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Homogeneous Einstein Finsler Metrics on
(4n + 3)-dimensional Spheres

Libing Huang and Xiaohuan Mo

Abstract. In this paper, we study a class of homogeneous Finsler metrics of vanishing S-curvature on a
(4n + 3)-dimensional sphere. We find a second order ordinary differential equation that characterizes
Einstein metrics with constant Ricci curvature 1 in this class. Using this equation we show that there are
infinitely many homogeneous Einstein metrics on $4"*3 of constant Ricci curvature 1 and vanishing
S-curvature. They contain the canonical metric on $*"*3 of constant sectional curvature 1 and the
Einstein metric of non-constant sectional curvature given by Jensen in 1973.

1 Introduction

A Finsler metric F on an n-dimensional manifold M is said to be Einstein if its Ricci
curvature satisfies

Ric = (n - 1)xF?,
where x = x(x) is a constant. In particular, F is said to be Ricci-constant if k is a con-
stant. Ricci-constant (or Einstein and dimension > 3) Finsler metrics are the natural
extension of Einstein Riemann metrics.

In [3], S. S. Chern has asked: does every smooth manifold admit a Ricci-constant
(or Einstein) Finsler metric (also see [1, 6,8])? Recently, the first author showed that
if the Lie group G is nilpotent and noncommutative, then G does not admit any left
invariant Ricci-constant Finsler metric [6]. Very recently, the first author studied a
class of homogenous Finsler metrics of vanishing S-curvature on a 7-dimensional
sphere S7. He found a second order ODE that characterizes Einstein metrics with
constant Ricci curvature 1 in this class [8]. Moreover, Huang showed that its two linear
solutions correspond to the canonical metric on S’ of constant sectional curvature 1
and the Einstein metric of non-constant sectional curvature given by Jensen in 1973
[9], respectively.

We know that the standard action of Sp(2) on the sphere $” c H? is transitive with
isotropy subgroup Sp(1). Thus, S” = Sp(2)/Sp(1) is a reductive homogeneous space
on which Sp(2) acts transitively. Recall that a Finsler metric F on S” = Sp(2)/Sp(1) is
said to be homogeneous if F is invariant by Sp(2). Similarly, we can define the notion
of homogeneous Finsler metric on reductive homogeneous space $*"** = Sp(n +1)/
Sp(n) (see Section 2).
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This paper studies a class of homogeneous Finsler metrics on $*"*3. We show
that these homogeneous Finsler metrics are of vanishing S-curvature (see Proposi-
tion 3.6 below). The S-curvature is one of most important non-Riemannian quanti-
ties in Finsler geometry. It interacts with the flag curvature in a delicate way [11]. It is
shown that the Bishop-Gromov volume comparison holds for Finsler manifold with
vanishing S-curvature [13]. Shen proves that the S-curvature and the Ricci curvature
determine the local behavior for the Busemann-Hausdorff measure of small metric
balls around a point [14]. We know that the S-curvature vanishes for Berwald metrics
including Riemannian metrics [13].

In the spirit of [8], we establish a second order ordinary differential equation that
characterizes Einstein metrics with constant Ricci curvature 1 among these homoge-
neous metrics on $*"*. Precisely, we prove the following theorem.

Theorem 1.1  The Finsler metric F, defined in (2.14), has constant Ricci curvature,
Ric = (4n + 2)F?, if and only if

(L1) (8n+4)p=4n+5+3y+ (2ny® —dny -3y —2n —1)s + 2s(1—-s)(1 - sy)y/,

where y is given in (3.10).

By investigating (1.1) and the regularity condition, we show that there are only two
linear solutions of ODE (1.1). Furthermore, two linear solutions satisfy regularity con-
dition and correspond to the canonical metric on $*"*? of constant sectional curva-
ture 1 and to the Einstein metric of non-constant sectional curvature given by Jensen
in 1973 [9,17], respectively.

Combining this with the theory of vector fields, we prove the following theorem.

Theorem 1.2 On S*"*?, there are infinitely many homogeneous Einstein Finsler met-
rics with constant Ricci curvature 1 and vanishing S-curvature. Furthermore, these met-
rics depend on two parameters.

We will prove Theorem 1.2 in Section 4. For related results of Einstein Finsler met-
rics, we refer the reader to [2,5,12,15,16].

2 Preliminaries

Let F be a Finsler metric on a manifold M and let (x) be a local chart on M. Then
we have a natural local coordinate (x, y') on TM\{0}. Let g, = g;;dx’ ® dx/, where
gij = %(Fz)y,-),j. Furthermore, we can define the Cartan tensor by C,, = C,-jkdxi ®
dxj ® dxk, where Cijk = %(gij)yk'

The standard action of Sp(n + 1) on the sphere $**** c H" is transitive with
isotropy subgroup Sp(n) at the pointo = (0, .. .,0,1). Thus, $*"** = Sp(n+1)/Sp(n)
is a reductive homogeneous space. A Finsler metric F on $*"** = Sp(n +1)/Sp(n) is
said to be homogeneous if F is invariant under the action of Sp(n +1) [8]. A (4n +3)-
dimensional Finsler sphere (S*"*3, F) is said to be homogeneous if F is homogeneous.

In the following, we will discuss homogeneous Finsler sphere (S*"**, F). To as-
sign a Sp(n + 1)-invariant Finsler metric on $*"*> = Sp(n +1)/Sp(n), it suffices to
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assign a Sp(n)-invariant Minkowski norm on T,S$*"*3, where o0 = (0,...,0,1), and
then translate to other tangent space by the action of Sp(n + 1) [4]. Similarly, every
Sp(n +1)-invariant object on $*"*? can be viewed as an Sp(n)-invariant on T,S$*"*3.

Since Sp(n + 1) is compact, there exists an Ad(Sp(n))-invariant subspace m of
sp(n +1) that is complimentary to sp(#), namely, we have the direct sum decom-
position sp(n + 1) = sp(n) + m. The Ad(Sp(n))-invariance of m is equivalent to
[sp(n), m] c m, because Sp(n) is connected.

For each X € sp(n + 1), the action of the 1-parameter subgroup ¢; = exp(tX) on
§4"+3 induces a vector field X* on $*"*3. The map sending X to X*(0) is a linear
isomorphism between m and T,S$*"**. From now on, we will always identity T,S*"*3
with m in this manner. Henceforth, the Minkowski norm F on T,S$*"*? will be iden-
tified with a Minkowski norm on m.

Define Q: g x g > R by

(2.1) Q(u,v) = —tr(uv),

where g := sp(n+ 1) is the Lie algebra of Sp(n +1). Then Q is a (positive definite)
inner product. A simple calculation gives the formula

(2.2) Q([u,v],w) + Q([v, [u,w]) =0.

It follows that Q is Ad(G) invariant, where G = Sp(n +1). Moreover, g = h + mg +m;
and the subspaces b, mg, m; are mutually orthogonal with respect to Q, where

23) h={ (g‘ 8) e g} =sp(n),
{(82)‘a+a:0,aeH},
((L3o)  gem) =

Lemma 2.1 For y, € mg and y1 €Emy, we have

Q([yo, »11: [y0> 111) = Q(y0> ¥0)Q(y1s 31).-

(2.4) my

(2.5)

3

1

Proof This is proved by

(2.6) Yo = (8 2) and y = (_(2* g)

Taking this together with (2.1), we obtain

00
Q(y0, yo) = —tr (0 az) =-a’,

(2.7) Q(yin) = —tr(_if* —?*f) =tr(§§7) + §7E =287
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On the other hand, from (2.6) one obtains [ yg, 1] = (_fg* o) - (0%)= —( a(;* an )
Combining this with (2.1), (2.6) and (2.7), we get

—tr (—fazf* 0

Q([yo, 1 o 1)) = 0 —af*fa) = Q(0,¥0) Q(y1 1) L]

Lemma 2.2 Let {e;} be an orthonormal basis of my with respect to the inner product
Q. Then for y, € my, we have

(2.8) 2:Q(reils [y eilm) =3Q(y1y1)-
Proof Define f:m; - R* u {0} by
(2.9) fX) = QX1 [y X)) -

We claim that the sum X, f(e;) does not depend on the choice of the orthonormal
basis {e;}. In fact,

(2.10) flei) =Q([yeil. [y eilm) = -Qei [y, [y eillm)
where we have made use of (2.2) and (2.9). By using (2.5), (2.3), and (2.4), one obtains
(2.11) [mg,mp] cmg, [mo,my]cmy, [my,m]cmg+h

and [h, mg] = 0, [h, my] © my. From (2.11) we have, for y; € my, [¥1, [y1,V]]m € M.
It follows that P(v) := =[ 1, [¥1,V]]m> v € m; defined a linear operator P : m; — m;.
Furthermore, trP = 2;Q(e;, —[y1, [¥1 €i]]m) = Zif(e;), where we have used (2.10).
As aresult, Z; f (e;) is independent of the choice of the orthonormal basis {e; }.

We describe an orthonormal basis of m; as follows. Let { Y, } be the standard basis
of H" over H. Then {Y,,iY,,jY,,kY,} is a basis of H" over R, where i, j, k are pure
imaginary quaternions satisfying

ii=-1, jj=-1, kk=-1, ij=-ji=k, jk=kj=i, ki=ik=j.
For & ¢ H", denote (_2* g) by’f\. Then Q(Zﬁ) = —tr( —Eon* _50*’1) =tr(&n*) + £ =
2Re(&*n), where n € H". It follows that

(2.12) iYa,

: , R

{ \/' fo f fo f VG )

is an orthonormal basis of m;. Let y;,w € m;. We can assume that y; = E, w =0,
where &, 0 € H". Direct calculations yield

[}’bW]:(aE 650 0‘*596*0)) [}’bW]m=(ga*E?£*o),
where we have used (2.3). Together with (2.1) and (2.9) we have
Q1) fw) = QLW [ wle) - -tr(g (oE- 5*0)2)
_(O_*E_ 6*0_)2.

For 7 € H, we have the identity
—(r-1*) = (mir-1")* - (Hjr - 7j)* - (-kr - T'k)* = ' 1.
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Note that 2, Y, Y, is an unit matrix. Combining this with (2.7), (2.12), and (2.13), we
obtain (2.8). [ |

Now we are going to describe our Finsler metrics. Note that $***> = Sp(n +1)/
Sp(n) is single colored and m(= mg +m,;) ~ T,8*"*3, where 0 = (0,...,0,1) € $*"*3.
We think of the Finsler metric on $*"** as a Minkowski norm on m [7, 8].

Let y e m~ {0} and let y, and y; be the component of y in my and m; respectively.

Define

(214) F(y) =VQ(1,»)$(s), s:= (m-
From (2.2) we have

(2.15) Q(Ad(h)y,Ad(h)y) = Q(». )

for h € Sp(n), y € m. On the other hand, by [16],

(2.16) mo={Xem|Ad(h)X =X,VheSp(n)}.

It follows that Ad(h)m; = m;. Combining this with (2.16) yields (Ad(h)y)o = yo.
From which, together with (2.14) and (2.15), we obtain F(Ad(h)y) = F(y) for h «
Sp(n), y € m. Thus the Finsler metric (2.14) is invariant under the action of Sp(n +1)
(see [7] and [4, Theorem 1.3]).

To ensure regularity, the C* function ¢ : [0,1] - R* should satisfy

) B+ (1-5)¢ >0, ¢+ (1-5)¢'+25(1- )" >0,
d—s¢' >0, ¢—s¢'+2s(1-5)¢" >0.

Let ¢ = 3(1+s5). Then F(y) = 1/720/2Q(y0, yo) + Q(y1, y1)- The metric F is the
standard metric on $#"*3 of constant sectional curvature 1 [16]. Let

4n’ +14n+9 2n+1
= (1- 5).-
2(2n+1)(2n +3) 2n +3

n
4n2 +14n+9 2
EF(y)= \j 22n 1) (2n +3)\/2n +3Q(yo,yo) +Q(y1, n)-

The metric F is the Einstein metric given by Jensen in 1973 [9,16,17].

¢
The

3 The Einstein Equation

In this section, we are going to calculate the Ricci curvature of the Finsler metric given
in (2.14) and give the proof of Theorem 1.1. We define a trivial flat connection D, which
is just directional derivatives.

Lemma 3.1 Foranyv € m, we have D,s = ds(v) = m[Q(yo,vo) -sQ(»v)),
where v (resp., yo) is the component of v (resp., y) in my.

Proof By simple calculations, we have

(3.1) D,y=v, D,yy=vp.
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It follows that

3.2) D,[Q(»,y)] = Q(Dyy,y) + Q(y, Dyy) =2Q(y,v).

Similarly, we have D, [Q(yo, ¥0)] = 2Q(yo, v), where we have used the second equa-
tion of (3.1). Combining this with (2.14) and (3.2), we obtain

Q(yo,yo)]
Q(y:y)
_ Q(»»)Dy[Q(y0, y0)] - Q(y0, 70) Dy [Q(y )]
(R, 1T
2

- W[Q(yo,v()) -sQ(y)]. -

Dys = DV[

Lemma 3.2 For any v € m, we have g,(y,v) = DV(F;) = ¢'Q(yo,v0) +
(¢ -s¢)Q(y,v).

Proof In fact,

o .9 , F?
— o) =) — [ —
&) =gijy'v =v ayj( 2)

_p(E) .1 ¢

=Dy(7) = 3@ 1Dug + TD.[ Q)]

= 20 7)Dus + $Q(1 1) = $'Qyos ) + (8- 5$)QU7),
where we have made use of (3.2) and Lemma 3.1 [

Lemma 3.3 Foranyv,w €m, we have

& (v, w) = ¢'Q(vo, wo) + (¢ —5¢)Q(v, w)

* gt [Q00 ) QT [Qww0) - sl W]
Proof Using Lemma 3.2, we obtain
. .9 .9 , F?

(3.3) &(w,v) = gijw'v/ = WIW[”]W( 7)]

F2

= D, D, 7) = (1) + (1) + (IID) + (IV),

where
G4 (1) :=(Du¢")Q(yo,v0) = 26 Q(y0,v0)[ Q(y0,wo) = sQ(y,w)],

Q(y>»)
where we used the fact D, ¢' = ¢"'D,,s = %[Q(yo, wo) —sQ(y,w)]. In (3.3),
(3.5) (I1) := ¢'Dyy [ Q(y0, o) |

= ¢’[Q(Dw)’0>vo) + Q()/0>DWV0)] = ¢'Q(vo, wo),
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where we have used the fact D, yo = v, Dy ¥o = 0. In (3.3),

-2¢"s
Q(y.»)

(3.6) (I) := [Dy (¢ —s¢") ] Q(y,v) = Q(y>v)[ Q(yo, wo) = sQ(y, w)],

where we have used Lemma 3.1. In (3.3),

(37) (IV) := (¢ - s¢")[ Q(Dwy,v) + Q(y, Dyv) ] = (¢ = 5¢")Q(v, w),

where we have made use of the first equation of (3.1). Substituting (3.6), (3.7), (3.4),
and (3.5) into (3.3) we obtain Lemma 3.3. [

For each y € m\{0}, there is a unique vector # in m satisfying g, (#,v) = g,(y>
[V, ¥]m), for all v € m, where the subscript m means a projection to the subspace m
[7,8]. The vector 7 is called the spray vector at y.

¢7
¢-s¢’

Lemma 3.4 The spray vector 1 at y satisfies y = [0, 1], where yq (resp., 1) is

the component of y in mq (resp., my).

Proof Set7] = =t [70> y1]. Note that the subspaces my, m are mutually orthogonal

g=s¢’
with respect to Q. Combining this with Lemma 3.2 and (2.1), we get
(3.8) & (7 [v:¥Im) ==¢'Q( 30, [y:v]) = =¢'Q([y0, 311.v).

According to Lemma 3.3, we obtain
& ([y0, 111,v) = ¢’ Q[y0> y1]mq>v0) + (¢ = 5¢")Q([y0, 1], v)

* s [0 -],

where
(M : = Q(y0 [yo, 11lmy) =sQ(3: [y 11])
= =sQ(y0, [0, 111) =sQ(»1, [0, 11]) = 0.
Plugging (3.8) into (3.7) and using the second equation of (2.15) we have g, ([y0, y1],v)

= (¢ - s¢)Q[yo »]v). It follows that g,(7v) = st5g(renlv) =

-¢'Q([ 0> y1],v). Combining this with (3.6) we have g,(7,v) = g,(y, [V, ¥]m), for
all v € m. Now our conclusion can be obtained from the uniqueness of the spray vector
at y. u

Lemma 3.5 Foranyv e m we have

(3.9) Dyn = y'Dys - [yo, y1] + wvo, y1] + v[yo, 1]
where
(3.10) vimy(s) = 2

¢—s¢’

Consequently, D, € wy for any v € m.
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Proof By (3.1), we obtain D, y; = D,(y — y9) = D,y — Dy yo = v — vy = vy. It follows

that
_ _¢, o
Dyn = Dv{ Yy [yo,;m]} =y'Dys - [yo, »1] + y[vo. y1] + y[yo, ],
where we have used (3.1) and (3.10). [ |

For each y in m\{0}, there is, by [7, 8], a unique (1,1) tensor N on m satisfying

28, (N(v), 1) = gy ([t v]m> ¥) + &y ([t ¥]msv)
+gy([V,}’]m,u) -2Cy(u,v,y), Vu,vem.

This tensor N is called the connection operator at y. By using the trivial flat connection
D, the connection operator is given by

1 1
(3.11) N = EDn ) adm (y),
where ad,, (y) denotes the linear map sending v € m to [y, v] . It follows that
N*=NoN= iDn o Dn - iadm(y) o Dn - iDn oadm(y) + iadm(y) oadm(y)

Taking the trace of this equation yields

1 1 1
(3.12) tr(N?) = 1 tr(Dno Dy) - 3 tr(Dyoadn(y)) + 1 tr(adm (¥) o adm(y)).
Proposition 3.6  The Finsler metric defined by (2.14) has vanishing S-curvature.

Proof The compactness of G = Sp(#+1) implies that G is unimodular [6]. Together
with [10, Lemma 6.3] we obtain trad(y) = 0. Since ad( y) maps h into m, we have
(3.13) trady (y) = trad(y) = 0.

There is a simple relation between the connection operator and the S-curvature.
(3.14) S(y) =tr(N) + trad (y) = tr(N),

where we have used (3.13). Combining this with (3.11) and (3.13), we obtain

(3.15) S(y) :tr(%Dq— %adm(y)) = %trDry.

Let {e;} be an orthonormal basis of m; with respect to the inner product Q. Lemma
3.5 tells us that

(3.16) tr Dy = try, Dy = 2;Q(e;, D¢, 717)
= ZiQ( ei,¥'Des - [yos 1] + ¥[Yos ei])
=¢'%;De,s- Q(ei, [0, 31]) +vZiQ(ei, [yo,€i])

where we have made use of

(317) (ei)() =0.
From (2.2), we obtain
(3.18) Q(ei» [yo0-€i]) = Q(yos[eirei]) =0.
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By (3.17) and Lemma 3.1 we have

(3.19) D,s=ds(v)=———Q(y, €;).

Q( y)
Plugging (3.18) and (3 19) into (3.16) we have

(320) trDn= —Q( )z iQ(y,e)Q(eis [y, y1])
2sy’ 2sy’
=-—2%;Q( y1, [Yo» =-——2%;Q( Yo, [J1> =0,
Q(». ) ()’1 o }’1]) Q(y. ) (}’0 n }’1])
where we have used (2.2) and the second equation of (2.11). Plugging (3.20) into (3.15)
yields Proposition 3.6. ]

Lemma 3.7  Let F be a Finsler metric on S*"** defined in (2.12). Then its spray vector
n at y satisfies

(3.21) tr(Dypo D) = dsy[s(1= )y~ ny]Q(y, ),
where v is defined in (3.10).

Proof Forany v € m, we have Dyjo Dy(v) = Dy (D#y(v)) = Dpy(,y# = Dp, 47 from
which, together with (2.2) and (3.9), we obtain

(3.22)  tr(DnoDy) =2;Q(e;, Do Dy(e;))

=2;Q(es Dp, 1) = ¥'Zi(1); Q( s, [yo, 11]) +yZ:(1D)5,
where
(323)  (I); = Q([en yol, De,1) = Q([ei yol, ¥/ Deys - [yo, y1] + vy, €i]) s
where {e;} is an orthonormal basis of m; with respect to the inner product Q. In

(3.22),

(3.24) (1); == Dp, ys = )[Q(yo, (De;1)o) = sQ(y> De,) ]

_2
Q(y,y

2s
:_7Q ’Dei >
Q0.7 (7> Dei)

where we have used Lemmas 3.1 and 3.4. Plugging (3.23) and (3.24) into (3.22) yields

(325) tr(Dno D) = - 2:Q(y, Dei)Q(€is [y, 11])

+9ZiQ([es yol, W' Deys - [yo, 1] + ¥l 3o, i)

By (2.2), wesee that Q(¥, [0 ¥1]) = Q([¥0> Y0 1> ¥1)-Q([¥1, ¥1]> ¥0) = 0 from which,
together with Lemma 3.5, we obtain

Q(y>De;n1) = Q( 1,9 Deys - [y0, 11] + ¥y, €i])
= ¥'De,s- Q( 1, [y0, 111) +¥Q(y: [y0, e:])
= —yQ([y0, ¥, €i]) = —vQ([yo, 1 €:).

2s
Q(y,y)
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It follows that
(3.26) 22 Q(y, De,)Q(eis [yo, 111)

= —V/Zi[Q([}’o))’l])ei)]z = —yQ([yo> y1]: [yo» 1)
= ¥Q(y0, 70)Q(y 1) = ~s(1- )y Q(y )],

where we have used Lemma 2.1 and the second equation of (2.14). Note that dimg =
4n. Combining with Lemma 2.1, we have

(3.27) 2:Q([ei yol» [¥o-€i]) = =Q(¥0, 70)ZiQ(es» e1) = —4nQ(yo, yo)-

A similar calculation of (3.24) yields D,,s = — 3 (z;,y) Q(y1, e;). It follows that
(3.28) Z Q([ei,)’o], Dg;s- [}’0,}’1]) =2%;D,;s- Q([ei,)/o], [yoJ/l])
2s

- —mQ()’la[yOa[yO’yl]])

2s
- mQ([yo,yl], [y0. 31])

=25 (1-5)Q(», ).
Plugging (3.26), (3.27), and (3.28) into (3.25) yields
tr(Dy o Dry) = 45* (1= 5)yy' Q(y, y) = 4ny*Q(yo, o)
= 4sy[s(1-s)y' - ny] Q(y. ). m
Lemma 3.8 Let F be a Finsler metric on S*"** defined in (2.12). Then its spray vector
n at y satisfies

(3.29) tr Dy oadwm(y)) = [2s(s = 1)y + (3-3s - 4ns)y| Q(y. y),
where y is defined in (3.10).

Proof Let {e;} be an orthonormal basis of m; with respect to the inner product Q
and v; = adw(e1)). Then Q(7, ;) = Q(y, [y er]) - QU [yveily) = QULys vl er) =
0. Recall that ad,, (¥) denotes the linear map sending v € m to [y, v] . Together with
Lemma 3.1, we obtain

(3.30) D,s= [Q(yo,(vi)o)—sQ(y,vi)]

()’0’ (s ei]m)o)

2
Q(y.y)
2

RN
2 2
- WQ()/O’([%&]) = mQ([yo,yl],ei)‘
For any v € m, we have [D# o adw(y)](v) = Dy(adm(y)v) = Dag,, (5)»#- In partic-

ular,

[ Droadn(y)](ei) = Dy,
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It follows that the linear map D# o ady, (¥) maps m into m;, where we have made use
of Lemma 3.5. Thus, we have

(3.31) tr Dy oadn(y))
=2;Q(ei, Dnoadm(y)(e))
=ZiQ(es» ¥'Dy,s - [yo, ]+ y[(vi)o, n] + v[yo, (vihi])
= (1) + (IT) + (1I0),

where we have used (3.31) and Lemma 3.5, and

2y’
Q(y,»)
Q([yos m1s [yos ;1) =25(1-)¥'Q(», ),

(332)  (1):=2,Q(ei,¥'Dus- [yo: 1)) = [y yile])]’

_
Q(y.y)
where we have made use of (3.26) and (3.30). Using (2.11), we obtain

(vi)o = [yo> €ilm, + [y €ilmg = [¥15 €i]my + [15 €i]m, = 15 €3]
In (3.32),
(3.33) (I0) : = 2;Q(ei» w[(vi)o» 1)
=vZiQ([y el [y eilm)
=3yQ(y ) = 3s(1-5)y- Q(y, »),
where we have used (2.2), (3.27), and (3.33). By (2.11), we have

(3.34) (Vi) = [ys eilmlm, = [1> €i]m, = [Yo> €i]m, + [y €i]m, = [y0s €i]-
In (3.32),
(3.35) (1) : = Z;Q(ei, v[yo, (vi)1)

=y2iQ([ei» yol, (vi)1) = —¥ZiQ(yo, y0)Q(ei> €:)
= —4nsy - Q(y,y),

where we have made use of (2.2), (3.34), Lemma 2.1 and the second equation of (2.14).
Plugging (3.32), (3.33), and (3.35) into (3.31) yields (3.21). ]

Proposition 3.9  Let F be a Finsler metric on S*"*3 defined in (2.12). Then its Ricci
curvature Ric at y satisfies

1
(3.36)  Ric(y) = 5Q(5.)
x [4n+5+3y+ (2ny” —4ny -3y —2n—1)s + 2s(1-s)(1- sy)y'].

Proof By [7, Corollary 4.9], we have

(3.37) Ric(y) = —tr (ad(y) oady(y)) + D, ( tr(N)) - tr(N?).
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From (3.14) and Proposition 3.6, we obtain tr(N) = S = 0. Plugging this into (3.37)
yields

(3.38)  Ric(y) = —trm ((ad(y) oady(y)) — tr(N?)
= (1) - tra (2d(3) 0ady (1) = § tr (adm(») © adm(1))
where

(1) = 5 t(Dy 0 adu(3)) - 5 tr(D D)

A ! 3
= [nsy? = 2= )y +s(1-s)y' + SA=9)y- 21| Q(y, ),
where we have used (3.12), (3.21), and (3.29). Substituting this into (3.38) yields

(3.39) Ric(y) = —trm (ad(y) oady(y)) - itrm (adw(y) oadw(y))

# [nsy? =0 )yy + -5y’ + S (- )y - 2m59] Q).

Let ¢ = 2(1+5). Then ¢’ = ¢ —s¢’ = 1. It follows that y = —1,y/ = 0, where y is

defined in (3.10). Hence the Ricci curvature Ric of F := \/Q(y, y)(1+5)/2 is given
by

Ric = Q(y,y)[3ns— g(l—s)] —trm ( ad(y)oadh(y)) —itrm ( adn () oadm(y)).

We know that F is the stargard metric on $*"*3 of constant sectional curvature 1. It
follows that Ric = (4n+2)F = (2n+1)(1+s)Q(y, y). Plugging this into (3.39) yields
(3.36). [ |

Remark  When n =1, (3.36) is equivalent to the following formula given in [8]:

. 27 bl
Rietr) = (sogfytfpy’i3
x [2t(t-1)po" + £ (4t - 5) 9" + (8 - 5t) 99> — (2t +3) 9’ ¢’ + 3¢’ |,

where s = 55, ¢(s) = %.

Proof of Theorem 1.1 By (3.36) and the first equation of (2.14),
(8n+4)¢ = MFZ
Q(»:y)
=4n+5+3y + (2ny’ —4ny -3y - 2n—1)s
+2s(1-5)(1-sy)y'.

Inspection shows that there are two solutions of (1.1) in the form ¢(s) = A + ps,
given by

4n* +14n +9 ( 2n+1 )

(3.40) $(s) = %(1"'5)’ 9(s) = 2(2n+1)(2n+3) - 2n+35
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In fact, they are the only linear solutions of (1.1). When # = 1, (3.40) is equivalent
to the following linear solutions of Einstein equation given in [8]: ¢(¢) = 1, ¢(¢) =

2 - 38, wheres =t/(2-1),¢(s) = o(t)/(2 - 1). [
4 Regularity of Solutions

In this section we are going to investigate the regularity of solutions of the ordinary

differential equation (1.1). Concretely, we will discuss the following two problems.

(i)  Are there any nontrivial solutions of (1.1) that satisfy the regularity condition
(217)2

(i) How many regular solutions are there?

The first problem is easy to answer. Two linear solutions ¢(s) = A + us are always
regular. In this case, the four inequalities in (2.17) are all reduced to the inequality
min{A, A + u} > 0, because ¢ —s¢’ = ¢ —s¢’ + 2s(1—s)¢” =Aand ¢ + (1—5)¢’ =
¢+ (1-5)¢" +2s(1—5)¢" = A + u. Moreover, for the linear solutions (1.1),

1 4n*+14n+9
in{AA+u) =2 and min{dA+p)= AT
min{A, A + u} 5 an min{A, A + u} anD(n+3)?

respectively. They correspond to the canonical metric on $***? of constant sectional
curvature 1 and the Einstein metric of non-constant sectional curvature given by
Jensen in 1973 [9,16,17], respectivel.

Observe that (3.10) is equivalent to the equation ¢’ = % It follows that F has
constant Ricci curvature, Ric = (4n + 2)F, if and only if (¢, ¢) satisfies

e (8n+4)p —4n—5-3y - (2ny* —4ny -3y —2n—1)s
(@1) 2s(1-s)(1-sy) ’
. ¢/ _ _(rbl//

1-sy
A solution of (1.1) gives rise to a curve s ~ (s,¢(s),y(s)) in R® with coordinate

(s, ¢, v). For instance, for the linear solutions (3.40), they correspond the following
curves:

TC:S'—>(5,1+TS,—1),

4n? +14n+9 ( 2n+1) 2n+1)

s, - s), .
2(2n+1)(2n+3) 2n+3 7/ 2n+3

By (3.10) and (4.1), ¢ satisfies the regularity conditions (2.15) if and only if

F]:s»—>(

(1-y)¢ ©-(8n-4)p-(1-sy)’y
(4.2) 71 mpon >0, (/5 (1 ~ 51l/)3 >0,
¢ - (8n-4)¢
ey ey Y

where © = s2y? + 2nsy? — s(4n + s)y — (2n +1)s + 3y + 4n + 6. Note that Q is a
positive definite inner product. It follows that

(4.3) ¢>0, s>0,
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where we have used (2.14). Furthermore, Q(y, ¥) = Q(¥0, ¥0)+Q (1, ¥1) = Q(¥0, ¥o)-
Hence, we have

(4.4) 0<s<l.
Together with the first equation of (4.3), we obtain that (4.2) is equivalent to (4.4) and

y<1l, 0<(8n+4)¢<min{®,0-y(1-sy)’}.
Define Q := { (s, ¢, ) € [0,1] x (00,1) x (0, 52 min[®, ® — y(1 - sy)?])}. Then

> 8n+4
Q looks like a bottom-free box with one face bent. Define X = (1, X5, X3 ), where
X, -
1-sy

_ (8n+4)¢p—4n—-5-3y— (2ny® —4ny -3y - 2n—1)s

- 25(1-s)(1-sy) '

Then the vector field X has no singularities in the interior of Q. Consequently, ev-
ery integral curve will eventually cross the boundary of Q. It follows from (4.1) that
% (s, 0, ) = (L, ¢',y") = X. Hence, the solutions of (4.1) can also be described as the
integral curves of vector field X. It is easy to see that a solution (¢, y) of (4.1) is regular,
ifand only if the corresponding integral curve (s, ¢(s), ¥(s)) lies in Q and it connects
the two boundary plane s = 0 and s = 1. The first linear solution in (3.40) gives rise to
a line segment that connects the two points p = (0, 1,-1) and p; = (1,1,-1). Since
po and p; are interior points in the corresponding boundary planes, we conclude that
the nearby integral curves also connect the two planes; thus, they are also regular.
Similarly, the second linear solution in (1.1) gives rise to a line segment that connects
the two points

X3

4n* +14n+9 2n+1
p2:(07 > ))
22n+1)(2n+3) 2n+3

4n®+14n+9 2n+1)
T(2n+1)(2n+3)2 " 2n+ 3/
Since p, and p; are interior points in the corresponding boundary planes, we con-

clude that the nearby integral curves also connect the two planes; thus, they are also
regular. We have thus completed the proof of Theorem 1.2.

P3:(1
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