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Diffraction of planetary waves
by a semi-infinite plate

P.F. Siew and D.G. Hurley

In this paper the diffraction of a planetary wave by a
semi-infinite plate of arbitrary inclination is investigated
using a B-plane approximation. The Wiener-Hopf technique is
used to obtain an integral representation of the solution and an
asymptotic description of the diffracted wave is obtained by the

method of steepest descent.

1. Introduction

This paper is concerned with the planetary waves that can occur in a
thin layer of fluid on the surface of a rotating sphere. These waves are
of interest both because of their applications in meteorology and

oceanography and in their own right as an example of anisotropic waves.

Anisotropic waves can exhibit properties that are quite different from
those of the more well-known isotropic waves such as light waves and sound
waves, and it is highly desirable that for each type of wave there should
be available an appreciable number of solutions that display their
properties. An example of the need for such solutions is provided by the
work of Robinson [7] and [§] and Hurley [1] who investigated the
diffraction of internal gravity waves and obtained some quite unexpected

results.

Many of the properties of planetary waves have been established by
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Longuet-Higgins in a notable series of papers [3], [4], [5], [é], but
problems in which diffraction is important do not appear to have been
considered. In the present paper, the simplest such problem is considered,

namely the diffraction of planetary waves by a half-plane.

2. Basic equations

Consider a thin layer of liquid of uniform depth % on the surface of
a sphere that is rotating with angular velocity § about a diameter.
Longuet-Higgins [5] has shown that the well-known B-plane approximation
holds for planetary waves in the liquid provided that their absolute wave
number n 1is large. In this case, [6], the velocity components are nearly

geostrophic and a stream function

= - 4%
(1) v 7
exists such that
.9 . 9
(2) el e W

Here (x, y) are rectangular co-ordinates with x increasing to the east
and y to the north, (u, v) are the corresponding velocity components,

L the surface elevation assumed small, g the acceleration due to gravity
and f = 2lsinX the Coriolis parameter where X is the latitude. The

function Y satisfies the equation

3 (g2_,2 o2l
(3) & s v8 =0,
2 2 2
where V2= kA + 2—— s a? = 'Lh , and it has been assumed that
312 ay2 g
f=Fo+By,

vhere fo and B are constants.

L2f2 | .
If P is small, where L is the wave length, (3) reduces to

(1) S8 L-o,

in which case the planetary waves are referred to as being divergenceless.

The condition that the plane wave
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(5) V= ei(lx+my-0t)

should satisfy (3) yields the dispersion relation

(6) (14Y)? + m? = y2 - a?

where Y = é%-. The wave-number locus is a circle, centre (-y, 0) , as

shown in Figure 1.

M

Figure 1. Wave-number locus as defined by equation (6).

Waves whose wave number vectors OW 1lie on the arc TBT' are called

planetary waves [5] and their group velocity is in the direction WC .

3. Formulation of the problem

Suppose that there is a semi-infinite impermeable plate inclined at an

angle o {(-T < a <7) to the Oy axis as shown in Figure 2 on page 148.

In terms of rectangular axes OXY with OY along the barrier, the

equations corresponding to (2) and (3) are

« 3 .
(7) Ve V-
and
2%, 3%y 1 W _
(8) at[axz + 272 - a2y} + Bcosa % Bsina 3 = o,
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where (U, V) are the velocity components in the X and Y directions

respectively.

y
y M

SEMI-InNFiRITE
\MPERMERRLE PLATE

[oY ~—3 X

Figure 2. Notations.

Let the total stream function be

(9) Y= (havix, D3

where

(10) v, = eiKcos(G—a)X+iKsin(6—a)Y
d

represents the incident wave whose wave number vector has magnitude X and

is inclined at an angle © +to the Ox axis. Figure 1 shows that © must
2_a2
satisfy the relation 8y = 0 <2m-6; where 8 = 7 - arcsin Y .

It follows from (8) that

2 2
(11) ha') + 3% _ a?y + 2iycosa %% - 27Ysina %% =0 .
ax2  3y2

On the plate the total normal velocity must vanish so that

1Ksin(6-a)Y

3.
(12) % (0, 1) = - 57l = -iksin(6-a)e 50.

Also, ¥ must satisfy the Sommerfeld radiation condition, and the
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singularities of %% and %% at the origin must be no worse than 1‘?(S

1
2

where R = (X2+Y2)Z and 6 > -1 .

4. Method of solution

Let
(13) P(x, A) = =— Y(x, v)e*  dy

be the Fourier transform of Y with respect to Y . Applying (13) to (1)

gives
27 0 —
) + 22ycosa %%-— (A2+2yAsino+a2)P = 0 ,
ax2
so that

(14) T(x, A) = A()\)exp{-iYcosotX-/(X+Ysinot)2—b2IXI} ,

el

where b2 = Y2 - a2 and use has been made of the continuity of 3Y and

hence of $ at X =0 . Here the branch of VZA—A15(X-X2$ , where

Ay = -ysina + b and A, = -ysina - b , is that which is real positive as
A+ 40 and Lighthill's method [Z2] of putting

(15) 0 =0p + 1€ where 0 < g << 1

and then taking the limit € =+ 0 is used to determine the branch cuts.

The result is shown in Figure 3 on page 150.

To determine A(A) in (14) we introduce two functions, f(¥) and

g(Y) , by the equations

, £(¥) (¥ < 0)
(16) %},’- (0, ¥) = o
—iKsin(6-a)etESIR(8-0)Y (y o )
and
0 (y <0)
(a1) 2o, -0, 1) =

() (¥>o0) ,
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where %;‘; (0%, Y) denotes the limit of %;1;- (X, Y) as X+ 20 .
Im A
A

BRAwcn
cuY

—>Ra 2,

BravcH
cuy

Figure 3. Location of branch cuts.

Transforming (16) and using (14) gives

_ = 1Ksin(6-a) 1 }
(18) M(X) = if (A) + st/;? (A+Ksin(6-oc))+ i

where subscripts "+" denote a function regular for

Ygcos26 8
Im > ¢'{——————_ cosf} where Y = - (gg-i€) = vg ~ €' ,
2 2 2 200
Aocos O-a

n"nn

and a function regular for Imk < Imk, .

(14) and the transform of (17) give
(19) -2/(A+ysina)2-b2 4(A) = g, (A) .

(18) and (19) imply

- -Ag,(A)
(20) i?_(%) + tKsin(6-a) o 'l(e-a)\ - .
V2w e J+ 2/(A+ysina)2-b2

Writing
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/A-X, YA=Ap=vV=Ay~Ksin(6-a) /-)\Z-Ksin(e-(!)]
AKsin(0-a) AKsin(6-a) * | 3 xsin(-0) J+ ’
J-

(20) gives, after rearrangement,

A}

VA=A =-vV-Xy=Ksin(6-a)
A+Ksin(8-a)

(21)  |<F(r)/Aex, + tEein(B-0)

/2m i
“Ag(}) 1Ksin(6-a)/-X,-Ksin(6-a)|
2/ - A+Ksin(6-a)
! |+
= E()) , say,

where E(X) is an entire function. Now the condition on the behaviour of
%% and %% near the origin (see end of §3) implies E(XA) = O(Aq) ,

0<qg<l,as A+, soby the extended form of Liouville's Theorem,

E(X) is a polynomial of degree less than one, hence, a constant C , say.

(21), (18), (14) and the Fourier inversion formula give

_C_ [” exp{-tycosaX-v(A+ysina)?-p2|x|-iAY} ar

(22) w(x, ¥) =

V/or /- AV/A+ysino+b
. iKsin(8-0)vysino+b-Ksin(6-a)
27

fm exp{-iycosox-/(A+ysina)?-b2|x|-iA¥} dr

= A+ ysino+b[ A+Ksin(6-a)]

where the indentations along the Rel axis are below A = A, and above
A=X,A=0 and X = -Ksin(6-a) , and the unknown constant C will be

determined in the next section.

5. Asymptotic behaviour of solution

The method of steepest descent is used to determine the behaviour of
(22) at large distances from the origin. Putting X = RcosT and
Y = RsinT , it is found that each integrand in (22) has a single saddle

point at

(23) Ay = -ysina + bsinT ,
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and that the path of steepest descent through it is given by

(2h) V= - [(u+Ysina)sinT-b]1§u+Ysina):bsinE] ,
|cosT| [ (u+ysina-bsint)2+b2¢co0s21]?

where A =Uu + 7v .
This path crosses the Rel axis at A = As and

A= AO = siZT - Ysino . Figure 4 shows the integration path T and the

paths of steepest descent Fs, F;, and Pé corresponding to sintT > 0 ,

sinT < 0 and sinT = 0 respectively for various values of sino .

Thus
R Kis
1Ksin(6-a)vysinot+b-Ksin(6-a - I
(25) v~ nle + R (8-} % ® )kexp[ ¢R{Yc0s5u+r)+b}+7,h]
/21 [ bsinT-ysina+Ksin(6-a)] R?
e—iYR
+ Y, + Y, + 0(——3—'}
R P eI
where n = ICOSTl and ¢R (wp) is the contribution from

(bsinT-ysina)v1+sint
the pole at -Ksin(6-a) (0) and must be included if the point

-Ksin(6~-a) (0) is crossed as I 1is deformed into Fs’ F; or Fa .

It may be shown that -Ksin{6-a) always lies between XA; and XA, ,

and hence wR is non-zero if
(26) -Ksin(6-a) < Ag

an inequality which is satisfied for the regions of the Oxy plane that
are denoted by I and II in Figure 5 on page 154. Region II is the shadow
region bounded by the plate and the extension of the line V0 which is in

the direction of the group velocity of the incident wave. 1In it wR = —wj
as expected.
In region I the residue calculation gives

(27) bp = —exp{-i2YycosaX-iKcos (8-a)X+iKsin(6-a)Y} .
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- ‘;;n(o")
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Figure 4. Paths of steepest descent for various vslues of sina . -~
denote the path for sint >0 , - ¢+« — for sint =0 and
~+ = for sinT <0 .

This represents a reflected wave with wave number vector as shown in Figure
6 and the boundary of region I is a ray from the origin in the direction of

the group velocity of this wave, again as expected.
Each of the integrands in {(22) has a pole at A = 0 , so that ¥p is

non-zero when either

Ysina _ sina . :
(28s) sint > 5= = Sinéy ° |sina| < sinBg

https://doi.org/10.1017/50004972700044348 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700044348

154 P.F. Siew and D.G. Hurley

or
sinfy
(28b) sinT > Pl |51na| > sinfp .

S :
=

/

Sl

~— o
\I\ f
—~—

--‘\§-“\“-~.

Figure 5. The shadow region (II) and the region (I) in which the reflected
wave is found, the plate being along 0Y . The group velocity
of the incident wave is in the direction VO .

W kY AXging

Figure 6. Wave number locus with OXY axes superimposed. OW and ow'
correspond to the incident and reflected wave number vectors.
PQ is parallel to 0Y . |ON| = 2ycosa + Kcos(6-a) is the
X-component of the wave number in the reflected wave.

When (28a) is satisfied,

(29a) wp = Dexp{—iYcosaX—iYVcos20~c05290IXI} .
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p = Yysinatb-Ksin(6-a)-iv2nC
YYsino+b

on both sides of the plate that have wave number vectors normal to the

where (29a) represents plane waves found

plate irrespective of the direction of the incident wave.

When (28b) is satisfied,
(29v) ¥p = Dexp{—Y/coszeo—COSZQ |x| - iYcosaX} .

which represents edge waves, independent of the Y-direction but decaying

exponentially away from the barrier.

Now if, following Longuet-Higgins [5], it is assumed that the energy
flux in a wave is the product of its group velocity and the energy density
associated with it, then it can be shown that the incident and reflected
waves have energy fluxes equal in magnitude and equally inclined to, but
on either side of the normal to the plate. If it is also assumed that the
energy fluxes of two waves is the sum of that due to each, then the nett
energy flux of the incident and reflected waves in the direction of the
normal to the plate is zero. Since the group velocity of the wave
represented by (29a) is not parallel to the plate it will give rise to a

normal energy flux unless

1v¥Ysina+tb-Ksin(6-a)
y2m

Since the plate should not act as a source of energy it then follows that
C 1is determined by (30) when WP is given by (29a). It also seems likely

(30) D=0, C=- Yp =0 .

that ¢ 1is determined by (30) when Vp is given by (29v).

With the help of (30) we now obtain from (22):

(31) w(x, 1) = -istina+g;Ksin(e-aj y

dA

f” exp{-iycosaX-/(A+ysina)2-b2|x]|-iry}
- . )

[A+Ksin(6-a))YA+ysina+h
with the property
(32) ¥(0, Y) =0, (¥>0)

which is consistent with the boundary conditions imposed in Section 3.
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(25) now gives that the diffracted wave is

-i|c031|/¥sina+b—Ksin(9-a)exp -in[l+xcos(a+T)]+iE- -ZYR
b h,+0[es\

(33) llis= T _Js
veu[bsint-ysino+Ksin(6-a)]/1+sinTR?2 R2
which together with the time dependence factor e—$°t represents waves

with hyperbolic crests moving towards the West, the Ox-axis being the
transverse axis of the hyperbolae. The result may be applicable to the

effect of a promontory on planetary waves in the ocean.

The corresponding result for the divergenceless case may be obtained
from the foregoing if we put a = O wherever it occurs. The asymptotic
form of the diffracted wave has crests which are parabolae rather than

byperbolae.
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