D AN (),

v €A{})

which we define to be X2, (A({7})) .
Suppose n = m. Then we suppose f, and ), are as above. Then

Ralfrho) = S uTmIW ) [ e (onts (AD) 1)),
T; ;

where now the sum is over representatives for the conjugacy classes of elliptic Cartan
subgroups of G(n). Therefore, the operator Rg defines an elliptic pairing between the
character x, and the e-twisted character x,. Thus, one expects the non-vanishing
of Rg(f;,¥,+) must be related to 7/ coming from 7 via twisted endoscopy [2, 3, 12].
For our purposes, we make the following definition, expecting it to agree with those
referred to above.

Definition 4.1 A supercuspidal representation, 7’ of GL,(E) which satisfies 7/ ~
()¢ is said to be the e-twisted endoscopic transfer of a discrete series representation
7 of G(n) if Rg(f;, 1,+) # 0 for some matrix coefficients f; of 7 and 1, of 7.

Now assume n > m and suppose 7 and 7’ are both supercuspidal. We expect the
Rankin-Selberg product L-function L(s, 7/ X 7), formally defined in [14], satisfies the
following defining condition:

L(s,7’ X 7) has a pole at s = 0 if and only if R (f;, ;) # 0 for some choice of f;
and 1.+, or equivalently, if and only if T/ comes from T via twisted endoscopic transfer.

We will now discuss why this seems to agree with the definitions given in [7].
Since we now wish to discuss the contributions from singular orbits, we continue
with the assumption that n > m. Let w; C T/ be a compact subset. As we have seen
in Section 3, the residues of the intertwining operator will be independent of this
choice of w;, and we therefore fix our choice for the rest of this discussion. We set

Rag(fr ) = W Reg [ a5 7IDO)
i = T/ \wi

So,

(4.1) IjzeosA(S,T’ x 7,wo)(h) = cR(fr, ¥7/) + Reing (fr, ¥r1),

with ¢ = (4nlogqr)~!. Note that (4.1) suppresses the dependence of the function
heV(s,7" x7)onLand L’.

We wish to distinguish the poles of L(s, 7/ x 7) from those of the Asai L-function
L(s, 7', ¥,). Recall that ¥, is the representation r, of “M on 1 discussed in Section 1.
By Lemma 3.7 we know that Rng(f, %) = 0 if and only if the process of taking
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residues can be interchanged with the integration at hand. On the other hand, the
theory of L-functions says that there will be poles of A(s, 7/ ®T, wy) which come from
those of L(s, 7/, ¥,)). Such poles depend only on 7/, and therefore cannot depend on
the non-vanishing of R (f-, 1), and thus we expect Rng 7 0. Therefore, the ability
to interchange residues and integrals in this setting reflects some deep arithmetic
content.

Let us suppose that 7/ comes from U (1) via standard e-twisted endoscopic trans-
fer if n is odd, and by k-e-twisted endoscopic transfer if 7 is even (see [7] for the pre-
cise definition). This is equivalent to assuming that L(s, 7, ¥,,) has a pole at s = 0.
By the simplicity of the pole of the standard intertwining operators, we know that
L(s, 7" x 7) must be holomorphic at s = 0. Then we expect that Rg(f;,%,+) = 0 for
any choice of f; and v;/. By the theory of L-functions [14] we have

L(s, 7" x 7)7'L2s, 7/, ¥,) T AG, 7' @ T, wp)

is non-zero and holomorphic. Therefore, Rgng (fr, /) # 0 for some choice of f,
¥,y Lyand L',

Proposition 4.2 Suppose n > m. Assume that 7' comes from G(n) via standard e-
twisted endoscopic transfer if n is odd, and comes from G(n) via k-e-twisted endoscopic
transfer if n is even. Then Rgng # 0 for any unitary supercuspidal representation T of
G(m) from which T’ does not come via e-twisted endoscopy.

For n < m, we know that Rg = 0, so the residue is Rng. Thus, the poles of both
L-functions are determined, in some manner, by the non-vanishing of Rg,s. To make
sense of the poles of these L-functions in terms of twisted endoscopic transfer, one
must further analyze the term Rng. Note, however, that the poles of L(s, 7/, ¥,,) are
completely known, and therefore, one must try to separate these out from other poles
of Rsing-

We conclude by stating the result in general context. That is we allow m and n to
be any positive integers with the same parity and assume that 7/ ~ (7/)°.

Proposition 4.3 (a) Suppose that L(s,7’,¥,) has a pole at s = 0, i.e., 7' comes
from U(n) via standard e-twisted endoscopic transfer if n is odd and via k-e-twisted
endoscopic transfer if n is even. Then L(s, 7' x T) is holomorphic at s = 0.

(b) Ift'isnotasin (a), then L(s, 7’ XT) hasa pole ats = 0 ifand only if cRg(fr, ¥ )+
Rsing 5—'5 0.
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