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ON THE COMMUTATIVITY OF A RING
WITH IDENTITY

BY

JINGCHENG TONG

ABSTRACT. Let R be a ring with identity. R satisfies one of
the following properties for all x, y € R:

(D) xy"™x™y=x"*1y"*! and mnm! n! x#0 except x =0;

(ID xy"x™=x"*1y"*! and mm! n! x#0 except x =0;
(D) x™y"=y"x™ and m!n! x# 0 except x =0;
V) (xPy9)" =xP"y for n=k, k+1 and N(p, q, k)x#0 except
x =0, where N(p, g, k) is a definite positive integer.
Then R is commutative.

1. Let x, y be elements of a ring R. If the following equality
(1) (xy)" =x"y"

holds for a certain positive integer n, then R need not be a commutative ring.
Quite a few papers [1-9] gave additional conditions to make R commutative.
[1, 4] discussed (m, 2)-rings, i.e. rings in which (1) holds for two consecutive
positive integers n = k, k + 1. In this paper, we consider the following equality

(2) (xpyq)n — xpnyqn

where p, q are positive integers. Obviously (2) is a generalization of (1). We
obtain a result on the commutativity of a ring with identity, which satisfies (2)
for n=k, k+1. The method of our proof originates from the following
generalization of the commutative law:

(3) xynxmy:xm+1yn+l'
2. We need an important lemma.

Lemma 1. Let Iy(x)=x" If k>1, let I} (x)=I,_(1+x)—1I;_1(x). Then
I, (x)=3r—Dr!+r! x; I'(x)=r!, and I}(x)=0 for j>r.

Proof. We first prove that for k<r+1
4) I77Y(x) = kI _(1+x)+ xI(x).
Obviously Iy"'(x) = xI{(x).
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COMMUTATIVITY OF A RING
If k=1, then
IT(x) =I5 (1+x)— I5 ' (x)
=(1+x)IH(1+x)—xI}H(x)
=I5(1+x)+x(I5(1+x) —IH(x))
=I5(1+x)+xI7(x).
If for k = m, we have

) =mlL,_(1+x)+xI,(x).
Then ‘
L) =TI +x) - I (x)

=ml, _(1+A+x)+A+x)I(1+x)
—mlI,_1(1+x)—xI%(x)

=m(I}, . (1+(1+x))— I ,_;(1+x))
+ I (1+x)+xT(1+x)=I"(x))

=ml;, (1+x)+I,(1+x)+xI, ,(x)

=(m+DIL(A+x)+xI5 1 (x).

Hence (4) holds.
Now we prove that

%) I (x)=3(r—Dr! +r! x; I'x)=r!.
Let r=2. Then
I(x) = I3(1+ x) — I3(x)
=(1+x)*—x>
=142x,

and
Lx)=LE1+x)—Ii(x)=2.

If for r=m, we have
I (x)=3m—1Dm!+m!x; Im™(x)=m!,
Then by (4),
I Y x)=mIm_(1+x)+ xI™(x)
=m@Gm—-Dm! +m! (1+x))+xm!
=imm+DI+(m+1!x,
and
I =I3""0+x)~In" ' (x)=(m+ 1L

Hence (5) holds. It is trivial that Ij(x)=0 for j>r.
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THEOREM 1. Let R be a ring with identity. If R satisfies (3) and mnm! n! x#0
except x =0, then R is commutative.

Proof. Let [x, y]=xy—yx and L(x)=I"(x) for j=0,1,2,....

Since xy"x™y =x""'y"*! we have

x[y™, x™ly =0,
x[y", Io(x)]y =0.
Let x=1+x in the above expression. Then we have
[y", Li(x) + Io(x) ]y + x[y", I;(x) + Io(x)]y = 0,
[y", LTy +[y", Lo(x)]y +x[y", Li(x)]y = 0.
Let x =1+ x in the above expression. Then we have
2[y", L)y +2[y", L(x)]y +x[y", L(x)]y = 0.
Let x =1+x in the above expression. Then we have
3[y", L)1y +3[y", L)y +x[y", Ix(x)ly = 0.
Thus letting x =1+ x and iterating m — 1 times we have
m[y", L,1(x)]y = m[y", 2(m —Hm!+m! x]Jy =0,
mm![y", x]y=0.
Now let y =1+Yy, iterate the above equality n—1 times, we have
mnm! n!ly, x]=0.
By the assumption of the theorem, [y, x]=0, R is commutative.
THEOREM 2. Let R be a ring with identity. If R satisfies the following equality
(6) xy"x™ = x"y",
and mm! n! x#0 except x =0, then R is commutative.

Proof. Since
xynxm — xm+1yn’

we have
x[y", x™]=0.

Letting x =1+ x and iterating m —1 times we have
mm![y", x]=0.
Let y=1+y in the above expression. Then we have

mm! [I(y)+ Io(y), x]=0,
mm![I,(y), x]=0.
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Letting y =1+, iterate n—1 times, we have
mm!n![y, x]=0.
By the assumption of the theorem, [y, x]=0, R is commutative.
THEOREM 3. Let R be a ring with identity. If R satisfies the following equality
(7 X"yt =ynx",
and m! n! x#0 except x =0, then R is commutative.
Proof. Trivial.

3. Consider the following equality
(®) 2 xix™, y"ly' =0,
iel

where s;, m;, n;, t; are positive integers for each i in a finite set L

THEOREM 4. Let R be a ring with identity. If R satisfies (8), and N(s;, m;, n;,
t;; Dx#0 except x =0 for a definite positive integer N(s;, m;, n;, t;; I), then R is
commutative.

Proof. By Lemma 1, I{(x)=0 (s>s;); In(x)=0 (m>m;); I(y)=0
(n>n;); I(y)=0 (t>1t). It is easily seen that [x, 1+y]=[1+x, y]=[x y]
Therefore, letting x =1+x in (8) and iterating sufficiently large number of
times, we have

Z M;(s;, m))[x, y*]y“=0.

iel
Let y = 1+y, iterate sufficiently large number of times, we have

Z M(Sb m:)I'l(n’u ti)[x, y]= 0.

iel
Let N(s, my, ni; I) =Y. M.(s;, m;)L(n;, t.). Then we finish the proof.
Theorem 4 can be generalized.

THEOREM 5. Let R be a ring with identity, u;, v; (i € I) be reduced words in x, y
with positive exponents. If R satisfies the following equality

) 2 wlx™ y*Ju, =0

iel

for a finite set I, and N(u;, m;, n;, v;; )x# 0 except x =0 for a definite positive
integer N(u;, m;, n;, v;; I), then R is commutative.

CoroOLLARY 1. Let R be a ring with identity. If R satisfies the following
equality

(10) xsynxmyt =xs+myn+l’
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and N(s, m, n, t)x# 0 except x =0 for a definite positive integer N(s, m, n, t), then
R is commutative.

Proof. (10) is equivalent to x*[y", x™]y* =0.

COROLLARY 2. Let R be a ring with identity. If R satisfies (2) forn=k, k+1,
and N(p, q, k)x# 0 except x =0 for a definite positive integer N(p, g, k), then R is
commutative.

Proof. Since

xp(k+l)yq(k+1) = (xpyq)(xpyq)k = xpyqxpkqu,

we have x"[x%, y*]y* =0.

ACKNOWLEDGEMENT. The author wishes to express his thankfulness to the referees for their
valuable suggestions.

REFERENCES

1. H. E. Bell, On the power map and ring commutativity, Canad. Math. Bull. 21 (1978),
399-404.

2. H. E. Bell, On rings with commuting powers, Math. Japon. 24 (1979/1980), 473-478.

3. L. P. Belluce, I. N. Herstein and S. K. Jain, Generalized commutative rings, Nagoya Math. J.
27 (1966), 1-5.

4. A. Harmanci, Two elementary commutativity theorems for rings, Acta Math. Acad. Sci.
Hungar. 29 (1977), 23-29.

5. S. Ligh and A. Richoux, A commutativity theorem for rings, Bull. Austral. Math. Soc. 16
1977), 75-71.

6. J. Luh, A commutativity theorem for primary rings, Acta Math. Acad. Sci. Hungar. 22 (1971),
211-213.

7. W. K. Nicholson and A. Yaqub, A commutativity theorem for rings and groups, Canad. Math.
Bull. 22 (1979), 419-423.

8. W. K. Nicholson and A. Yaqub, A commutativity theorem, Algebra Universalis 10 (1980),
260-263.

9. A. Richoux, On a commutativity theorem of Luh, Acta Math. Acad. Sci. Hungar. 34 (1979),
23-25.

DEPARTMENT OF MATHEMATICS
WAYNE STATE UNIVERSITY
DETROIT, MI 48202
USA

INSTITUTE OF MATHEMATICS
ACADEMIA SINICA
PEKING
CHINA

https://doi.org/10.4153/CMB-1984-071-x Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1984-071-x

