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Geometric Invariants of Cuspidal Edges
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Abstract. 'We give a normal form of the cuspidal edge that uses only diffeomorphisms on the source
and isometries on the target. Using this normal form, we study differential geometric invariants of
cuspidal edges that determine them up to order three. We also clarify relations between these invari-
ants.

1 Introduction

A generic classification of singularities of wave fronts was given by Arnol’d and Za-
kalyukin (see [1], for example). They showed that the generic singularities of wave
fronts in R® are cuspidal edges and swallowtails. Recently, there have been numer-
ous studies of wave fronts from the viewpoint of differential geometry, for example,
[7,11,12,15,17]. Cuspidal edges are fundamental singularities of wave fronts in
R®. The singular curvature and the limiting normal curvature for cuspidal edges are
defined in [15] by a limit of geodesic curvatures and a limit of normal curvatures,
respectively. On the other hand, the umbilic curvature is defined in [9] for surfaces
in Euclidean 3-space with corank 1 singularities by using the first and second funda-
mental forms. So the umbilic curvature is defined for cuspidal edges. It is shown in
[9] that if the umbilic curvature x, is non-zero at a singular point, then there exists
a unique sphere having contact not of type A, (for example, Dy, Eq, etc.) with the
surface in that point: the sphere with center in the normal plane of the surface at the
point, with radius equal to 1/k,, and in a well-defined direction of the normal plane
(see Section 4).

Therefore, the singular, the limiting normal, and the umbilic curvatures are in-
variants defined by using fundamental tools of differential geometry of surfaces and
singularity theory, and they are fundamental invariants of cuspidal edges. Needless
to say, the curvature and torsion of a cuspidal edge locus as a space curve in R are
also fundamental invariants.

In this paper we clarify the relations amongst these invariants and also make a list
of invariants that determine cuspidal edges up to order three. We show that, in the
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case of cuspidal edges, the umbilic curvature &, coincides with the absolute value of
limiting normal curvature x, (Theorem 4.3). In this sense, the umbilic curvature is
a generalization of the normal curvature for surfaces with corank 1 singularities. It
should be remarked that the umbilic curvature does not require a well-defined unit
normal vector, and it is meaningful as a geometric invariant of surfaces with corank 1
singularities in general. We show that the singular curvature , and the limiting nor-
mal curvature 5, at a singular point of a surface M in R® with singularities consisting
of cuspidal edges are equivalent to the principal curvatures of a regular surface in the
following sense. When M is a regular surface in R> given in the Monge form, that is,
by the equation z = f(x, ) for some smooth function f having first derivatives with
respect to x and y vanishing at (0, 0) (or, equivalently, its tangent plane at the origin
is given by z = 0), then, taking the x and y axes to be in principal directions at the
origin, the surface M assumes the local form

1
f(u7 V) = 5(0411/12 + OQVZ) + h.O.'[.7

where ay, a; are the principal curvatures at the origin and h.o.t. represents terms
whose degrees are greater than two.

Now, if M is a surface in R® with singularities consisting of cuspidal edges, we
show that M can be parametrized by an equation of Monge type (just using changes
of coordinates in the source and isometries in the target, which do not change the
geometry of the surface) that we call normal form, given by

1
flu,v) = E(Zu, ksu? + 17 +hoot., k,u? + ho.t.)

(see Section 3 and Theorem 4.4). Therefore, x; and k,, can be considered as the prin-
cipal curvatures of M at singular points. But we can say even more about these two
invariants. While for a regular curve in a regular surface, it holds that x* = &}, + &3,
where &, and &, are the normal and geodesic curvatures of the curve, respectively,
and « is the curvature of the curve as a space curve, for the singular curve consists of
cuspidal edges, the relation
K = K2+ K?

holds (see Corollary 4.5).

Furthermore, using the normal form, we detect (Section 5) invariants up to order
three, and show (Section 6) that the torsion of the curve consisting of cuspidal edges
as a space curve, ks, k, and these three invariants determine the cuspidal edge up
to order three (see Theorem 6.1). In a joint work of M. Umehara, K. Yamada and
the authors [10], we consider intrinsic properties of these invariants and the relation
between boundedness of Gaussian curvature near cuspidal edges.

The Whitney umbrella (or cross-cap) is the only singularity of a generic map
from a surface to R* ([21]). Its normal form was given by J. M. West in [20], and
it was shown to be useful for considering the differential geometry of surfaces near
the singular point; see also [2]. For instance, using this normal form, the authors in
[6] showed that there are three fundamental intrinsic invariants for cross-caps and
proved the existence of extrinsic invariants. Some other works where this normal
form was important are [3-6,9, 13, 14, 19]. The normal form for cuspidal edges is
fundamental in this paper for finding geometric invariants of cuspidal edges, and the
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authors believe that this normal form can be used for other problems similar to those
considered in the references mentioned just above.

2 Preliminaries

The unit cotangent bundle T} R® of R® has the canonical contact structure and can
be identified with the unit tangent bundle T;R>. Let « denote the canonical contact
formonit. Amapi: M — TR’ is said to be isotropic if dim M = 2 and the pull-back
i*« vanishes identically. An isotropic immersion is called a Legendrian immersion.
We call the image of 7 o i the wave front set of i, where : T;R® — R’ is the canonical
projection, and we denote it by W(i). Moreover, i is called the Legendrian lift of
W (i). With this framework, we define the notion of fronts as follows. A map-germ
f: (R*,0) — (R*,0) is called a wave front or a front if there exists a unit vector field
v of R? along f such that L = (f,v): (R*0) — (T,R?,0) is a Legendrian immersion
by an identification T\ R® = R® x S, where $? is the unit sphere in R® (cf. [1]; see also
[8]). A point g € (R?,0) is a singular point if f is not an immersion at g.

A singular point p of a map f is called a cuspidal edge if the map-germ f at p
is A-equivalent to (u,v) + (u,v*,v*) at 0. (Two map-germs fi, fo: (R",0) —
(R™,0) are A-equivalent if there exist diffeomorphisms S: (R",0) — (R",0) and
T: (R™,0) — (R™,0) such that f, oS = T o f;.) Therefore, if the singular point p of
f is a cuspidal edge, then f at p is a front, and furthermore, they are one of two types
of generic singularities of fronts (the other one is a swallowtail, which is a singular
point p of f satisfying that f at p is A-equivalent to (u, v) — (u, u?v+3u*, 2uv+4u’)
at 0). So we establish notation and a fundamental property of singularities of fronts,
which are used in the sequel.

Let f: (R*,0) — (R?,0) be a front and v a unit normal vector field along f, and
take (u, v) as a coordinate system of the source. The function

A = det(fy, f,,v)

is called the signed area density, where f, = 0f/0u and f, = O0f/0v. A singular
point g of f is called non-degenerate if d\(q) # 0. If q is a non-degenerate singular
point of f, then the set of singular points S( f) is a regular curve, which we shall call
the singular curve at g, and we shall denote by  a parametrization for this curve.
The tangential 1-dimensional vector space of the singular curve +y is called the singu-
lar direction. Furthermore, if q is a non-degenerate singular point, then a non-zero
smooth vector field 7 on (R?,0) such that df(n) = 0 on S(f) is defined. We call 1 a
null vector field and its direction the null direction; for details, see [15].

Lemma 2.1 ([16, Corollary 2.5, p. 735], [8]) Let 0 be a singular point of a front
f: (R*,0) — (R*,0). Then 0 is a cuspidal edge if and only if d\(n) # 0 at 0. In partic-
ular, at a cuspidal edge, the null direction and the singular direction are transversal.

In this paper we shall use the first and second fundamental forms defined in [9]
for surfaces in R® with corank 1 singularities and given as follows. Let g € R* be a
corank 1 singular point of f: R* — R’ and p = f(q). The Euclidean metric (-, -)
of R’ induces a pseudometric on T,R* given by the first fundamental form I : T,R* x
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Tqu — Rdefined by I(X,Y) = <dfq(X), d]%(Y)>, where df; is the differential map
of f at q. The coefficients of [ at q are

E(q) = (fu, fu) (@),  F(@) = (fu, v) (@), and  G(q) = (f,, f) (@),

and, given X = xd, + y0, € T,R?, then I(X, X) = x*E(q) + 2xyF(q) + y*G(q), where
(u,v) is a coordinate system on the source and 9, = (0/0u), and 0, = (9/0v),.

Let us denote the image of f by M and the tangent line to M at p by T,M =
Imdf,. So there is a plane N,M satisfying T,R®> = T,M & N,M. Consider the
orthogonal projection

. 3
L: T,R — NyM

W—>Wl.

The second fundamental form II : Tqu X Tqu — NyM is defined by I1(9,,0,) =
fi-(q), I (0y,0,) = f-(q) and II(0,,d,) = f;:(q), and we extend it in the unique
way as a symmetric bilinear map. The second fundamental form along a normal
vector v € N,M is the function IT,: Tqu X Tqu — R defined by I1,(X,Y) =
(II(X,Y),v), and its coefficients at g are

L) = {fu@,v), m(q=fu(@.v), niq) = {fr(@,v).

It was shown in [9] that A, = {II(X,X)| I(X,X)'/? = 1} is a parabola in N,M,
which can degenerate in a half-line, line or a point. (A, is called the curvature
parabola of M at p.) If p is a cuspidal edge, A, is a half-line in N,M; for details,
see [9].

3 Normal Form of Cuspidal Edges

In this section we give a normal form of cuspidal edges by using only coordinate
transformations on the source and isometries on the target. These changes of coor-
dinates preserve the geometry of the image.

Let f: (R*,0) — (R*,0) be a map-germ and let 0 be a cuspidal edge with f =
(fi, f2, f3). Let v = (v1,1,,3) be a unit normal vector field along f and let (u, v)
be the usual Cartesian coordinate system of R*. So rankdfy = 1 and then we may
assume that £,(0) = ((fl)u(O), 0, 0) , where ( £,),,(0) # 0, by a rotation of R? if nec-
essary. The map on the source (#,v) = (fi(u,v),v) is a coordinate transformation.

In fact,
det (E“ ZV) = det (”(‘) ”i) =1, = (fi)u#£0 ato.

Vu Vy

By coordinates (i, V), f is written f(u,7v) = (u, ]Aé(ﬂ, V), E(ﬂ, v)) for some func-

tions f;, f3. Needless to say, (]?;)u =(fs)u= (fz)v = (}‘;)V =0at0.
Since 0 is a cuspidal edge and = 0, at 0 is a null vector field, A\, # 0. Rewriting

flu,v) = (u, f(u,v), f3(u,v)), we have

L (f2u (f3)u
A=det| 0 () (f3)v],

151 19} V3
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and therefore (0, (2)y, (f3)w) # 0. Since S(f) is a regular curve, S(f) is transverse to
the v-axis. Thus, S(f) can be parametrized by (u, g(#)). Considering the coordinate
transformation on the source

u=u, v=v-—gu),
we may assume that f(u,v) = (u, fo(u,v), fs(u,v)) and S(f) = {v = 0}.
On the other hand, there exist functions a,, as, b,, bs such that
fiu,v) = a;(u) + vbi(u,v), i=2,3.

Since f, = 0 on {v = 0}, it holds that b;(u,v) = 0 on {v = 0}, i = 1,2. Then by
the Malgrange preparation theorem, there exist functions by, b such that b;(u,v) =
vbi(u,v),i=1,2.

Rewriting b as b, we may assume that f is of the form

fu,v) = (u,a2(u) +V2by(u,v), a3 () + v2b3 (u,v)) .

By the above arguments, f,,(0) # 0; that is, (b2, b3) = ((£2)w, (5)w) # (0,0)

at 0.
Now, using the rotation of R* given by the matrix
1 0 ~ cosf —sinf
(3-1) Ao = (0 Kg)’ Ao = (sin@ cos )’
we get

Agf = (u, cos Oay (1) — sin Baz(u) + v*[cos Ob, (u, v) — sin Ob3(u, v)],
sin Oa, (1) + cos Oas (1) + v [sin b, (u, v) + cos 0b3(u, V)]) .
Since (b,, bs) # (0, 0) at 0, there exists some number 6 such that
(3.2) cos0b,(0) — sinfb3(0) > 0 and sinfOb,(0) + cosBb5(0) = 0.

Setting
a(u) = cos Bay(u) — sin fas(u), by(u,v) = cos Ob,(u, v) — sin Obs(u, v),
as(u) = sin fay, (u) + cos Qaz(u), bs(u,v) = sin b, (u, v) + cos Obs(u, v),

f is rewritten as
flu,v) = (u, @ (u) +v?by(u,v), a3 (u) +v*bs(u,v)) ,

with @,(0) = @(0) = @;(0) = @(0) = 0, by(0) # 0 and b3(0) = 0, where @ =
da, /du, for example. We remark that b,(0) > 0 holds.
Next, using the coordinate transformation on the source

U=u, v=v\/2b(u,v),

2 ~
71, 7) = (i ai) + 5, as(iD) + b, 7))

one can rewrite f as

for some function 53 satisfying 53(0) =0.
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Rewriting u as u, d as a and b as b, we may assume that f is of the form

2
fuyr) = (1, ax(u) + 2 as() + v2bs(w,))

Since b3(0) = 0, there exist functions a4(u) and by(u, v) such that b3 (u, v) = as(u) +
vby(u,v), with a4(0) = 0. We remark that, as 0 is a cuspidal edge, d\(n) # 0. This is
equivalent to (b3),(0) # 0. Thus, b4(0) # 0.

Hence, f can be written as

2
Flu,v) = (u, ay(u) + % a3 (1) + Vag () + b (u, v)) .

Changing the numbering, we get
2

(3.3) fu,v) = (0100 + 2 ba() + Vb3 () +Vba(w,v))

where 4,(0) = a}(0) = b,(0) = b5(0) = b3(0) = 0, by(0) # 0. By rotations
(u,v) = (—u,—v) on R* and (x, y,z) — (—x, y,—2z) on R, we may assume that
b (0) > 0. Summarizing the above arguments, we have the following theorem.

Theorem 3.1 Let f: (R*,0) — (R®,0) be a map-germ and let 0 be a cuspidal edge.
Then there exist a diffeomorphism-germ p: (R*,0) — (R*,0) and an isometry-germ
®: (R*,0) — (R?,0) satisfying

(3.4) o fopluv) =

a a 1,0 b b b
(u,ﬂuz-kﬂbﬁ — z,ﬂuzﬁ-ﬂus-kﬁuvz-kﬁvs) + h(u,v),
2 6 2 2 6 6

(bos # 0, by > 0), where
h(u,v) = (O, whhy (), uthy(u) + VP hs(u) + why(u) + vihs(u, v)) ,

with hy(u), hy(u), h3(u), ha(u), hs(u, v) smooth functions.

We call this parametrization the normal form of cuspidal edges. One can easily
verify that all coefficients of (3.4) are uniquely determined, since the rotation (3.2)
means that nnf(0) = (0,1,0), where nf means the directional derivative df(n).
This unique expansion of a cuspidal edge implies that the above coefficients can be
considered as geometric invariants of the cuspidal edge. It means that any cuspidal
edge has this form using only coordinate changes on the source and isometries of R*.

We shall deal with the six geometric invariants of cuspidal edges given by the for-
mula (3.4) in the following sections.

4 Singular Curvature, Normal Curvature, and Umbilic Curvature

In this section, we review the singular curvature &, the limiting normal curvature
Ky ([15]), and the umbilic curvature &, ([9]). We show k, = k, and compute the
curvature x and the torsion 7, as well as k; and k,, of the cuspidal edge given by
(3.4). As an immediate consequence we obtain an expression relating the singular
and limiting normal curvatures with the curvature of the cuspidal curve as a space
curve.
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Let f: (R*,0) — (R’,0) be a map-germ and let 0 be a cuspidal edge. Let () be
the singular curve, ¥ = f o+, and choose the null vector 7)(¢) such that (v/(¢), n(¢))
is a positively oriented frame field along . The singular curvature k, and the limiting
normal curvature K, at t are the functions ([15])

det(7'(t), 7" (1), v(y(1)) (7"(t),n(t))

(4.1) k5(t) = sgn(dA(n)) EIOE = sgn(dA(1)) FOE
_ 0", v((®0) _ 7 ()
Ky (t) = EIOE , n(t) =v(y(t)) x GIO

where x denotes the vector product in R®. Then £,(t) can be considered as the lim-
iting geodesic curvature of curves with the singular curve on their right-hand sides.
The definitions given in (4.1) do not depend on the parametrization for the singular
curve, nor the orientation of R?. Furthermore, x; does not depend on the choice of
v, and x, depends on the choice of v. For more details see [15]. We consider the
absolute value of k,, and set k,, = |k, |. We call ,, the absolute normal curvature or
just the normal curvature of the cuspidal edge.

The umbilic curvature &, is a function defined in [9] for corank 1 singular points
of surfaces in R?, unless for Whitney umbrellas (i.e., surfaces image of any map germ
(R?,0) — (R*,0), which is A-equivalent to (x, y%, xy)), and so &, is well defined for
the cuspidal edge f at 4(¢). Its definition is given in terms of the first and second
fundamental forms of M = Im f defined in Section 2.

Under the above setting, let a: R — N,M be a parametrization for A, where
p = A(t). Since A, is a half-line, |a(s) x a'(s)|/|o/(s)| does not depend on the
parametrization «(s) for A,, nor on the value s satisfying o’(s) # 0. Set r,(t) =
la(s) x a'(s)|/|a’(s)|. Since N,M is a normal plane of 7' (¢),

|a(s) x ()] _ ‘<|a(s) x a'(s)| 7 () >‘
o/ (s)] /()] A @)

| det(als), o/ (s), 7' (1))

T o9 x 7 ()]

holds for any s such that o/(s) # 0. Notice that ,(¢) is the distance between p and
the line £ containing A ,.

For later computation, it is convenient to take an adapted pair of vector fields and
an adapted coordinate system. If a singular point of the map-germ f is a cuspidal
edge, then S(f) is a regular curve on the source and the null vector field is transverse
to S(f). Thus ,we can take a pair of vector fields and a coordinate system as follows:
A pair of vector field (¢, 71) on (R?,0) is called adapted if it satisfies the following:

(a) &istangentto S(f) on S(f);
(b) 7 is anull vector on S(f);
(c) (&,n) is positively oriented.

(4.2) k() =

A coordinate system (u, v) on (R?, 0) is called adapted if it satisfies the following:

(a) the u-axis is the singular curve,
(b) 0, gives a null vector field on the u-axis, and
(c) there are no singular points except the u-axis.
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We remark that the coordinate system (u,v) in the formula (3.4) is adapted. Con-
dition (a) for adapted vector field (&, n) is characterized by €A = 0 on S(f), where
A is the signed area density, and Condition (b) is characterized by nf = 0 on S(f).
Formulas for coefficients in (3.3) by using adapted coordinate systems are stated in
the sequel. In [10], we also define adapted coordinate system. In that definition, a
condition | f,,| = 1 is imposed in addition to the above, but we do not assume it here.

Remark 4.1 1If (£,7) is an adapted pair of vector fields, then £nf = 0 holds on
S(f), sincenf = 0 on S(f). Furthermore, {£f,nnf, v} is linearly independent, since
det(&f,nmmf,v) = nA # 0at0. For the same reason, if (1, v) is an adapted coordinate
system, then f,, = 0 holds on S(f) and { f,,, f,v, ¥} is linearly independent.

Taking an adapted coordinate system, it holds that

det(fu, fuu, )

(4.3) ks(u,0) = sgn(A,) T

(u,0).
See [15] for details.
For an adapted pair of vector fields (£, 1) on (R?,0), it can be easily seen that

det(§ f, 65, v)

ks(u, v) = sgn(nA) (u,v),

Ef1P
and
| det(€f,mmf, £61)]
(44 it V) = IEFIPIEf < mmf] ()
_sgn(nA (v, £f)) det(Sf, mn f, Séf)(u )
IEFIPIES < ] .

where (u,v) € S(f).

Lemma 4.2 Formula (4.4) of k,(u,v) does not depend on the choice of pairs of
adapted vector fields.

Proof Let us take another pair of adapted vector fields (E, 77) such that

(4.5) E=at+by, 7= cE+d,

where a, b, ¢, d are smooth functions of (u, v) satisfying ad — bc # 0, and on S(f),
satisfying b = ¢ = 0. Moreover, as (£, 7)) is positively oriented on S(f), ad > 0 holds
on S(f). Then we have

(4.6) &f = alf +bnf = atf (on S(f)),
EEf = alCalf +akf + Ebnf + benf) + b(na f + ant f + nbnf + bin f)
= afalf +a’¢cf (on S(f)),
nf=cf+dnf
mf = c(€cf +c€&f +&dnf +dénf) +dnc& f + enéf +ndnf +dmnf)
= dnc& f +d*m f (on S(f)).
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Then it holds that
det(S i, €6F) _ a'd det(Sf,mfi 66 _ (o detEf mmf SEf)
IEFRIES xamf] 1@l @ESPIES < mmf] (EfIP1Ef < mmfl
and the lemma follows. [ |

Since formula (4.4) does not depend on the choice of pairs of adapted vector fields,
one can choose £ = 0,, 1 = 0, and an adapted coordinate system, getting

E |fu S fVV‘

We can state properties of the umbilic curvature and singular curvature in terms
of the second fundamental form and also relate the umbilic and normal curvatures.

(4.7) kn(u,0) = (u,0) .

Theorem 4.3 Let f: (R*,q) — (R®, p) be a map-germ, q a cuspidal edge, and v a
unit normal vector field along f. Then the following hold:

[11,(X.X)|

(i)  v(q) is orthogonal to the line { which contains A,, . Therefore, k,(q) = IO

forany X € T,R%.

(i)  Ku(q) = kulq).

(iii) ks(q) = 0 if and only if II(X, X) is parallel to v at p, where X is a non-zero
tangent vector to S(f) at q.

(iv) kyu(q) = ks(q) = 0ifand only if II(X,X) = 0, where X is a non-zero tangent
vector to S(f) at q.

Proof Let M be the image of f. It was shown in [9, Lemma 1.1] that the second
fundamental form does not depend on the choice of the local system of coordinates
on (R?,0). So we can take an adapted coordinate system (u, v).

Writing y(¢) = (u(£),0) and () = f o v(¢), we have 7'(t) = o/ (¢) f,(u(2), 0).
Since f,(u(t),0) = 0, X = x0, + yJ, is a unit vector in TW,(,)R2 (with relation the
pseudometric given by I) if and only if x = +1/+/E(u(),0). As f,,(u(t),0) = 0, a
parametrization for As, at 4(t) is

_ 1 1
a(s) = E(u(r),0) fuu

and so o/ (s) = 2sf;- (u(t),0).

Then, to conclude (i), it is enough to verify that v/(g) is orthogonal to f;-(g). On
S(f) = {(u,v);v = 0} it also holds that f, = 0, and by Remark 4.1, f,, # 0 holds.
Therefore, we can write f, = vh, where h(u, v) # 0 on (R?,0), which implies that

N fuxh qufW_ fuvai

TR Tl T Tk o]
on the singular set, where ¢ = 1 or —1, and therefore v is orthogonal to f;- on S(f),
as we claimed. So, it follows from [9, Remark 2.10(3)] that
11, (X, X))
S G SO

(u(1),0) + 5 f, (u(1),0),

14

holds for any X € T,R*.
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Denoting &, (t) by x,(u, 0), it holds from (4.2) that

| det(g fuu +5° fivs 25fvs fu)l | det(fuus 25fwws fu)l

WS T YT sl
Therefore, from (4.7), we get that x,(u, 0) = k,(u,0), concluding (ii).
Hence,
| det(fu, fovs fuu)| 1 < fu X fw >
(4.8) Ky(4,0) = ————————— = —|( 77— fuu
E|fu X fwl EIN[fux ful ‘
_ | (V) fuu) | _ |<V’ﬁfu>|
E E ’
atq = (u,0).

Now, consider the orthonormal frame {v(q),v(q) % fu.(q)/|fu(q)|} for N,M.
Noticing that det( f,,, fuu, v) = det(f,, fi-, v) at g, then, from (4.3) and (4.8), it holds

that

111(8 8)—lfJ‘—f£1/+sgn()\)/£ v X Ju

E us ~u E uu u v S |fu‘7
at g, which implies that | I1(9,, d,)/E(q)|* = k() + k%(q), and consequently we
conclude (iii) and (iv) of the theorem. [ |

A standard approach to getting information about the geometry of surfaces is
analyzing their generic contacts with planes and spheres. Such contacts are measured
by composing the implicit equation of the plane or sphere with the parametrisation
of the surface and seeing what types of singularities arise. Then we label the contact
according with the type of singularity. In [9] Nufio-Ballesteros and the first author
deal with such study for surfaces in R* with corank 1 singularities. We recall that a
singular point of a function is said to be of type X2 if all of the partial derivatives of
the function up to order 2 at the singular point are equal to zero. With the conditions
of Theorem 4.3 and by [9, Theorems 2.11 and 2.15], it follows that (a) if k,(q) = 0,
then the plane at p orthogonal to v(q) is the only plane in R® having contact of type
¥22 with f; (b) if k,(q) # 0, then the sphere with center at

1
kn(q)

u=p+e v(q)

is the only sphere in R* having contact of type ¥** with f, where ¢ = sgn(II,,(X, X)),
for any unit vector X € T,R*.

When f is of normal form, the relations between the singular curvature, the lim-
iting normal curvature (so, the umbilic curvature), and curvature and torsion of the
space curve f|gs) are given in the following result.

Theorem 4.4  Let f(u,v) be a map-germ of the form (3.4). For the space curve f|s s
at the origin, it holds that

/ /
Ks = a0, Ky =d3t+ bbby, Kn = Ky = by, Ry, = b3 — axbis,

2 5 , axas + bybsg axasy — byoaso
K= /a5,+Db K=—r, 7= —— .
20 20 3 7 ) a2 + bz
V 6120 + bz() 20 20
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Proof The curvature and the torsion of the curve 4 = f o «y are calculated as usual
and we shall omit that here. Using the parametrization f(u,v) given by (3.3), we
have:

fu= (1,0, b + vV’ + v’ (by),)  and  f, = (0,v,2vbs + 3v°bs + v (bs),) ,

where a] = da; /du and b} = db;/du for i = 2,3. This implies that the u-axis is the
singular curve and the v-direction is the null direction. So (u, v) is an adapted system
of coordinates. Since f,(0) = (1, 0,0), f,,(0) = (0, a}(0), b} (0)), £,,(0) = (0,1,0),a
unit normal vector at 0is v = (0, 0, 1) and the signed area density satisfies A, (0) = 1.
Then, using (4.3) and (4.8), we get

ks(0) = a](0) = ay and £,(0) = by (0) = by. [

As a consequence, we have the following corollary.

Corollary 4.5 Let f: (R*,0) — (R?,0) be a map-germ, let 0 be a cuspidal edge,
and let y(t) be a parametrization of S(f), and (¢) = f o v(¢). Let x(¢) be the curva-
ture of 7(t) as a curve in R®, k() its singular curvature and k., (t) its limiting normal
curvature. Then

k()2 = k(t)* + K, ()%

5 Other Geometric Invariants up to Order Three

Comparing (3.4) and Theorem 4.4, there are three other independent invariants of
cuspidal edges up to order three.

5.1 Cuspidal Curvature

The cuspidal curvature k. for cuspidal edges is defined in [10] as

EfP2 det(&f, mmf, o f)
&f > f]*2
where (£, ) is an adapted pair of vector fields on (R?,0). If f(u, v) is a map-germ of

the form (3.4), then it holds that x.(0,0) = bgs. See [10] for detailed description and
geometric meanings.

Ke(u,v) =

(u,v), (u,v) € S(f),

5.2 Cusp-directional Torsion

Let f = (f1, fo, 3): (R%,0) — (R* 0) be a map-germ, 0 a cuspidal edge, and ()
a parametrization of S(f). Take a pair of adapted vector fields (&, 7) on (R?,0). We
define the cusp-directional torsion (or cuspidal torsion for short) on singular points
consisting of cuspidal edges as follows:

_det(§f,nnf, Enmf)

(51) K)t(l/l,V) - |€f % nnf|2 (ua V)
det(€f,mnf, E61) (& mf)
EFRIES < mpe o e €S,
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By Remark 4.1, the denominator of «,(u,v) does not vanish, and therefore x; is a
bounded function on cuspidal edges. The following proposition shows that the cusp-
directional torsion is well defined.

Proposition 5.1 The definition of cusp-directional torsion does not depend on the
choice of the pair (€,m) of adapted vector fields on (R?,0).

Proof Define a new pair (E, n) of adapted vector fields as in (4.5). By (4.6), we have

&S = x&f +xmf +adnc€é f + ad*&m f
holds on S( f), where x;, x, are some functions. Thus, again by (4.6), it holds that

detE £, 7 f, € f) - det(Ef, 7 f, E€1) <gf7 5ﬁf>

&f < fl? [EFPPIES < mm fI?
_ det(Sf, nnf, neSf +d&mf) _ (&f neSf +dmnf) |Sf, nnf, ¢S]
dlgf xmnf? diSfPIEf x mnf?
_ det(€f,mmf, &nnf)  det(Sf nmf,&f) (Sf mmf)
§f x mfI? [ESIPIES > mm f1? '
Thus, the proposition follows. ]

In the following equation we give the expression of the cusp-directional torsion
for an adapted coordinate system:

det(fu» ﬁ/v; fuvv) . det(fua fvva fuu) <fu7 ﬁ/v>

ke (1, 0) = (u,v) (u,0).
' | fu X fwl? | ful?1fu x ful?
Moreover, if (u,v) satisfies (f,, fiv) (4,0) = 0, then we have the following simple
expression:
d t us Jvvsy Juvv
ko, 0) = St fovs fur)

| fu X fnl?
The next result gives ,(0) for the normal form of cuspidal edges, and we omit its
proof, as it is a straightforward calculation.

Proposition 5.2 Let f be a map-germ of the form (3.4). Then 1,(0) = by, holds.
Let us state the geometric meaning of the invariant ;.

Proposition 5.3 Let f: (R*,0) — (R>,0) be a map-germ, 0 a cuspidal edge, v a unit
normal vector field along f, ~(t) a parametrization of S(f), and q € S(f). If pr,of is
locally a bijection, then k, = 0 on S(f) near q. Here, pr, is the orthogonal projection to
the orthogonal plane to v = Im d fy(TyR*) x v/(0).

Proof We may assume that f is given by (3.3). Then
pr ) of (u,v) = (u, ar (1) + vas(u) + v*b(u, v)) .

For a sufficiently small ug, (1o, a(up) + as(ug)v* + v*b(ug, v)) is located on the line
u = uy. If uy # uy, then these lines do not have a crossing. Hence, pr, of is locally
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bijective if and only if g,(v) = a,(u) + as(u)v* + v*b(u,v) is monotone, for any
sufficiently small u. Since

2.(0) =0, ¢/(0) = 2a3(u) and g/ (0) = 6b(u, 0),

u
anecessary condition that pr,, o f is locally bijective is a3 (1) = 0, for any sufficiently
small u. Since a3(0) = 0 and a5(0) = k,(0), this proves the assertion. [ |

Let f: (R*,0) — (R 0) be a map-germ, 0 a cuspidal edge, and M the image of f.
Then the slice locus M N NyM is a cusp. When a pair of adapted vector field (£, n)
satisfies (£f,mmf) = 0 on S(f), then nnf € NyM points to the direction where
the cusp comes in NoM. We call this direction of the cusp-direction. Proposition
5.3 implies that the cusp-directional torsion measures the rotation of cusp-direction
along the singular curve of the cuspidal edge. This is a reason that we call x; cusp-
directional torsion. Remark that (5.1) is well defined for non-degenerate singularities
whose null direction is transverse to the singular direction (for example, the cuspidal
cross cap (u,v) — (u, v}, uv’)). In the appendix, a global property of k; is discussed.

5.3 Edge Inflectional Curvature

The invariants introduced in the previous sections for a map-germ given by (3.4)
suggest that there is one more geometric invariant that should tell us about asy or bs.
Let (&, 7) be a pair of adapted vector fields on (R?,0). We define the edge inflectional
curvature as follows:

' _ det(€f, mf, §§61) (&S 88f) det(€ f,mm f, €6 )
SO TPl Y T e o
(u,v) € S(f). If where £ is chosen satisfying |£ f| = 1 on S(f), then we have
‘ _ det(&f, mmf, E6ES)
A ST

Proposition 5.4  The function k; does not depend on the choice of the pair (£,n) of
adapted vector fields.

Proof Define a new pair (E, 1) of adapted vector fields as in (4.5). By (4.6), we have

§EEf = a((€a)® + ata) € + 30°Cakt f + PEEES
holds on S(f). Thus, again by (4.6), we see that
daEr. mif. S (EF.€6f ) dex(ES, Tt €€
EFPIES x TS| EFIPIES < T f|
_ 3gadet(cf, mnf, Ef)  det(€f, mf, EE6F)
al¢ fPIEf % nnf] EFPIES < mf]
3(&alef Ef) +alef.E6S)) det€f, mf, €€
aléfPIES x mnf]
_ det(f, mf, E6) (&, E6F) det(f, mmf, 1)

EFPIEr <mfl > EfFIES < mf]
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holds on S(f) as we claimed. [ |

The expression for «; at an adapted coordinate system is the following one:

det(fu, fov, fuun) (fus fuu) det(fus fivs fuu)
[ful’fu % Sl [ful?fu % Sl

The next result gives the edge inflectional curvature at 0 for the normal form of cus-
pidal edges. Its proof is a straightforward calculation, and so we omit it here.

K/i(uao) = (u70) -3 (I/l, 0)

Proposition 5.5 Let f be a map-germ given by (3.4). Then k;(0) = b3y holds.

Let us consider the geometric meaning of the invariant ;. Since nf = 0, nnf
points in the direction in which the cusp comes, and

det(&f, 66 f,mf) = (€f x &&&f,mmf) -

So, the invariant x; measures the difference between the vector £ f x £££ f and the
cusp direction nn f. Here, £f x £EEF = 77(s) x 4""'(s), where s is the arc-length of
4. Let k and 7 be the curvature and torsion of 4, and assume x > 0. Consider the
Frenet frame {¢, n, b} and assume that 47 x 4" is constant. Then, by the Frenet—

Serret formulas, it holds that

K27t + (=26'T — kT + (k" — k)b = 0.
Since k > 0, we have 7 = 0 and k" =
clothoid, or a circle.

0. This means that 7 is a plane curve and a

6 Geometric Invariants up to Order Three
Let f be a map-germ given by (3.4). Then

- 2 L2 o axbso — byoaso .
k= a0 + 20 T = 2 + b2 ) Rs = a0,
a0 T Y

Kn = by, Ke=bos, K =Dbn, kK =Dbxy

at 0. We see that « is written in terms of ayy and b,y;. However, the other six in-
variants are independent of each other. Moreover, they determine all the third-order
coefficients of the normal form (3.4). Therefore, we have the following theorem.

Theorem 6.1 Let f,g: (R*,0) — (R?,0) be map-germs, and let 0 be cuspidal edges
that have the same invariants T, K, Ky, Kc, K and k; at 0 respectively, and let k,,(0) # 0.
Then there exists a diffeomorphism-germ : (R*,0) — (R*,0) and an isometry-germ
®: (R*,0) — (R’,0) that satisfies

fu,v) — @(glp(u,v))) = 04),

where O(4) = {h(u,v): (R*,0) — (R*,0)|(0"7 /0u’OvI)h(0) = 0, i + j < 3}. Using
the differential of invariants, if { and g have the same invariants Ky, Ky, Ko, K, KL, and
K at 0, then the same assertion holds.
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Proof By the formula for 7, kg, Ky, ke, K¢, and ki, if K, # 0, these six values de-
termine all the coefficients ayg, asg, bag, b30, b12, and bys in (3.4). Thus, we have the
result. By the same arguments, the second claim is proven by Theorem 4.4. ]

We remark that for given real numbers 7, K, Ky, K¢, K1, and k;, there exists a map-
germ f at 0 such that 0 is a cuspidal edge, and its six invariants at 0 are 7, Ks, Kn, K¢, Kt
and k;, respectively, just by substituting these real numbers into (3.4) and applying
h(u,v) = 0. For global realization of fronts, see [18]. In Figure 1 we have drawn
surfaces that are images of map-germs given by (3.4). Invariants not specified are
zero.

(ks =)az =3, bps = 1 as =3, bz =1 (Kn =)by =3, bz =1

(ke =)bip =3, bos =1 (ki =)bzp =3, bpz = 1 (ke =)bos = 3

Figure I: Invariants of cuspidal edges

6.1 Example: Tangent Developable

Let 4: R — R’ be a unit speed space curve that has curvature #(u) > 0 and torsion
7(u) # 0, for all u € I, and let {t,n,b} be the Frenet frame. Let f: [ x R — R’
be given by f(u,v) = J(u) + vy’ (u). Then f is called a tangent developable surface
(see Figure 2). Then S(f) = {(u,0)} and (u, 0) is a cuspidal edge. The unit normal
vector field is b(u), and the area density function is proportional to v. Therefore,
taking ¢ = 0, and n = —0, + 0,, (£, n) is an adapted pair of vector fields. So, by the
Frenet formulas, we have

Ef =t+ven, &&f=rn+v(kn), and EEEf = —K*t+K'n+kTb+v(kn)".
Thus,
Ef=t, E&f=rn, EEf=—kt+Kn+rtb (onS(f)).
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Furthermore, we have
nf = —ven, mnf=v(kn) —kn, Emf=v(En)" +Kk* —K'n— kT
and
mmf = —v(kn)” + 2(—k*t + K'n+ K7h).
Thus, it holds that
mf = —kn, &mf=rkt—r'n—ktb, mmf =2(—r*t+K'n+r7b) (0N S(f)).
Finally, since n\ = vk’ — k, it holds that sgn(nA) = —1. Therefore, we obtain

ks = —k(u), K, =0, k. = 727—7@ ke = 7(u), ki = —k(u)7T(u) at (u,0).

VE@W)'

Figure 2: Tangent developable surface.

Appendix A  Global Property of Cusp Directional Torsion

In this subsection, we consider a global property of the function ;.

Lemma A.1 Let f: (R*,0) — (R?,0) be a frontal and 0 a non-degenerate singularity
whose singular direction and null direction are transversal. Let M be the image of f.
Then a slice locus M N NgM is a curve & with 6’ (0) = 0 and 5" (0) # 0.

Proof Let (u,v) be an adapted coordinate system, since we can take it by the as-
sumption of f. Since (f(u,v), £,(0)), # 0 at 0, there exists a function u(v) (1(0) =
0) such that (f(u(v),v), fu(0)), = 0. We set o(v) = (u(v),v). Then the image
a(v) = f o o(v) coincides with the slice locus M N NgM. Remark that since 9, is a
null direction, so (f(u,v), £,(0)),(0) = 0, and thus #'(0) = 0 holds. By a calcula-
tion, we have 67(0) = 0, 3”(0) = f,(0)u”(0) + £,,(0). Since 0 is a non-degenerate
singularity, det(f,, f,v, ¥)(0) # 0 holds. Therefore, we have 5" (0) # 0. [ |

Lemma A2 Leto: (R,0) — (R%,0) be a curve with 0’(0) = 0 and 0/'(0) # 0.

Then there exist an orthonormal basis {x, y} of R* and a parameter v of (R, 0) such that
FPo(v) =v*x/2+ av’y/6, a € R holds.
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Proof Since 0/(0) = 0and ¢”/(0) # 0, we can set j>o(v) = (ayv*+asv’, byv* +b3v°),
where a3, a3, by, b3 € Rand (a,, by) # 0. We can assume that a, # 0. Set 6 satisfying
sin fa, + cos Ob, = 0. Then we have

gg ( j3a(v)) = ((cos Oa, — sin 0b,)v? + (cos Bas — sin Obs3)v°, (sin Bas + cos 9b3)v3)
(See (3.1) for K@.). Set

V= \/EV((COS fa, — sin 0b,) + v(cos Baz — sin 0173)) 1/2.

Then Av@(j3a(f/)) = (¥*/2,09*), a € R, holds. Setting 'x = K;l(t(l,O)) and
ty = Ao_l (’(07 1)) , we have the result. [ |

Let ¥ be a two dimensional manifold and f: ¥ — R’ a frontal. Let y: S! — X
be a simple closed curve consists only of non-degenerate singularities whose singular
direction and null direction are transversal, namely df(y’) # 0. In [10], this type
of singularities are called non-degenerate singular points of the second kind. Denote
4 = f o~. Let u be an arclength parameter of 4 and d,, d, an orthonormal frame
along 7, namely an orthonormal frame field of the normal plane (7)* of 4. Then

we have
e 0 a o e
/
dl = —C 0 C3 d] s
dz —C —C3 0 dz

where, e = 7’. If the curvature of 4 does not vanish and e, d, d, is the Frenet frame,
thenc; = K,c =0,¢c3 = 7.

For a sufficiently small €, a map (t1, £, t3) — F(t1) + tad) + t3dy, (—e < 1,13 < €)
is diffeomorphic. Thus by Lemmas A.1 and A.2, f can be represented as 7(u) +
vix(u) 2+’ y(u) /6+viz(u, v), where x(u), y(u), z(u, v) are vector fields along 7(u)
and {x(u), y(u)} is an orthonormal basis of ¥(u)*. Remark that 17 f is proportional
to x. Then there exists a function 8(u) such that

x(u) = cos O(u)d; (u) — sin 0(u)d,(u),
y(u) = sin O(u)d; (1) + cos O(u)d, (u)

hold. By a direct calculation, x,(u) = ¢3(u) — 6'(u) holds. Hence, i jl/(@(u) -
ke(u))du € Z holds. This integer n is called the intersection number of the frame
(7, x) with respect to the frame (¥, d; ). Thus, we have f7 Kke(u)du = fv c(u)du—2mn.
On the other hand, if the curvature of 4 never vanish, then one can take d; as the
principal normal vector. Then c; is the torsion of 7. Hence, fﬁ, K¢ (u)du is equal to the

difference of the total torsion of 7 between intersection number of (7, x) with respect
to (:y\a dl )
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