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Multiple Zeta-Functions Associated with
Linear Recurrence Sequences and the
Vectorial Sum Formula

Driss Essouabri, Kohji Matsumoto, and Hirofumi Tsumura

Abstract. 'We prove the holomorphic continuation of certain multi-variable multiple zeta-functions
whose coefficients satisfy a suitable recurrence condition. In fact, we introduce more general vectorial
zeta-functions and prove their holomorphic continuation. Moreover, we show a vectorial sum formula
among those vectorial zeta-functions from which some generalizations of the classical sum formula can
be deduced.

1 Introduction

Let N, No, R, Ry, C be the set of positive integers, non-negative integers, real num-
bers, positive numbers, and complex numbers, respectively.

Recently, various multiple zeta-functions have been studied very actively. One of
the most fundamental multiple zeta-functions is the Euler—Zagier n-fold sum defined

by
‘ 1
1.1 = -
(1.1) Cezn(s) > g 5w
m=(my,...,m,)EN" i=1
where s = (s1,...,s,) € C". When n = 1, (gz,1(s) is nothing but the Riemann

zeta-function ((s). The values of (g7 ,(s) at positive integers are called multiple zeta
values and were originally studied by Hoffman [20] and Zagier [32] independently.
The above series (1)) is absolutely convergent in

(1.2) Vyi={s=(s15.-.,80) €EC" | R(s; +---+s,) >n+1—i, Vi=1,...,n}

(see [23, Theorem 3]), and can be continued meromorphically to the whole space C".
Various proofs of this meromorphic continuation have been published ([1,3,24,33]).

On the other hand, the problem of meromorphic continuation of multiple zeta-
functions of one variable has a much longer history. It was first studied by Barnes
and Mellin at the beginning of the twentieth century. The most general result so far
published is due to the first-named author [14], who considered the multiple series
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of the form

1
Z P(mh'-')m‘r)S’

m=(my,...,m,)EN"

where P(-) is a polynomial of complex coefficients. He proved the meromorphic
continuation of this series under a rather weak condition. In [14], only the one-
variable case was discussed; however, already in his unpublished thesis [13], the first-
named author mentioned that his method can be generalized to the multi-variable

situation
1
(1.3)
where Py, ..., P, are polynomials. In particular, the meromorphic continuation of

the Euler—Zagier n-fold sum can be proved by his method.

The analytic continuation of a twisted variant of (L3) was obtained by M. de
Crisenoy in [7].

The method in [13, 14] is not the only method that can treat multiple series of the
form (L3). In [22], B. Lichtin used the theory of D-module to prove (under a condi-
tion stronger than that in [14]) the meromorphic continuation of (L3). In [25], the
second-named author showed that the meromorphic continuation of (but also
under a condition stronger than that in [14]) can be proved by using Mellin—Barnes
integrals. Another method is the “decalage” argument, introduced by the first-named
author in [15] and further developed in [8], which is a method of proving the con-
tinuation without using integral expressions.

On the right-hand side of (L.I)), or even (L.3), there is no non-trivial factor on the
numerators. However, it is sometimes important to treat multiple series with some
(mainly algebraic or arithmetic) coefficients on the numerators.

If the coefficients are purely periodic, then the series can be written as a linear
combination of multiple series of trivial numerators, and hence the problem of mero-
morphic continuation is reduced to the case of trivial numerators. Typical examples
are multiple series with Dirichlet characters in the numerators; see [2,4].

How should we treat the case of non-periodic coefficients? There are at least two
natural ways of adding non-trivial coefficients to the numerators on the right-hand
side of (1)), that is

R i(m;)
Go(ass) = > H o - m+m)5,

m=(my,...,m,) EN" i=1

and
w 7 ailmy + -+ my)
G (a58) == Z H ma
m=(m....,m,)EN" i=1
where a = (ay,...,a,) witha;: N — C (1 < i < n). (Here, the notations * and w

come from *-products and w-products in the theory of multiple polylogarithms.)
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More generally one can consider multiple zeta-functions defined by

n

a;(m;)
1.4 *(a;IP;s) := . mV
( ) Cn(a S) Z i(mla-"7mi)sl
m=(my,....,m,)EN" i=1
and
ai(my +---+m;)
1.5 u ;IP); = _—
( ) Cn (a S) Z H Pi(mh’-‘)mi)si
m=(my,....m,)EN" i=1
wherea = (ay,...,a,) witha;: N — C(1 <i <n),and P = (P;)i1,.., is a suitable
family of polynomlals.

As for (L4), we can apply the method of Mellin—Barnes integrals to reduce the
problem of continuation to the analytic properties of single-sum zeta-functions

oo

> aimym (1<i<n)  ([16,26]).

m;=1

However, it is more difficult to treat (L5)). It is not known how to treat this type
of multiple sums in general. The first purpose of the present paper is to show that if
the polynomials P; are elliptic, the holomorphic continuation with moderate growth
of (L3)) can be proved (Theorem[2.1] Corollary2.2]) if we assume a certain recurrence
condition on the coefficients a; (1 < i < n).

To prove the continuation, we introduce a vectorial zeta-function

F(my,...,m,)
(16) ZLEP= Y o
i=1 1y---y M)

m=(my,...,m,) EN"

where F: N* — (1 is a vectorial function and where P = (P;)i—;, ., is a family of
polynomials such that P; € R[Xj, ..., X;] for all i. Our idea is to consider ¢} (a; P; s)
as a coordinate of Z,(F; ?;s). We will prove that Z,(F; P;s) can be continued holo-
morphically under some suitable conditions on Fand P = (P;);—;___, (Theorem[2.3].

The vectorial zeta-function Z,(F; P;s) itself is also an 1nterest1ng object. For ex-
ample, we can prove a vectorial sum formula in the case n = 2 (Theorem 2.4)), from
which some generalizations of the classical sum formula can be deduced. It is the
second purpose of this paper to report such fascinating properties of the vectorial
zeta-function.

In what follows, for any elements x = (x1,...,x,) andy = (y1,..., y,) of C" we
write ||x]| = /x> + -+ xa)? |X] = x|+ |xa], and (X, 7) = X391+ X Ve
We denote the canonical basis of R” by (e, ..., e,). We denote a vector in C" by
s = (s1,...,5,) and write s = o + iT, where 0 = (01,...,0,) and 7 = (11,...,7y)

are the real respectively imaginary components of s (i.e., o; = R(s;) and 7; = 3(s;)
for all 7).

The expression f(A,y,x)< ¢(x) (uniformly in x € X and A € A) means that
there exists A = A(y) > 0, which depends neither on x nor A, but could depend on
the parameter vector y, such that | f(\, y, x)| < Ag(x) for any x € X and any A € A.
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2 Statement of Results

We fix in the sequel a family of polynomials P = (P;)1<i<y, where, for all i, P; €
R[Xi,...,X;] is a polynomial of degree d; > 0 such that P;(m;,...,m;) > 0 for all
m € N. Denote by d; = deg(P;) the degree of the polynomial P;. We assume the
following:

(i) d,>1

(i) Each P; (1 <i < n)is elliptic on [0, 00)’; that is

Pig(x1,...,x) >0 forany (x;...,x)¢€ R\ {(0,...,0)},

where P; ;. is the homogeneous part of P; of degree d,.
(iii) There exist D > 0 and C > 0 such that

n
[Taitm +---+m)| <Clmy+ - +m,)"

i=1
forallm = (m,,...,m,) € N".

(iv) The coefficients satisfy a recurrence condition, that is, there exist r € N and
constants Aj;; € C(1 <i<n,0<j<r—1)suchthat

r—1
(2.1) ai(m+r)= Z)\jiai(m +j) forany meN.
=0

In order to extend meromorphically the zeta-function (' (a;I?;s) beyond its do-
main of convergence, the fundamental idea in this paper is to consider the zeta-
function ¢}’ (a; ?; s) as a coordinate of a vectorial zeta-function

Zo(A;P;8) := Z A(my, ... my) [] P(my, ... m)~%,
i=1

m=(my,...,m,)EN"

where A = (Ay,...,A,) is a suitable vector-valued function with some “similarity
properties”. More precisely, set ¢ = r”, denote by 7, ...,7, the family of all the
maps between {1,...,n} and {0,...,r — 1}, and define the function A: N* — 1
by A(m) := (A;(m),...,A;(m)), wherem = (m,,...,m,) € N"and

(22) Am) = ] ai(my + -+ m; + i)

i=1

foralll € {1,...,q}. It follows from (2)) that for all k = 1,...,n there exists a
matrix Ty € My 4(C) such that

(2.3) Am+rey) = A(my, ..., Mgy, Mg + 1, Mgy, . . ., My,) = T A(m)

foranym € N".
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Letd = (dy,...,d,), where d; = deg(P;) as above. For any R € IR set

ValdsR) = {s=0+vV=1r€C"| Y dioci>R+n+1—i (1<i<n)},
j=i

and

B,(0;d;R) := sup (n +1+R—i—(diog;+---+ d,,an)) .
1<i<n

The first main result of this paper is the following.

Theorem 2.1 Besides the above (1)—(iv), assume that 1 is not an eigenvalue of any
of the matrices Ty, . .., T,,. Then the function ) (a;IP;s) converges absolutely in the set
V.(d; D), has a holomorphic continuation to the whole complex space C", and for all
o= (o1,...,0,) € R" we have

CH(aP58) = (¥ (a3 Ps 0+ V=17) <app 1+ (14 |7]) FEl(eED)
uniformlyint = (1,...,7,) € R"

Remark IfP=(X;+---+ Xi)l§i§m then

n .
w w al(m1+---+mi)
a; Pss) = a;s) = T ——
C"( ) C”( ) Z il;]; (my+ -+ m;)s
m=(my,...,m,) EN"
Therefore our Theorem 2.1] can be applied to the classical multiple zeta-functions
¢y (a;s). In this particular case one can write (,'(a;s) as a combination of twisted
Euler—Zagier sums

My

m
zZ ...z
CEz,n(Z; s) = E ! .

e [T, Gy -+ my)s

where z = (z;,...,z,). Several methods can then be used in this case (see [1, 3,9—
12,19,23,25,28,29,33], etc.) to prove meromorphic continuation of twisted Euler—
Zagier sums (gz ,(z; s). Therefore, these methods can give the meromorphic contin-
uation of (}!' (a; s) in some cases. However, these methods can give only the meromor-
phic continuation, and if one wants to prove holomorphic continuation, one needs in
addition to verify that any divisor of (twisted) Euler—Zagier sums that appears in the
sum vanishes after summation. This is generally not an easy task!

Corollary 2.2 Assume that there existr € Nand Xy, ..., A, € Csatisfying

(2.4)

H/\,-‘ <land T[N # 1,
j=i j=i

(2.5) a;(m+r) =\ a;(m)
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foralli = 1,...,n and all m € N. Then (' (a;P;s) converges absolutely in
V,(d;0), has a holomorphic continuation to the whole complex space C", and for any
o= (01,...,0,) € R” the estimate

1 (03ds
Gl @Pss) =G (@ P00+ V—17) Kapo 1+ (1 + |7'|) 1Bu(:40)

holds uniformly in T = (1, ...,7,) € R".

Theorem 2.l follows easily from the following general result on the vectorial zeta-
function Z,(F; ;s s), defined by (L.4).

Theorem 2.3 Assume that there exist r € N and n matrices Ty, ..., T, € Mgx4(C)
such that forallk = 1,... ,nand forallm € N"

(2.6) F(m + rey) = F(my, ..., m_y, my + 1, My, . .., m,) = T F(m).

Further assume that there exist D > 0 and C > 0 such that for all

(2.7) |E(my, ... ,m,)|| < Clmy + -+ +m,)P
forallm = (my,...,m,) € N, and also that 1 is not an eigenvalue of any of the
matrices Ty, ..., T,. Then

(1) s +— Z,(F;P;s) converges absolutely in the set V,,(d; D) and has a holomorphic
continuation to the whole complex space C";
(ii) Forallo = (04,...,0,) € R" we have

Zy(BsP38) = Z,(Bs P50+ V/—17) ppp 1+ (1+]7]) 27

uniformly int = (11,...,7,) € R"

In the next two sections we will describe the proof of Theorem Then in
Section 5, we will deduce Theorem[2.Tland Corollary[2.2] from Theorem 23]

The vectorial zeta-function Z,(F;P;s) is not just an auxiliary function, but an
interesting object itself. A typical example of the vector F can be constructed by using
Fibonacci numbers. We will discuss the properties of the associated zeta-function in
Section 6.

Another interesting fact on the vectorial zeta-function is the vectorial sum formula.
Recall the Euler double zeta-function

CEZ72(51752) = Z Z mv

m=1 n=1
which is the case n = 2 of (I.I) and was originally studied by Euler. This is one of
the most well-known multiple zeta-functions (see [17,32]). A famous formula for
Ceza(s1,52) 18

k+1

(2.8) Y Cezalk+2—hh) =((k+2) (keN),

h=2

!For technical reasons, we are going to prove Theorem ] which is slightly more general.
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which is called the “sum formula” and was essentially proved by Euler. In particular,
when k = 1, we have (gz,(1,2) = ((3). (For a more detailed discussion, see [5].)

Here we consider the cases n = 1,2. Let F = (fi, ..., f;): N' — C?be a function.
For a fixed k € N, we assume that f;(m) = omk—=) (1 < j < q), where O implies
the usual O-symbol and ¢ implies a sufficiently small positive number. Moreover,
we define F,: N> — €1 (1 < v < 3) by Fi(m,n) = F(m), F,(m,n) = F(n) and
F;(m,n) = F(m + n), and, as special cases of (L)), consider

29) ZiFs) =) — = ZFssnn) =)

m=1 m,n=1

F,(m,n)
m (m + n)%

(1<v<3).

The vectorial analogue of the sum formula is as follows. Note that we need no
assumption with respect to eigenvalues of T} given in the statement of Theorem 2.3}
because this result concerns the values in the convergent area.

Theorem 2.4 LetF, ¥y, F,, F3, and k be defined as above. Then the formula
k+1

(2.10) ZZZ(Fl;k +2— h, h) + Z,(Fy; 1, k+1) — Z,(Fs; 1, k+1)=Z,(Fk+2)
h=2

holds. In particular when k = 1,

< F(m) + B(n) — F(m + n) B >, F(m)
ZZ m(m + n)? 72 m®

m=1

The proof of this theorem will be given in Section 7. Further generalization of
this theorem will be discussed in the last section, where a conjecture on a possible
vectorial sum formula for multiple series will be proposed.

Here we mention several remarkable consequences of this theorem. By applying
Theorem 2.4] in the case F(m) = M™ (m € N) for M € M,;(C), we obtain the
following.

Corollary 2.5 Letk € Nand M € M;;(C) with the assumption that each entry of
M™ s O(mk_g) (m — o0). Then

k+1 oo o0 M™ 0o o M
e M{EY ey M
h=2 * m=1 n=1 m=1 n=1
x© X M e M™
B3 DL S ()
m=1 n=1 m=1

Example 2.6 Consider the case when [ = 1, thatis, M € M;«;(C) = C. It
is clear that if M = 1, then (2.I1) coincides with the ordinary sum formula (2.8).
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Moreover, if M = x € C (Jx| < 1), then we obtain the sum formula for the double

polylogarithms:
k+1 0o o0 [SSINCS) X"
2.12 { } + S
( ) Z ; ; mk+2 h(m + i’l)h n; ; m(m + n)k+1
xmn e XM
- ZZ m(m + )kl - Z k2 (k € N).
m=1 n=1 m=1

This is implicitly included in [27]. In fact, as can be seen from the proof of Theo-
rem[24]in the last section, we can easily derive (Z.12]) from [27, Theorem 2.5].

Example 2.7 Let M € My ,(C), which satisfies that each entry of M" is O(mk—9).
For any fixed 7, j, we denote the (i, j)-entry of M™ by c(m) = ¢;j(m) (m € N).
Needless to say, the explicit expression of ¢(m) in terms of entries of M is rather
complicated. From (2.11)), we find that the formula

k+1 [S'SIeS) 9]

(m) (n)
(2.13) Z{ 2:12 k2 Ch(r:ln T n)h} + Z;Z; m(mcfn)kﬂ
c(m+n) — c(m)
_ ZZ m(m+ n)k+1 = ; mk+2

holds. It seems not easy to find such a formula without using our vectorial zeta-
function.

3 Three Elementary Lemmas

Now we start the proof of Theorem[2.3] First of all, we state the following elementary
but useful lemmas.

Lemma 3.1 Forv € Nand N € Ny we define the function G, : C' x (=1, 00)" — C

by
Gt = [Ja+37 = 3 (17

i=1 keNg
[k|<N

where (71(5) =TI, (;S) and x* = [T, x; fors = (s1,...,8), X = (X1,...,%),
= (ky,...,k,). Then,

(i) foranyx € (—1,00)", s — G,N(x;s) is holomorphic in C’;
(ii) foranyd,vy € R such that —1 < 6 < v, we have

|Gy (0 +iT;X)| K59 N w0 (1 +(1+ \T|)N+1) x|V

uniformly inx € [0,v]" and T € R".
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Proof Fixs € C"and x € (—1,00)". Define the function ¢: [0,1] — Cby
(3.1) o) =J]A+)™% (0<t<1).

i=1
We prove that, for any g € Ny, the derivative of ¢ of order g is given by

(3.2) PV =q > C{S)Xk ﬁ(l +ix) R (0<r<1).
=1

keNg
|k|=ki++--+k,=q

The proof is by induction on g. If g = 0, then (3.2) is clearly verified. Now assume
that (B2) is true for g and prove that it remains true for q + 1. Differentiating both

sides of (3.2]), we obtain
<p(qﬂ)(t)
=q > <k5>xk > (=si— ki)xi( [T+ tx]-)*%'*kf) (1 +tx;) k=t
keNy i=1 =1
K| =k +---+k,—q i#i
YD (k;s ) (k; + 1)x<re ( [1(1+ tx]-)_sf_k—f) (1 + txy) k!
i=1 kEN; N =
Ik|=ky-+--+k,=q i#i
) (;S)ki,e«(numj)—sj—kj)
=1 keN =1
[k|=q+1, ki>1

14

=q > (;S)Xk(lx[(l-l—txj‘)sjkj)zki

keN; j=1 i=1
[k|=g+1
=@+ Y <_ks>;é<(n(1+txj)—5f—kf).
keN} =1
Ik|=g+1

Hence we find that (3.2) is also true for g + 1. This ends our induction argument and
completes the proof of (32)). In particular, for any q € Ny we have

(33) PP =q > <_ks>xk

keNg
|k|=ky++--+k,=q

Let (s;x) € C" x (—1,00)" and let N € Ny. By applying Taylor’s formula (with
remainder) to the one variable function ¢(t) we get

N (@ 1
e P0) 1 / N (N+1)
34 1) = — 1— dt.
(3.4) (1) ;:0 7 +N! ; ( )% (t) dt
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Since from (B.I) and (3.3) we see that

N @
Gyn(s;x) = (1) — Z ©'7(0)
q=0

relations (B.2)) and (3.4) imply that for all (s;x) € C" x (—1,00)" we have

GV,N(S;X) (N+1) Z ( > / (1- t)N H(1+tx) si—ki gy
keN
|k|=N+1
The lemma easily follows from this expression of G, y(s; x). m
Lemma 3.2 Let T € Myy,(C). When the estimate [2.7) holds, the estimate
(3:5) ITBm) | g1 (my + -+ - +m,)P
also holds.
Proof Let F(m) = (f:’(m))lgqu and T = (Cij)lgi,qu- Then
q
TF(m) = <Z Cijfj(m)> 7
j=1 1<i<q

and hence

a4 N 172
| TR(m)| = (Z’Zci]f;(m)‘ )
i=1 j=1
q q 2\ 1/2
< (e Jeol) (X (1) )
=1

q 1/2
BT <Z fj(m>l2> = |B(m)|| < (my + -+ m,)P,

j=1

which is (3.3)). [ |
Lemma 3.3 LetQ € R[X,...,X,] be an elliptic polynomial of degree d. Then there
exist > 0,3 > 0 and R > 0 such that, for any x = (x1,...,x,) € Rl satisfying

|x| =x; + - +x, > R, we have
alx +-- 4 x)" < Q) < Bl + -+ +x,)"

Proof Let Qbe the homogeneous part of Qof degree d. SetE = {x € R} | |x| = 1}.
Since E is compact and Q is elliptic, it follows that o = infycr Qu(y) > 0 and 8 =
supyep Qa(y) > 0. Now letx € R} \ {0}. Sincey = (x1/]x],...,x./|x]) € E,

one has & < Qq(x1/[x],...,x,/x|]) < 3, and by homogeneity, we deduce that:
alx)? < Qu(x) < B|x|%. We conclude by using in addition the fact that Q(x) =
Qa(x) + O(|x|*~") as [x| — oo. -
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4 Proof of Theorem 2.3

Now we prove by induction on n that Z,(F; IP; s) has a holomorphic continuation to
C". The basic idea of the argument here is the same as in the “decalage” method of
the first author [8,15].

For technical reasons, we will prove the following slightly more general theorem
than Theorem 2.3l But before stating this theorem (i.e., Theorem [£T]), we will intro-
duce some notations.

Letu = (1(0), ..., u(n)) € Ng*! such that u(0) = 0 and u(n) > 1. Let

]P’:{Pi_,]-|1§i§n,lgjgu(i)}

be a family of polynomials such that, for all i, j, P; ; € R[X;,...,X;] is an elliptic
polynomial in [0,00) of degree d; ;. Setd = {d; ; | 1 <i <n, 1 < j <u(i)}and
d; = (d;1,...,d; ) forall i. We assume thatd,, # (0,...,0). Set v(i) = ;;01 u(l)
(i=1,....,n+1),especiallyy = v(n+1) = > ,_ u(l) = |u|. Forany T € R set

V,(a,d; T) :=

n u(l)
{S:U-I-\/*lTG(CV | szl’jgv(l)+j >T+n+1—i(1 SISI’I)},

=i j=1
and

n u(l)
B,(o;u;d; T) := sup (n +1+T—1i— szl=fgv(’)+f) .

l<isn =i j=1

Theorem 4.1 Let F: N" — (1 be a vectorial function as in Theorem[23] Let P =
(P; ;) be a family of elliptic polynomials as above and let H € R[X,,...,X,] be a
polynomial of degree h. Consider the generalized vectorial multiple zeta-function

(4.1) Z,(F;IP;H;s) :=

Z H(my,...,m,) F(my,...,my,)

n u(i) S
m=(rmy,...,my) EN Hi:l Hj:l P,‘ﬁj(?’l’l]7 ceey mi)Sv(l)H

(s: (51,...,sv)).

Then

(i) s+ Z,(F;P; H;s) converges absolutely in the set V,,(u; d; h + D);

(ii) s+ Z,(F;P; H;s) has a holomorphic continuation to the whole complex space C”;
(iii) forallo = (o1,...,0,) € R we have

(42) Zn(F; ]P); H; S) = Zn(F; ]P); H; o+ V *1’1’) <<F71|D7H_’O- 1+ (1 + ‘7’|) 1B (osusdsDh)

uniformlyint = (m,...,7,) € R".
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4.1 Proof of Theorem [4.1i)

By using Lemma[3.3]and relation (2.7), it is easy to see that, forany s = o ++/—17 €
C”, we have

H(my,...,m,) E(my,...,my,) < (my + - -+ + m,)"*P
; — <ppo —
[T I PjCmy, o my)ees [T, Gy -+ my) (o

y (m € N"),

where g,y = (Tyi)+1, - - - » Ou(iy+utiy). This fact compared with relation (1.2) com-
pletes the proof of Theorem [A.1Xi). [ ]

4.2 A Key Lemma
Let F, u, P = (P;;), d = (d;;) be as in the statement of Theorem [£1l Define
u = w(0),...,u(n—1)") € Nj by u(i)’ = u(i) foralli <n—1andu(n— 1) =
u(n — 1)+ u(n). Foralli =1,...,nsetv(i)! = Z;;OI u(l)’ and

n—1

v =v(n) = Zu(l)’ = |u'|(= [u] = ).

=0

Fort € {1,...,r}, we define
t _ [pt . . N
Pr={P;|1<i<n—1, 1<j<u@)}

by
(1) Pij(Xl,...,Xi):P,'A’]'(Xl,...,Xi)ifI'<n—l;
(ll) Pil—l,j(Xl’ . 7Xn—l) = Pn—l,j(Xla . ,Xn_l)ifi =n—1 andj € {1, .. .,M(I’l*

D}

(111) Pflfl,j(Xb . 7Aan]) = Pnyjfu(nfl)(xl, e 7Xn71,t) ifi=n-—1and

je{un—1+1,...;u(n—1)+u(n) =un-1)"%

Setd' = {d;ﬁj [1<i<n—1,1<j<u(i)}, where df’]- = deg(P,f’]-).
We will also use the notations

i) AU=UX+re,) —UX)forUX) =U(X,,...,X,) € RIXy,...,X,];
(1) sk) == s+ E?(:”l) kieym+j for all s = (s1,...,s,) € C" and for all k =

(kla R ku(n)) S Ng(n))
and the convention
H(t) F(t)

(4.3) Zo(B; P H( 1)58) o= —
H](:ll) Py j(t)ri

Then we have the following key lemma.
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Lemma 4.2 Letn € Nandlet H € R[Xy,...,X,] of degree h. Assume that F and
P = (P; ;) satisfy all the assumptions of Theorem[&Il Then for all N € Ny and for all
s=(s1,...,5) € V,(u,d, h + D), we have

(4.4)
Z,(F;P; H;s)

(I—T)IZZM( $PSH(-055)

+ (I, — T 'T, Z (”H (_51/(11 ))Zn(F;]P)§Huﬁ)(Arpn,j)kj§s(k))

KEN!™ j=1 J j=1
1<K/ <N

v, -1 Y (11 (S“ "”f))zn(F;lp’;(ArH) jﬁj(ArPn,»"f;s(k))

KENH j=1 k]
\k\SN

+ Ry (F; P; H; s),

where 1, is the unit matrix of size q, and s — Ry(F; P; H; s) converges absolutely, defines
a holomorphic function in V,,(u; d; h+D—N —1), and satisfies in this region the estimate

(4.5) Rn(F;PsH;s) = Ry(F;IPsH;0 +i7) <gpune 1+ (1+ |7'|)NJrl (r € RY).
Proof of Lemmaf4.2] Foralls = (s;,...,s,) € V,(u,d, h + D) we have
Z,(F;P; H;s)

_ Z H(my,...,m,) F(my, ... ,my,)

n u(i) S
m=(rmy,...,my) EN" Hi:l Hj:l P,‘A’]‘(ﬂ’ll, ceey mi)sv(z)ﬂ

Z H(m/ mn) F(ml7 mn)
m=(m’,m,)EN"—1xN H, 1 H u(i) Pz ](mh N Mi)5v<i>+j

_ i Z H(m/at) F(m/at)
t=1 m’eNn—1 (H H] lpl](ml7"'7mi)svwﬂ> H?( 1 n](m t)S‘n

N Z H(m',m, +r)F(m’,m, +r)
- (
m=(m’ m,) EN"—1 x N (H Hu(l Pi,j(m1a-~-7mi)s”’)”) H7 n] P, j(m’, my, + )

=D Zua (B, 03P H(-1)s9)

t=1

+

(H(m)+A,H(m)) TEF(m) u(n)( A, Pn](m))
wi TE T Prjmy, gy P, ;(m)

Y
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where we used (2.8)) to verify the last equality. Fix N € Ny. Applying Lemma 3.1l to
the above, for any s = (s1,...,s,) € V,(u,d, h + D) we have

Z,(F;IP; H; s)

= Zua(B(- 1P H(-1)s8)

t=1

n U sy APy kj
s u(f(m)TF(m) > H( sk<j> ;)( ,J<m))

e P, :(m)
n S =1 5
meN H?:l H Pi,j(ml, o mi)sv(,)ﬂ keN‘g(”’ J n,j
j= k| <N

+ Z u(i)

R it u(my J=1
meN Hi:l HPiﬁj(ml,...,m,-)SHH keNg
j=1 [k|<N

(A’H(m)) TF(m) “ﬁ) <_5v(n)+j) ( ArPn«,j(m)) k

k; P, j(m)

(H(m) + ArH(m)) T,E(m)

" (i) )
mene iz Hj=1 Py j(my, ... m;)von

x G ((s ) '(7r i )) )
s i)1<;< >
u(n),N v(n)+j)1<j<u(n) Pﬂ,j( ) 1< j<u(n)

=Y Zua (B, 0 PS5 H(-, 1);)

t=1

+ Ty Y (u(nz <_S;c(7)+j)> Zy (F; IP’;HZﬁj(A'PnJ)kj; s(k))

keni 7 !
k| <N
4 =Sy He) K
o (170 (e Tam,sw)
kengw 7MY =
k<N

(H(m) + AVH(m)) T,E(m)

6) —
mere LIy TT52 Pij(ma, )

G <(S ) ) (Arpn,j(m)) )
s 171<;< s\ T~ .
u(n),N v(n)+j)1<j<u(n) Pnd(m) 1< j<u(n)

The term corresponding to k = 0 of the second sum on the right-hand side is
T.,Z,(F;IP; H;s). We move this term to the left-hand side. Since 1 is not an eigenvalue
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of T,,, multiplying both sides by (I, — T,,) !, we obtain (£.4) with

(Fm) + A H(m) ) (1, = T,) "' T,F(m)

(4.6) Rn(F;P;H;s): = —
mEZN” H:l:l H]g)l P,"]‘(ml, ey mi)SV(i)‘rf

‘G ((s ) ) (A,P,,J-(m)) )
s i)1<;< >
u(n),N v(n)+j /1< j<u(n) Pnd(m) 1< j<u(n)

for any s € V,(u,d,h + D). Let j = 1,...,u,. The fact that deg(ArPn_,j) <
deg(P, ;) — 1 and Lemma[3.3limplies that (AP, j(m))/P, ;j(m) < |m| ™! uniformly
inm € N, This and Lemma[3.1imply that

TN (A WY C=1:.) S
i< i< | ———
u(n),N v(n)+j)1<j<u(n) PnJ(m) 1< j<u(n)

is holomorphic in C*™ and that

G ((s ) ) (A,Pn,j(m)> )
. N<j<ums | —————
u(n),N v(n)+j)1<j<u(n) Pn,j(m) 1< j<u(n)

1

<LEPN,o (1 +(1+ \T|)NH) [m[V

uniformly in 7 € R” and m € N". Applying LemmaB.2lwith T = (I, — T,,) "' T,;, we
have
(H(m) + A,H(m)) (I, — T,)~'T,F(m)

(i) )
[T T P, e

GGz (B2 )
u(n),N\ \Gv(n)+j/1<j<u(n) P, (m) /i<j<um

(m +...+m)h+D .
< — u(il) n — (1 +(1+ |TDN+1> -
Hi:l Hj:](ml + e ) BT |m\

(1+(1+|7’DN+])

(H?;ll(ml S mi)<df~(7v(1)>) (my + - - - + m,,)(dn0vn) —h—=D+N+1

This, [4.6) and (L2) imply that s — Ry (F;P; H;s) converges absolutely, defines a
holomorphic function in V,(u;d; i + D — N — 1) and satisfies in this region the
estimate

Ry(F;P;Hss) = Ry(BsPsHs o0+ V—17) <ppunoe 1+ (1 + ITH)N* (1 € RY).

This concludes the proof of Lemmal[4.2] [ |
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4.3 Proof of Theorem [4.1ii)

We now prove Theorem [11(ii). The proof is by induction on n € N; it will be clear,
by using convention (4.3) above, that the proof that “the n — 1 case implies the n
case” also works for the case n = 1. Let n > 1 and we assume that Theorem [£1[(ii) is
true for functions of at most n — 1 indeterminates. We will prove that it remains true
for functions of # indeterminates.

In the following we write f(s) € R(A) if s — f(s) is holomorphic in (or can be
continued holomorphically to) the region A. Let F, u, P = (P; ;), d = (d; ;) be as in
the statement of Theorem[4.1l Set

H
H = {Hwn)b] | HER[X,....X,Jandb = (by, ..., byw) € Ng(n)}.

j=1"n,j

~1
For G = H( []*™ P € H of degree g := deg(H) — (d,,,b) € Z, we define
j=1"mn,j 8 4 8

(4.7) Z,(F;P;G;s) :=

Z G(mlu-"7mn)F(ml7"'7mn)

e —— = Zu(F;P; H; s(b)),
My my)EN" Hi:l Hj:l P,',]‘(ﬂ’ll, ey mi) i)+

where s(b) = s + Z?g bjeyn+j fors = (s1,...,s,). Theorem AIi) implies that
s — Z,(F;IP; G; s) converges absolutely in V,,(u; d; ¢ + D), and hence

(4.8) Z,(B;P; Gss) € R(V,(u;d; g + D)).
Let M € Nj be a fixed integer. We will prove by induction on g = deg(G) that

(4.9) Z,(F;P;Gss) € R(V,,(u;d; D — M)).

Step 1: Thecase g < —M

In this case, it follows from (£38)) that s — Z,(F; P; G; s) is a holomorphic function
in V,(wyd;g + D) C V,(u;d;D — M). Thus, holds for G € H such that
deg(G) < —M.

Step 2: Thecaseg > —M + 1

We will show that if holds for all G € H with deg(G) < g — 1, then it also
holds for G € H with deg(G) = g.

Let g > —M + 1 and suppose that holds for all G € I such that deg(G) <
g—1. LetG = H(H?(:"f szj) ~ € 3 such that deg(G) = g. Denote h = deg(H).
Let N = max(M + ¢ — 1,0) € Ny. By using (@7), (£8) and Lemma [£2] for all
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s € V,(u;d; g + D) we have

(4.10) Z,(F;P;G;s) = Z,(F;IP; H;s(b))

= (I = T) ™" Y Zu a(B(- 1) PS5 H(-, );8(b))
t=1

+ (I, — T) ' Ty Z <”ﬁ) (1@”)) Zn(F; P; G S)
J

kGNg(") j:l
1<|k|<N

u(n) /_ .
NI S (_1‘[ ( S;:'_””))Zn(F;]P’; Giss )
ke ! !
k<N
+ Ry (F; s H; s(b)),

where

u(n) ArP N k ArH u(n) ArP N ks
(4.11) G ;:Gn(ifw) e i ( w) J
j= Pn.j j

j=1

forany k € Ng("), and s — Ry(F;P; H;s) is a holomorphic function in V,(u; d; h +
D—-N-1).

It is easy to see that s(b) € V,,(u;d; i+ D — N — 1) ifand only if s € V,,(u;d; g +
D — N — 1). According to our choice of N we haveg+ D — N — 1 < D — M, and
hence V,(u;d; D — M) C V,(u;d; g + D — N — 1). Consequently,

(4.12) Ry(F;P;H;s(b)) € R(V,(w;d; D — M)).
Next, the ellipticity of P,, j implies (see Lemma3.3]) that deg( Algf;‘-’ ) < —1. It follows

then from (4.11)) that
deg(G) <g— k| <g—1 (forke N\ {0}) and
deg(Gl) <g—1—|k|<g—1 (forke N:™),
Therefore, the induction hypothesis on deg(G) implies that
Zu(B;P; G s) € R(Viy(uws ds D — M)
(forallk € N4\ {0}) and
Z,(BP; Gz s) € R(V,(u;d; D — M)

(for all k € N4™). Lastly, for any fixed t € {1,...,r}, the function F(.,): N*~1 —
(1 satisfies

F(m' +reg,t) = F(my, ..., mg_y, my + 1, M1, . .. ,my_1,t) = THF(m’,t)
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(1 <k < n—1). It follows by induction hypothesis on # that
(4.13) Zy 1 (B(-, 1) P H( -, 1)38(b)) € R(CY).

Combining ([412)-(@.13) and (£I0Q), we conclude that s — Z,_;(F;IP; G;s) has a
holomorphic continuation to the set V,,(u; d; D — M). This ends the induction argu-
ment on g = deg(G).

Since M is arbitrary, by letting M — o0, we obtain that Theorem [4.1I(ii) is also
true for n. This also finishes the induction argument on n and completes the proof
of Theorem [4.1](ii). [ |

4.4 Proof of Theorem [4.1iii)

We proceed also by induction on n € N. As in Subsection 4.3, the following argument
also works for n = 1. Let n > 1 and assume that Theorem[4.1[(iii) is true for functions
of at most n — 1 indeterminates. We will prove that it also remains true for functions
of n indeterminates. Actually we prove by induction on N € N that estimate
holds uniformly ins = o + /=17 € V,(wwd; D + h — N).

When N = 0, the result follows from Theorem [£.1{i) and the absolute conver-
gence of the series Z,(F; P; H;s) in V,,(u; d; D + h).

Now assume that the estimate is true for N(> 0). We show that it also
remains true for N+ 1. Lemma[4.2]and the analytic continuation proved above imply
that for any s € C", we have formula (4.4), whose right-hand side we denote as

(I, — T) 'S+ I, — T) ' TuXs + (I, — T) "' TuE5 + Ry (F; P Hs s).

In the following, we will evaluate each of the above terms.

Step 1
Letk € Ny \ {0}. It is easy to see that

(4.14) By = deg(H ﬁl(ArPn_’j)kf) <h+ ikj(d”’j —1)=h+(kd,) — |k|.
j= -1
In addition, it is also easy to check thats € V,,(u;d; D+ h — N — 1) if and only if
s(k) =s+ ikjevﬁj eV,(w;d&;D+h+ (k,d,) — N —1).
=1
Since

D+h+{kd,)—-N—1>D—N—1+hc+|k|>h+D—N,

we see thatif s € V,(u;d;D+h — N — 1), then s(k) € V,,(uw;d;D + h — N). It
follows then from the above and the induction hypothesis on N that, uniformly in
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seV,(u;d;D+h — N — 1), we have

i kj 14B, (o (k)susd; D+ )
(4.15) %) <ppro Y (H(1+ | Tonyl) ]> <1+ (14 ]rf) T k)

keN® =1
1<|K[ <N
Ik IK[+1+B, (o (K)swd; D)
<P Ho Z {(1+‘7—|) +(1+|T|) (o (k)su k}’
keNu™
1< |k <N

where o(k) = o + Z?(:"l) kjeym+j. By using (£14) we have

(4.16) B,(o(k);u;d; D + hy)

n—1 u(l) u(n)
= sup (D+ h+n+1—i— Z Zdz_jav(z)+j - Zdn,j(UV(n)+j + kj))
1<i<n =i j=1 i=1
n u(l)
< sup (D+h+ (kdy) — k[ +nt1—i=3"S dijoy, - (k,dn>)
Lsisn = j=1

= B,(o3u;d; D+ h) — |K|.
The bounds (4.19) and (£18]) imply that

1+B,(osu;d;D+h)
(4.17) 1 <<epme (L+ TN+ (1+]7)) -
uniformlyins € V,(ui;d; D+ h — N —1).

Step 2
Our argument here is similar to that in Step 1. Let k € N&™. We see that

u(n) u(n)
(4.18)  hl:= deg((ArH) 11 (ArPn,j)kj) <h—1+Y ki(dy;—1)
j=1 j=1

=h-1+(k,d,) — |Kk|
and
D+h+(k,d,) —N—1>D—N+hy+|k| >h+D—N.

Hence, as before, we find that if s € V,,(u;d; D + h — N — 1), then s(k) € V,(u;d;
D + hy — N). Therefore, using the induction hypothesis on N, uniformly in s €
V,(u;d; D+ h — N — 1), we have

u(n)
1+B, (o (k);u;ds D+ )
(419) % <paro D ([T +Imaeih) (14 (1)) R

keNs®  j=1
[k|<N

<EPHo Z {(1 + ‘T|)|k| + (1 + 7]

)
keNg”"
k|<N

) |k|+1+B,, (0 (k);u;dsD+hy) }

https://doi.org/10.4153/CJM-2010-085-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2010-085-1

260

D. Essouabri, K. Matsumoto, and H. Tsumura

By using (4.18)) we have
(4.20)
Bu(c(k);usd; D + hy)

n—1 u(l)

u(n)
= sup <D+ hl/{ +n+1—1— ZZleJV(lH]‘ — Zdn,j(gv(n)+j + k]))

Isisn I=i j=1 =1
n u(l)
< sup <D+h7 T+ () — K +nt1—i =3 dijoyp - (k,dn>)

Isisn =i j=1

< B,(o;wd; D+ h) — |K|.
The bounds and (4.20) imply that

(4.21) Y, <ppao (1+ |7_|)N n (1 + |T|) 1+B,,(o3wd; D+h)

uniformlyins € V,(wsd;D+h — N — 1).

Step 3

In this step we will use all the notations of Lemmal£2]introduced at the beginning
of Subsection 4.2. The induction hypothesis on n implies that forany ¢t = 1,...,r,
we have

1+B,_1(osu’;d"sD+h,
(422)  Zy(B(- 03 PSH( 0);8) ppgrg 1+ (1+]r]) oo dmm),

where h; := deg(H( . ,t)) . Also we see that

(4.23) B,_i(o;u’;d';D+ hy)

n—1 u(l)’
= sup (D+ht+n—i—ZZdijO'V(l)q_j)
1<i<n—1 =
n—2 u(l)
= sup (D+ht+n_i_zzdl,j‘7v(l)+j
1<i<n—1 P
u(n—1 u(n—1)+u(n)

)
- Z An_1,j0v(n—1)+j — Z dn,jfu(nfI)Uv(n)+j7u(n71)>
=1

j=u(n—1)+1
n u(l)
= sup (D+ hi+n—i— Z Zdl’jgv(l)Jrj)
1<i<n—1 =i j=1

<B,(o;u;d;D+h) —(h—h) — 1
< B,(o;u;d; D+ h) — 1.
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Estimates (£.22) and (@.23) imply that for any t = 1, ..., r, we have

) B (o;u;d;D+h)

(424) Zn_l(F( . ’t);]P)t;H( o t);S) <<F,I[”,H,n 1+ (1 + |T| (T € IR{V)

Step 4: Conclusion

Combining relation (@4) and estimates (£.17), (21)), (£24)) and (£.3)), we con-

clude that

Z.(B; s H; s) CEpis (1 N |TD N+1 N (1 N |TD 14B,(o5u;d;D+h)

1+B, (o;u;d;D+h
<Epio (1+|TD +B,,(o;u;d;D+h)

uniformlyins € V,(u;d;D+h — N — 1)\ V,(u;d; D + h — N). (The last inequality
follows from the fact that if s € V,(u;d&iD+h — N — 1) \ V,(uyd;D + h — N),
then N+ 1 < 1+ B,(0;u;d; D + h)). This concludes the induction argument on N,
therefore, also on n and completes the proof of Theorem [£.1] and also of Theorem
2.3 |

5 Proofs of Theorem[2.1]and Corollary

There exists some I € {1,...,q} such that m(i) = 0 foralli € {1,...,n}. Then
the I-th coordinate of Z,(A;IP; s) coincides with ¢ (a; P;s). Therefore Theorem 2]
immediately follows from Theorem 23] [ |

Next we prove Corollary2.2l Leta;: N — C(i = 1,...,1), A\,..., A, € Cbe
as in Corollary2Z2l Let g = ", A: N* — (1 the function defined by and let
Ti,..., Ty € Myxq(C) be the matrices defined by (2.3).

Foranyi € {1,...,n} there exists C; = C;(\;) > 0 such that |a;(m)| < C; |\;|"/"
for any m € N. In fact, writing m = hr + my with b € Ny, 0 < my < r and using
assumption (Z3), we have a;(m) = A'a;(m). Since h = (m/r) + O(1), the claim

follows.
Therefore, for allm = (my, ..., m,) € N, we have
n n n my/r
[Taitm+-+m)| <(Cy---Cy) TT|TIN <Ci--Cy
i=1 k=1'i=k

by assumption (2.4). Moreover, assumption (2.5) implies that Ty = (['_, \;), for
any k € {1,...,n}. Assumption (Z4) implies then that 1 is not an eigenvalue of any
of the matrices Ty, . . ., T,. Therefore CorollaryZ.2 follows from Theorem2Z.1l M

6 Examples

In this section, we consider some examples in the cases n = 1,2. Indeed, we can
explicitly determine several values of them that come down to known results (see
Propositions[6.J]and [6.3] and Examples[6.2land [6.4).
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6.1 The Casen =1

First we consider the zeta-function Z;(F;s) defined by ([2.9), which is equal to
Z1(F; X;1;5) in (4.1).

Let M € M;x;(C) and assume that there exists some k € N such that each entry of
M™ is of O(m¥). Define F: N — " and Z\(F;s) = Z1(M;s) by

F(m) = F(M;m) = M",  Z|(Fs) = Zi(M;s) = ) _

m=1

Mm

s

We show that there exists a matrix T € Mp 2 (C) such that F(m + 1) = T F(m) for
any m € N. In fact, writing M" = (uf;")) (m € N), we may regard F(M; m) = M"™
as

7

(m)
FM;m) = | P12 | e .
(m)
"
Therefore we see that
I (m) (1) (m)
ZV:] Hl?j Mul HIT
zl (m) (1) (m)

F(M;m+1) = v=1 Py oy | _ o | P12
L (m)
> iy hy) "

= TF(M; m),

where
T="M®&M® - &'M="M" € Mp,p(C).

Suppose that 1 is not an eigenvalue of M, namely not an eigenvalue of T. Then it
follows from Theorem 2.3]that Z;(M;s) can be continued holomorphically to C. In
particular when | = 1, from Theorem we can recover the known fact that for
x € Cwith |x| < 1and x # 1, the polylogarithm

Li(s;x) = —

can be continued holomorphically to C.
As an example, we consider the zeta-function associated with the Fibonacci num-
bers {F, } >0, which are defined by the following linear recurrence relation:

(61) Fo=0,F =1, Fyy1 =F, + F, 1 (HGN)-
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We recall the well-known results (see, for example, [30]). Let & = (1 ++/5)/2 be the
golden ratio. Then

(6.2) F, = \%(a” - (—oz)f”) (n eN).

From the recurrence relation (6.1]), we see that

Fn+1 _ I 1 Fn
(5) =0 o) () oem
namely,
F,\ (1 1\ (R Foi\ (1 1N\"'(F
()=o) (&) (2)-(G o) () vem

Therefore we have

—1 n
Fon FE. N\ _ (1 1\ (E R\ (1 1
o (B )=o) (G R)=Go) e

Set Q = (1) which is often called the Fibonacci matrix, and Sy = &' Q for
d € N, where §; = 2™/ is the d-th primitive root of unity. Now we assume d > 2.
Then, we can easily check that the eigenvalues of S; are £; and —£; ™2 that are not
equal to 1. Now we consider

o om 0 -1 m
N d (Caa™Q)
Z1(Sg55) = Z el Z EEa—
m=1 m=1
which can be continued holomorphically to C if d > 1, by Theorem 23]
In order to evaluate Z; (S;; s) at nonpositive integers, we recall the Frobenius—Euler

numbers {En()\)} (see [18], also [6]) defined by

SN =

I N N
— =2 BV AeGA£D,
n=0

e

where [t| < \/(log|\])? + (arg \)2 with —7 < arg A < 7. We can check that

. . . A
B = 1, B = 3= BV = £

Then we obtain the following.

Proposition 6.1 Forh,d € Nwithd > 2 and (h,d) = 1,

(6.4)
Z1(Slks )

1 (ali(s&h) + a7 'Li(s; (—&a)"a ™) Li(s; 1) — Li(s; (—&a)"a™2)
T V5 U Liséh) —Lits (—&)ta™) a7 'Li(s ") + ali(s (—&)"a™) )
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In particular, for N € N,

(65) Zi(S5—N) = —x

V5
Oé(l 2N+1)1;\1;]:11 _ ]3((%1)!\14rl ( 72) (1 2N+1)l;\1]\f:11 + @ — A“EN(O& 2)
(1—2V)hs ¢ e CUFy(a™) o712V — 7"’1‘ —U En(a™?)

Proof For our purpose, here we give some formulas on special values of polyloga-
rithms. First, since Li(s; —1) = (2'~° — 1){(s), we have

By

(6.6) Li(—=N; —1) = —(2N* — 1)N+1

(N € NO)»

where the Bernoulli numbers {B, } are defined by te /(¢ — 1) = > ., But"/n! (see
[31, Chap. 13]). We prove, when |A] < 1and \ # 1, that B

A(—=1)N
- A

(6.7) Li(—N; \) = Ex(\) (N € Np).

If |A| < 1, this follows immediately from

m ,—mt 1-A - n - m, n t"
S(550) = ZA :Ag(—n{;x '}

A proof of [&7)) for the general case can be obtained by using the contour integral
expression of polylogarithms, but here we show an alternative proof in the frame of
our present method. We consider (4.4]) and (4.6)) in the case that n = 1, F(m) = A™
(AecC\ {1} \)\| <1,P=(X),H=1,9g=1,r=1,and T} = X Puttings = —N
in (44)) and ([4.4), we have

N
68) 2F-N) = (3 (?{’)zl(m_m) e

DY
k=1
—A(i N Z(F-k—N))—LZ(F-—NH
==k -7 (DY
Let
(6.9) Gt) =Y _ Zi(F ~N)gp-
N=0 :

Multiplying both sides of by tN/N! and summing up with respect to N, we
obtain

A . A A
aﬂ_l_AGMe 1—Aaﬂ+1—A“
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from which we have

A A 1-A (t)N
(6.10) G(f)*e—t_)\ 1— et — I—AZ

Comparing (6.9) and (6.10), we obtain (6.7)).
By (&.2) and (&.3]), we have

. 1 B n CUHI _ (_a)—n—l an _ (_a)—n
(6-11) Sd - ﬁ(gda 1) ( a — (_a)—n a1l — (_a)—nﬂ)

_ b <£sa+ (=€)t g — (=€) e )
U5\ & (—&)raT e+ (=g a )

which gives (€.4)). In particular, we have

(6.12)  Zi(Sass) =
1 (aLi(ss&) + o 'Li(ss —&aa™?)  Li(s;&q) — Lils; —&ar™?)
V5 U Li(s&) —Li(s —&a™?) o 'Li(s &) + oli(s —&a?) )

Applying (6.6) and (6.7) to the right-hand side of (6.12), we can explicitly evaluate
the values Z; (Sd, —-N ) (N € Np). For example, since &, = —1 we obtain (6.5)). [ ]

Example 6.2 1tis known (see [21]) that Li(2; —1) = ((2) 7r and
e 0 —2Y T .3_\/5 _ 1 2 V5—1\)?
Li(2; )—L1<2, 2 ) = 157r {log( 5 )} .

Hence, by (6.2]), we obtain

3 (e ()

m>1

Using this, we can evaluate Z, (M; 2).

6.2 The Casen =2

Next we consider the case n = 2 and P = (X1 X; + X;). Let M, M, € M;«;(C) with
the assumption that M;M, = M,M,. We define F: N> — " and Z,(F;s1,8) =
Z,(My, Ma; 51, 5,) by

F(my, my) = B(My, My;my, mp) = M} My,

(oo} oo
M"”Mm2
Zy(My, Mys s1,52) = Z Z o (o + P ——

mp=1my=1
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Then, as well as the above consideration in the case n = 1, it follows from Theo-
rem[23]that if 1 is not an eigenvalue of M;, M, and M M,, then Z,(M; M, My; s1,'53)
and Z,(M;, M M,; 51, s,) can be continued holomorphically to .

Using the well-known #-product argument in the study of multiple zeta values,
we have

(6.13)  Zi(My;51)Z1(Myss52)

S(X ey )M

1<m<n 1<n<m 1<m=n

= Zr(Mi My, M; s1,52) + Zy(My, MiMy; 53, 51) + Z1 (M Ma; 51 + 52).
From Theorem 23] we see that (6.13)) holds for all (s;,s,) € C2.

Proposition 6.3 The double series

0 a1 2m+nan+ - —1 m+2nFm Y
¢(S):ZZ(1a ) 2m+ (ia™") +2

m*(m + n)*

m=1 n=1

can be continued meromorphically to C. In particular,

1
6(0) = {6 -5+ 2-3V3)i}.
Proof Putting M; = M, = S4(=ia~'Q) and s; = s, = sin (6I3)), we see that
Z5(S3, Su35,8) + Z2(S4, S535,5) = Z1(Sw39)° — Z1 (855 29)

holds for all s € C because 1 is not an eigenvalue of S; and S;. Compare the
(1, 2)-entries of the both sides of the above formula. Using (6.3)), (6.11)), (€.12]), and
(©4) and the fact o + o~ ! = /5, we have

(6 14) i i (ia71)2m+nF2m+n + (iail)m+2nFm+2n —
' pr ot ms(m + n)s

%{Li(s; i)? — Li(s; —ia‘z)z} - \%{ Li(s;—1) — Li(s; —a—4)} ,

which gives meromorphic continuation of ¢(s). In particular, by ([6.6), [6.7), and
(6.14), we have

1

NG
1 ( i )2 ( —ia*2)2+1 a™*
IV R 1+ia~2 2 l+at

:% 6—V5+(2—3V5)i}. ]

6(0) =—={ Li(03)? — Li(0; ~ia™)? = (Li(0; ~1) ~ Li(0s —a ™)) }
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Example 6.4 Consider the case S| = a~!Q. We set M = §. Then it follows from
(6.3) and (6.I1) that the (1, 2)-entry of M™ is

Q" "F = (1 — (—a~3)™)/V/5 = 0(1) = O(m' ™).

Hence, by (2.13) in the case k = 1, we have

i i a "F,+a "F, —a " "F i a "F,
m(m + n)? N md
m=1 n=1 m=1

This is a sum formula with Fibonacci numbers on the numerator. Note that this also

comes from (Z.12)).

7 Proof of Theorem[2.4]

The method given here is essentially the same as the one introduced in the proof of
[27, Theorem 2.1]. We begin by recalling the well-known result

=, (=1)" sin(mb) 0
Z DA S

(7.1) —= (—m <O <m),
m 2

m=1

where the left-hand side is uniformly convergent in the wider sense with respect to
0 € (—m,m) (see [31, §3.35and §9.11]). It is also known that
i (—=1)" cos(m#)

m

(7.2) (—Tr< B <m)

m=1

is convergent uniformly in the wider sense, whose value we denote by C(6). For
ke Nandx € Rwith0 < x < 1, let

(7.3)
>\ (= 1)"x"F(m) cos(mb) > (—=1)"sin(nf) 6
itk =23 " )
m=1 n=1
B L (=1)™"x"F(m) sin((m + n)6)
- mkn
m,n=1
L (=1)™"x™F(m) sin((m — n)0) . (=1)"x™F(m) cos(mb)
rh;én

which is uniformly convergent in the wider sense with respect to § € (—m, 7). By
(Z1), we see that

H@;xk) =0 (0 € (—m,m)).
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x™F(m) 4+ i x™F(m) _

m=1

1 ™
(7.4) — O H(6; x; k)dd = 0.
2 ),
By partial integration, it follows from (Z3]) that
> x"F(m) >
7.5 — —_—t
( ) m%gl mkn(m + ”) mzn:

rﬁ;én

mk+2

Setting ] = m — nand j = n — m in the second term on the left-hand side of (Z.5)
according as m > n and m < n respectively, we obtain

. X™F(m + n) = x"F(m) > x"F(m)
7.6 _— =2 —_— +2
(7.6) mgl mn(m + n)k m;1 mkn(m + n) ;

Moreover, using the relation

(7.7) AL:(

ab

Lﬂ)#
a b/a+b’

mk+2

=0.

we see that the first term of the left-hand side of (Z.6) tends to 2Z,(Fs;1,k + 1) as
x — 1. As for the second term of (Z.8)), using (Z.7)) repeatedly, we have

oo o0

x"F(m) x"F(m) > x™F(m)
T8 Y e 2 w2

m,n=1

k+1 oo

> 2.

h=2 m,n=1

- mk=n(m + n)?

o0

x™F(m)
mk+2 h(m+n)h + Z

x"F(m)
nlm+ n)ktl’

We see that each side of (Z.8)) is absolutely and uniformly convergent with respect to
€ [0, 1]. Hence (Z8) holds for x = 1. Thus we have (210). This completes the

proof.

Remark  On the right-hand side of (Z3)) the order of summation can be inter-
changed. If F = 1, this is true even in the case x = 1, k = 1. In fact, let

=3 %

(=1)™"sin((m + n)0)

mn
m<M n<N
Then by (Z1)) and ([Z.2)) we have
Jim, oy
Z { (— . — (="
cos(nf) Z sm(m@) + sin(nf) Z cos(mﬁ)}
n<N m=1

=3 EE T costnt) + c@sintnt) } = an

n
n<N
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say. Then ay — —60C(0) as N — oo. The convergence of (ZI) and (Z2) implies
the existence of A > 0, independent of N, for which | Zn<N(—l)”n‘1cs(n9)| <A
holds for any N (where cs stands for sin or cos). On the other hand, for any ¢ > 0,
there exists a sufficiently large M = M(¢) for which | > sm(— l)mmflcs(m9)| <e
holds. Therefore

lan — aun| < ‘Z (=" coS(”e)‘ : ‘ Z D"
n<N m>M

+ ‘ Z =L sin(n@)‘ . ‘ Z (
n<N m>M

which implies that the convergence ayn — an (as M — 00) is uniform in N. Then
by a well-known property of double series we can conclude that

o= (=)™ sin((m + 1n)0) B B S (= 1) sin((m + n)0)
2> - =—6cO)=3">" - ‘

m=1 n=1 n=1 m=1

cos(m@)‘

m
sin(mH)’ < 2Ae,

The case involving sin((m — n)0) is similar. The situation (Z3) is simpler because of
the factor x™, 0 < x < 1.

8 More General Form of Vectorial Sum Formulas

Based on the consideration in the previous section, we give a generalization of the
result in Theorem 2.4] namely, a certain sum formula for values of vectorial zeta-
functions (L.6)).

We start with the following elementary lemma that can be immediately proved
by induction. Note that here and from now on, the empty sum (resp. the empty
product) implies 0 (resp. 1).

Lemma 8.1 ForreN,

r r j—1 r
sm( E Xj) = E ( H COSX,/> . Slan . (COS( E Xp) ) .
j=1 j=1 =1 =it

Corresponding to this relation, we define

81) G0 = ZZ Z HM

j=1 m=1 mj_y=1"= 1
oo L.
(=1)"i sin(m;0) 6
X ( e s KO 7)
n;l ﬂ’lj 2

o (—1)%0r- J“m”c:os((zjr:+1 mP)Q)
- Z Z IT, lm;] '

p=j+
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As noted at the beginning of the previous section, the right-hand side of (8.1 is uni-
formly convergent in the wider sense with respect to # € (—, ), so is continuous.
The order of the last multiple sum on the right-hand side can be interchanged freely,
which can be seen as in the remark at the end of the last section. By (Z.I]), we see that

(8.2) G0)=0 (—m<0<m).

Similarly to Theorem let F = (fi,..., f;): N — (C?be a function that satisfies
that, for a fixed k € N, f;(m) = O(mF==) (1 < j < q). Forr € N with r > 2 and
x € [0, 1), we define

0 1,1
(83) b b —2( Y ST ) 60

Jk
=1
Note that H,(0; x; k) = H(6;x; k) defined by (Z3). As a multiple analogue of (Z.4)),
we obtain, from (8.2), the following integral representation.

Proposition 8.2 Forr € Nwithr > 2,
1 Yy

(8.4) —/ OH,(0;x; k)do = 0.
27 J_ .

This may be regarded as a “primitive” form of vectorial sum formulas. Indeed,
as we considered in the previous section, the integral representation (8.4)) in the case
r = 2 gives a vectorial sum formula for double zeta-functions. Similarly, we consider
the case r = 3 and prove the following.

Theorem 8.3 For K € NwithK > 3,

(8.5) Z { Z F(m,) }

ki k k
kiko>1, ks>2  mymy;m3EN my (i +m) (my o+ my + )
ki+ky+k3=K

F(m,) — F(my + my)

* Z { Z ml(m1+m2)k2(m1+m2+m3)k3}

ko >1, ks>2  my,mp,m3€EN
ky+k;=K—1

Z F(m3) —F(m1 +ﬂ’I3) —F(ﬂ’lz+1’l’l3)+F(ﬂ’ll +m2+m3)

+
my (my + my)(my + my + m3)K=2

my,my,m3EN

— F(m)
=y =%

m=1

holds.

In particular when F(-) = 1, we can see that (8.5) implies the ordinary sum
formula for triple zeta values

DS 1 b=

ky Kk, ks
kika>1, ks>2  my,my,ms€EN m (ml + ) (my + my + ms)
ky+ky+k;=K
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for K > 3.
In view of Theorems[Z.4land[B.3] we propose the following conjecture that implies
vectorial sum formulas for multiple series.

Conjecture 8.4 Forr € Nand K € NwithK > r,

F(m)
Z { Z ka (D mh }

ky k3
Kok S k32 e T (my + ma) (my + my + ms)
ki+---+k,=K

i Z { Z F(my) — F(my + my) }

k2 ks ... r ke

Kavsky 1 >1, k2 mymy,.myEN iy (i + )2 (my + iz + m3) (ZFI ;)
ky+--+ky=K—1

F(TH3) — F(m1 + WI3) — F(H’Iz + TYI3) + F(m1 + my + m3)
" Z Z my(my +mo)(my +my +ms)ks - (300 mj)k
Kapsky =1, ky>2  mymy,...my €N 1A 2\ 2 3 j=1""
k3+--+k,=K—2

F(m,) — ZKV F(mj +m;) + Ej1<jz<r F(mj, + mj, + m;) — - -

(4 ma) (my + o+ ms) -+ (307 my) (3 my)K—r

holds.

For example, the case K = r + 1 (so that the only possible choice is
(ki kay oo ki1, k) = (1,1,...,1,2)) implies that

(8.6) Z E;’:l F(m]) — Z]‘1<]'2 F(mjl + mjz) +oet (_1)r_]F(Z;-:1 ﬂ’l]‘)

iy prta oy €N my(my + my)(my +my +m;3) - (Z] L ™) (Z;Zl m;)?

In particular when F(-) = 1, (8.8) coincides with the well-known formula
Cezr(1,1,...,1,2) =C(r+1).

In fact, we can numerically check formula (8.6) in the case r = 4.
In the rest of this section, we give a proof of Theorem [83l First we prove the
following lemma. For simplicity, we put F(m; x) = x"F(m) for x € [0, 1).

Lemma 8.5 With the above notation, and for k € N and x € [0, 1),

F(m + n;x) F(l+ m+ mx) . F(l+ m;x)
(8. 7)2 ln(l+m)(m+n)k Z l(l+m)(l+m+n)k“ Z Im2(1+ m)k’

o0

N F(l x) o« F(l;x) F(l; x)
(8'8)1.%::1 Fal s m)m ) = 2 TGt )0 ¥ 07 ) Z T (Lt ),

I,m,n=1
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Proof The left-hand side of (87) is equal to
>0 F(m + 13 x) I 2 F(m+mx) o= 1 1
m;l n(m + n)k lzzll(l+m)7m; mn(m+n)k§(l l+m)
B > F(m +15%) o 1
o mz mn(m + n)k Z: 1

We divide the inner sum on the right-most side into two parts according as [ = m
and ! < m, and we set m = [+ j (j € N) in the latter case. Then the right-most side

is equal to
s F(m+n,x) > F(l+j+n;x)
(89) m;I m2n(m + n)k Z In(l+ j)(I+ j+n)k’

Using the relation

(8.10) ! ! (1+ 1)

a(b+c) T atbtc b+c¢

and then (Z7), we see that the second member on the right-hand side of (8.9)) can be

rewritten to _
3 i F(l+ m + n; x) .
L= 11+ m)(I+ m + n)kt!

Thus we obtain (8.7).
Next, by rewriting the left-hand side of (8.8) to

oo

F(;x) 1
1;1 k(1 +m) HZ:; n(m+n)’

and arguing similarly to the proof of (8.9), we see that this is equal to the right-hand
side of (8:8). This completes the proof. ]

Proof of Theorem[8.3] From (8.) in the case r = 2, we can easily see that

i (=)™ sin((m + n)0) N gi (=1)m cos.(m@)7

mn m
m,n=1 m=1

G(0) =

which is uniformly convergent for § € (—m,m). Substituting this series into
H;(6; x; k) in (83), and calculating (8.4)) in the case r = 3, we obtain

(%) F(l x)
(811) 0= Z lkmn(l +m+ n) Z lkmn(l - n)

Im
l#ern

<. F(x) <. F(x) 72 K Bl x)
”Z Fm(l+my Z Fm(l—my T

=1
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We divide the second member of (8.11)) into three subsums according as (i) [ > m,
(i1) I < m, and (iii) I = m. On (i) we set j = I —m, while on (ii) we set j = m — 1. We
further divide part (i) into two subsums according as j > n, j < n. We also divide
the fourth member of (81T into two subsums according as | > m, [ < m. Applying

Lemma[8.35 (to the part j < n of (i) and part (ii)), we can rewrite (8.11)) to

F(l+m+n x)

(812) 0=-3) 7 Fll)
,m,n=1

m(m+n)(l+m+n)

mn(l Imn(l+ m + n)k

+m)(l+m+ n)k“

> F(l+ m + n;x)
-3
2

oo

say. Applying repeatedly, we have

Z i F(l;x) N
I=im(l+ m + n)i*?

j=0 ILm,n=1

and then, using (Z7) repeatedly, we obtain

F(l + m; x) F(}; x)
Z Tm2(1+ m)F Z Fm?(I+ m)

= —3A1 +A; —3A5+2A,+ As + Ag + A7,

z.r%;:l I(I+m

)1+ m + n)k+l’

k—1k—j—1 oo =~
_ F(l; x)
(8.13) 4 _Z Z ( Z I=i=p(1+ m)P*1 (1 + m + n)i+?
j=0 p=0 Imn=1
k—1

F(mx)
+Z Z A+ m)t Jl+m+n)1+2+

Also, using (Z.7)) repeatedly, we obtain

oo

F(l;x)
(8.14) Z Z (1 + m)k3—i +

j=1 Lm

Now we use a result of [27]. It is easy to see that we can replace factors of the form x',
which are implicitly included in [27, (3.13)], by F(}; x). This implies

) 'IE :
(8.15) Ast A=A —33 FUBD o
m

m=1

Moreover, we have

(8.16) A; =
ILm=

https://doi.org/10.4153/CJM-2010-085-1 Published online by Cambridge University Press

F(l + m; x)
lZ(l + m)k+1 Z lk+
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by the harmonic product relation. Combining (8.14), (8.15), and (8.16)), we have
204+ As+Ag + Ay

> ﬁ(m;x)

k+1 oo 0o = 0o

F(l; x) F(l; x) F(l+ m; x)
=3 3 — +3 —.
;lz T+ my=7 1;1 m(+ m)F2 o B+ m)k!
Applying Theorem 24l to the double sum on the right-hand side, we obtain

(8.17) 24, + As + Ag + A

F(l + m;x) 2. F(l+m;x) > F(m; x)
Z l(l + m)k+2 3 lZ(l + m)k+1 + 3 Z mk+3
I,m=1 m=1
- 3A8 + 3A9 + 3A107

say. Next, since

1 _(LJFLJFL)#
Imn \Ilm mn In/l+m+n

G G G ) i e

we find that A; = 6A5. Noting this fact and (817), we can rewrite ([812)) as

(8.18) —A; + (2A3+ Ag + Ag) + Ajg = As.

Putting m + n = g, we have

—1
l+ 4 x) 1
Z l(l+q)k*1 ’; I+m’
while putting [ + m = r, we have
B F(n+rx) «
As = ; r(n + )kt Z I
Therefore,

(8.19) 2A; + Ag + Ag

& Bl mx) [ — 1 1
Zl(z+m)k+1{,l +Z}+T }

j=1 j=1

I+m

F(l + m; x) F(I + m;x) 1
B Z 1+ myF1 Z Z 10+ myF1 Z:( m)

J
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Now we use the identity

k
1 1 1 1 1
(1+ m)k+1 (} a l+m+j) Tl m )k +; (I + m)u(l+ m + j)kr2—u
to the right-hand side of (8.19)), and then apply (Z7) to the first double sum of the
resulting expression. We find that (8.19) is

B i F(l+ m;x) . Z F(l+ m;x)
_z,m.j=1 I+ )+ m+ j)ke! JU+ U+ m+ j)ke

Im,j=1

N i i F(l + m;x)
A m) L+ m e+ ke

u=1 I,m,j=

Substituting this result and (8.13)) into (8.18), and putting K = k + 3, we arrive at a
formula that is almost the same as but where F( - ) is replaced by F( - ; x). Finally,
as in the proof of Theorem[2.4] we can let x — 1 because of the uniform convergence.
This completes the proof of Theorem[8.3] ]

Remark At present, it seems to be hard to give the proof of Conjecture [8.4] for
general r. In fact, if we were to obtain its proof then we would consequently obtain a
brand-new method to prove the sum formulas for Euler—Zagier multiple zeta values
that does not depend on Drinfel’d integral expressions.

Acknowledgments The authors express their thanks to the referee for valuable com-
ments.
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