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Abstract
Let Fé"} denote the kth successive inhomogeneous minima for positive values of real indefinite
ternary quadratic forms of type (2, 1). Here it is proved that for the class of zero forms
r=8/3, r{i=9/4, TIy=2
All the critical forms have also been obtained. F;'} = 4 is already known. For non-zero forms it

is proved that I‘élf < 10/3.

1991 Mathematics subject classification (Amer. Math. Soc.): 10E 20.

1. Introduction

Let Q(xy, x5, ..., X,) be areal indefinite quadratic form of determinant D # 0
and of type (r,s), n = r + 5. Let I',; be the infimum of real numbers I" for
which the inequality

(1.1 0<Q(i+cr,..., X +¢,) <(IDD"

is solvable in integers xi, ..., x,, for any real numbers ¢y, ..., ¢, and for all
quadratic forms Q of type (r, s). Similarly the symmetric non-homogeneous
minimum C, ; is defined for which

(1.2) Q1 +c1yevy X+ €a)| < (Crgl DDV
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is solvable in integers x|, ..., x,.

The values of ", ; and C, ; are known for various . See for reference Bambah,
Dumir and Hans-Gill (1981) and Raka (1983). Davenport (1946) showed that
Ci1 and I'; ; are not isolated. For n = 3, Davenport (1948) showed that C,  is
isolated and later on Barnes (1954, 1956) obtained the second and third minima
also for symmetric non-homogeneous temary forms. In fact for n > 3, Vulakh
(1985) has shown that I, ; and C, ; are isolated for rational forms. Whereas for
irrational forms, it is known that (1.1) or (1.2) is solvable with arbitrary small
constant, in view of Oppenheim’s conjecture proved by Margulis (1987).

In this paper, we will obtain the second, third and fourth minima (namely
8/3, 9/4 and 2) for positive values of zero ternary quadratic forms of type (2, 1),
(Theorem 1). The first minimum I'; | = 4 has been obtained by Barnes (1961)
and Blaney (1950a) independently. For nonzero forms of type (2, 1), we prove
thatI'; | < %’ (Theorem 2) which is better than the above result of Barnes and
Blaney. For the ternary forms of type (1,2), Dumir and Hans-Gill (to appear)
have shown that the second minima for positive values is 27/4. In fact they
showed that this is also isolated. The second minima for positive values of
quinary forms of type (2, 3) has also been obtained by Bambah, Dumir and
Hans-Gill (1984).

We prove the following results:

THEOREM 1. Let Q(x, y, z) be a zero ternary quadratic form of type (2, 1) and
determinant D # 0. For any real numbers (xy, yo, Z9), we can find (x,y,z) =
(x0, Y0, 20) (mod 1) satisfying

(1.3) 0< Q(x,y,2) < D)

except when Q ~ pQ;, i =1,2,...,8, p > 0. And for Q;, (1.3) is soluble
unless (xq, Yo, 20) = (xO’, y,z’)  (mod 1) where Q; and o, o, z") are
given in the following table:

1 0 8, 985 25" | Taa(Q0)
1| xy+2z° 0,0,0) 2

2| (x+3y)y+222 (4,0,0) 2

3| dxy +3y2+22 ) 2

4 | 4xy + 322 (0,0, 0)4 9/4

5| 4(x + 3y)y + 322 (.0,0) 9/4

6 | 2xy +y*+yz +32% | (3,0,0) 8/3

7| xy+22 (0,0,0) 4

8| (x+3y)y+72° (3.0,0) 4
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For the exceptional form Q;, the inhomogeneous minimum I, ;(Q;) is as
shown in the table. Clearly the forms Q; are not equivalent.

THEOREM 2. Let Q(x, y, z) be a non zero ternary quadratic form of type
(2, 1) and determinant D < 0. For any real numbers (x,, ¥y, zo), there exist
(x,y,2) = (x0, Yo, 2o} (mod 1) such that

(1.4) 0 < Q(x,y,z2) < (10|D}/3)"3.

2. Some lemmas

Leta, B (¢ < B) be any real numbers. We say that the inequality

2.1 a<Qx,...,x) < B

is soluble, if for any real numbers c;,...,c, there exist (x(,...,x,) =
(c1,...,¢,) (mod 1) satisfying (2.1).

LEMMA 1. Let a, B, y be real numbers with y > 1. Let m be the integer
suchthatm <y < m+ 1. Then given any real number x,, there exist x = x,
(mod 1) such that

0<(x+a)2+ﬂ<y

provided that
—m*/d < B <y—1/4.

This follows from Lemma 6 of Dumir (1968).
LEMMA 2. Let a, B, y and m be as above. Then
O<—-(x+a)Y+B<y
is soluble in x = xy (mod 1), provided that
1/4 < B <y +m?/4.

This follows from Lemma 2 of Dumir (1967).
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LEMMA 3. Let ¢(y, z) be an indefinite binary quadratic form of discriminant
A. Let v be any positive real number. Then for any real numbers y,, zo, there
exist (y, z) = (Yo, z9) (mod 1) satisfying

(2.2) —A/dv < p(y,z) <vA/4.

If v > 3, the following better inequality is soluble

—A vA

< ( ,Z) E .
Vo +Dw+9) v JoO+1DHv+9)
This is Theorem 1 and 2 of Blaney (1950b).

(2.3)

LEMMA 4. Let ¢(y, z) be as in Lemma 3, and v > 4. Then the following
inequality
(2.4) — A/AN5 < o(y,2) < VA /A5

is soluble.

This follows from Theorem 2 of Grover and Raka (1991).

LEMMA 5. Let o and A be positive numbers. Let B be any real number. Let
2h, k be integers such that

(2.5) lha® — k| + /2 < A.
Suppose that either
o3 #£k*h or B#ah/k (moda/k,2/a?)

(that is, B — ah/k is not an integral combination of a/k and 2/a*). Then for
any real number v, there exist integers x, y satisfying

(2.6) 0 <v+ax+pyxy’/a® < Alo’.

for any sign.

This is a result of Macbeath (1951), stated as Lemma 10 and its subsequent
remarks in Bambah, Dumir and Hans-Gill (1984).
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LEMMA 6. Let Q(x, v, z) be as in Theorem 1. Let d = (2| D|)'/?. Suppose Q
represents a value | where either

.7 O<u<d/3, or
2.8) dj2.65<u<d/2, or
2.9 d/25)"} <u <d,

then (1.3) is soluble.
PROOF. We can suppose, that
Q(x,y,2) = u(x + hy + g2)* + ¢(y, 2)

where ¢(y, z) is an indefinite binary quadratic form of discriminant A? =
4|D|/u®. By homogeneity we can assume that & = 1.
Letn <d <n+1,sothatn > 1. By Lemma 1, it is enough to solve

(2.10) —-n*/4 < p(y,z) <d —1/4.

Applying Lemma 3 with v = A /n? > 0, we obtain
—n*/4=—A/4v < @(y,z) < VA /4 =2d°/4n".

Then (2.10) will be satisfied if

(2.11) 24%/(4d — 1) < n?.

For n > 3, (2.11) is easily seen to be true, sinced < n + 1. Forn = 2, (2.11)
is true if 4> — 8d + 2 < 0 which certainly holds for 2 < d < 2.65. Thus (2.11)
and hence (2.10) is true in case (2.7) or (2.8) holds. When (2.9) holds, we have
1 <d < (2.5 andn = 1. Apply Lemma 3 with v = 4d — 1 > 3 to get (2.3).
Then (2.10) will be satisfied if

VA/VV+ 1DV +9) <d-1/4.
Substituting for v and A and simplifying, we see that this is so if
2d°—(d+2) <0

which is true ford < (1 ++/17)/4 = 1.28.... If 1.28.. < d < (2.5)"/3, apply
Lemma 4 withv =4d — 1 > 4 to get

—A/AN5 < @(y,2) < vA/A5 < (4d — 1) /4.

This proves (2.10) and hence the lemma.
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3. Proof of Theorem 1

For zero form Q, we proceed as in Lemma 7 of Davenport (1948) and can
assume that
G.1) Q(x,y,2) = A(x + 0y +6'2)y +2*

where A, 6 and €’ are real numbers such that
3.2) A>0 and -—-1/2<6 <1/2.
(3.3) Let d = 2|DD'? = A*/2)'7.

LEMMA 7. If d > 3, then (1.3) is soluble.
Proof follows from Lemma 6, (2.7), as Q represents a value ;1 = 1.

LEMMA 8. If2 < d < 3 then again (1.3) is soluble.

PROOF. If yp =0 (mod 1), take y = 0 and choose z = z5 (mod 1) such
that 0 < z < 1, so that

0<Q(x,y,2)=22<1<d.

If yo 2 0 (mod 1), choose y such that 0 < |y| < 1/2. (3.3) gives 4 < A <
/54 = 7.348 .. .. For this A, one can easily check that

| Myl/2=1]+1lyl/2 <d = (/)7
Therefore the condition (2.5) of Lemma 5 is satisfied with
o = Alyl, d=A, h=1/2 and k=1.
We see that (1.3) is soluble if
(B4 0 < Gigny)e(x +x+8y+0'(z+2))+ (z+2) <d

has a solution in integers x and z.
If y > 0, (3.4) reduces to solving

(3.5) 0<ax+Bz+z2/a®+v <d/a?

in integers x and z for some real numbers 8 and v. By Lemma 5, (3.5) has a
solution unless o® = k%/h = 2. And in that case, take z arbitrary, and choose
an integer x such that

O<ax+Bz+z2Y/a’+v <a<d/a’
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If y < 0, (3.4) reduces to solving

—d/a? < ax+pfz—z*/a’+V <0, thatis,

(3.6) 0 < ax+pz—22/a’>+ V" <d/a?

in integers x and z, for some real numbers 8, v’ and v”. This can be solved
again, using Lemma 5.

LEMMAO. Ifd <2and yy £ 0 (mod 1), then (1.3) is soluble except when
Q ~ Q3 and (X(), Yo, ZO) = (1/2’ 1/2a 1/2) (mOd 1)

PROOF. Choose y =y, (mod 1)suchthatQ < |y| <1/2,z=12 (mod 1)
arbitrarily and x = x, (mod 1) to satisfy

0<Q=Ax+0y+62)y+z2 <Ayl <ir/2<d=(G*/2)"

as A = +/2d? < 4. Therefore (1.3) is soluble with strict inequality unless d = 2,
A=4and y,=1/2 (mod 1). Inthat case take y = 1/2. Then (1.3) is soluble

if

0<2(x+x+6/2+0C+z2)+E+z2)<2=d
that is, if
3.7) 0<ax+Bz+22/a*+v <2/a®

has a solution in integers x and z where o® = 2, 8 = 2(zy + 6’)/a? and v some
real number.
Apply Lemma 5 with £ = 1/2 and k = 1 to see that

lhe® — K| +a®/2=1<d=2.

Therefore (3.7) is solvable unless 8 = ah/k (mod a/k, 2/a?), that is, unless

(3.8) 2z04+20"=1 (mod 2).

Similarly taking y = —1/2 and working as above, we see that (1.3) is soluble
unless

3.9 —2z0+20'=1 (mod 2).

From (3.8), (3.9) and (3.2) we get that

=0 or 0 =1/2.
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When 6’ = 0, we have, from (3.8), zo = 0 or 1/2 (mod 1). We discuss the
case ' = 0 and zo = 1/2 (mod 1) only. The other cases are similar and
are left to the reader. (The case &' = 1/2 and z; = 0 (mod 1) leads to the
form 4xy +2yz 4+ z>and x, = 0 (mod 1), which is equivalent to Q3 by the
transformation x - x + y,z — z — y.) We have

Q(xa Yy, Z) = 4(x +0y)y + 22.

We can assume (applying a suitable unimodular transformation) that —1/4 <

0 <3/4.
Choose x = xy (mod 1) such that 0 < |x| < 1/2, take y = (signx)/2 and
z = 1/2, so that

0<Q=2x|+6+1/4<1+3/4+1/4=d
Thus (1.3) is soluble unless # = 3/4, xo = 1/2 (mod 1), that is,
Q0=0;=4xy+3y*+z> and (o, Yo, 20) = (1/2,1/2,1/2) (mod 1).
LEMMA 10. Ifd <2and yo =0 (mod 1), then (1.3) is soluble except when
z0=0 (mod 1) and

G A=1/2,0=0 G) A=2/3,6=1/2

PROOF. Ifd > 1,take y = 0, choose x = x; (mod 1) arbitrarily and z = z,
(mod 1) such that 0 < z < 1. So that

0< Q=A(x+9y+9’2)y+22=225 1 <d.

Ifd < 1/2, take y = 1, choose z = zy (mod 1) arbitrarily and x = x,
(mod 1) such that

0<Q=Ax+0+4+602)+22<r=+2d%<d.
Thus we need consider 1/2 < d < 1 only which gives 1/2 < A < V2. Also
ifzg #0 (mod1), take y = 0, x = x; (mod 1) arbitrarily and z = z,
(mod 1) such that 0 < |z| < 1/2 so that

0<Q(x,y,2)=2"<1/4 <d.
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Therefore we must have zo =0 (mod 1). Now take y = 1 and o> = A. Then
(1.3) is soluble if

3.11) 0<ax+pBx+z22/a*+v <d/a?
has a solution in integers x and z, where 8 = a8’ and v = o (xy + 0).
Take
h=2 and k=1 if 1/2 < A <3/5,
(.12) h=3/2 and k=1 if3/5 < A <4/5,
’ h=1 and k=1 if4/5 <A <5/4,
h=3 and k=2 if5/4 < A < /2.

One can easily check that
|hA — k2| +A/2 < d = (A?)2)'3,

Now apply Lemma 5, with A = d and a® = A, we see that (3.11) has a solution
in integers x and z unless when

(3.13) A=kh and € =h/k (mod l/k, 2/X).

Since from (3.2), —1/2 < ¢’ < 1/2, (3.12) and (3.13) give the desired excep-
tional cases (3.10).

3.1. The exceptional cases. Firstly we note that (1.3) is soluble if the following
inequality

(3.14) 0< F(x,y,2) = %Q(x, y,z) <d/A=(1/20)3 =8 (say)

is soluble in (x, y, z) = (X9, Y0, 20) (mod 1).

LEMMA 11. If A =1/2,0' =0and yo =0 =25 (mod 1) thenl(3.14) and
hence (1.3) is soluble unless2Q = F ~ Q, or Q,and (x, y,z) = (x”, &, z(()’))
(mod 1);i =1, 2.

PROOF. Here F(x, y,z) = (x +0y)y + 2z* and § = 1. We can assume that
0] < 1/2.
Take y = 1,z = 0 and choose x = xy (mod 1) suchthat0 < x +6 < 1,
so that
O0<F(x,1,0)=x+0<1=34.
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Thus (3.14) is soluble unless x + 8 = 1, that is, unless

(3.15) X+0=0 (mod1).

Similarly taking y = —1 and z = 0 we see that (3.14) is soluble unless
(3.16) X—6=0 (mod1l).

From (3.15) and (3.16) we get either§ = 0and xo =0 (mod 1) or6 = 1/2
and xg = 1/2 (mod 1). This gives the exceptional forms Q; fori = 1 and 2.

LEMMA 12. Let zo = 0 (mod 1), and let the section of F(x, y, z), namely
F(x,y,0) = (x 4+ 8y)y, represent a value —v, v > 0, at a primitive point,
satisfying :

3.17) O<v<1/2 when A=2/3;
(3.18) O<v<é/d or 8/39<v<1/2 wheni=1;
(3.19) O0<v<é/3 or /281 <v<1/2 whenk=4/3.

Then (3.14) is soluble.

PROOF. Applying a suitable unimodular transformation in which z is trans-
formed into itself, we can assume that

1 1
Fx,y,2) = —v(x +ay +a2)" + =y + )’ + -2°

Let m be an integer such that m < 8/v < m + 1. Then m > 1, since
8/v > 28 =2(1/21)'3 > 1. Now by Lemma 2, (3.14) is soluble if

1 1 1 m: §
- - b 2 2 e =,
4<4v2(y+ 27) +kvz = 4 +v

that is, if

(3.20) V2 < Y (y, z) = (¥ + bz)® + 4vz? /A < m*v? + 46v

is soluble in (y,z) = (y0,0) (mod 1). Take z = 1 and choose y = y,
(mod 1) such that 0 < |y + b,| < 1/2, so that

vV < 4u/A < Y(y,z) < 1/4+4v/A.
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Then (3.20) will be satisfied if
(3.21) f) =m*v® +4v( — 1/1) > 1/4.
For m > 3, f(v) is an increasing function of v and v > §/(m + 1). Therefore,
8 m+2\° 45
> 52 — = .
f) = f( +1) (m+1) m D) g(m) (say)

Now g(m) is an increasing function of m. One can verify that

g(m) > 1/4

form > 6 when A = 2/3; form > 4 when A = 1; and for m > 3 when
A = 4/3. In the remaining cases, take z = 0 and choose y = y, (mod 1) such
that 1/2 < |y| < 1. Working as before one finds that (3.20) will be satisfied if

(3.22) f(v) = m?v? +48v > 1.
Since v = §/(m + 1), this is so if
(3.23) f@/(m+ 1) = (m+2)°8*/(m+1)* > 1.

ForAi=2/3andm <5, A=1landm < 2, A =4/3 and m = 1, one checks
that (3.23) is true. When A = 1 and m = 3, we have v > §/(3.9) from (3.18)

and then
f) > £(8/3.9) = (24.6)6*/(3.9)* > 1.

Similarly when A = 4/3 and m = 2, we have v > §/2.81 and (3.22) is satisfied.
This proves the lemma.
LEMMA 13. IfA=2/3,0'=1/2and yo =20=0 (mod 1) then (3.14) and
hence (1.3) is soluble unless 2F =30 ~ Q¢ and xo = 1/2 (mod 1).
PROOF. Here
(3.24) F(x,y,z) = (x + 0y +12/2)y +32°/2.

Suppose without loss of generality that —1/2 < 8 < 1/2. If —1/2 < 8 < 0,
then F(x, y,0) represents a value 6 = —v with 0 < v < 1/2, so the result
follows from (3.17) of Lemma 12. Letnow 0 < 6 < 1/2. We have

Fay = (vt 2 4 o (x 2
g VP T ag) T27 T ap 2?) -
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Let m be an integer (> 1) such that m < §/8 < (m + 1). (Note that §/8 =
(3/4)'3/6 > 1). Then by Lemma 1, (3.14) is soluble if there exist (x, z) =
(x9,0) (mod 1) such that

m? 3 1 1\ 8 1
3.25 —— <= —(x+3 ~ -
3:23) 4 S 26" 4 (x+2z) S6 4

Take z = 0 and choose x = x; (mod 1) such that 0 < |x| < 1/2. One finds
that (3.25) is true form > 2. If m = 1, thatis, when §/2 < 6 < 1/2, the section
F(x,y,0) represents a value —v = 460 —2 at (—1,2), where0 < v =2-40 <
2 — 28 < 1/2; then the result follows from (3.17) of Lemma 12.

Thus we need consider® =0 and 1/2 only. If 8 =0and x =0 (mod 1),
(x,y,z) = (0,-2,1) gives a solution of (3.14). If xo0 # 0 (mod 1), we
again have a solution of (3.14) by choosing x such that 0 < |x| < 1/2 and
taking z = 0, y = (signx)l. When 6 = 1/2 and x;, £ 1/2 (mod 1), we
get a solution of (3.14) by choosing x such that 0 < |x| < 1/2 and taking
z=0,y = —(signx)l. When 8 = 1/2 and x, = 1/2 (mod 1), we have the
exceptional form 2F = 2xy + y* 4 yz + 3z% = Q.

LEMMA 14. then (3.14) and hence (1.3) is soluble unless Q ~ Q,and xo =0
(mod 1),0r Q ~ Qgand xo =1/2 (mod 1).

PROOF. Here
Q=F(x,y,z) = (x +0y)y + 2~

Suppose without loss of generality that —1/2 < 6 < 1/2. if —-§/4 <0 < Oor
~1/2 < 8 < —§/3.9, then the section F(x, y, 0) represents a value = —v,
and the result follows from (3.18) of Lemma 12. If —6/3.9 < 0 < —§/4,
Q(x,y,z) represents a value u = 46 + 1 where 0 < 40 + 1 < d/3. (Note
that here d = 8 = (1/2)'%). So the result follows from (2.7) of Lemma 6. If
0 <6 <d/2, we have

x\2 22 x?
e

1
—F = .
SFGxy.2) =y 5~

Apply Lemma 1, and working as usual, one finds that (3.14) is soluble on
choosingz =0 and x = x;, (mod 1) such that 0 < |x| < 1/2.

Ifd/2 <0 < (d+ 1)/4, we have

d/Q5} <u=0(-1,2,1)=40 -1 <d.
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If(d+1)/4 <6 < (d/3+7)/16, we have
O<pu=0(-4,43)=160 -7 <d/3.

Then the result follows from (2.7) and (2.8) of Lemma 6. If (d/3+7)/16 <6 <
1/2, the Section F(x, y, 0) represents a value —v = 46 —2 where 0 < v < d/4,
and the result follows from (3.18) of Lemma 12, Thus we are left with 8 = 0
and 1/2 only. This gives Q = @, and Qg. One easily finds that (1.3) is soluble
for Q; or Qg except when xo =0or 1/2 (mod 1) respectively.

LEMMA 15. If » = 4/3 and ' = 0, then (3.14) and hence (1.3) is soluble
unless @ = 0 or 1/2, that is, unless 4F = 30 ~ Qsand xo =0 (mod 1) or
30~ Qsandxo=1/2 (mod 1).

LEMMA 16. If A = 4/3 and 0’ = 1/2, then (3.14) and hence (1.3) is soluble
unless 0 = —1/4 or 1/4, that is, unless 3Q ~ Q4 and xo = 0 (mod 1) or
30 ~Qsandxo=1/2 (mod 1).

Proofs of Lemmas 15 and 16 are similar and are left to the reader. For the
exceptional forms Q;, and (xg, o, 20) = (x(()i), yéi), z((f)) (mod 1), 1 <i <8,
one can easily check that I'; | (Q;) is as given in the table. This completes the
proof of Theorem 1.

4. Proof of Theorem 2

We need the following two results of Barnes (1955) and Cassels stated as
Lemma 3 in Barnes (1954).

LEMMA 17. Let Q(x, y, z) be as in Theorem 2. Then there exist integers x,,
Y1, Z| such that
4.1) 0 < Q(x1, y1,71) < (4D]/3)'°.

LEMMA 18. Let U be a 2 x 2 unimodular matrix of infinite order and # be
a bounded set in R*. Let # have the property.

URYN(R +A)#D for some A € 7?
but UR)IN(Z +B)=0, VBeZ’ B+#A.

If P is a point such that U"(P), for all integers n=0, is congruent (mod 1)
to a point of # , then P is the unique fixed point given by U(P) — A = P.
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Using Lemma 17, and working as usual, see for example Dumir (1968), we
see that it suffices to prove

THEOREM A. Let Q(x, y,z) = (x + hy + gz)* + ¢(y, z), where ¢(y, z) is a
non-zero indefinite binary quadratic form of discriminant

4.2) A*=4|D| >3, and
4.3) |kl <1/2, lgl < 1/2.

Suppose further that for integers x, y, z we have

4.4) either Qkx,y,2) <0 or Qx,y,z)=1—¢
where £(> 0) is sufficiently small. Let

4.5) d = (10|D|/3)'.

Then there exist (x,y, z) = (xo, Yo. 20) (mod 1) satisfying

(4.6) 0<Q(x,y,z) <d.

LEMMA 19. If Q(x, y, ) is as in Theorem A, then for integers y, z we have
either

@7  ¢(y.2) =0 or ¢(y,z) <—-1/4 or ¢(y,z)>3/4—e.
For proof see Dumir (1968).

PROOF OF THEOREM A. From (4.2) and (4.5) we getd > (5/2)'/3. Let n be
aninteger (> 1) suchthatn < d < n+ 1. Then by Lemma 1, it suffices to solve

4.8) —n*/4 < p(y,2) <d —1/4.
LEMMA 20. If n > 2, then (4.8) and hence (4.6) is soluble.
PROOF. Apply Lemma 3 with v = A /n? to get
—n?/4=—A/4v < ¢(y,z) < VA /4 = A?/4n.
Then (4.8) will be satisfied if
A’/(4d — 1) = 6d°/5(4d — 1) < n®.

This can be easily seen to be true ford <n + 1andn > 2.
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Letnown =1, (5/2)'® <d < 2. Let

pr=y+yz—2°
¢ =y —27°
@3 = 5y? + 11yz — 5z%.

By the Markoff Chain Theorem, if ¢ * p¢,, p$, and p¢; then there exist integers
u, v not both zero with (4, v) = 1 suchthata = ¢(u, v) and |a] < 13A /+/1517.
In fact one can suppose that |a] < A /3 unless ¢ is a Markoff form. A Markoff
form represents both a and —a, so for such forms we can assume that a > 0.
Since ¢ is a non-zero form, we distinguish the following cases using (4.7):

I. 3/4—¢<a<I13A/+v/1517,

. a=-b<0,1/4<b<A/3,0r¢(y,z) ~ap, orags;,a=—b <0,

UL ¢(y,2) ~ p¢, p > 0.
Replacing ¢ (y, z) by an equivalent form we can suppose that

2

A
(4.9) ¢(y,z) =aly+ fz)’ — 4—z2.
a

LEMMA 21. If 3/4 — ¢ < a < 13A /1517, then (4.8) and hence (4.6) is
true.

PROOF. Choose z = z; (mod 1) such that 0 < |z| < 1/2. If 0 < |z] <
V(@ +a)/A,choosey =y, (mod 1)suchthat1/2 <|y+ fz| <1, so that

—-1/4=a/4 — A*(a? +a)/4aA2 <¢(y,z)<a<d-1/4.

If /(a> +a)/A < |z} < 1/2andd/a > 2,choose y = y, (mod 1) such that
1 <|y+ fz| <3/2 1o get (noting thata > 2 — ¢ and A? < 11):

—1/4 <a— A*/16a < ¢(y,z) <qa/d—(a+1)/4=2a—1/4 <d —1/4.
If /(a*?+a)/A < |z| < 1/2and d/a < 2, shift z by £1to get 1/2 < |z| <
1 - (@ +a)/A.

Now choose y =y, (mod 1) suchthat 1 < |y + fz| < 3/2, so that

A? 1 2 9 A?
—— {1 - —v/a? < ,Z) < —a — ~—.
a 4a{ AVe +a} =¢0.2) =24~ 15,
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Then (4.8) will be satisfied if

(4.10) 9a% —a(4d — 1) < A?/4,
A2 1 2 1
4.11) —{l——va*+a} <a+-.
4a A 4

One can easily check that (4.10) and (4.11) are true for

d/2<a<13A/V1517 < A/V/897 and d <2.

LEMMA 22. Ifa = —b, 1/4 < b < A/3, then again (4.8) and hence (4.6) is
true.

PROOF. (4.8) is equivalent to solving
(4.12) 0<—(y+ fz)* + A’2*/4b* + 1/4b < d/b.

Let m be an integer such that m < d/b < m + 1. Since d < 2, we have here
1 <m < 7. By Lemma 2, it is enough to solve

(4.13) 1/4 < g(z) = A?2%/4b* + 1/4b < d /b + m*/A.

Choose z = zp (mod 1) such that 0 < |z| < 1/2. One can easily check, for
b>d/(m+1)andm < 7, that the second inequality in (4.13) is satisfied. If b <
1 the first inequality in (4.13) is also satisfied. If b > 1 but |z| > +/(b? — b)/A,
we still have g(z) > 1/4, proving (4.13).

Letnow b > 1 and 0 < |z] < 4/(b? — b)/A. Shift z by 1 to get

1<lz) <14+/(®* = b)/A.

Then choose y = yo (mod 1) suchthat1 < |y + fz| < 3/2, so that
A2
——b+—<¢(y,z)_—b+~ I+ — \/(b2 }

4b ~
Now (4.8) will be satisfied if

4.14) A2/4B? + 1/4b > 9/4
(4.15) —1+A2[1 +\/(b2—b)/A}2/4b2 < (4d — 1)/4b.
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(4.14) follows immediately because b < A /3. (4.15) is true if on simplifying
we have
(4.16) f(b) =3b* +4bd — 2AVb2 — b > A°.

Since b < A/3 < J16/15, /b* — b < 1/5, we have
fb)>3+4d —2A/5> A* ford <2.

This proves (4.16) and hence the lemma.

LEMMA 23. If ¢ ~ —b¢, or —bes then (4.8) and hence (4.6) is true.
PROOF. We can have

¢ = —b(y+ fz)* + A’Z?/4b

where b = A/+/5 or 5A /+/221 and d /b = /25]6d or \/221/30d according
as ¢ = —beg, or —bgp;. We work as in Lemma 22,

When ¢ = —b¢,, we have m = 1 only. Choose z = z; (mod 1) such that
1/2 < |z| < 1. One can easily check that

1/4 < g(1/2) < g(z) < g(1) <d/b+1/4.

proving thereby (4.13) and hence (4.8).

When ¢ = —b¢s, we have m = 1 or 2. Working exactly as in Lemma 22,
we see that it is enough to prove (4.14) and (4.16) for b = 5A /+/221.

(4.14) reduces to b < 25/4 which is true. (4.16), on dividing by b* and
substituting for b, reduces to

4d 146 2221 1
— > ==+ R
b~ 25 5 b

This is easily seen to be true since d/b > /221/60 and b < 1.05, in this case.

4.17)

LEMMA 24. If ¢ = p¢, then again (4.6) is true.

PROOF. Here ¢ = p(y2 —2z2), p = A/+/8. Choose y = y, (mod 1) such
that 1/2 < |yj < landz =12z, (mod 1)suchthatO < |z| <1/2.

If /2 — # <lyl <lorif0<iz|l < /4 +$ (which are true if p < 1), we

have
—1/4 < p(y* =22 <p<d—1/4
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proving (4.8) and hence (4.6).
Letnow p > 1,1 < |y| 5\/(§—ﬁ)and\/§+$ < |z| < 3. This is same

2
thing as saying that (yo, z0) = (; +6, 3 +6') (mod 1) where

2 1 1 1 1 1
4.1 g < A S — d ol< - — [= 4 —.
@.18) 161 < (4 4p) 2 an ! l_2 8 8p

CLAIM. If(4.6) hasno solutionin (x, y, z) = (x, 1/24+6, 1/2+8) (mod 1)
where 6 and 6’ are given as in (4.18) then h = g = 0.

Assuming the claim, if (4.6) has no solution then one must have
Q0 =x>+p(y* —22%.
Nowif p > 1,let p = 1 + 8,8 > 0; then since p = A /v/8 < /6/5, we have
0<03,0,2)=9-8p=1-85<1-—¢

on taking ¢ sufficiently small. This contradicts (4.4). If p =1, Q(1,1,1) =0,
so that Q is a zero form, contradicting the hypothesis of Theorem 2. Hence
there is no Q for which (4.6) has no solution. This proves the lemma.

PROOF OF CLAIM. If (4.6) has no solution, for all integers p, ¢, r we must
have either

Q(p+x0,9g+3s+6,r+1+6)
Q(p+x,9+;+6,r+5+6) < O

v

d, or
4.19)

Take ¢ = —1, r = 0 and choose an integer p such that

1 1
(4.20) 1§a=‘p+xo+h(——+6)+g(—+9’) <3/2.

2 2

Then from (4.19) and (4.18) we have either

1 2 1 2
(a) a22d+2p<5+9'> —p(i—e)

>d+2 1-l—1 2_ 1
=47 R T8 ) TP\a T 3,
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1 p (40" 1 p
=d - — = — 2/3 - — =
t27% (6) Py

= f(p) (say),or
2

1 1 2 1
b <201 = /=+—1] -pl1-./2=-—
(b) a_p( 8+8p) p( 1 4p>

3

2
=P+ V202420 +V20" = p

= g(p) (say).

One can easily check that f(p) and g(p) are increasing functions of p for
1 < p = A/V/8 < J6/5; therefore either o> > f(1) > 2.132 or o <
2(y/6/5) < 0.3, that is, either @ > 1.46 or @ < 0.55. From (4.20) we must
have 1.46 < o < 3/2, that is,

1 1
146 < p+xo+h (—5 +9) +g (5 +9’) < 1.54 (mod 1),
that is,

1 1 1 , 1
“4.201) 5—0.04<x0—h(§—9)+g(§+0> <§+0.04 (mod 1).

Similarly taking (g, r) = (0, —1) or (—1, —1) and then choosing the integer p
suitably, (4.19) gives

1 1 1 1
4.22) 5—0.04<x0+h(5+9)—g<§—9’) < 5—{-0.04 (mod 1)

1 1 1 1
(4.23) 5 ~0.04 < —xo +h (5 — 9) +g (5 - 9') <5 +004 (mod 1).

Adding (4.23) to (4.21) and (4.22) respectively we get

—-0.08 < g <0.08 (mod1)
—008< k2 <008 (mod]l).

(4.24)
Since, from (4.3) |g] < 1/2, |h| < 1/2, we must have
4.25) —0.08 < h, g <0.08.
Let P = (h, g) in the plane R* and % be the region

R ={(x,y) e R* —0.08 < x, y < 0.08}.
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Then (4.25) gives p € #. Let U = (3 ‘3‘) be an automorph of ¢(y,z) =
p(y* —2z%). Let A = (0, 0), and

UR)={(x,y) e R? —0.56 < x <0.56, —0.4 < y < 0.4]}.

Clearly U(# )N (#Z + B) = @ for all B € Z?, B # A. The unimodular
transformation (o1 z?") for all integers n=0 transforms Q into

OX.Y,Z) = (X + h,Y + 8, 2)" + p(Y* = 22Z%).

The above argument shows that, if (4.6) has no solution then U"(P) = (h,, g,)
must also satisfy (4.24). Therefore by Lemma 18, we have

UP)—A=P,

which gives h = 0, g = 0, noting that U (P) = (h;, g1) = 3h +4g,2h + 3g).
This proves the claim, and hence completes the proof of Theorem 2.

REMARK. One can improve the constant 10/3 in Theorem 2 slightly by this
method, but it becomes very difficult to get even the constant 8/3, the second
minima for positive values of zero ternary forms.
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