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MONOTONE SEMIFLOWS GENERATED BY
NEUTRAL FUNCTIONAL DIFFERENTIAL EQUATIONS
WITH APPLICATION TO COMPARTMENTAL SYSTEMS

JIANHONG WU AND H. I. FREEDMAN

ABSTRACT.  This paper is devoted to the machinery necessary to apply the general
theory of monotone dynamical systems to neutral functional differential equations. We
introduce an ordering structure for the phase space, investigate its compatibility with the
usual uniform convergence topology, and develop several sufficient conditions of strong
monotonicity of the solution semiflows to neutral equations. By applying some general
results due to Hirsch and Matano for monotone dynamical systems to neutral equations,
we establish several (generic) convergence results and an equivalence theorem of the
order stability and convergence of precompact orbits. These results are applied to show
that each orbit of a closed biological compartmental system is convergent to a single
equilibrium.

1. Introduction. The purpose of this paper is to establish several strong mono-
tonicity principles and (generic) convergence theorems for neutral functional differential
equations and to apply these results to prove a convergence theorem for a mathematical
model of biological compartmental systems.

Recently, monotone dynamical systems have received considerable attention in the lit-
erature. Many interesting results concerning the convergence of precompact orbits have
been obtained, and applied to various evolution equations enjoying a strong compari-
son principle. For details, we refer to [1]-[4], [26]-[28], [36]-[38], [40]-[42], [45], [48],
[49], [51] and [53].

In [49], Smith developed the necessary machinery to apply the general theory of
monotone dynamical systems to retarded functional differential equations. It was shown
that a cooperative and irreducible retarded equation generates a strongly monotone semi-
flow, and the qualitative behavior of solutions is generically the same as for the ordinary
differential equation obtained by ignoring the delay.

It is a natural problem to extend Smith’s results to the neutral functional differential
equation

d
1.1 7 D) = f(x)
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where D,f: C([—r,0],R") — R" are continuous and D is linear, atomic and stable (see,
e.g. [24]). However, this extension requires some new techniques since, roughly speak-
ing, a neutral equation is a combination of a generalized difference equation and a dif-
ferential equation, and therefore, the dynamical system generated by a neutral equation
is essentially a combination of a discrete dynamical system generated by the generalized
difference equation, and a continuous dynamical system (semiflow) generated by a dif-
ferential equation. As a consequence, monotonicity is more delicate for neutral equations
than for retarded equations. For example, the semiflow defined by a neutral equation does
not preserve the usual functional ordering of the space C = C([—r, 0], R"). To see this
point, we consider the following initial value problem:

(1.2) {—dd-t[x(t)—%x(t—l)]zO, t>0

x(0)=1-36, -1<60<0
By using the method of steps, one can easily verify that the solution is x(f) = —%t+ 1 for
t € [0,1] and x(¢) = —%t + % fort € [1,2]. Therefore a positive initial datum generates

a negative solution on [1,2]. We will see that the source of the failure of the solution to
preserve the nonnegative property is x(0) — %x(—l) = —1 < 0, and that this pathology
can be removed by introducing a new ordering ¢ > 0in Ciff ¢(8) > 0for 0 € [—1,0]
and ¢(0) — %cp(—l) > 0. This is equivalent to considering the neutral equation on the
product space X = R X C([—1, 0], R) with the usual ordering, and relating the solution
to a semiflow (x(t — %x(t — 1),x,) on X. This idea was used by many investigators for
different purposes such as the state space description of retarded equations and neutral
equations (see, [11]-[13], [46] and references therein).

Motivated by the above example and discussion, we will consider equation (1.1) on
the space C endowed with the following ordering %

¢ >20iff o > 0and D(¢) >0
D C R

where > and > denote the componentwise ordering on R" and the functional (point-
R C
wise) ordering on C.

This paper is organized as follows. In Section 2, we present a brief discussion about
the compatibility of the ordering > and the uniform convergence topology of C. It is

D
shown that the state space C with the ordering > and the uniform convergence topology

D

is strongly ordered in the sense of Hirsch [28], and the zero element of C can be approx-

imated by a sequence of positive elements (in > ). In Section 3, we will prove that the
D

solution semiflow is monotone if the following is satisfied
(H): whenever ¢ <1 and D;(¢) = D;(v) it follows that f;(¢) < fi(¥).
D

This reduces to the quasimonotonicity condition for retarded equations (see, e.g. [31],
[401-[42], [45] and [49] for detailed references). We will borrow the technique from
Hirsch [28] for ordinary differential equations and Smith [49] for retarded equations to
develop a fairly general sufficient condition for equation (1.1) to generate an eventually
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strongly monotone semiflow. In Section 4, we state several direct applications of the
generic convergence theory for monotone dynamical systems due to Hirsch [27, 28] to
neutral equations and prove a result about the equivalence between order-stability and
convergence of orbits.

The results in the first four sections are applied in Section 5 to a convergence prob-
lem of a mathematical model of biological compartmental systems which goes back to
Bellman [9]. Assuming each compartment produces material itself, these systems can be
modeled by neutral equations. A material conservation law is derived which implies the
boundedness and order-stability of each orbit and the separation of w-limits of ordered
points. Under reasonable assumptions, it is shown that each orbitis convergent to a single
equilibrium.

2. A strong ordered space for NFDEs. Let X be a metrizable topological space
with a closed (partial) order relation ® C X x X. Such a space is called an order space.
We define

x<y(zxnif(ry €R,

x<y@y>x)ifx<ybutx#y,

xLy(y>x)ifx# yand (x,y) € IntR
The ordered space X is said to be strongly ordered if, for every open set U C X and for
any x € U, thereexista,b € U suchthata < x < b. A set Wis order-convex ifx,y € W
and x < y imply that the closed order interval [x,y] = {a € X,x < a <y} isin W. Any
pair (a, b) with a < b defines an open order interval {[a,b]] = {x € X; a < x € b}.
The topology of X generated by order-convex open sets is called the order topology.

A typical ordered space is the so-called ordered topological vector space V together
with a closed convex cone V, such that V, N (—V,) = {0}. An ordering is defined by
y > xiff y — x € V,. Obviously, V is strongly ordered iff V, is solid, that is, Int V, # (.
Moreover, if V., is solid, then the order topology can be defined by the norm ||x||. =
inf{c € R,; x € [[—ce,cell}, where R, = [0,00), e > 0 is a fixed element.

Let U C X be an open subset, ® = {®,}>¢ be a local semiflow on U. We say @ is
monotone if, for any x, y € U with x < y we have ®,(x) < @ (y) for all ¢t € [0,7(x,y)),
where 7(x) denotes the escape time of x, and 7(x, y) = min{7(x),7(y)}. @ is eventually
strongly monotone if it is monotone, 7(x,y) = oo for any x,y € U, and there exists a
constant T > O such thatx,y € U and x < y imply ®,(x) < ®,(y) forallt > T.

Let R? be the space of non-negative vectors in R”. We use < to denote the order rela-

Rn
tion in R" defined by R?. Givenr = (ry,...,r,) € R", we define |r| = max <j<, i, C, =
%, C([—r:,01,R) and C; = T}, C([—r;,01,R,). Obviously, C, is a strongly ordered

space with the uniform convergence topology defined by the norm

= max su D, €C,
lele, = max_sup o).

and the usual functional ordering < defined by

r

p <P iff ;(0) <yY@)forl <i<nand@ € [—r;0].
c
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Suppose D: C, — R" is a given bounded linear operator. According to the Riesz
representation theorem, there exists functions y;;: [—7;,0] — R, 1 < i,j < n, of bounded
variation on [—r;, 0] such that

n. 0
2.1) Dip) =3 [ duj®)¢i®),1<i<n ¢ €C,.
j=1777

We assume that D is atomic at zero, that is, the matrix

2.2) A = (1(0) — py(07))

is nonsingular and there exists a nonnegative scalar continuous function 3 on [0, mijn r;]
JE

with 5(0) = 0 and

2.3 S [ dmi@)e0)| < 86)le

jer I

lc.s

where N = {1,...,n}, J={i €N; r; # 0} and

— oy | @)  forf € [~r;,0),
24 i (0) = {u,;(O') forf — 0.

We now define an ordering, denoted by <, as follows
D
¢ < iff ¢ <4 and D(¢) < D(P),
D G R

where ¢ and ¢ are generic points in C,. The following Lemma provides a sufficient
condition for the space C, endowed with the norm || - ||, and the ordering < to be a
D

strongly ordered space.

LEMMA 2.1.  Suppose that Int R} N A(Int R}) # . Then Int C;;, # 0, where C}, =
{peC:p %0}.

PROOF. According to our assumption, there exists v € Int R} such that Av >> 0. For

R’l
any i € N\J, we define {cC([—r;, 0], R) by ¥;(0) = v;, and for any given i € J and
s € (0,min{ minr;, minv; }) we define ¥; € C([—r;,0],R) by
jeJ ieN
N if —r S 0 S )
V@) = {v,-+&;—50 if—s <8 <0.

Then ¢ = (¢1,...,¢n) %>0, l¥lc, < max;ey v; and

32 [ @] =[S [ a0 (s + 2" 0) s [ o)

< B(s)max v; + (Z Var(_, o) u,-j)s —0ass—0.
ieN e
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Therefore for sufficiently small s > 0 and any giveni € N, we have
n n 0
D) = Y [1i(0) — py(0)15(0) + 3 L [dp;(0)]y;(0)
j=1 j=170
=@+ [ 1dag®)n0) > o.
=171

That is, D(¢) > 0. Therefore, ¢ € IntC} . This completes the proof.
Rn ’

The following Lemma shows that the zero element in C, can be approximated by a
sequence of elements in C; .

LEMMA 2.2. Let IntR” N A(IntR?) # (0. Then for any € > 0 there exists ¢ € C,
such that 0 L ¢° << €éand0 <<D(Lp ) << ee, where ee € R" with (ce); = € fori € N,
C

and eé € C, with (5e),(0) = eforz € Nand0 € [—r;,0].

PROOF. Letv € IntR} be a fixed vector such that Av € IntR}. For any given suffi-
ciently small ¢ > 0, we define p° = (¢f,..., ;) € C, as follows

©f(0) = vi6 ifi € N\J

and
e9) — for —r; <0 < —s
p; (0)= v5+"5 50 for—s <@ <0ifiel,

where § > 0 is given such that
“ _ €
2. [1(0) — p(07)vd < 7 maxvd <e,
j=1 iEN
and s > 0 is given such that
s < min{ minr;, min vib }

and
n n
B(s)ymaxvid +s > Var_, oy i < Do [pi(0) — i (07)]vy6.
j=1 j=1

Then 0 € ¢° K v K €e, and for any i € N, one has
R" R R

(0 (9)| <> / du,,(é?)[vjé +

jeJ ]

< ,B(S) max vib + (Z Val‘[_,j,()] uij)s
ieN =1

> / dp;(6 )ls

jeJ

< Zl[#ij(o) — pii(07)]v;é
=
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from which it follows that
[Di(p®)| < D [pii(0) — u(07)]15 (0) +
j=1

< Xn:[uij(()) — pii(07)]v;é + Z":[uij(()) — pii(0)]vd
j=1 j=1

nooe0
Y[ dig®)f6)
=177

<

N[ ™

and

n n ]
Dilp*) 2 Y [50) — O )b — |3 [ dia(8)ef ()
j=1 j=1"""i

> Y (i (0) — pg(07)v;6 — 3 [14(0) — py(07)]v;6
j=1 j=1
=0.

This completes the proof.
The following result provides a technical tool for establishing the strong monotonicity
principle in the next section.

LEMMA 2.3.  Suppose that A‘I(IntRﬁ) C Int R} and py:[—r;,0) — R is nonin-
creasing and continuous from the left. Then for any T > 0 and any continuous function
X=(x1,...,%), Xi:[—ri,T1 = R, i € N, withxy € C}, if D(x;) > 0 fort € [0, 7], then

Rn

x(1) ?% Ofort € 10,7].

PROOF. Let L: C, — R", i € N, be defined by
n 0 _ .
2.5) (L), =3 [ di®)pi0). ¢ €Cr i €N.
j=17""i

Then by the nonincreasing property of p;;, L(¢) <0 for ¢ € C;. Evidently D(x;) =
R’l
Ax(f) + L(x;) from which it follows x(f) = A~'D(x,) — A~'L(x,). Therefore by our as-
sumption, x(0) > 0. If the conclusion in our lemma is not true, then there exists s €
R'l
(0,7] such that x;(s) = O for some i € N, and x(¢) >0 for all + € [0, s]. In this case,
Rn

L(x;) <0, —A~'L(x;) >0 and A~'D(x,) >0 by our assumptions. Therefore x(s) >

R R R R
A~'D(x,) > 0. This is contrary to x;(s) = 0. The proof is complete.

Rﬂ
Let A= = (by). Then A~'(IntR") C Int(R?) is equivalent to the assumption that
b; > 0 and Zj'.'zl b; > Ofor 1 <i,j < n. This assumption is satisfied, if the conditions

bi; > 0and b > O hold for 1 < i, j < n. In fact, with these conditions we have the
following:

LEMMA 24. Letb; > Oandb; > 0, and p;;: [—rj,0) — R be nonincreasing and
continuous from the left for 1 < i, j < n. Then for any T > 0 and any continuous
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functionx = (x1,...,X,), xi:[—1;,7] — R, i € N, withxy € C}, if D(x;) >0 and for
Rn
some j, Dj(x;) > 0 fort € [0,7], then x;j(t) > O fort € [0,7].

The proof is similar to that of Lemma 2.3 and therefore is omitted.
For ease of reference, we introduce

DEFINITION 2.1. A bounded linear operator D: C, — R" defined by (2.1) is said to
be quasimonotone, if
(i): it is atomic at zero;
(ii): b; > Oand b; > Ofor i, j € N, where (b;) = (u,»,-(O) — uij(O'))
(iii): py:[—r;,0) — R, i,j € N, is nonincreasing and continuous from the left.
Evidently, for the quasimonotone operator D, A(IntR?) N IntR? # @. Therefore the
conclusion of Lemma 2.1-2.4 are valid for D as well. As a final remark of this section,
we note that the D-operator associated with usual equations has the form D(¢) = ¢(0)+
L(¢p), and therefore it is quasimonotone if (iii) is satisfied, where L(y) is defined by (2.4)
and (2.5).

_1'

3. Strong monotonicity principles. We consider the following neutral functional
differential equation

3.1 %D(x,) = f(t,x)

where D: C, — R" is a quasimonotone linear operator, f: Q2 — R", where €2 is an open
subset in R, X C,, is continuous and Lipschitz in the second variable on any compact
subsets of €. Under these assumptions, the initial value problem of (3.1) is well posed.
That is, for any (0, ¢) € Q, there exists 7(o,¢) > o and a continuous function, the
solution of (3.1) through (o, ), x = (x1,...,x,) withx;: [0 — r;,7(0,p)) — R, i €N,
such that (¢,x;) € €, the mapping ¢t € [0,7(0, ¢)) — D(x;) € R" is differentiable and
(3.1) holds for all ¢t € [o,7(0, ¢)). Here and in what follows, x, = (x,l, ..., x}) with
X@) = x(t+0), —r; <8 <0, x(-) = x(:; 0, ¢) denotes the unique solution of (3.1)
through (o, ¢). For details, we refer to [24].
We start with the following assumption:
M): If (t,p), (t,Y) € Q with ¢ %1/} and Di(p) = Di(y) for some i € N, then

filt, o) < filt, ).

Under this assumption, we have the following monotonicity principle:
LEMMA 3.1. Let (M) hold. Then for any (o, ¢),(0,¢) € Q with ¢ <, we have
D
x(0,9) <x(o,¢) forallt € [o,7*), where 7* = min{7(c,¢),7(c,9)}.
D

PROOF. By Lemma 2.2, for any given positive integer m we can choose ¢, € C,
such that ¥, = ¥ +6,,, 6,y € Int C:D and D(Y) = D(Y) + €, €m € IntR} and 6, — 0
as m — oo. Let x™'(-, 0, 1Y) be a solution of the following initial value problem
(3.2) D) = 3+ -

t m
(3.3) Xo = Ym
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By the continuous dependence of solutions, it suffices to prove that x,(c, ¢ ) K X" (, Ym)
D

for any positive integer m, any givent, € [o,7*)and all ¢ € [0, #,]. By way of contradic-

tion, if the above statement is not true, then by Lemma 2.3, there exists an integerm > 0

and a constant t* € (o, ] such that x,(c, ¢) K X0, Ym), D(x,(a, <p)) < D(xf"(a, 1,[1,,,))
C R

for all ¢ € [o,¢*) and Di(x,s (o, <p)) = Di(x’,i’(a,ipm)) for some integer i € N. Therefore
att = £, we have

d d
2 Di(x"@.¥m) < = Dix(0. ).

On the other hand, D(xp(0,¢)) < D(xX%(0,¥m)) and xx (0, ¢ ) < X (0, ¥m) by continu-
R r o "

ity. Therefore at t = ¢*, by the assumption (M) we have

d .
2 Dilx(e, @) = £(1'.x(0.0)

<A X0 Ym)

. 1
< ﬁ(t ’A)[‘n(a-’ ¢m)) + ;
d

= EDi(X’,f(U, 1,Dm))
which yields a contradiction, completing the proof.

REMARK 3.1. For retarded equations, D(¢) = ¢(0), assumption (M) reduces to the
usual pseudo-monotonicity condition that ¢ < v and ¢;(0) = v,(0) imply that f;(¢, p) <
fi{(t,¢). A monotonicity principle for retarded equations (usually called a comparison
principle) has been proved by many authors. We refer to [31],[33],[40]-[42],[45].[47]

and [49] for detailed references. However, to the best of our knowledge, Lemma 3.1 is
new for neutral equations.

REMARK 3.2. The idea employed in the argument of Lemma 3.1 can be used to
prove the following invariance result: suppose £ = R, X U and U is an open subset of
C, containing C} . If for any ¢ € C, with ¢ >0 and D;(¢) = 0 for some i € N, one

i D

has fi(t, ¢) > O for ¢t € R, then the set C;',D is invariant. That is, for any (o, p) € R, X C,
with ¢ > 0, we have x,(0, @) > 0forallt € [o,7(0, ¥)).
D D

To guarantee the ignition of some component of D(x,(a, 1[1)) — D(x,(a, <p)) in the
case where ¢ < v, we assume
D

I): If (1, @), (1) € Qwith ¢ < and p;(—r;) < Yi(—r;) for some i € N, then
there exists j € N such thatDeither Di(p) < Dj(¥) or Di(p) = Dj(y) and
fit, ) < fi(t,4) hold.

LEMMA 3.2. Let (M) and (I) hold. Then for any (o, ¢), (g,v) € Qwith ¢ § Y and

* = min{7(0,p),7(0,%)} > o +|r|, there exist j € Nand t € [0,0 +|r|] such that
Dj(x,(a, <p)) < Dj(x,(o.tp))‘
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PROOF. By the assumption ¢ g 9, there exist i € N and § € [—r;,0] so that
pi(0) < Yi(0).Lett; = g+0 +r;. Without loss of generality, we may assume thatt; > o.
By Lemma 3.1, we have x;, (o, ¢) %x,, (o,¢).Since x;(ty —ri;0,p) = pil0) < Y;(0) =
xi(t1 — ri,0,1), by the assumption (I) there exists j € N so that either Dj(x,1 (o, cp)) <
Dj(x,l(cr,w)), or Dj(x,, (o, <p)) = Dj(x,] (o, 1/))) andjj(tl,x,, (o, cp)) < fj(tl,x,, (o, 1/))).

However, the latter is impossible, for otherwise, at t = 1,

%Q@®&M=ﬁ@wﬂmwﬂ<ﬁ@xﬂmwﬁ

d
= =Dj(x(o,¥))

which implies that Dj(x,(a, <,p)) > Dj(Xp(U, d))) for ¢ < t; and near ¢,. This is contrary
to Lemma 3.1, completing the proof.
To guarantee the component D; (x,(o, Y )) —D; (x,(a, cp)) remains positive, we require
(P): There exists a continuous functional F: R x C* — R such that for any (t, @), (t,%)
€ Qwith ¢ % V¥, we have

Fa) = fit,0) > Ft,0,9)(Diy) — Dilp)), i €N

LEMMA 33. Let (P) hold. Then for any (o,p), (0,¢) € Q with ¢ <Y and
D

Dj(x,l(a,cp)) < Dj(x,, (0,1/:)) for somej € Nandt) € [0,7%), then Dj(x,(cr, Lp)) <
Dj(x,(d,lp)) and xij(t;0,¢) < xi(t;0,v) for allt € [t;,7*), where T* = min{7(a, ),
T(o,¥)}.

PROOF. Clearly, the assumption (P) implies (M). Therefore by Lemma 3.1,
x(o,p) <x(o,¢)fort € [o,7*). According to the assumption (P), we have
: D

%uMmen—QQanﬁzF@nwwnnwwwhmmmwv—QQMnmﬂ.

Hence by the well known comparison principle of ordinary differential equations (see,
e.g. [33]), we have

Dj(xi(a,)) — Dj(x(0,9))
= [D;(x (0, 9)) = Dy (0. ) e Floxwormow) s

forall t € [t1,7*). Therefore D;(x/(c, %)) — Dj(x(c, ¢)) > Oforall ¢ € [;,7%). This
implies x(t; 0,9 ) — xj(t; 0, ¢) > 0 by Lemma 2.4. The proof is completed.
Putting together (I) and (P), we see that if ¢, € C, with ¢ g 1, then some compo-

nent of D(x,(a, z/;)) — D(x,(cr, <p)) becomes and remains positive. To turn on the other
components (in the case where n > 1), we assume
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(T): For any proper subset K C N and any ¢,y € C, with ¢ <1, p;(8) < ¥;(8)
D

and Di(¢) < Dj(y) forj € K and 8 € [—r;,0], there exists i € N\ K such that
either (i) Di(y)) > Di(yp) or (ii) D) = Di(p) and fi(t,¥) > fi(t, p).
Now, we are in the position to state our main result of this section.

THEOREM 3.1. Let (1), (P) and (T) hold. If ¢.¢ € C; with ¢ < ¢ and 7% =
min{7(c,¢),7(0,¥)} > o +n|r|. Then x(t;0, ¢) §<,. x(t,0,4) and D(x/(0,¢)) ﬁ
D(xt(U,w))forallt € (o +n|r],7*).

" PROOF. By Lemma 3.1, x,(c, ¢) %x,(a,l/;) forall f € [o,7*). By Lemmas 3.2 and

3.3, there exists i € N such thatDi(x,(o, <p)) < Di(x,(o,ip)) andx;(t; 0, ) < x(t;0,¢)
forallt € (o +|r],7*). Let K = {i}.If N = K, then the proof is complete. If N # K,
then D (5451 (0, 9)) < Di(Xys2 (0, %)) and xi(o +2|r| +8, ) < xi(o +2|r| +6,%)
for all § € [—r;,0]. Therefore by the assumption (T), there exists j € N\ K such that
either Dj (xa+2|r| (o, (P)) < Dj(xa+2|r| (0,9 )) or Dj (xa+2|r| (o, <P)) = Dj(xa+2|l1 (o, 1/)))
andfj(a +2|1r|, X420 (0, <p)) < ﬁ(a +2|r|, Xg4201 (0,111)). The latter is impossible, for
otherwise, we have

%Dj(x,(a, cp)) < %Dj(x,(a, 1/))) atr=o +2|r

which implies Dj(x,(a, <p)) > Dj(x,(a,m,b)) for t < o +2|r| and near o + 2|r| which is
contrary to x(o,¢) <x(s,¢) for t € [o,7*). Therefore Dj(x,,+2|,| (o, <p)) <
D

Dj( X542 (0, 9))-

By Lemma 3.3, we get Dj(x (0, ¢)) < D;(x(0,%)) and x;(t; 0, ) < x;(t; 0, %) for
t € (o +2|r],7*). If N = {i,j}, then the proof is complete. Otherwise, we continue
our argument with K = {i,j} to yield k € N|K so that x;(t;0, p) < x(t;0,%) and
Dk(x,(o, <p)) < Dk(x,(a,w)) forall ¢ € (¢ + 3|r|,7*). Continuing in this manner, we
obtain that x(t; o, ¢) ﬁx(t; o,v) and D(x,(o, <p)) § D(x,(a, 1[))) fort € (o +n|r|,T*).
This completes the proof.

As an immediate consequence of this theorem, for the autonomous neutral equation

d
G.4 7 Do) = Jx)
where f: C, — R" is continuous, we get the following strong monotonicity principle:

COROLLARY 3.1.  Suppose 7(0, p) = oo forall ¢ € C,. If (M) holds, then the so-
lution semiflow { x,(0, ¢) }>o defined by the equation (3.4) is monotone, moreover, if (I),
(P) and (T) holds, then the semiflow is eventually strongly monotone.

EXAMPLE 3.1.  As an illustrative example, we consider the following scalar neutral
equation

d
(3.5) E[x(t) — ex(t — )] = f(x(0), x(t — r))
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where c is a constant, f € C'(R?, R). The associated D-operator is defined by D(¢p) =

©(0) — cp(—r). Let

. 0 . ad

d= inf —f(x,y)+c inf —f(x,y).
(xy)eR? 0y (xy)ER? OX

We claim that
(i) if ¢ > 0, then D is quasimonotone;
(i1) if ¢ > 0and d > 0, then (M) and (P) are satisfied;
(i) if ¢ > 0 and d > 0, then (M), (I) and (P) are satisfied.
The conclusion (i) is trivial. To prove (ii) and (iii), we use the intermediate value
theorem to obtain

F(0),9(=n) —£((0), p(—n)
d
= /01 5/ (500 + (1 = 9)9:(0), 4 (=n)) dsID(W) — D(p)]

2
# [} 53/ (50— + (1 = 9w (=) ds

19
+e [ 5 (s0(0)+ (1 = 9(0).% (=) ds] (¥ (=) — (=1

for all ¢,¢ € C([—r,0], R). Therefore, if ¢ <1, D(p) = D(y)) and ¢ > 0, then
D

F(©0),%(=n) = f(p(0), p(—n)) = d[y (—r) — p(—r)].
Hence if d > 0, then (M) holds; if d > 0, then (I) holds. Moreover, if ¢ <1,c > 0 and
D
d > 0, then

F(¥ 0,9 (=n) = f(0(0), o(=1)) > Fp,¥)[D(¥) — D(p)]

with F(p,9) = J§ £f(s(0) + (1 — )¢ (0), 4 (—1)) ds. This proves (P).

EXAMPLE 3.2. To illustrate that our results include those results contained in [49],
we consider the autonomous system (3.4) with a quasimonotone D-operator and f €
C!(C,,R"). According to the Riesz representation theorem, for any given { € C, there
exists n;(¢): [—r;,0] — R, i,j € N, of bounded variation on [—r}, 0] such that

nooc0
[@Oeli=Y [ ¢0)demi(C.0), i€N,p €C.
j=177"

Let
(3.6) B() = (n5(¢.0) — 15(¢,07)
and define K(¢ ): C, — R" by

n .0
3.7 (KQeli =3 [ ¢i@)doiiy(€.0), i€N, ¢ €C,
j=1770

https://doi.org/10.4153/CJM-1991-064-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1991-064-1

MONOTONE SEMIFLOWS 1109

where

_ _ [ng(¢.8) if6 €[—r,0),
3.8) M5C-0) = | piC.07) if8 = 0.
Then
(3.9 df(C)e = B({)p(0) + K )ep.

Let A and L be defined by (2.2) and (2.5). For reference purposes, the following is
introduced

DEFINITION 3.1.  The neutral equation (3.4) is cooperative if
(i): forany( € C,, all off-diagonal elements of B(¢ JA~! are nonnegative and (K ©)—
B(()AT'L)C} C R:. The neutral equation (3.4) is irreducible, if the following
hold
(ii): foranyj € J, there exists i € N such that for sufficiently small € > 0, n;;({, —rj+
€) — Xp_, ci(Q i (—r; +€) > 0, where BC)A™" = (c(C));
(iii): the matrix ((K(¢)— B()A™'L)(@1),..., (K() — B )A™'L)(,)) is irreducible,
where (ey, ... e,) is a standard basis of R" and “denotes the inclusion R* — C,.
The following is a consequence of Theorem 3.1.

COROLLARY 3.2. Suppose that 7(0, p) = oo for ¢ € C,. If equation (3.4) is co-
operative, then the semiflow {x(0, p)}i>0 is monotone, moreover, if equation (3.4) is
irreducible, then the semiflow is eventually strongly monotone.

PROOF. By definition, we have
df(C)e = B(Q)p(0) +K(C)ep
= B()A™'Dy +[K(¢) — B)A™ 'Lip.

Therefore,
1
f@)=flp)= [ df(se +(1 =99 )W — p)ds
= [ B(sw + (1~ 9)A™ astD() — D]
+ /01 [K(se +(1—5)%) — B(sp + (1 — )y )A™' L]y — lds,

from which we can verify that if equation (3.4) is cooperative, then (M) and (P) holds; and
that (ii) implies (I) and (iii) implies (T). Therefore our conclusion follows from Corol-
lary 3.1.

To conclude this section, we remark that for delay equations, D(¢) = ¢(0), assump-
tions (i)—(iii) in Definition 3.1 reduces to the assumption (K), (R) and (I) in [49], re-
spectively. Therefore our conclusions include the results of Section 2 of [49] as a special
case.
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4. Order-stability and convergence. In this section, with the help of the estab-
lished strong motonicity principle, we obtain several (generic) convergence and order-
stability theorems for neutral equations as direct applications of the powerful results due
to Hirsch [27, 28] for general monotone semiflows.

We should mention that the results of Hirsch which we are going to use below for
strongly monotone semiflows are true for what we term eventually strongly monotone
semiflows (see, e.g. [49]).

Let us recall that a bounded linear operator D: C, — R" is stable if the zero solution
of the generalized difference equation

D(y) =0
Yo =&

is uniformly asymptotically stable. A simple sufficient condition to guarantee the stability
of the D-operator defined by Di(¢) = ¢i(0) — £, o . ©;(8)dvi;(0), where v;;: [—r;, 0]
— R is of bounded variation and Var_;g)v; — 0as s — 0, is 30, Var_, o v; < 1 for
i € N. See [16] and [44] for details.

THEOREM 4.1.  Suppose that the neutral equation (3.4) is cooperative, the operator
D is stable and f maps bounded sets of C, into bounded sets of R". Let ¢ € C, be a given
element such that the orbit { x,(¢)};>0 is bounded and xr(p) <K ¢ (or xr(p) > @) for
some real T > 0, then x,(p) converges to an equilibrium as tl; 00, here andDin what
Sfollows, x;(¢) denotes x,(0, p).

PROOF.  Since the equation (3.4) is cooperative, the semiflow { x,(¢)};>0 is mono-
tone by Corollary 3.2. Moreover, the stability of D and the assumption that f maps
bounded sets of C, to bounded sets of R" imply that each bounded orbit has compact
closure (see, e.g. [24, Theorem 6.1]). Therefore, the conclusion follows directly from
[27, Theorem 2.3].

As an immediate consequence to the above theorem, we obtain the following:

COROLLARY 4.1. Suppose that the neutral equation (3.4) is cooperative, the oper-
ator D is stable and f maps bounded sets of C, into bounded sets of R", then equation
(3.4) has no attracting periodic orbit, i.e., a nonconstant closed orbit which attracts one
of its open neighborhoods.

In the case where an open set contains a unique equilibrium point which is asymptot-
ically stable, we have the following global convergence.

THEOREM 4.2.  Suppose that
(i) the neutral equation (3.4) is cooperative and irreducible, the operator D is stable
and f maps bounded sets of C, into bounded sets of R";
(ii) there exists an open subset U of C, such that for each ¢ € U, {x(p); t >
0} is bounded, and there exists a unique equilibrium v in cf U with ¢ €
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w(C) for some { € U, where w(() denotes the w-limit set of , i.e, w({() =
M0 €I U 5(0)).

Then for any ¢ € U, x,(¢) — ¢ ast — oo.

PROOF. Since each orbit in U is bounded, D is stable and f maps bounded sets of C,
into bounded sets of R", each orbit in U has compact closure. Moreover, (ii) implies that
there exists a unique equilibrium point in U,cy w(¢). Therefore our conclusion follows
from [28, Theorem 10.3].

REMARK4.1. A simple criterion for conditions (ii) is that each orbit in U is bounded
and Cl U contains a unique equilibrum which is locally asymptotically stable.

The above theorem indicates that for a cooperative and irreducible neutral equation,
a complicated dynamics is generated by the existence of multi-eqiulibria and the inter-
actions between stability properties of equilibria.

The following theorem provides a generic convergence result for a cooperative and
irreducible neutral equation.

THEOREM 4.3.  Suppose that
(i) theneutral equation (3. 4) is cooperative and irreducible, the operator D is stable
and f maps bounded sets of C, into bounded sets of R";
(ii) foreach ¢ € C,, the set { x,(¢);t > 0} is bounded.

Then the subset Q, C C, of points convergent to the set of equilibria is dense in C,.

PROOF. This is an immediate consequence of Corollary 7.6 in [28], Corollary 3.2 in
this paper and Theorem 6.1 in [24].

Finally, we focus on an interesting equivalence theorem due to Hirsch [28] relating
order-stability and the convergence of precompact orbits. This equivalence is important,
since in applications, the order stability can be proved by using a Liapunov function
or functional with semidefinite derivative, but the convergence to a single equilibrium
requires further restrictions on the Liapunov function and needs a sophisticated analysis.

We notice that if the neutral equation (3.4) defines a monotone semiflow, then an
orbit { x,(¢);t > 0} is order-stable, if for any ¢ > O there exists § > 0 such that for
any ¢,n € C, with ;(0) =6 < mi(0) < 9i(8) < i(0) < pi(0) +6 and Di(p) — § <
Di(n) £ Di(p) < Di(Y) <Di(p)+6 fori € Nand 8 € [—r;,0], one has x;(f, p) — e <
xi(t,m) < xilt, @) < xi(t, %) < xi(t, p)+e and Dy(xi(p))—e < Di(xi(m)) < Dix(p)) <
Di(x(¥)) < Di(x,()) +¢ fori € Nand 1 > 0.

THEOREM 4.4. Let D be stable, f map bounded sets of C, to bounded sets of R",
and let equation (3.4) define an eventually strongly monotone semiflow. Suppose that for
any ¢ € C,, the orbit {x,(p);t > 0} is bounded and order-stable. Then each orbit is
convergent to the set ‘E of equilibria as t — 0o0. More precisely, for any ¢ € C, one of
the following holds: either
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(i) there exists§ > Osuch thatify € C,|{p} is givenwith0 < ;(0)—pi(0) < &
and Di(p) < D;(¢) < Di(p)+6 for@ € [—r;,0landi = 1,...n, then x,(v)) is
convergent to E ast — oo and w(p) = w(p) C E; or else

(ii) x,(p) is convergent to a single equilibrium as t — 0o.

PROOF. According to Lemma 2.2, for any given ¢ € C,, we can find a sequence
pm € C, with v, % ¢ and ¢, — ¢ as m — o0o. Moreover for any ¢, € C,, the

orbit { x,(¢m); t 2 0} has compact closure, since boundedness of orbits implies relative
compactness for a neutral equation with stable D-operator (see, Theorem 6.1 in [24]).
Therefore, the conclusion follows from Theorem 8.3 of [28].

As a final remark, we point out that Theorems 4.1-4.4 are stated in the whole state
space C, for simplicity. It is easy to verify that these results still hold if we replace C, by
any positively invariant closed subset of C,.

5. An application to compartmental systems. As an application of the results in
previous sections, we consider a mathematical model of biological compartmental sys-
tems which have been extensively studied in the literature [5], [6], [9], [10], [18]-[21],
[29], [32], [34], [39], [43], and [45].

Denote by Ci, ..., C, the components of a compartmental system, by x;(¢) the amount
of the material in compartment C; at time ¢, and by Cy the environment of the compart-
mental system. We assume the following:

(H1): at time ¢t > O, the rate of material outflow from C; in the direction of C; is given
by the so-called transport function gj,-(xi(t)), j=0,1,...,nandi = 1,...,n;
which is nondecreasing, continuously differentiable and g;;(0) = 0,

(H2): attime > 0, the compartment C; produces material itself at a rate 37, [. 9,}_ Xi(t+
0)dv;j(8), where r; > 0 is a constant, v;: [—r;,0] — R is nondecreasing, contin-
uous from the left and Var;_;o;vj —0ass —0,i,j=1,...,n;

(H3): material flows from compartment C; into compartment C; through a pipe P;
having a transit time distribution function n;;: [—r;,0] — R which is monotone
nondecreasing, continuous from the left on [—r;,0) with Var(_,¢;n; = 1 for
i,j=1,...,n

Under this set of assumptions, since the change of the amount of material of any com-
partment C;, 1 < i < n, in any interval of time equals to the difference between the
amount of total influx into and total outflux from C; in the same time interval, we obtain
the model equation

d n 0
p x;(0) -—jzzl /—r, xj(t+0)dv;(0 )]
5.1 i "o
= -2 gi(x)+ / gi(x(t +8)) dny(6)
=0 =17
For details, we refer to [19] and [21]. The convergence problem of solutions to a single

equilibrium point was first raised by Bellman [9] and it has been referred to as Bell-
man’s conjecture [18]. It has been proved that this conjecture is true for linear systems
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by Bellman [9] and for nonlinear systems (donor controlled systems) by Jacquez [29] in
the special case where v; = 0 and 7;(0) = 1,7;;(8) = 0 for 8 € [—r;,0) (i.e. for or-
dinary differential equations). In the case where v; = 0 (retarded equation), Gyori [19]
proved that all nonnegative solutions tend to an equilibrium as t — oo if there is only
one equilibrium point. For related results, we refer to [6], [18], [21], [29], [32], [34], [39]
and [43].

Unfortunately, the uniqueness assumption of equilibrium is usually not satisfied. In
particular, for closed compartmental systems (systems for which go; = 0 for i € N), with
n = 1, each constant function is an equilibrium point and it has been shown that each
solution approaches to a single equilibrium (see, e.g. [6]-[8], [14], [15], [17], [22], [23],
[30], [52] and [53]). Our purpose is to extend this result to the higher dimensional case.
Thus throughout the remainder of this paper, we assume that g,; =0 fori = 1,...,n.

Our first task is to insure that solutions with nonnegative initial conditions are defined
for all future time + > 0 and remain nonnegative. The following assumptions will be
useful:

(H4): hyjn;(0) — X;_, dwivij(8) is nondecreasing on [—r;,0], 1 < i, j < n, where
dij = Sup,cp- gﬁj(x) and h; = infycp gﬁj(x) forl1 <i, j<nm;
(HS): Z]’-’Zl Varp_,01v;j < 1for1 <i<n.

PROPOSITION 5.1.  Let (HI)—(H5) hold. Then for any ¢ € C, with ¢ >0, T(p) :=
D
7(0, ) = +00, x,(¢) >0 for t > 0 and further {x,(p);t > 0} has compact closure,
D

where Di() = pi0) — T0, [2, ¢j(0) dvi(@) for 1 <i<n.

PROOF. We first prove that x,(¢) > O for all ¢ € [0,7(p)). According to Remark 3.2,
D
it suffices to prove that fi(¢) > 0 whenever ¢ >0 and ¢;(0) = Zj'.‘zl P° . @j(0)dvi(8),
D

where

fip) = —;f:l gil(i0) + ,};1 [, eu(i®) dny@).
This is true, because of the assumption (H4) and
)2 = 2 dip O+ 3 [ hugy@iny0)
=3[, S ue@ i@+ 3 [ higi@) @)

n 0 n
=% [ 0@ d[hmi®) — 3 divi(®)].
=177 k=1

To prove 7() = +00 it suffices to prove that sup,cg;(,) [[x:(@)|lc, < oo. We note that
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equation (5.1) is equivalent to the following integral equation

noo0
-3 / xi(t+0)dvy(0)
=177
n 0 n t
= x;(0) — ; /vr,- xi(0)dvi(8) — ,; /0 gji(x[(s)) dx

n 0
+};/0[/_,J 8u(xj(s+0)) dn;(@)ds, i€N,

hence,
th(t)— E / x](t+0)dvlj(0)+ Z / 8ji x,(s)
ij=1
(5.2) - 2[/ gi(x(s +8)) dny(0) ds

ij=1

= Zx,(O)— z/ %(6) dvi(6).

ij=1

By interchanging integration order, we obtain
t 0
b L silxits +0)) dny(@)ds
/ 0t
= / / 8ij Xj(S + 0)) ds dT],j(O)
-/ / gi(xi(w)) du dny(9)
= [ [} ss(otw) dudny6)

/ / 8ij xj(u) du dnyi(0).

Therefore

Zx,m— > [ s+ 0)dvy) + Z IEOL

ij=1

B Z /(:) /;r: gj[(xi(s + 0)) dﬂ},(g)ds

-}:x,(t)— Z[ Xi(1+8)dvy(9)

IJ_

+ Z / 8ji x,(s)

ij=1

- Z/ / 8ji x,(u)) dudn;(8)

ij=1

B Z .Lr, /’*9 gji(xi(u)) du dn;i(9).

ij=1
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Noting that [°, dn;(8) = 1, we obtain

/Ot gii(xi(s)) ds = /_Ori /Ot 8i(xi(w)) du dn;i(6),

and so
n

n 0
3 xilt) — / xi(t+0)dv(9)
i=1 1777

ij=

+ i /(;t gji(xi(s)) ds —

ij=1 ij=

= _)_:lxi(f) -

n

| [)l /—Or gfi(xi(s +0 ))d"]ji(e Yds

n 0
[ xi(e+8)dvy(8)
1777

ij=
w3 [ [ i) dudnyo)

ij=1"""i

noo0 0
- gji(xi(w)) du dn;i(0),
iJZ=: 1 f‘ Ti /" ! ( l ) !
from which and the equality (5.2) we get the following law of material conservation
(5.3) E(x(¢)) = E(p)

where

B) = 2[00 =3 [ 6 0)

i=1
noo0 0
+ ii ,-(u) dud ,(0 )
i,/‘gl/;"/e g,(go ) g
Since x;(r) 2 0, and x;(r) — 7, fg,j xj(t+6)dvij(0) > 0fort > 0and i € N, according
to (5.3) we have
noo0
0<x(—3 [ xt+8)dvy(®) < E(p).
j=17=7

Hence by (HS5) we get

E(p)
1 =330, Var—, 01 vy

OSxi(t)Smax{ , |ap|cr}fort20.

Therefore { x,(¢); 1 > 0} is bounded. (HS) guarantees that the D-operator is stable (see,
e.g. [16]), and hence { x;(¢); ¢ > 0} has compact closure (see, e.g. [24, Theorem 6.1]).
This completes the proof.

We now turn to the monotonicity of the solution semiflow. A similar argument to that
for the first part of Proposition 5.1 leads to the following inequality

FW) = @) = = 3 dil D) = Di(p)]
(5.4) = .
+ 3 [ dlhgmy®) = 3 divy@)IE0) — ¢,(0)]
j=1""7i k=1

for all ¢, ¢ € C, with ¢ <. Therefore (H4) implies (M) and (P), and we have the
D

following:
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THEOREM 5.1. Let (HI1)-(HS) hold. Then the solution semiflow defined by equation
(5.1) is monotone and equation (5.1) has no attracting periodic orbit.

PROOF. This is a direct consequence of Corollary 4.1 since (H4) implies (M) and
(HS) implies that the operator D is stable.
In order to guarantee (I) and (T), the following assumptions are essential:
(H6): For any j € J, there exists i € N such that for sufficiently small € > 0,

himi(—ri +€) — Y digvii(—rj +€) > 0.
=1

(H7): The matrix (Var[,,j,()] { iMii — Lieq dk,v,,]) is irreducible.

REMARK 5.1.  In the case where v; = O fori,j = 1,...,n, assumptions (H4), (H6)
and (H7) imply that the components of the compartmental system are connected directly
or indirectly by the flow of materials. In the case where v;; may not vanish, assumptions
(H4), (H6) and (H7) are also satisfied if the components of the compartmental system are
connected directly or indirectly by the flow of materials and each component produces
material itself at a rate smaller than the rate at which material flows from one component
to another.

PROPOSITION 5.2. Let (HI)—(H7) hold. Then assumptions (M),(P),(I) and (T) are
satisfied. Further the solution semiflow defined by equation (5.1) is eventually strongly
monotone.

PROOF. By (5.4) it is easy to verify that (H4) implies (M) as well as (P), and (H6)
implies (I). To prove (T), we suppose that K C N is a proper subset. By the irreducibility
of the matrix | Var;_, 01| hymy; — XF_ dwvy| ), for any positive constants ¢;,j € K, there
exists an integer i € N|K such that Tjcx Varp_, o) [h,-jmj — i dkiv,-jJéj > 0.

Therefore for any ¢,v € C, with ¢ <4, j(0) < ¢;(0) and Dj(¢) < D;(y) for
J € Kand § € [—r;,0], there exists | € NII;( such that if D;(p) = Dy(v), then

n 0 n
50 =ite) 2 3 [ dlhgmi®) = 3 dvi®1v®) — 0]
J= J =

> Var_ r,m[ i — Z dklv,,]

JjEK
>0,

where §; = min{ ¥;(6) — ¢;(0);8 € [—r;,0]} forj € K. This proves (T). Therefore our
conclusion follows from Corollary 3.1.

To apply Theorem 4.4 to equation (5.1), we need the following result about the order-
stability of orbits.
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PROPOSITION 5.3. Let (H1)—(HS5) hold. Then for any ¢,y € C, with{ > ¢, we
D

have
Flp,¥)

0 < x(t, %) = x(t, ) < max|
4 Var[_,/,o] Vij

Y=

C,}, ieN

and
0 < Di(xi(¥)) — Di(x(p)) < F(p,9), i€N
fort > 0, where

Fipo )= 2[00 = 53 [ 65®)an®) — (00~ 3 [ 10 0)]

=
n.o0 0
+i‘j§l /—r,-/a (8 (Vi) — gii( wiw))] dudn;i(0),

implying that each orbit is order-stable.
PROOF. Let z(f) = x(t,¢) — x(¢, v). By Proposition 5.2, z(¢) > 0 and D(z;) > 0 for
R g

t > 0. Let Gy R X R — R be defined by Gji(t,z) = g;(xi(t, ) +z) — gii(x(t, ) for
i,j = 1,...,n. Then z(r) satisfies the following system of equations

d noro
PLURDY [, 5t +8)dvi®))

_— z} Gi(1,24(0) + Z: [ Gi(r+0.5+0)) dny®).
= j=1777

Employing a similar argument to the law of material conservation (5.3) in Proposi-
tion 5.1, we obtain

n 0 n 0 t
[z,-(t) _,-; [ 5140 dvy(@ )] + Nz:;l [ [, Gi(u2i)) du )
= F(p,¥).

According to the monotonicity of g, Gj; (u, zi(u)) > 0.Hence 1, [z,—(t)— PO/ fgrj Zi(t+

(5.5) i=1

0)dv;(0 )] < F(p, ), from which our conclusion follows.
The following result indicates that ordered points have disjoint w-limit sets.
PROPOSITION 5.4. Let (HI)—(H7) hold. Then for any ¢,y € C} with ¢ g Y, we
have w(p) N w(p) = §.

PROOF. By Proposition 5.1, we have E(x/()) = E() and E(x(¥)) = E(%) for
t > 0. Therefore, w(y) C Q(p) and w(y) C QO(y), where for each £ € C/,Q(§) is

defined by Q(€) = {¢ € C}; E(() = E(€)}.
On the other hand, because of the eventual strong monotonicity of the solution semi-

flow of the system (5.1), for z(f) = x(t,¢ ) — x(¢, ) we have

zi(t) — i /O Zj(t+ H)dv,j(e) > 0 and Gj,-(z, Zi(t)) >0
j=1771
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for t > n|r|, where Gj; is defined in the argument of Proposition 5.3, i,j = I,...,n.
Therefore, from the equality (5.5) at ¢ = (n + 1)|r] it follows that F(p,¢) > 0, i.e,
E(3p) > E(yp). This implies that Q() N Q) =, and thus w(p)N w@) = B.

Now, we are in the position to state our major result in this section.

THEOREM 5.2. Let (HI)—(H7) hold. Then each solution of the system (5.1) is con-
vergent to a single equilibrium point as t — 00.

PROOF. This is an immediate consequence of Propositions5.1-5.4 and Theorem 4.4.
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