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Abstract

This paper is concerned with the Cauchy problem for a nonlinear Schrédinger equation with a harmonic
potential and exponential growth nonlinearity in two space dimensions. In the defocusing case, global
well-posedness is obtained. In the focusing case, existence of nonglobal solutions is discussed via
potential-well arguments.
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1. Introduction

Consider the initial value problem for a nonlinear Schrodinger (NLS) equation with
quadratic potential

.. _ 2 = .
{lu + Au — |x|°u + eg(u) = 0; (1.1)

Up=0 = Uo,

where € € {~1, 1}, u is a complex-valued function of the variable (¢, x) € R x R? and
the nonlinearity takes the Hamiltonian form g(u) := uG’(ju*) for some positive real
function G € C3(R,) satisfying G(0) = G’(0) = G”(0) = 0.

Equation (1.1) models Bose-Einstein condensates with attractive interparticle
interactions under a magnetic trap [3, 9, 21, 33, 35]. The isotropic harmonic potential
|x* describes a magnetic field whose role is to confine the movement of particles
[3,9, 33].
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A solution u of (1.1) satisfies formally conservation of the mass and the energy:

M(t) = M(u(0)) := lu())ll}, = M(0);
E@t) = E(u()) := L 2(IVu(t)I2 + lxu()l’ - eG(lu())) dx = E(0).
Moreover, such a solution enjoys the so-called virial identity [7],
1
eI = 1Vull}, - llxull;, - € fR (@g(u) = G(lu) dx. (1.2)

If € = —1, the energy is always positive and we say that (1.1) is defocusing. Otherwise,
(1.1) is said to be focusing. Naturally, we would like to study the problem (1.1) in
some space where energy and mass are well defined.

DerintTion 1.1. We define:

(1) the conformal space
Ti={ueH', st |xuel?,

where here and hereafter s.t. stands for such that;
(2) the conformal norm

1/2 1/2

. 2 2 2 2 2
lluells == Clleel 7 + [ oeleellz2) ™ = Claellzz + WVallzz + 1 xleell72)

In the monomial case g(u) = ulu|/’~' for 1 < p<(m+2)/(n—-2)ifn>3and 1 < p <
oo if n € {1, 2}, local well-posedness in the conformal space was established [7, 19].
By [6], when p <1+ (4/n) or p > 1+ (4/n) and € = —1, the solution to the Cauchy
problem (1.1) exists globally. For p = 1 + (4/n), there exists a sharp condition [36] of
the global existence for the Cauchy problem (1.1). When p > 1 + (4/n), the solution
to the Cauchy problem (1.1) blows up in a finite time for a class of sufficiently large
data and globally exists for a class of sufficiently small data [4, 5, 33].

In two space dimensions, the initial value problem (1.1) in the monomial case is
energy subcritical for all p > 1. So, it is natural to consider problems with exponential
nonlinearities, which have several applications, such as for example self-trapped
beams in plasmas [14]. Moreover, the two-dimensional case is interesting because
of its relation to the critical Moser—Trudinger inequalities [1, 22].

The two-dimensional semilinear Schrodinger problem with exponential growth
nonlinearity was studied, for small Cauchy data, by Nakamura and Ozawa [18]. They
proved global well-posedness and scattering. Later on, Colliander et al. [8] obtained
global well-posedness and scattering for small data. The author [25] obtained a decay
result in a critical case.

Recently, the author [23, 27-29] proved global well-posedness and scattering in
the energy space, without any condition on the data, of a Schrodinger equation with
exponential nonlinearity. Moreover, scattering was proved in the conformal space [24]
(similar results were proved for the corresponding wave equation [15, 16, 26, 30]).

It is the aim of this paper to obtain three results about the Cauchy problem (1.1)
in the two-space-dimensional case. First, we prove global well-posedness in the
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defocusing case. Then, we establish existence of a ground state solution for the
stationary associated problem. Third, we discuss, in the focusing case, either global
well-posedness or finite time blow-up. It is worth pointing out that the present study
uses the potential well method based on the concepts of invariant sets suggested by
Payne and Sattinger [20].

The rest of the paper is organized as follows. The main results and some technical
tools needed in the sequel are listed in the next section. The third section is devoted to
prove well-posedness of (1.1). The goal of the fourth section is to study the stationary
problem associated to (1.1). In the fifth section we prove either global well-posedness
or finite time blow-up of solutions to (1.1) with energy under the ground state one. In
the last section we establish the existence of infinitely many blowing-up solutions to
(1.1), with data near the ground state.

In this paper, we are interested in the two-space-dimensions case, so, here and
hereafter, we denote f .dx = fRZ .dx. Forp>1,LP:=L° (Rz) is the Lebesgue space
endowed with the norm || - ||, := || < llz», || - [ := || ||l and H' is the usual Sobolev space
endowed with the norm || - [ == (|| - |* + || V. |)'/2.

For T > 0 and X, an abstract functional space, we denote Cr(X) := C([0, T], X), the
space of continuous functions with variable in [0, 7] and values in X and X,,, the set
of radial functions in X. We mention that C is an absolute positive constant, which
may vary from line to line. If A and B are nonnegative real numbers, A < B means that
A < CB. Finally, we define the operator (D f)(x) := xf’(x).

2. Background material

In this section, we give the main results and some technical tools needed in the
sequel. First, let us fix the set of nonlinearities considered in this paper.

(i)  Ground state condition
dg, >0 s.t. min{(D - 1-¢,)G, (D - 1% - g)G}>0 onR,. 2.1
(j)  Strong ground state condition
Jg, >0 s.t. min{(D -2 - g,)G, (D - 1? - £,)G} >0 onR}. (2.2)
(k)  Subcritical case
Ya >0, |G”{)=o0(") asr— . (2.3)

(1)  Critical case
dag >0 s.t. |G| =0@Ee™) asr— . 2.4

We say that the nonlinearity of the problem (1.1) is subcritical (respectively critical)
if G satisfies (2.3) (respectively (2.4)). Moreover, we should assume (2.3) or (2.4)
in order to prove well-posedness of (1.1) and use [(2.1) or (2.2)] with [(2.3) or (2.4)] in
order to obtain existence of a ground state solution to the stationary problem associated
to (1.1).
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Remark 2.1. We give explicit examples.
(1) Subcritical case: G(r) := """ —er/2 —e.

(2) Critical case: G(r) =¢" — 1 —r — (1/2)r2.

Proor. (1) For ¢:= Vr+ 1, we have G(r) = ¢' — (¢/2)* — (¢/2). Thus, DG(r)
(2 = 1)/2t)(e" — et). Then, for & > 0,

o) =2(D-1-e)G(r) = e’(t - % -2- 28) +e(e? +2+&);

11
& (1) = e’(t— —4s-l- 25) T Dest:

2

1 2
’7 _
¢([)—6(f—;+t—2—t—3—28)+26820.

Since ¢(1) = ¢’(1) = 0, we have ¢ > 0. Moreover,

1 1 1 1
D(D - I)G(I") = Zet(t— ;)([— 1- ; + t—z),
(D - 1)* - £]G(r)
1 4 1 1 1
= ‘—‘[et(t2 —3t+2—-4e+ - + i t_3) + 2eer” + 2ge — 46] = Zl//(l‘);

3
’ _ 2 .
W(I)—E(t —t—1—48+;———t—3+g)+468t,

2
4 7 3 12 12
w"(t)ze’(t2+t—2—4s+;—— —- -

+ =+ — | +4ec > 0.
R A A t5)

Since ¥(1) = ¢’'(1) = 0, we have ¥ > 0.
(2) Take € € (0,2) and G(x) := ¢* — 1 — x — x*/2. Then DG(x) = x(¢* — 1 — x) and

2
(D—l—e)G(x)z(x—l—g)ex+(£—1)x?+£x+1+8:=¢(x);

dxX)=(x-ee"+(e—Dx+e¢"(x)=(x—c+De"+e-1;
¢"(x)=(x—e+2)e" >0.
Since ¢(0) = ¢’(0) = 0, we have ¢ > 0. Moreover,

2
(D -1)Gx) = (x - De* — % +1,D(D - DG(x) = x(xe* — x);

2
[(D-12-¢lGx)=(*-x+1-¢)e"+ (- 1)+ (e — 1)% +ex = Y(x);

V)= +x—ge+(Ee—Dx+ey’ ()= +3x—e+ De* +&—1;
Y (x) = (2 +5x—g+2)e* > 0.

Since ¥(0) = ¥'(0) = "’ (0) = 0, we have ¢ > 0. This finishes the proof. O
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The results proved in this paper are listed in the following subsection.

2.1. Main results. The first result deals with well-posedness of (1.1). Assuming
that the nonlinearity satisfies (2.4), we obtain existence of a unique global solution for
small data.

Turorem 2.2. Assume that g satisfies (2.4). Let uy € X be such that ||Vug||> < 4/ .

Then there exist T > 0 and a unique solution u to the Cauchy problem (1.1) in the class
Cr(X). Moreover:

(1) u,Vu,xue L‘}(L“(RZ));
(2)  u satisfies conservation of the energy and the mass;

(3) wuis global if E(up) < 4r/ay.

Remark 2.3. Note that if g satisfies (2.3), then global well-posedness holds without
any condition on the data size [28].

Next, we are interested in the focusing case of the Schrédinger problem (1.1). This
case is related to the associated stationary problem. Indeed, under the condition (2.1),
we prove existence of a ground state ¢, meaning that ¢ is a solution of the stationary

problem

“Ap+¢—x*p=g(¢), 0+¢eX, 2.5)
which minimizes the problem

Mg g i= 02&&{5 (), s.t. Ky g(v) = 0}, (2.6)

where a, 8 € R and

SO) = E0) + MO = M2 - f G(vP) dx;

Ko p(v) :=2 f [dVVP + (@ + BV + (@ + 280l = alvig(v) = BG(v)] dx.

Precisely, we obtain the next result, where we denote some set depending on the
nonlinearity:
Ay :={(a,b) eRL X R,, s.t. b <ag,}.

THEOREM 2.4. Assume that g satisfies (2.1) and [(2.3) or (2.4)]. Let two real numbers
(a,B) € A,. Then:
(1)  there is a minimizer of (2.6), which satisfies (2.5);

(2)  m:=m,pis nonnegative and independent of (a, j3).

Following the potential well theory [13, 20], we are interested in the focusing case
of the Schrodinger problem (1.1) with data in some stable sets. Here and hereafter, we
denote for (o, 8) € R? the sets

A:;’ﬁ ={veXs.t.S() <mgpand K, g(v) > 0};
A;’ﬁ ={veXs.t S(v) <mgpand K, g(v) <0}
Al ={veZst.S(v) <myp, Kip(v) <0and K; _;(v) <O0}.
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Global existence and finite time blow-up are now discussed.

THEOREM 2.5. Assume that € = 1 and g satisfies (2.3) or (2.4). Let u € Cy-(X) be the
maximal solution to (1.1).

(1)  Suppose that (2.2) holds. If there exists ty € [0, T*) such that u(ty) € Ay _1, then u
blows up in finite time.

(2)  Suppose that (2.1) holds. If there exist (a,3) € A, and ty € [0, T*) such that
u(ty) € A:;’ » then u is global.

The last result concerns the instability by blow-up for the standing waves of the
Schrodinger problem (1.1).

THEOREM 2.6. Assume that € = 1 and g satisfies (2.2) with [(2.3) or (2.4)]. Let ¢ be
a ground state solution to (2.5). Then, for any € > 0, there exists uy € X such that
llug — @lls < € and the maximal solution to (1.1) given by Theorem 2.2 is not global.

We list in what follows some intermediate results.

2.2. Tools. This subsection is devoted to give some estimates needed in this paper.
First, let us recall some known results [10, 11] about the free propagator associated to
(1.1). The following result holds [6].

Prorosition 2.7. There exists a family of operators U := U(t, s), U(t) := U(t,0) such
that u(t, x) := U(t, s)p(x) is a solution to the linear problem

i+ Au = |xPu,  u(s,?) = @.

Moreover, we have the following elementary properties:

(1) U, =1d;

(2) (t,5) > Ul(t, s) is continuous;
(3) Us) =U@s)™"

@ U,nU(t,s) =Ul,s);

(5) U(t,s) is unitary of L*.

The Duhamel formula yields the following result.
ProposiTiON 2.8. If u is a solution to the inhomogeneous Schrodinger problem
i+ Au—|xPu=h, u(0,) =0,
then:
(1) w(t)=—i [y U(t = $)h(s, x)ds;
) Vu(r)=—i [j Ut = $)[Vh + 2xul ds;
(3) xu(r)=—i [ Ut - s)[xh +2Vu] ds.

Remark 2.9. Taking the derivative of the equation satisfied by u, we obtain the second
point. For the last one, we multiply the same equation with x.
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A classical tool to study Schrodinger problems is the so-called Strichartz-type
estimate.

Derinition 2.10. A pair (g, r) of positive real numbers is admissible if

1 1 1
2<r<oco and —-+-=—-.
qg r 2
In order to control an eventual solution to (1.1), we will use the following Strichartz
estimate [6].

Prorosition 2.11. For any time slab I and any admissible pairs (q,r) and («, B):

(1) NU®llrai1ry < Cligll Vo € L?;
t ’ 7
2) ||fO U(t = $h(s, x)dsll a1y < Copllhllpe gy Yh € L (I, LF).

In order to estimate the quantity f G(lul*) dx, which is a part of the energy, we will

use Moser—Trudinger-type inequalities [1, 17, 32].

ProrosiTioN 2.12. Let a € (0,4n); a constant C, exists such that for all u € H'
satisfying ||Vul| < 1,

f (e — 1) dx < Collull
Moreover, this inequality is false if a > 4.

REmARK 2.13. The number a = 47 becomes admissible if we take ||u||z1 < 1 rather than
[IVu|| < 1. In this case,

sup f (P _ 1) dx < oo

[l 1 <1
and this is false for @ > 4. See [22] for more details.

Despite the lack of injection of H' on the bounded functions set, we can control the
L™ norm by the H' norm and some Holder norm with a logarithmic growth.

Prorosition 2.14. Let B € (0,1). Forany A > 1/2nB and any 0 < u < 1, a constant C,
exists such that, for any function u € (H' 0 CP)(R?),

8 llullcs )

ulBe < Al 1o (cl +
g b OB B,

2.7

where
2 ._ 2 2000012
lluelly, == NVall™ + g [laall”

Recall that C# denotes the space of S-Holder continuous functions endowed with

the norm u( Y
u(x) — u@y
llellcs == llellp~ + sup ————=—.
xX#y |x — )7|‘8
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We refer the reader to [12] for the proof of this proposition and for more details. We
just point out that the condition A > 1/2x in (2.7) is optimal.

In the next section, we will use the L™ logarithmic estimate for 8 = 1/2, coupled
with the continuous Sobolev injection

WH(R?) = C2(RY).
Let us recall some standard Sobolev embeddings [2, 34].
ProposiTION 2.15.
(1) Whenever 1 <p<g<oo, s>0and 1/p<1/q+ s/d, we have the continuous
injection
WP (R?) — LIRY).

(2) The compact injection holds:

H)(R?) > LP(R?) Vp € (2,).
(3) The following embedding is compact:

2,4(R?) s [P(R?) Vp e [2,00). (2.8)

We close this subsection with the following absorption result [31].
LeEmMA 2.16. Let T > 0 and X € C([0,T],R,) be such that
X<a+bX’ onl0,T],

where a,b> 0,0 > 1,a < (1 —1/6)1/(0b)"? and X(0) < 1/(6b)"/ =D Then

0
XSQ la on [0, T].

3. Well-posedness

This section is devoted to prove Theorem 2.2 about well-posedness of the nonlinear
Schrodinger problem (1.1). In this section, we assume that ¢p = 1.

RemARrKk 3.1. Note that in all of this section, if we omit the condition @y = 1, the spirit
of proof is the same.

Let us identify g with a function defined on R? and denote by Dg the R? derivative
of the identified function. Then, using (2.4), the mean-value theorem and the convexity
of the exponential function, we derive the following property.

Lemma 3.2. For any & > 0, there exists C, > 0 such that

2
& 12
lg(z1) — g(z2)| < Celz1 — 22 Z(e(l+ Wil 1) Vzy,22€C,
i=1
2
2
(Izi] + K5 1) vzy,7 € C.
i=1

|Dg(z1) — Dg(z2)| £ Celzy — 22

14
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The next auxiliary result will be useful.

Levma 3.3. Let u € Cr(H") N L2 (W1 *) be a solution to (1.1) satisfying IIVulle(Lz) <

4r; then there exist two real numbers « < 4 near to 4 and € > O near to zero such that,
for any Holder couple (p, p’),

1 2 1-(1 1-(1 1-(a/4
“e( +o)lul” _ 1]] < T1=/p) 4 ||u||i4T(W'~4)T( (1/p~(a/4))

LY@y >
Proor. By the Holder inequality, for any € > 0,

1/p' (1+)lull}

1 ? o
||e( el =1 17 (0T)||€

(+&)ul> _ 1”1/17

LP ey ~ “e L;?(Ll)‘

We can find & > 0 small such that (1 + &)||Vu||> < 4. So, by the Moser—Trudinger
inequality,

f (M _ 1y dx < f (eFENVUPAIvaD® _ 1y gy < Jlul? < 1

For any A > 1/m and w € (0, 1], by the logarithmic inequality in Proposition 2.14,

Sl

(C +2 ”M”Cl/z )’1(1+8)|M||f,
w |lully

Since |lul?, = w?|lul* + ||Vul[?>, we may take O < w, & near to zero and a < 4 near to 4
such that (1 + &)|lul>, < ar < 4x. Thus, for A near 1/,

Lol s(C+2 2 |lullcie
w lulle
S L+ luller2)® < 1+ llullya-

)A<1+s>|u||3,

It follows that

1/p' (o)l
lle 17

A+olul? _ ) (14&)[u 1/p
||€ 1”[4 (LP) s ( T)”e lllLoo(Ll
1/p’ (1+8)||qu00
< lle e 0.1
1
<+ Nl
1-(1/p) @ (1=(1/p)(1—(a/4))
<
~ T + ”u“LA}(W14)T . o

The proof of Theorem 2.2 contains three steps. First, we prove local well-
posedness, second we show uniqueness and third we obtain global well-posedness.
In the two next subsections, we assume that € = 1. The sign of € has no local effect.

3.1. Local well-posedness. We use a standard fixed-point argument. For 7' > 0,
denote I7 := (0, T) and the space

Xr = {u e C(r,2) s.t. u, Vu, xu € L*(Iy, L)}
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endowed with the complete norm

eellr = lutll ooy, bty + Nutllzaqry ey + Xl 2y + lxull 2oy 20y

Define the map
!
¢ vi— —if U(t—s)gv+w)(s)ds,
0

where w := U(t)ug is the solution to the associated free problem to (1.1), namely, for
V(x) = |x%,
i+ Aw = [x]*w w(0, ) = up.

With a continuity argument, there exists a positive time 7T, > 0 such that
”VW”L‘”(ITO,LZ) < 4x. We shall prove the existence of To > T > 0 such that ¢ is a
contraction on some closed ball of X7. Using Strichartz estimates in Proposition 2.11

with the facts that Vg(v) = —i fot U(t - 9)[Vg(v + w)(s) + VV@(v)] ds and x¢p(v) = —i
Ut = 9)lxg + w)(s) + 2V ()] ds,
ety 12yt i rty S NV + Wl 12)
V@Dl iynrsir i) S NIVEW + Wiy r2) + 19OV VIILi gy 12y
S IVEV + w2y + TIIxX¢OW)l|= 1y 12
x| Loty 12ynrt iy 4y S X8V + Wllpiay 12y + TNV @) o ay.12)-
Thus,
lpWllz < llgv + Wllpiys) + TUV@O) Loty 12) + 1XEW 2o 17.22))-
Let v € Br(r) be the closed ball of X7 centered on zero and with radius r > (. Since
IV +wll < r + VWil < 7 + [[VWllregry, 12)s

we can find two small positive numbers denoted by r and & such that (1 + &)||
V(v + w)|[> < 4x. By the Holder inequality,

V. 2

lxg(v + Wllei a2y S lx(v + W)”L“(IT,L“)”e(HE)I v

(1+&)|v+wl?

= Wlpany 1)

S+ wllrlle = Uiy r4)-

Now, thanks to Lemma 3.3,

3/4 1-(1 1-(a/4
I + Wlle .22y S [T 4+ 1+ WG, o TP 0

a

L(w
4 1-(1/p)(1—(a/4

ST+ Qv+ wllg TPy 4

It remains to control ||g(v + w)||L . 41y- For any £ > 0,

L+&)v+wl?
Vg + Wl 22y < IV + w)(Ee P — Dl

(1+)v+w]?

SV + Wllsay 4)lle = Ulpangy14)

(1+&)|v+wl?

S v+ wllrlle = Ulgsnyr)-
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The previous computations imply that

Ve + Wlliiy 1) < [T + Iy -+ wligT =Py gy
Similarly,

1 2
g + wWilliyaz) < 10+ w) e = Dl )

(1+&)|v+w]?

S+ wllzs, 1olle = Ulganay 1)

2
S v+ wirlle™ M — 1], ro)

< [T + v+ W”%T(lf(l/p))(l*(a/‘l))] v+ wllz.
Therefore, for 0 < T < Ty small enough,

lpWllz < llgv + Wil z) + TlldWllz=; 5
S g + wWllpa sy + TlleW)lIr
ST + ||y + wilg TPy 4 il + T g ()l
[T3/4 +|v+ W”%T(I*U/p))(lf(a/‘l))]
<
1-T
[T3/4 +(1+ ||M0||Z)aT(lf(l/p))(lf(a/4))]
<
~ 1-T

¢

v+ wllr

(1 + lluollz)-

Thus, for , T > 0 small enough, ¢ maps Br(r) into itself. It remains to prove that ¢
is a contraction. Let vy, v, € By(r) be solutions to (1.1) and u; :=w + v; for i € {1, 2}.
Then

t

p(v1) — p(v2) = —if Ut — 5)(g(ur) — g(u2))(s) ds.
0
Using Strichartz estimates in Proposition 2.11 and arguing as previously,

lp(v1) — ¢l oty rynrs ity S N1gwr) — gL gy 12)3
IV(@(v1) — ¢l Loty 120 Lty .14

S IV(gur) — gLy 12y + Tllx(d(v1) — dvallzscry 12y
Ix(@(v1) = pOV)llz=(tr 12941 1)

< 1x(gur) — gLy 12y + TIIV(@(WV1) = W)Lty 12)-

Thus, for small T > 0,

lp(v1) = d(w)llr < llg(ur) — gl rx) + Tlld(v1) — dv)lry5)

A

1
ﬁng(ul) = gL 1y 3)-
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By the Holder inequality, via Lemma 3.2, for all € > 0,

2
1+8)luif?
he(g(u) = gDz £ ) I = v2)e ™ = Dllpig, 2
i=1
2
1+8)uif?
< Ixvr = vllzsqry 2 Y M = Tz, s
i=1
2
2
< v =vallr ) e — Ul .
i=1
By a continuity argument, we can find some small real numbers &, r, T > 0 such that
(1 + &)(r + IVWll=,.12))* < 47, Lemma 3.3 implies that

4 4(1-(a/4
le(g(vy +w) = g2 + Wl 2y  vr = valle [T + s 0. T2,

Compute
IV(g(u1) — gu)lLiay.12)
= [(Dg(u1) — Dg(u2))Vuy + Dg(uz)(Vvi = Vvo)llpizy 12y
< (Dg(ur) = Dg(u2))Vurllpy i, 12y + 1Dgu2) Vv = vl 12y
=)+ D).
By Lemma 3.2, for any € > 0,
(U1 5 IV =)™ F = Dl 12,

(1+&)|up?

SV = v)llsy 4)lle = Wlpaniy.14)

1 2
[Ivi = vallrlle™* el = 1l a5 g, 1
I

i = vallr [T + lla [y g TN,

<
<
LW

In the last inequality, we used Lemma 3.3. It remains to estimate (/). Write, using
Lemma 3.2, via Sobolev and Holder inequalities,

2
(D < D IV vy = vi)(lul; + €M = Dl 12
i=1,2

1 i
< DL IVu 2 = vl gy 12 + 191 2 = ) = Dl 12)]
i=1,2

3/4 1 A
< Z [lv2 = Vl||L°°(IT,H')||VMI”L4(IT,L4)[”ui”L""(IT,H')T o ||€( ol 1||L4/3(1T,L4“7)]
i=1,2

3/4 3/4 3/4(1—(a/4
S vz = villr IVl Dl T2 4+ T2 4 gl 0. TP

3/4 3/4(1-(a/4
S vz = villr (1 luglle)ICE + luols) T + a1 gy, 7471,

Thus, for some @ < 4 near to 4,
llp(v1) = p(v)llz < C(L + lluolls)[(1 + luolls) T + (1 + lluollg)* T4~ vy — vyl

So, ¢ is a contraction of By(r) for some 7, r > 0 small enough. Its fixed point v
satisfying u := v + w is a solution to (1.1). The existence is proved.
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3.2. Uniqueness in the conformal space. We prove uniqueness of solutions to
(1.1) in the conformal space. Letting u;, up € Cr(X) be two solutions to (1.1) and
ui=uy — Uy,

it + Au = |xPu + g(uy) — g(un),  u(0,-) =0.

With a continuity argument, there exists 0 < 7' < 1 such that

2
m%;(} “Vul“L‘x’(lT,Lz)

] <d4rm and  max |luillzoq 5y < 1+ luolls.
i€f i€{1,2}

With the Strichartz estimate,
el oo 1y 22ynr2 2y S 101 — g L1 (4y.12)5
IVull oy 2ynrear ) S WIV(u1) = gl iy 2y + Tllxullzsz, 12)-
Via the previous calculation,

3/4 3/4(1—(a/4
1Vl < Mol + 1Vl T 4 Dl g 7T Tl 1

+ 1 3/4(1—(a/4
< luolls ||u1||Lj(‘);T’W1V4)T /4(1=(a/4)
Moreover,

3/4 3/4(1—(a/4
el oy ool + el o [T+ il g T340
1 3/4(1—(a/4
< Nutolls, + el 1365,y T4,
Finally, with the absorption lemma (Lemma 2.16),
leerll e wrey S lluolls.

Arguing as previously and using the Moser—Trudinger inequality,

leell ooty 12y r2 2y S N8C1) — g L1 sy 12y

2
< D ™ = Dl 12,
-

1
2
1 P2
< D Ny o le 9 = Hlzang,
i=1

3/4 3/4(1—(a/4
< sy 1)[1 g ””“(LU;(WM)T /40=(a/H)y
T3 3/4(1—(a/4
S eell sy [ %4 (1 + luolls)* T340 -@/4),
Finally, for 7 > 0 small enough,

lleell 22z, 24y = O.

So, for small times, u = 0. The proof of uniqueness is achieved via a translation
argument.
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3.3. Global well-posedness in the defocusing case. This subsection is devoted to
prove that the maximal solution of (1.1) is global in the defocusing case and where
E(up) < 4r. Recall an important fact, that is, the time of local existence depends only
on the quantity |[ugllz. Let u be the unique maximal solution of (1.1) in the space Er
for any 0 < T < T* with initial data up, where 0 < T* < +o0 is the lifespan of u. We
shall prove that u is global. By contradiction, suppose that 7" < +co. Consider, for
0 < s < T, the problem

i0v+ Av = |x[*v = g(v);
pyy {00+ A=l = g0
V(S, ) - M(S, )
First, let us treat the simplest case E(ug) < 4. In this case,
sup [|Vu(0)|* < E(up) < 4n.
[0,7%]

Using the same arguments used in the local existence, we can find areal 7 > 0 and a
solution v to () on [s, s + 7]. According to the section on local existence, and using
the conservation of energy, T does not depend on s. Thus, if we let s be close to 7*
such that s + 7 > T*, we can extend v for times higher than 7. This fact contradicts
the maximality of 7. We obtain the claimed result.

Second, let us treat the limiting case

E=4x and sup |[Vu(d)| = limsup ||Vu(?)|]* = 4.
[0,7+] T*

Then, since x> < G(x),

lirr%janIG(lu(t)Iz)lll = liminf [lu(®)ll4 = lim inf |lxu(®)]| = 0.

Global well-posedness is a consequence of the following result.

Levmma 3.4. Let T > 0 and u € C([0,T], %) be a solution to the Schrodinger equation
(1.1) with € = —1 such that E(ug) + M(ug) < co. Then a positive constant Cy depending
on u exists such that, for any R,R’ > 0and any 0 <t < T,

t
f u(n)* dx > f luol* dx — Co—. 3.1)
Brirr Bg R

Proor oF LEmma 3.4, Let R, R’ > 0, dgr(x) := d(x, Bg) and a cut-off function ¢ :=
h(1 — (dg/R")), where he C*(R), 0<h <1, h(t)=1fort>1 and h(t) = 0 for t < 0.
So, ¢(x) = 1 for x € Bg and ¢(x) = 0 for x ¢ Bg,r . Moreover,

x—R dr(x)
Vo(x) = —mh (1 - 1;_,)1[R<\x|<R+R’};
172’1 z10,1 1
IVl < —= 1D < —

R R
Multiplying (1.1) by ¢?i,
¢ aliu, + Au — |x1*u) = ¢*lul*G’ (jul*).
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Integrating over space and then taking the imaginary part yields
Oillgull® = —23 f Pihu dx
=29 f V(¢*a)Vudx
=43 f(qSVquZVu) dx > —%.

An integration over time achieves the proof. ]

We return to the proof of global well-posedness. With the Holder inequality,
via (3.1),

2
V(R +R’)( f lu(®)[* dx) > | luol?dx - COI%

Brir Br

T*
zf luol* dx — Co—-.
BR R

Taking the lower limit when ¢ tends to 7* and then R’ — oo yields the contradiction
uy = 0. This ends the proof.

4. The stationary problem

The goal of this section is to prove Theorem 2.4 about existence of a ground state
solution to the stationary problem associated to (1.1).

ReMARK 4.1. If ¢ is a solution to the stationary problem (2.5), then e¢ is a solution
to the Schrodinger problem (1.1) with data ¢. This particular global solution said
standing wave does not scatter.

For a,8,1 € R and v € £, we denote the quantities

S () = VWP + VP + [l - f G(vP)dx;
Vap 1= €, Lo pS (V) 1= (S (v p)a-o:

Ko p(v) =2 f (VWP + (@ + BV + (@ + 2B)l0vf = alvig(v) = BG(MP)] d;
K2, (v):=2 f [@lVV + (@ + BV + (@ + 2B)lxv*] dx;
KY () = -2 f [alvlg(v]) + BG(vP)] dx;

Ho p(v) = (1 - La,ﬁ)S(v).

1
2a + 28)

https://doi.org/10.1017/51446788714000391 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788714000391

[16] Global well-posedness and instability of a NLS equation 93

A direct computation gives K, g = L, 3S and

1
Hop(v) = —— f [BRIVYE + ) + alvlg(v) - (@ + BYG(vD)] dx.
a+26
Let us start with a useful classical result about the solution to (2.5).

Prorosition 4.2 (Generalized Pohozaev identity). If ¢ is a solution to (2.5), then, for
any a,f €R,
Kw,ﬁ(¢) =0.

Proor. Since S’(v) = 2(=Av + v + |x|*>v — vG'(]v]*), -y and ¢ is a solution to (2.5),
then S’(¢) = 0. Now, because 0,(S (qbfl,ﬁ))uzo =(S"(¢), 84(¢g’ﬁ)uzo) =0, we have
Ko p(¢) = 0. O

We assume in the rest of this section that € = 1 and (2.1) is satisfied. Our aim is
to prove that (2.5) has a ground state, meaning that it has a nontrivial positive radial
solution which minimizes the action S when K, g vanishes. The proof of Theorem 2.4
is based on several lemmas.

Lemma 4.3. Let (a, ) € Ag and ¢ € X. Then:

(1) min(Ly gHo (@), Ho p(¢)) = 05
() ifag #0, then min(Ly sHo 5(8), Ha (@) > 0;
(3) Aw H,, 5((;5;1’ ﬁ) is increasing.

Proor. Denote L := L, g. With (2.1),

Ho p(0) = ﬁ[ﬁ(znwnz +16P)+a [ (isgton - (1 +2)00P) ]
= %1% |1V A +11017) + 20 f (p=(1+E)otor ax| =0
Morcover, with a direct computation,
LH,5(6) = £[1 - m.ﬁ)S )
= —mM —20)(L — 2a +28)S () + 2a'(1 - mz)s 0)
- —mw —20)(L — 2a +2B)S @) + 2aH, 4()

Now, since (£ — 2a)||[V¢|? = (£ - 2(e + 2B)|Ix¢|I> = 0, we have (£ - 2a)(L -2
(@ + 28)IIVel? + Ixgl*] = 0. Moreover, LG(1¢*) = 2[(aD + B)GI(I¢I>), so

1 2
LH ) 2 53— f (£ - 20)(L - 2a + 28)G(oP) dx

2 ,
T f[a(D C 1)+ BlaD - 1) - BIG(HP) dx

- azf;ﬁ ([((D -1 - (g)z)G](kﬂz))dx > 0.

https://doi.org/10.1017/51446788714000391 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788714000391

94 T. Saanouni [17]

The last inequality comes from (2.1). The two first points of the lemma follow. The
last point is a consequence of the equality 0,H,, g(¢") = LHq p(¢"). o

The next intermediate result is the following lemma.

Lemmva 4.4, Let @« > 0,8 > 0 and (¢,) be a bounded sequence of £ — {0} such that
lim,, Kfﬁ(qﬁn) = 0. Then there exists ng € N such that K, g(¢,) > 0 for all n > ny.

Proor or LEmMma 4.4. We start with the subcritical case.
(1) Subcritical case. Using (2.1) and (2.3), there exists p >4 such that
Sup,»o (Irg(r) + G(r2)|)/(rpe’2) < 1. Thus, for any ¢ > 1,

KYy00 5 [ 1@ = D+l

2
< ligalliplle?t = 1lg + llgallf
1 2 1/q
S 1gallhplle? o — 117 + il
Now, if q’zllqﬁ,,llill < 2, thanks to the Moser—Trudinger inequality, via the interpolation

inequality,
-1l < - PPV vr e (2,00,

KY 58 < 164112 + 164115 < I8l PNV 7D 4 1ig PIVSIP2. (1)

The proof is achieved by the fact that ||Ve,|”> < Kf ﬁ,(¢n) and taking ¢ such
that p > 2 + (2/¢). ’

(2) Critical case. By (2.1) and (2.4), there exist p >4 and a > 0 such that
sup,.q (Ig(r) + G(r2)|)/(r”e“’2) < 1. Thus, for any g > 1,

K200 s [P - ax+ o,

2
< Igalliplie™™ = 1lig + lignll}

'l 2 1/q
< lgnllgplle? ™ = 11 + 11l

The rest is similar to the previous proof via the Moser—Trudinger inequality, since
IVl < K2 5(¢) — 0. o o

We have the last lemma of this section.

Lemma 4.5. Let @ > 0 and 8> 0. Then

My, g = Oi;;gz{Ha,ﬁ(ﬁb)’ s.L. Ka,ﬁ(¢) <0}

Proor oF LEmma 4.5. Let m; be the right-hand side; it is sufficient to prove that
mq p < my. Take ¢ € X such that K, g(¢) < 0; then, by Lemma 4.4 and the facts
that limy__e K(g/;(fﬁf,, =0 and 1 H, g(¢") is increasing, there exists A <0
such that

Kop(@") =0, Hop(¢") < Hop(@). 4.2)

https://doi.org/10.1017/51446788714000391 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788714000391

[18] Global well-posedness and instability of a NLS equation 95

Then
Mo, g < S(@") = Ho (@) < Ho 5($).

The proof is completed. O

Proof of Theorem 2.4.

ProoF. First case (2.3).
Let (¢,) a minimizing sequence, namely

O0#¢, €%, Kup(¢,)=0 and limH, g(¢,) =1limS(¢,)=m. 4.3)

With a rearrangement argument via (4.2), we can assume that (¢,) is radial decreasing
and satisfies (4.3). Then o[l — [ I6alg(a) dx] = BL[ G(Iga2) dx — Il — 2

|lx¢ulP*]. Denoting A := B/a yields llgallz — [ ulg(ul) dx = ALV = Ilxeal* —
ligall2 + [ G(i¢ul*) dx]. Thus,

sl - f G da] = ATIVGI7 = 11 = 1 + f 16215 (1u]) dx.

So, the following sequence: [Vl = IIxg.l*] + [(B,lg(4.) — G(4,1») dx is
bounded. Since (lg,llg — [ G(¢al*) = m, the sequence AV, + [(Ipalg(pnl) -
(1+ DG(pul*)) dx = Aligull§ = [ G(al*) dx) + Aliull7,, is also bounded. Then

Sllp[/1I|V<1>n|I2 + f(|¢n|g(|¢n|) — (1 + DG(Ipu)) dx + /1I|¢nll,2ql] < oo,

Suppose that 8 # 0. Thus, taking account of the assumption (D — 1 - )G > 0, we
have ||q§n||i,1 < 1. This implies that (¢,) is bounded in X; in fact, if ||¢,||z < 1 and
llxgnll — oo,

f G(Ipn*) dx = =2m — 1 + ||gall* + Ixgull* = ClIgall* + llxball).

By the Moser-Trudinger inequality, we obtain the absurdity

00 f Gl dx < Il

So, (¢,) is bounded in X. Assume now that § = 0; then

|I¢n|I§=f|¢nlg(I¢n|)dx, (I|¢n||§—fG(l¢n|2)dX)—>m.

Thus, for any real number a # 0,
1
(1= @l + f 1821206, - ~G1g,%)| x)
a

= (1 - @l + f [0~ 2|66,y ax) > m
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Taking (1/1 + &;) < a < 1, we conclude that (¢,) is bounded in X. This implies, via
the compact injection Hr1 , < LP, for any 2 < p < oo, that, for some subsequence also
denoted (¢,,),

¢,—¢ inX and ¢, —>¢ inlL? ¥Ype(2,).
Assume that ¢ = 0. There exist p > 2 and a > 0 small enough such that
max{G(r?), rg(r)} < (e = 1).

Since (¢,) is bounded in H' and using the Moser—Trudinger inequality,

ma"{f G(¢al?) dx, f |¢n|g(|¢n|>dX} A [
< ligall} e — 1)1}/
< ligull} llnll > 0. (4.4)

By Lemma 4.4, K, g(¢,) > 0 for large n, which is absurd. So,
¢ #0.

With lower semicontinuity of the conformal norm, we have K, s(¢) <0 and H, g
(¢) < m. Using (4.2), we can assume that K, g(¢) = 0 and S(¢) = H,, g(¢p) < m, so that
¢ is a minimizer satisfying 0 # ¢ € X,4, K, p(¢p) = 0 and S (¢) = H, g(¢) = m. Since

Hop®) = 2 [0V6P + 161 + o [ (D= (142|600 a]

and (B/a) < &,
m> 0.

Now there is a Lagrange multiplier n € R such that S’(¢) = nK’(¢). So, recalling that
LS () = (028 (8}, p))a=0,

0 = Ko p(¢) = LS(9) = (S"(), (B9, pia=0)
= 1(K"(¢), (028, pa=0)
= nLK(¢) = nL°S(9).

With a previous computation and taking account of (2.1),
_ BY
(L~ 2a + )L~ 2a)S () = 227 f (|(@-17- (2] )o|w»)ax

= —L25(¢) — 4ala + 2B)S (¢)
> 0.

Thus, 7 =0and S’(¢) = 0. So, ¢ is a ground state and m is independent of «, S.
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Second case (2.4).
The proof is similar to the first case; the only point to change is (4.4). Let, for
A€ 0, (1/(aosup, I$nllg1))), Pn.a := A¢,. Thanks to the Moser-Trudinger inequality,
max{ f Ggi) dx, f |¢£|g(|¢ﬁ|>dx} < g (e ok — 1
2 22ao|pnl? 1/2

< llgyll3 lle ool 1))

< llgyl3 ligall = 0.
Thus, K¥(¢,.) — 0 as n — co. Moreover,

Ko p(@n.0) = KN (@0) + K2 5(¢.0)

= KY p(@n2) — K2 5($0)
<0 for large n.

Now, since A — H, g(¢, 1) is increasing, we have, for large n,

Ka,ﬁ(¢n,d) < 0’ Ha,[ﬁ(¢n,/l) <m.

So,
Ka,ﬁ(¢n,/1) <0, Ha,ﬁ((pn,/l) =nm.

By Lemma 4.4, K, g(¢,,2) > O for large n, which is absurd. O

5. Invariant sets and applications

This section is devoted to prove either global well-posedness or finite time blow-up
of the solution to (1.1) with data in some stable sets. In all of this section, we assume
that € = 1. Our aim is to prove Theorem 2.5. Denote, for v € ¥ and A € R, the quantities

K®) = Ki1(v) = 2||Vv|* = 2[lw]* - 2 f [vlg(vl) — G(vIH] dx;

1(v) = Ky 0(v) = 2Ilf§ - 2 f vIg(Ivl) dux;
my_; ;= inf {S(v), s.t. K(v) = 0 and I(v) < 0}.
0#veX
First, let us prove existence of a ground state to (2.5) for (e, 8) = (1, -1).

ProposITION 5.1. Assume that g satisfies (2.2) with [(2.3) or (2.4)] and take ¢ to be a
ground state solution to (2.5). Then

my -1 =S8(¢) =myp.

Proor or Prorosition 5.1. Let (¢,) be a minimizing sequence, supposed to be radial
with a classical rearrangement argument, namely

0+ &n € Zras K(¢n) =0, I(¢n) < 0 and llmS(¢n) =mj-1.
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Then
V12 = llxgall? = f (D= DG dx and (Il - f Gllgul?) dx) = 1.
So, for any real number a # 0,
(1= @IVBIP + (1 + gl + 1641 + f p-1- é]G(Iqﬁnlz) ax) = mi. 1.

Taking a := 1/(1 + &,),

( %9 + IxBall® + ligall” + f[D -2- sg]G(chnIz)dX) —m .

2+g
1+eg, 1+eg,

1+¢g,

We conclude, via (2.2), that (¢,) is bounded in X,;. Taking account of the compact
injection (2.8), we take ¢ € X, satisfying

¢,—¢ inX and ¢,—>¢ inL’ ¥pe[2, ).
We have I(¢,) < 0 and K(¢,)) = 0; then

lx@all> = IVlI* — f (D - DG(I¢,*) dx;

2/IVenll* < f [2D - DG(I¢u*) = |pal*1 dx.

Assume, by contradiction, that ¢ = 0. Using the Moser—Trudinger inequality and
arguing as previously,

f(zz) — DG dx -0 asn — co.

Then, following (4.1),

IV, 5 @D =166, dx =0T ) asn— o
This contradiction implies that
¢ #0.
With lower semicontinuity of the X norm,
K@) <0, I(¢)<0 and S(¢)<m_.

Using Lemma 4.5,
mio < Hio(¢) < S(@) <my -y <myp.

Finally, taking account of Theorem 2.4, we get S (¢) = m; _; = m; and ¢ is a ground
state solution to (2.5). Then K(¢) = 0 and the proof is finished. O

We now have the last auxiliary result of this section.
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ProposiTion 5.2. Let (a, 8) € A,. Then:

(1)  myq p is independent of (a, B);
(2) the sets A:; p A and A;,B are invariant under the flow of (1.1);
(3) the sets A; and Ac_r, pare independent of (a, B).

Proor. Let (@, ) and (’, ") in A,.

(1) Let ¢ be a minimizing of (2.6) which satisfies (2.5); then K g (¢) = 0. Thus,
Mg, < My . In the same way, we have the opposite inequality.

(2) Let ug € A:;’ P and u € C7+(Z) be the maximal solution to (1.1). Assume that for
some time ty € (0, T%), u(ty) ¢ A;’ 5 Since the energy is conserved, K, s(u(t)) < 0.
So, with a continuity argument, there exists a positive time #; € (0, #p) such that

Ko, p(u(t1)) = 0. This contradicts the definition of m,, g. The proof is similar for A;

Let up € A;—1 and u € Cr-(X) be the maximal solution to (1.1). Assume that for
some time fy € (0, T™), u(ty) ¢ A1 1. Since the energy is conserved, K(u(#)) > 0 or
I(u(tp)) > 0. With a continuity argument, there exists a positive time #; € (0, #p) such
that either K(u(t;)) = 0 and I(u(t,)) < 0, which contradicts the definition of m; _;, or
K(u(t1)) < 0 and I(u(t;)) = 0, which contradicts the definition of m; .

(3) By the first point, the reunion A? ap Y A, wp is independent of (a,f). So, it is
sufficient to prove that A* B is independent of (e, 5). If S (¢) < m and K,, g(¢) = 0, then
¢ = 0. So, A , is open. The rescaling ¢ := e'¢(e*!) implies that a neighborhood of
zeroisin AY o Moreover this rescaling with 4 — —oo gives that A7 ; is contracted to
zero and so is connected. Now, by the definition, A, 1s open, and 0 € A’r NA*

a' B
Writing
Al = AL s N(AL 5 UAS 5) = (AL 5 NAL ) U (AL 5N AT ),
we have A:;’ =AY, - The proof is achieved. a

Finally, we are ready to prove the main result of this section.

Proof of Theorem 2.5. Using a time-translation argument, we can assume that #y = 0.
(1) With Proposition 5.2, u(t) € A, _; for any ¢ € [0, T*). By contradiction, assume
that 7" = co. With the virial identity (1.2),

1 1
g(llxu(t)llz)” = [Vull® = |lxul* - f(ﬁg(u) - G(luP)) dx = S K®) <0.

We infer that there exists ¢ > 0 such that K(u(t)) < —¢ for large time. Otherwise, there
exists a sequence of positive real numbers #, — +oco such that K(u(z,)) — 0. By the
definition of m i,

mi-1 < (S = 5K)u(t,) = S (uo) — 3Ku(1,)) = S (o) < mi 1.

This absurdity finishes the proof of the claim. Thus, (||xu|?)” < —46. Integrating twice,
||xu(t)|| becomes negative for some positive time. This contradiction closes the proof.
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(2) By Proposition 5.2, u(t) € A:;’ﬁ for any ¢ € [0, T"). Then

m > S (u(t))
> Hg, p(u(t))

7 f |2 + 1) + g - (1 +

a4+

2 @I, + f G(lu()?) dx.

B

[0

JGauoP dx|

If 8 # 0, with the energy conservation,

sup |lu(D)lls < oco.
€[0,T°]

Assume now that 8 = 0. Then

(1+&) f G(luf*) dx < f lulg(lul) dx < lully < mq, g + f G(|ul) dx.

The first inequality is by (2.1) and the two other inequalities follow from the definition
of A, - This implies that

sup |lu(dllg <o and T*=o0.A
te[0,T*]

6. Instability in the focusing case

In this section, existence of infinitely many nonglobal solutions to (1.1) in the
focusing case is proved. We say that the problem (1.1) is strongly unstable. In the
rest of this paper, we assume that € = 1 and (2.2) is satisfied. We keep the notation
of the previous section, namely K = (1/2)K; _1, I = (1/2)K, o and denote for v € X the
scaling v, := Av(A.), where A is a nonnegative real number. Let us prepare the proof of
Theorem 2.6.

Lemma 6.1. Let v € X be such that I(v) < 0 and K(v) < 0. Then, for any 1 > 1:

(1) (0/0D)S (vp) = 2/ DK ());
(2) Ky <0when Ais close to 1.

Proor. (1) Compute

40 A0 (., 2 2 -2 2 —2[ 2 )
22 22 (2w _
1L s = 5 RITAP + 1P + 22l - 47 [ GOy
= 2P = 2l - 22 f (D - DGIP) dx
= K(,).
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(2) We have I(v) < 0 and K(v) < 0; then
llaovl? > IVI* - f(IVIg(IVI) - G(W*)) dx = [VvII* - fh(IVI)dx;
20VvlP* < f [A(vD) + lg(vD) — V] dx.
Moreover,
K = 2Vl = 7%l = 272 f (Ig( ) = G(Av*)) dx

1 h(v]) = h(j4
< (2= L [HDI00D,

/12
1 G 2 2
< slat-n f (s = ZE2 2 s f )~ hAv |
1 G(v?) P
< E[W ~1) f (h(lvl) + 20— 7)dx+ f (W) = () dx]
1 G 2 2
<5 f [(A“ - 1)(% - %) + 2RV - h(lzlvl)] dx.

Take, for ¢ > 0, the real function defined on (1, co) by
f() = (% = D(G@) = 1) + 2r*h(V1) = 2h(NrD)
= = D(G@) — 1) + 2r2(D - DG() - 2(D — DG(rt).
Then the derivative satisfies the following equation when r tends to 1:
f'(r) = 2r(G(1) — t + 2(D — DG(t) — G (r1))

~ 2(G(t) — t + 2(D — DG(1) — £2G" (1))
~ —2((D* = 3D + 1)G(1) + ).

This implies, via (2.2), that for r > 1 and close to 1, f/(r) < -2(D*-3D + 1)
G(t) = =-2[(D - 1)(D —2) — 1]G(¢) < 0 and f is decreasing near to 1. Since f(1) =0,
we get f < 0 near to 1. The proof of the second point of the lemma is finished. O

We have the next intermediate result.

LeEmmA 6.2. Let ¢ to be a ground state solution to (2.5), A > 1 a real number close to 1
and u the solution to (1.1) with data ¢,. Then, for any t € (0,T%),

Sw@) <S(@), Iw@)<0 and K(u())<O.
Proor. By Lemma 6.1,

S(p) <S(¢) and K(¢,) <O.
Moreover, since I(¢) = K(¢) =0,
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1(6)) = S($2) + K(p) = IVll® + llxgall®
= S(@0) + K(p) — IVl + 172 ||xglI”
< S(@) + K(¢) - 1(¢) — PIIVeI* + 27%|1xgl>
<1 =DV + (=1 + 27)||xgll* < 0.

Thanks to the conservation laws, it follows that, for any ¢ > 0,
Su@) = S(9a(0) <S(9).

Then K(u(t)) # 0 and I(u(t)) # 0 because ¢ is a ground state. Finally, K(u(¢)) < 0 and
I(u(t)) < 0 with a continuity argument. O

Now we are ready to prove the instability result.

Proof of Theorem 2.6. Take u, € Cr+(X), the maximal solution to (1.1) with data ¢,,
where A > 1 is close to 1 and ¢ is a ground state solution to (2.5). With the previous
lemma,

u)(t) e Aj—y foranyte (0,T").

Then, using Theorem 2.5,
Tim [l (D)l = eo.

The proof is finished via the fact that

lim ¢, - ¢}z = 0.
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