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ON CERTAIN SEQUENCE SPACES

BY
H. KIZMAZ*

ABSTRACT. In this paper define the spaces [,(A), c(A), and cy(A),
where for instance 1,(A) ={x = (x;):sup; |x, — X, 4| <%}, and com-
pute their duals (continuous dual, a-dual, B-dual and y-dual). We
also determine necessary and sufficient conditions for a matrix A to
map [.(A) or ¢(A) into [, or ¢, and investigate related questions.
1. Introduction
Let I., ¢ and ¢, be the linear spaces of complex bounded, convergent and

null sequences x = (x, ), respectively, normed by
el = sup b

where keN={1,2,...}, the positive integers. If Ax = (x, — x,.;), we define
(i) L(A)={x=(x):Axel.};

(i) c(A)={x=(x,):Axec};

(iii) co(A) ={x = (x;):Ax € ¢y}

These spaces are Banach with norm ||x|, = |x,|+|Ax]|... Here we prove that
(I.(A), || ]l) is a Banach space.

Let (x") be a Cauchy sequence in [,(A), where x" = (x}') = (x], x5, .. .) € L.(4),
for each neN. Then

lx" —x™|ls=|xT—x7|+[[Ax" —Ax™|. — O (n, m — ).

Therefore we obtain |x;— x| — 0, for n, m — « and each keN.
Hence (x})=(x}, x%,...) is a Cauchy sequence in C (complex numbers)
whence by the completeness of C, it converges to x, say, i.e., there exists
lim x; = x,, foreach keN.
Further, for each £ >0, there exists N= N(g), such that for all n, m =N and,
for all keN,

[xP—xT|<e,  |xpai—xp—(xi—xp)|<e
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and

lim |x}—x7|=|x7—x,|<e¢,
m
lim xf ., — X% —(xg= x| = x5 — X — (Xk— x| =,
m
for all n=N. Since ¢ is not dependent on k,

sup ix,l:+1 — X1 — (x5 — xk)i =e.
K

Consequently we have [x"—x|,=2e, for n=N. Hence we obtain x" — x
(n — ) in L,(A), where x = (x;).

Now we must show that x € [.(A). We have

% = Xewt] = I = X%+ 8 = 2 xR = x| = k= x|+ = x|y = O(1).

This implies x = (x;) € L.(A).

Furthermore, since [ (A) is a Banach space with continuous coordinates (that
is, |x" —x|ls >0 implies |x;—x,|— 0, for each keN, as n— ), it is a
BK-space.

Now we define s:1.(A) — L.(A), x = sx =y =(0, x,, X5, ...). It is clear that s
is a bounded linear operator on [.(A) and ||s||= 1. Also

S[Le(A)] = sL(A) ={x = (x) : x € I.(A), x; =0} = [(A)
is a subspace of [.(A) and
lxls = llAx]l. in sL.(4).
On the other hand we can show that
A:sl(A) — .,

X = (xk) —>y= (Yk): (xk “xk+1)

1.1)

is a linear homeomorphism. So sl.(A) and [, are equivalent as tcpological
spaces [1]. A and A™' are norm preserving and ||A||= A7 =1.

Let I* and [sL.(A)]* denote the continuous duals of I, and sl.(A), respec-
tively. We can prove that

T:[sL(A)]* — I
fa— f=facA™!
is a linear isometry. Thus [sl.(A)]* is equivalent [1] to [%. In the same way, we

can show that sc(A) and ¢, sc,(A) and ¢, are equivalent as topological spaces
and [sc(A)]*=[sc,(A)T*=1,(l, absolutely convergent series).

2. Dual spaces
In this section we determine the a-, 8-, and y-duais of sl.(A), and obtain
some results useful in the characterization of certain matrix maps.
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LemMA 1. supg | Xg — Xi.1| < if and only if

(i) sup k™' x| < and (ii) sup|x —k(k+1)" x| <o.
k k

Proof. Let sup, |x, — x| <. Then

=L 5 =xl=O(k).

v xv+l)

le_xk+1,=

This implies sup, k™" |x, | <o,
=k (k + 1) e = [k (k + 1) (6 — X2 1) + (k + 1) x| = O(D).

Now suppose (i) and (ii) hold. Then
|xk —k(k+1) " x| =k(k+1)7" ka = Xperr| = (k + n! | .

This implies supy |x, — Xy, 1| <.
Now let (P,) be a sequence of positive numbers increasing monotonically to

infinity.
Lemma 2. If
sup | Y, ¢,|<w, then sup(p,, Y flJ55:—1)<00.
n v=1 n k=1 Pn+k

Proof. Using Abel’s partial summation, we get

oo

@.1) e T CLL

k=1 Pn+k k=1 ‘v=1 n+k
and
Cnt+k—1 =0d
P,| L === =0(1).
k=1 n+k

LemMmA 3. If the series Yy, ¢ is convergent, then
. o Cnik-1
hm(Pn D —)=o.

n k=1 Pn+k !

Proof. Since [T5_; c,pp-1| =122 ¢,|=0(1), for every keN. Using (2.1)

we get
 Cnk—1
P | L 5 |=o(.
k=1 n+k

CoroLLARIES. Let (P,) be as above
(1) If sup,|Y5_, P,a,| <o, then sup,|P, Yi-n.1 &l <.
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Proof. We put P, a,,, instead of ¢, in Lemma 2. We get

p,Y Skiop Y g =0().

k=1 Pn+k k=n+1
(2) If ¥3-1 P.ay is convergent, then lim, P, Yx_, . a,=0.

Proof. We put P, a,,, instead of ¢, in Lemma 3.
(3) Y-\ kay is convergent if and only if Yr_; R, is convergent with nR, =
0(1)’ Wh’ere Rn =Z';<°=n+l Q.

Proof. Use Abel’s summation formula and put P, =n in Corollary (2), we
get

n

Z kay ., = Z R —nR, ;.
k=1 k=1

DeriniTion 2.1. If X is a sequence space we define [2]:

(1) X*={a=(ay):Yr-1|ax| <, for each xe X};

(1) X® ={a=(ac):Y%-1 ax, is convergent, for each x € X};

(iii) XY ={a=(a,):sup, |Yr_ axi| <, for each xeX}.
X, XP? and X" are called the a- (or Kothe-Toeplitz), B- (or generalized
Kothe-Toeplitz), and y-dual spaces of X, respectively. We can show that
X*cXPc X" If X<Y then Y'< X* for+=a, B, or v.

THEOREM 2.1.

(1) (SL(A)* ={a=(ay):Yi-, k |a|<o}=Dy,

(2) (sl(A)? ={a=(ay):X5-1 kay is convergent, Y5 _ |R,|<o}=D,,

(3) (sl(A) ={a=(ay):sup, [Xi_, ka| <, Y7_| |R,|<}=D;,
where

R, = Z a,.
v=k+1
Proof. (1) If ae D, then Yr_; |ax|=Yr-1 k |ai| (|x|/k) <o (Lemma 1) for
each xesl,(A). This implies a € (sl..(A))*. If ae(sl.(A))%, then Yi_; |ax| <o,
for each xesl . (A). So we take

{0, k=1
x:
ol

, k=2

then

la,|+ Z lawx, | = Z k a | <oe.
k=1 k=1

(2) Suppose that aeD,. If xesl.(A), then there exists one and only one
y = (y,) € L, such that ((1.1))

k
X = — 2: YV—h YO::O'

v=1
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Then

n n k n—1 n—1
@2 Yan=-Y a(Y ni)=- L RoutR L e
k k k=1 k=1

v=1

Since Y., Ryy, is absolutely convergent and R, YrZiyc — 0 (n— )

(Corollary (3)) the series ) ¢~ a,x, is convergent for each x € sl.(A); this yields

a € (sl ,(A))P.
If ae(sl.(A))?, then Y5_; a.x, is convergent, for each x € sl.(A). We take
{0, k=1
xk =
k, k>1

thus Y_; ka, is convergent. This implies nR, = o(1) (Corollary (3)). If we use
(2.2) we get

=

Z QX = — Z Ry
k=1 k=1
convergent, for all yel.. So we have Y5_; |R.| <> and aeD,.
(3) The proof of (3) is the same as above.
It is easy to check that (sl.(A))* = (sc(A))*, for + =a, B, or 7.
Now let E be one of the sequence spaces [.(A), c(A) or cy(A). We can show
that

(SE)*=E*, for +=a, B, ory.

3. Matrix maps.

Let each of E and F denote one of the sequence spaces [, and ¢, and let E’ and
F' denote one of the sequence spaces I.(A) and c(A). Let (X, Y) denote the set
of all infinite matrices A which map X into Y.

TueoreMm 3.1. A e(E', F) if and only if

() (aw)€F, and (A, (k) €F,

(i) Re(E, F),
where

A=Y kay and R=(r)=( Y a.).
k=1 v=k+1

Proof. If A €(E’, F) then the series A,(x)=Yr_; GX, are convergent and
(A, (x))eF, for each neN and all x € E'. The necessity of (i) is trivial. We just
put x=(1,0,0,...) and x = (k). Furthermore we have Yj_, |r, | < for each
neN (Theorem 2.1). Now let x e sE'c E'.

m m—1 m—1
3.1) A,(m, x)= Z A Xy = — Z Faic Vi t Tom Z Yk
k=1 k=1 k=1
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where y e E, y, =0 such that

Hence

llm An(m’ x) = An(x) =- Z rnk))ka
m k=

1

for each neN (Corollary 3). Thus, we get (R,(y)) = Qr=; ruy«) € F, for each
y € E. This yields R € (E, F).

Now suppose (i) and (ii) hold.
If xeE',

x, k=1 , ,
xk:{x{i, k>1’ where x' = (x}) esE'.

We write again (3.1) and get

A,(x)=a,,x,— Z Tk Y-

k=1

This implies the A,(x) exist for each x€ E’' and A €(E', F).

Tueorem 3.2. A e(E, F') if and only if
(i) Yr-1|au| <o, for each neN,
(ii) Be(E, F),

where

B=(by)=(au— an+1,k)'
The proof is trivial.
THeorREM 3.3. (1) L.Nc(A)=1.Ncy(A) =M,

={x = (xk):x € loo’ lim (xk _xk+1) =0}7
k

(2) (M07 lw) = (lco’ lm)’

(3) Ae(l., M,) if and only if
(l) Supn Z:=l ‘ank I < OO’

(il) llmn z:=1 ‘ank - an+1,kl = O'

Proof. (1) If xel.Nc(A), xel,and x, —x,,1 — [ (k = ©), x, =X, =1+ &
(&x = 0, k —> ). This implies

n
Xps1=X;—nl— ) g and [=—-L-"tl Z £
k=1 n n N -1
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This yields [ =0 and x € L. N cy(A).

(2) The proof is trivial.

(3) The necessity of (i) follows follows from the fact that it is necessary for
A e(l., L.). Other parts are trivial

If we write

mo={x=(x):x€M,and x, eR} (R real numbers)

we have that [3], [4], for any positive integer p and integer 0=n, <n,<---<

n,,

ny,N, ..., n, k i

. 1 & .
inf  sup— 2, x., =limsup x, on my.
=1 k

Tueorem 3.4. If Ae(c,¢) and sup, Yu-i |[r|<®, then Ae(M,,c), where

rnk: :=k+1 anu'
Proof.
m m m-—1
Z A Xy = X1 Z Aok — Z T (X = Xie11) + (X1 = X)) s
k=1 k=1 k=1

=

m (==}
lim ) aux, =A,(x)=%; Y, Gu— 3, Ti(X —Xc41), foreach xeM,.
m k=1 k=1 k=1

Since sup,, Yi—1 || <% and lim, r,, exists, these imply R = (r,)€(c,, ¢) and
lim, Y51 Fu (% — X 41) exists. Thus we get A €(M,, ¢).
Now let E and F be sequence spaces. We define
E(F)={x:x. =Yz, y€E, z€F}

by pointwise multiplication. Let M, denote the space of all x for which
sup, |Y R~ x| <. It is easy to check that M, ={y:y, = x, — x,_;, x € L., x, = 0}.
A matrix is called strongly regular if it is regular and

lim Z | @k = A1) = 0.
n k=1
It is known [3] that, if A is regular, then for all x €,
lim A,(y)=lim ) a,.y,=0
n n k=1

if and only if A is strongly regular, where y, = x; — X 11-
Now we consider the set M (M,). It is clear that M, < M,(M,) and this
inclusion is strict.

THEOREM 3.5. Let A be a regular matrix. lim, A, (y) =0 for all y e M,(M,) if
and only if A is strongly regular.
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Proof. If lim, A,(y)=0 for all ye M,(M,) then A e(M;(M,), c,), this im-

plies A €(M,, ¢,). Hence we get lim, Y5 |@u — @uis1| =0 [5].

Now let A be strongly regular. If ye M,(M,), then y, = oy.x,, a € M, and

x e M,.

m

m m
Z QY = Z Qi (X = Xp 1) Vi + Z (ank_an,k+1)'kak+1+an,m+1ymxm+1

k=1 k=1 k=1

where

Hence

lim Z Ay = An(y) = Z i (Xie = X 1) Vi + Z (a,—a

m k=1 k=1 k=1
for each neN. Thus we get lim, A,(y)=0.
THeorReM 3.6. A € (M,(M,), ¢) if and only if
(1) Supn Z::l lank|<oo’
(ii) lim, a,, exists, for each keN,
(i) Y5—1 |Gnx = @uis1| converges uniformly in n.

The proof is easy.

rk+1) YeXk+15
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