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SUMS OF POWERS IN ARITHMETIC
PROGRESSIONS

BY
CHARLES SMALL

The papers [2] and [3] study the function g(k, n), defined for integers k> 1
and n>1 as the smallest r with the property that every integer is a sum of r kth
powers mod n. This note identifies g'(k), defined as the maximum over all n of
g(k, n), with the function I'(k) studied by Hardy and Littlewood [1] fifty years
ago in connection with Waring’s problem.

I want to thank Professor Eric Milner for a push in the right direction.

Notation:

Z =rational integers ={0, +1, £2, +3, .. .}.
N = natural numbers={0, 1,2, 3,...}.
N; ={neN|n>i}, for i=0, 1.
Z/nZ =ring of integers mod n, for n eN;.

For r, keN,, N" is the Cartesian product of r copies of N, Y* is the map
N" — N given by (x4, x5, . . ., X,) > x5+ x5+ - -+ x¥, and I* is the image of }¥.

For k,neN,, g(k, n) and g'(k) are defined as above.

For aeN and n eN,, P,(a) denotes the arithmetic progression {a+tn | teN}
and P, (a) denotes the complete arithmetic progression {a +tn | t € Z} NN. Thus
P(a)< P, (a) <N.

We let ¢ denote the projection N— Z/nZ, and (as usual) write a instead of
¢(a). Note that ¢‘1(5)=PT(71) for any b=a(mod n).

Now we make four definitions, for keN;:

I'o(k) denotes the smallest reN,; with the property that every arithmetic
progression contains a sum of r kth powers, i.e., the least r such that
P (a)ﬁI";é &, for all aeN and neN,.

Fo(k) is the analogue, for complete arithmetic progressions, of I'g(k), i.e.
Fo(k) is the least.r for which P, (a)ﬂI(k)— 3, for all aeN, neN,.

I'(k) denotes the smallest reN; with the property that every arithmetic
progression contains infinitely many sums of r kth powers, i.e., the least r such
that |P,(a) N If| =<, for all aeN and neN,, where |X]|, for a subset X of N,
denotes the cardinality of X Aﬁmd F(k) is the analogue, for complete arithmetic
progressions, of T'(k), i.e., ['(k) is the least r for which |P, (a)ﬂI"l =oo, for all
aeN, neN,.
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We are going to show that the five functions g’, I, r I'y, and [, are in fact
the same function. The function I'(k) of Hardy and Littlewood is defined
differently, but they show (see [1], theorem 1) that for k# 4 it is the function
considered here. (For k=4, I'(4) as defined here is 15, and I'(4) as defined by
Hardy and Littlewood is 16.)

THeEOREM. g =T=1=T,=
Proof. Fix keN,; we show g’(k)SIm)SI:(E)SF(k)SFO(k)Sg'(k)-

g’(k)srm): We have to show that for any n €N,, every element of Z/nZ is
a sum of Igo\(’k) kill powers. But givc:,_er €Z/nZ,d-1(x)is a cgrllplete arithme-
tic progression P,(a) for some a; P,(a) contains a sum of I'y(k) kth powers;
and we need only apply ¢.

I‘O(k)<F(k) This is trivial: if |P (a) N I¥| =0 then surely P (a)ﬂ IF# &)

I‘(k)<F(k) This, too, is trivial: anything true for every arithmetic progres-
sion is true in particular for every complete arithmetic progression.

['(k)=T4(k): We have to show that if every arithmetic progression contains a
sum of r kth powers then every arithmetic progression contains infinitely many
sums of r kth powers. Given an arithmetic progression P,(a), choose x, e
P.(a)NI*. Now consider the arithmetic progression P,(x;+n), and choose
x, € P,(x,+n)NI*. Continuing in this way (choose x,. € P.(x; + n) N I¥) we find
a sequence of distinct numbers x;,X,,Xs,... in P (a)NI* for P(a)2
P(x;+n)2P,(x,+n)o- -

To(k)=g'(k): We have to show that every arithmetic progression P, (a)
contains a sum of g'(k) kth powers. In Z/nZ we have a = xY+- - -+ x* for some
r=g(k, n)= g'(k). Choose representatives (pre-images under ¢) x,, ..., x, for
X1,...,% such that x;=a for all i (1<i=<r). Then a=x%+---+xk—m for
some teZ, and since x*=a for all i, teN. Thus a +tn e P,(a) N I¥, and we are
done.

g'(k) can, in principle, be computed for any k by the methods of [3]. For
computation of I'(k), see §85 and 6 of [1].
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ERRATA

Vol. 21 (1), 1978, pp. 21-30. In the paper “Reducible rational fractions of
the type of Gaussian polynomials with only non-negative coefficients’ the word
“As” (p. 28, line 5(b) should read “If”’; the word “Exactly” (p. 24, line 13(b))
should read ‘At least”; and the words ‘“‘necessary and” (p. 24, lines 8/7(b))
should be omitted. The author’s attention was called upon the need for these
changes by M. Lewin, who will consider in detail the case ¢>1 in a forthcom-

ing paper.
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