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Abstract

Let X be a real Banach space. The rectangular constant u(X) and some generalisations of it, u,(X) for
p > 1, were introduced by Gastinel and Joly around half a century ago. In this paper we make precise
some characterisations of inner product spaces by using u,(X), correcting some statements appearing in
the literature, and extend to u,(X) some characterisations of uniformly nonsquare spaces, known only
for p(X). We also give a characterisation of two-dimensional spaces with hexagonal norms. Finally, we
indicate some new upper estimates concerning u(l,) and u,(1)).
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1. Introduction

LetX be a real Banach space. Let us denote by B(X) and S(X) the unit ball and the
unit sphere, respectively.The vector x is (Birkhoff—James) orthogonalto y (which we
denote by x L y) if ||x|]] < |lx + Ay|| for every real A. In [8] (see also [9]), the rectangular
constant was introduced:
uX) = sup{l—M x,yeSX), x Ly, h> ()}.
[ + 2yll

In [8], Joly proved that V2 < u(X) < 3 and, for dim(X) > 3, that u(X) = V2 if and
only if X is a Hilbert space. In [4], the equivalence was extended to two-dimensional
spaces. Moreover, in [1], the following result was proved: u(X) =3 if and only if
the space X is nonuniformly nonsquare. We recall that a space X is nonuniformly
nonsquare (non-UNS for short) if for every € > 0 there exist x,y € S(X) such that
lx+y||>2-€

In [6], Gastinel and Joly extended the definition of the rectangular constant: for
p=lx,yeSX)andx Ly,

/Jp(xs y) = Sup
2>0

1/
Srey
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and

1p(X) = supfu,(x,y) : x,y € S(X), x L y}.
We note that u1(X) = u(X). The following properties are proved in [6].

(A) We have 2C-P/2r < 4 »(X) < 3. We remark that p,(X) is never smaller than 1 and
so the left-hand inequality is meaningful only for 1 < p < 2. In Theorem 2.1 we
will prove better estimates.

(B) If dim(X) > 3, then X is a Hilbert space if and only if u,(X) = 2@"P/?r. By
the preceding remark this is true only for 1 < p < 2. In Theorem 2.1 we will
revise this result by proving that, for p > 2, X is a Hilbert space if and only
if u,(X) = 1.

In Section 3 we will extend the characterisation of nonuniformly nonsquare spaces
in terms of the parameter u,(X). More precisely we will prove that a space X is
non-UNS if and only if p1,(X) = (1 +2P)!/7 for every p > 1.

In Section 4 we will give a characterisation of two-dimensional spaces with
symmetric orthogonality by using the parameter u,(X) and, finally, in the last section
we will improve some upper bounds obtained in [5] for the parameter u(l,,).

2. Revisiting the Hilbert space characterisation

As we have already remarked, Proposition 7.2.4 in [6] is correct only for 1 < p < 2.
In the following theorem we give the correct result for p > 2.

THEOREM 2.1. Let X be a real Banach space and p > 1.

(i) We have max{1, 2'/7~!u(X)} < p,(X) < min{u(X), (1 +27)!/7}.
(ii) If p =2 2 and dim(X) > 3, then X is a Hilbert space if and only if u,(X) = 1.
PROOF. From the inequality a” + b? < (a + b)? < 2P~'(aP + bP), where a and b are
nonnegative scalars, it follows immediately that 2/771(X) < Hp(X) < u(X). The
inequality ,(X) > 1 is trivial. Finally, since |lx + Ay|| > 1 and |jx + hyl| > [\ = 1],
1+ 1+M\
[l + AyllP -1

Smin(1+)»p )$1+2p.
This concludes the proof of the first statement.

Suppose now that u,(X) = 1. If x,y € S(X) and x L y, then (1 +A7)/|lx + My|]” < 1.
This implies that A < ||x + Ay|| or equivalently 1 < ||x/A + y|| for every A > 0. Replacing
x by —x, for every A we have ||[\Ax + y|| > 1 = ||y||, which means that y L x. So, orthogo-
nality is symmetric and so by [7] the space X is a Hilbert space. It is easy to prove that
if X is a Hilbert space, then u,(X) = 1. |

Therefore, the correct characterisation of Hilbert spaces in terms of u,(X) is
the following: if dim(X) > 3, then X is a Hilbert space if and only if u,(X) =
max{1,2%-P)/?7},
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3. Uniformly nonsquare spaces

In this section we extend Theorem 4 in [1]. We recall that the property that X is
non-UNS can equivalently be defined in the following way: for every € > 0, there exist
x,y € S(X)suchthat|x+y||<1+e.

THEOREM 3.1. The following conditions are equivalent:

(a) X is non-UNS;
(b) forevery p > 1, u,(X) = (1 +27)/r;
(c) there exists p > 1 such that 1,(X) = (1 + 2n)lip,

PROOF. (¢ = a) If u,(X) = (1 +27)!/7, then, for every € > 0, there exist A > 0 and
Xe, Ve € S(X) with x¢ L ye such that

p
1427 —e< L+

< —————— < 1+2%
e + AeyellP

It is easy to show that this implies that 27 — e < Y < 27 + §(€) with 6(¢) — 0 when
€ — 0. From this,

1+A\ )1/!’ - (1+2”+6(e))1/1’

oz (2
e+ hevell < \ T35 T+27—e

and so 1 < |lxe + Aeyell < 1+ n(e) with n(e) — 0 when € — 0. Next, f(¢) = |lxe + tyl|
is a convex function such that 1 < £(¢), f(0) = 1 and f(Ae) < 1 + n(e), so it follows that
1 <lxe + yell < 1+ n(e). Let z = (xe + ye)/llxe + yell. Then

lPxe + ye + lbxe + yell ye ll
llz + yell = == €||x +Ey” == < e+ Aeye + (1 + e + yell = Ae)yel
€ €

< e + heyell + (1 + lbxe + yell = Aol
<T+n(e)+ 1 = + yelll + [he = 2] = 1 + 61(€)

with 0;(¢) — 0 when € — 0. Similarly,

”xe + Ye — ”xs + yellyeH
e + yell

llz = yell = < e + (1 = lxe + yelDyell

< beell+ 11 = Ibxe + yell [ < 1+ 5(e).

So, X is non-UNS.

(a = b) Let X be non-UNS. Fix € with 0 < € < 1/2. There exist x,y € S(X)
such that ||x + y|| > 2 — €2. By convexity, |[\x + (1 = L)y|| > 1 — 2€? for every A € [0, 1].
Moreover, ||x + €y|| > 1. Indeed, 2 — € < ||x + y|| < |lx + ey|| + 1 — € and so ||x + €y|| >
1 +e—€ Let F(\) = |ley + Mx — (x + €y)/|lx + ey|])||. It is easy to show that F is a
convex function with F(1) = F(||x + €y||) and so there exists Ay > 1 such that F" attains
its minimum. It follows that the two vectors a = ey + Ao(x — (x + €y)/||x + €y||) and
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b = x— (x + €y)/|Ix + €y|| are orthogonal. Moreover,

lx+ eyl =1 +e\|| lx+el—1
ol = ) x (=)
llx + eyl Ix+ey|—1+€  |x+eyl—1+e€
- l+eol=+=|-1+
N (||x+ey|| 1+E)(1 22 s (< ollz + 6)(1 L2
llx + eyll l+e€
1 -2é2 2 1—2é2 )
> (I+e)(1-2e)-1+¢€) = €2 —2e—-2¢") = €2 —n(e))
1+e€ 1+e€

with r7(¢) — 0 as € — 0. Finally, recalling that Ay > 1,

lall” + A51BlP 1 x+ey |
g0 RN Ll - SN - )
Hp(X) 2= oDl pr | S Tt ol (2 —n(e))
1 X+ ey H )” )
> —(\ — — P — 4
> e”( ollx I+ ol €|l +€°( n(e))

1
2 = ((e(2—n(e) - e +e’2-ne)’) =0 -ne) +2-n(e)’. o

We remark that it is easy to show (see [6]) that if u(X) = 3 is attained, that is, if there
exist x and y such that x L y and y;(x, y) = 3, then there is a segment of length 2 on the
unit sphere. (See also [10] for an extension of this result.) The space X = ([, lﬁ)2 is
anon-UNS space but it is strictly convex (see [2, page 185]), so in this space u(X) = 3
but it is not attained. This gives an affirmative answer to Remark 2.2 in [10].

4. Symmetric orthogonality

We have already remarked that if dim(X) > 3, the symmetry of Birkhoff-James
orthogonality implies that X is a Hilbert space. However, there are two-dimensional
spaces which are not Hilbert spaces but orthogonality is still symmetric. A simple
example is the space X with the ‘hexagonal’ norm, that is, the norm generated by a
regular hexagon. An easy evaluation shows that y,(X) = 2'/7 for any p > 1. In this
section we give a necessary and sufficient condition for a two-dimensional space X to
be isometric to a space with ‘hexagonal’ norm. We denote by J; (y) the right derivative
of the norm at x, that is, J; (y) = limy_,0+ (|lx + Ayl — ||lx[|)/\ and similarly by J; (y) for
the left derivative. The following properties of J; (y) are easy to prove.

LEMMA 4.1. Forx,y € X:

(1) JI) =sup{f(y): f€SX), f(x) = I}

(2) Jr() =inf{f(): f € SX), f(x) =[x}

Q) Jix+y) =Jix)+JF@) and J;(x +y) = J; (x) + J; (),
@ Ji(=y) ==Ji(y) and I (=y) = =J (),

(5) J;(y) <0< Ji(y) ifand only ifx L y.
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LEMMA 4.2. Let x L ywithx,y € S(X) and p > 1. Let hy be such that

1+A\

P 0

Hp(X,Y) = -
g [l + AoyllP

Then x + Aoy L Xg_lx -y

PROOF. Let F(A) = (1 +A?)/|lx + Ay||” and suppose that F(hy) > F(A) for every A > 0.
Then

PMHl+dllP = p(L+ W)l + MyllP= I, ()

F/
+) = e + Myl[2P

So, F’.(hy) < 0 and, by Lemma 4.1,

[Tk -+ Royll = (1 + ME O] = AT G hay) + T, (<1 = MD)y) < 0.

Moreover,

Ty Y+ My —y-My) = iy (Ao 'x—y <o.
Finally, in the same way, xm)y(}\p 'Y=y)>0 and this implies that x+ Agy L
kg_lx—y. i

THEOREM 4.3. Let dim(X) = 2 and suppose that Birkhoff-James orthogonality is
symmetric. Then the following statements are equivalent:

(@) X has a ‘hexagonal’ norm;
(b) wup(X)= 2P for every p > 1;
(c) there exists p > 1 such that p,(X) = 2'/7.

PROOF. Suppose that u1,(X) = 2!/7 = (1 + 1))"/?/|lx + oyl|. Since the orthogonality is

symmetric,
R Ay »
=—— <1+ 7\0
Ilx + Aoyl
and
p p
1+ 1+X,

TRl = W
X Oy 0

and this implies that Ay = 1. So, |lx+ Ayl =1 for A €[0,1] and, by Lemma 4.2,
we obtain x+y L x—y. Consider the linear map T :X — R?> with T(x) = (1,0)
and T(y) =(-1,1) and define [[|T@)|l|=Ilzll. Then |[lx+Ay||=1 implies that
=AMl =1 for & €[0,1]. Again, [IM—1,1) + (1 =M)(O, DIl = [ly + 2(1 = Mx]| >
IMl=1 for Ae[0,1] and by convexity ||J]M—1,1)+ (1 —2)O0,1)|||=1. Since
[lx+yll=1=]l <|x+y+Ax||, it follows that x L x + y. Finally, we observe that
IM=1L 1)+ A -MNLO)l=]lx—Ax+y)ll =1 and again, by convexity, we have
IM=1,1) + (1 = M)(=1,0)||| = 1 for every A € [0, 1]. o
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We conclude this section by showing that in the class of two-dimensional spaces
with symmetric orthogonality we always have y,(H) < u,(X) < 2P, where H denotes
the Euclidean plane. As shown by Theorem 4.3, the upper bound is attained by the
hexagonal norm.

THEOREM 4.4. Let X be a two-dimensional space with symmetric orthogonality. Then
up(X) < 217P,

PROOF. Letx,y € S(X)and x L y (and so y L x). Then
(1+W)!77 (1+(1/A)/ (1+w)!/7
Su = Su =sup ——,
ot gl b e (M e Iy + Axl

s0 that 11, (x, y) = f1,(y, ). Let &g be such that 1, (x,y) = (1 + A)"7/|lx + hoyll. Then

L+MDYP (1 + (1/h)?)P
e+ hoyll Iy + (1/20)al]

Since Mg or 1/) is less than or equal to 1, this proves the theorem. O

”p(xs y) = S /'lﬂ(y’ x) = /’lp(xs y)

5. Estimates in /, spaces

The exact value of the parameter u,(X) is in general unknown. However, as we

have already claimed, if X is a Hilbert space, then u(X) = V2. It is also easy to obtain
(1) = p(le) = 3. These results also follow from Theorem 3.1. Some bounds for /,

spaces are given in [5]: u(l,) < (5 + /p)/(1 + y/p)for1 < p <2andu(l,) <3 -2/3p
for p > 2. In the next theorems, we will improve these estimates.

LEMMA 5.1. Let p > 2, x,y € S(I,) and x L y. Then, for every A > 0,

P PR
b+ Ml > 14 55—

PROOF. The proof follows easily if we prove that for every N,

N

e+ MyllP > 1+ (Z zn(l—p));\l)' (5.1)

n=1

From the well-known Clarkson inequality,
2(llell” + MWIP) < Mo+ VIP + [l = vIIP,
choosing u = x + Ay and v = Ay,
2(1lx + MlIP + A7) < [lx + 20|17 + 1. (5.2)
Since ||x + Ay|| > 1, it follows that [|x + 2Ay||? > 1 + 2A”. From this,

e+ MylIP = 14217702, (5.3)
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This shows that (5.1) is true for N = 1. Let us suppose that (5.1) is true. Then,
by (5.2),

IIx + 20p1P = 2|lx + My|lP + 207 — 1

N N
> 21 (Y 2P ) e 2 -1 = 1 (Y20
n=1 n=0

This implies that
N+1

ootz (32 <1 (S ;

THEOREM 5.2. Forp > 2,
) < (1 + (217—1 _ 1)1/(17—1))(17—1)/17.
PROOF. Suppose that x,y € S(/,) with x L y. Then, by Lemma 5.1,
I+A

Db il =558 (15 )7
x>o 20 (1 + 55—

u(x,y) =

It is easy to show that the function
I+A
(1+ 54"

attains its maximum value for A = (27~! — 1)/?=D 50

(M) =

Hy) < @@ = DY) = (14 @7 - DD, o

LEMMA 5.3. Let 1 < p <2, x,y € S(I,) and x L y. Then, for every \ > 0,

lx+Ayll7 > 1+ T

where q and p are conjugate indices.

PROOF. Starting from the inequality
297 ((all? + VI =l + I+l = w1,
the proof follows with similar arguments to those in Lemma 5.1. O
THEOREM 5.4. For1 < p <2,
ully) < (14 @070 =1,

PROOF. The proof of the theorem is similar to that of Theorem 5.2 with the help of
Lemma 5.3. o
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OSEN 1%'

PROOF. For f, g € I,, we use the inequality (see [3])

20117 + 20gl> 2 1If + &l* + (p = DISf = gll*.

Letx,y € S(Ip) withx L y. If f = %x+ky and g = %x,

THEOREM 5.5. For1 < p <2,

X 2 X 2 2 2
2 3 +My|| +2 5l 2 [lx + Ayll” + (p = DI Ayl
or equivalently
e + 20517 = 2llx + MylI> + 2(p — DA - 1. (5.4)

Since ||x + Ay|| > 1, we obtain |lx + 2Ay|[> > 1 + 2(p — 1)A? and, from this,
-1
e+l > 1+ ”sz.

It is now easy to prove by induction that

2" —1
I + Ml > 1+ T (p— DA
and so [lx + Ay|[> > 1 + (p — 1)A2. This last inequality yields
1+

+
(x,y) =su <su .
K = D v gl = S (L+ (p— DA

Finally, simple calculations show that, for A > 0,

1+A p
< .
(1 +(p— DAz p-1
From the last two theorems,

u(l,) < min ((1 + (21/(1771) _ 1)p71)1/p, p 1)‘
p_

A numerical evaluation shows that

1+ (21/(P—1) _ l)P—l)l/P < p
p—1

for 1 < p < pg with py ~ 1.188.
With the aid of Lemmas 5.1 and 5.3, we also obtain some estimates for u, (/).

THEOREM 5.6. For p > 2,
TRUSESCE VRl
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PROOF. Suppose that x,y € S(I,) with x L y. Then, by Lemma 5.1,
va 1+W\

+ A
P(x,y) = sup ———— < sup ————— = supH(L)  (say).
oy ot T TP ngl+2p§—]”_l ng¢() G2y

It is easy to show that the function ¢()) is increasing, so

. 14+ \Up -
/'[P(x’y) S )}Lrg (1+—7‘p) = (2[) 1 - 1)1/17. o

2711
THEOREM 5.7. For1 < p <2,
up(ly) < (1 + (21/(17—1) _ 1)(17—1)/(2—[)))(2—1’)/17.
PROOF. The proof is similar to that of Theorem 5.6. Suppose that x,y € S(/,) with
x L y. Then, by Lemma 5.3,

2\
[lx +Ayll? > 1 + -]

1_1’
where g and p are conjugate indices. Consequently,
+ N 1+

p
Hp(X,y) = sup < sup =supp(h) (say).
! 20 I+ 1P~ 550 (14 2yrla 320

Finally, the maximum of the function ¢()) is the upper bound in the theorem. O

In [6], Gastinel and Joly proved that p(l,) = ,u(lf,), where lf, is the two-dimensional
I, space and they gave a table with some numerical estimates of the rectangular
constant for 1127 spaces. In their subsequent Remark 11.4.1, they suggested that probably
u(ly) = u(ly), where p and g are conjugate. We conclude with a similar table (see
Table 1) obtained with more accurate calculations, which shows instead that, in
general, they are different.

TABLE 1. Values of u(l,) and u(l,).

P u(l,) q udly)
2 1.4142 2 1.4142
3 1.7285 3/2 1.6554
4 1.9337 4/3 1.8264
5 2.0772 5/4 1.9554
10 2.4328 10/9 2.3099
15 2.5826 15/14 2.4742
30 2.7598 30/29 2.6819
50 2.8429 50/49 2.7854
100 2.9131 100/99 2.8771
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