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Abstract

We consider Shimura varieties associated to a unitary group of signature (n — s,s) where n is even. For these
varieties, we construct smooth p-adic integral models for s = 1 and regular p-adic integral models for s = 2 and
s = 3 over odd primes p which ramify in the imaginary quadratic field with level subgroup at p given by the
stabilizer of a m-modular lattice in the hermitian space. Our construction, which has an explicit moduli-theoretic
description, is given by an explicit resolution of a corresponding local model.
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1. Introduction

The main objective of this paper is to construct regular integral models for some Shimura varieties
over places of bad reduction. Results of this type have already been obtained by Rapoport-Zink [24],
Pappas [16] and He-Pappas-Rapoport [12] in specific instances. Here, we consider Shimura varieties
associated to unitary similitude groups of signature (r, s) over an imaginary quadratic field K. These
Shimura varieties are moduli spaces of abelian varieties with polarization, endomorphisms and level
structure (Shimura varieties of PEL type). Shimura varieties have canonical models over the ‘reflex’
number field E, and in the cases we consider, the reflex field is the field of rational numbers Q if r = s
and E = K otherwise [15, §3].

Constructing such well-behaved integral models is an interesting and challenging problem, with
several applications to number theory. The behavior of these depends very much on the ‘level subgroup’.
Here, the level subgroup is the stabilizer of a 7-modular lattice in the hermitian space. (This is a lattice
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which is equal to its dual times a uniformizer). For this level subgroup, and the signatures (n — s, s) with
neven and s < 3, we show that there is a good (semi-stable) model.

By using work of Rapoport-Zink [24] and Pappas [15], we first construct p-adic integral models,
which have simple and explicit moduli descriptions but are not always flat. These models are étale
locally around each point isomorphic to certain simpler schemes the naive local models. Inspired by the
work of Pappas-Rapoport [17] and Krdmer [14], we consider a variation of the above moduli problem
where we add in the moduli problem an additional subspace in the deRham filtration Fil® (A)cH (11 r(A)
of the universal abelian variety A, which satisfies certain conditions. This is essentially an instance of
the notion of a ‘linear modification’ introduced in [15]. Then for the signatures (n — s, s), with s < 3,
we calculate the flat closure of these models, and we show that they are smooth when s = 1 and have
semi-stable reduction when s = 2 or s = 3 (i.e., they are regular and the irreducible components of the
special fiber are smooth divisors crossing normally). Moreover, we want to mention that we obtain a
moduli description of this flat closure. We anticipate that our construction will have applications to the
study of arithmetic intersections of special cycles and Kudla’s program. (See, for example, [29], [6] and
[11], for some works in this direction.)

1.2.

Let us introduce some notation first. Recall that K is an imaginary quadratic field and we fix an embedding
g : K — C. Let W be a n-dimensional K-vector space, equipped with a nondegenerate hermitian form
¢. Consider the group G = GU,, of unitary similitudes for (W, ¢) of dimension n > 3 over K. We
fix a conjugacy class of homomorphisms % : Resc/rGy,c — GU,, corresponding to a Shimura datum
(G, Xp,) of signature (r, s). Set X = Xj,. The pair (G, X) gives rise to a Shimura variety Sh(G, X) over
the reflex field E (see [18, §1.1] for more details). Let p be an odd prime number which ramifies in K.
Set K| = K ®g Qp, with a uniformizer 7, and V = W ®g Q,,. We assume that the hermitian form ¢ is
spliton V (i.e., there is a basis ey, . . ., e, such that ¢(e;, e,41-;) = d;; for 1 < i, j < n). We denote by

-1 -1
A; = spang, {n7%er,....,n" e;,€it1,...,en}

the standard lattices in V. We can complete this into a self dual lattice chain by setting A4k, := n‘kAi
(see §2.1).

By [18], there are 3 different types of the special maximal parahoric subgroups of GU,, depending
on the parity of n. More precisely, consider the stabilizer subgroup

Pr:={g €GU, | ghi =Ni, Viel},

where 7 is a nonempty subset of {0, ..., [n/2]}. When n = 2m + 1 is odd, the special maximal parahoric
subgroups are conjugate to the stabilizer subgroup P(oy or Py,,;. When n = 2m is even, the special
maximal parahoric subgroups are conjugate to the stabilizer subgroup P,;. In this article, we consider
the special maximal parahoric subgroup Py,,; when n = 2m is even. We intend to take up the case
n=2m+ 1,1 = {m} in a subsequent work.

To explain our results, we assume n = 2m, and (r,s) = (n—1,1) or (n — 2,2) or (n — 3,3).
Denote by Py, the stabilizer of A,, in G(Qp). We let L be the self-dual multichain consisting of
lattices {A;}jenz+m- Here, G = Aut(L) is the (smooth) group scheme over Z,, with Py,,; = G(Z,,) the
subgroup of G(Q,,) fixing the lattice chain L.

Choose also a sufficiently small compact open subgroup K” of the prime-to-p finite adelic points
G(A?) of G and set K = K? P ;,,. The Shimura variety Shg (G, X) with complex points

Shg (G, X)(C) = G(Q\X xG(Af)/K

is of PEL type and has a canonical model over the reflex field E. We set O = Of,, where v the unique
prime ideal of E above (p).
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We consider the moduli functor A‘I‘(aive over Spec O given in [24, Definition 6.9]:
A point of A“Kai"e with values in the O-scheme S is the isomorphism class of the following set of data
(A, 1, A,7):
(1) An object (A, ), where A is an abelian scheme with relative dimension n over S (terminology of
[24]), compatibly endowed with an action of O:

t:0 —>EndA®Z,.

(2) A Q-homogeneous principal polarization A of the £-set A.
(3) A KP-level structure

i Hl(A,A?) ~ W®A? mod KP

which respects the bilinear forms on both sides up to a constant in (A? )* (see loc. cit. for details).
The set A should satisfy the determinant condition (i) of loc. cit. which depends on (7, s).
For the definitions of the terms employed here, we refer to loc.cit., 6.3—6.8 and [15, §3]. The functor

A“Kai"e is representable by a quasi-projective scheme over O. Since the Hasse principle is satisfied for
the unitary group, we can see as in loc. cit. that there is a natural isomorphism

AR @0 E, = Shg (G, X) ®f E, .

The moduli scheme A“Kai"e is connected to the naive local model M (see §3 for the explicit
definition). As is explained in [24] and [15], the naive local model is connected to the moduli scheme
AR via the local model diagram

Auaive (G, X)

AnKaIVC Mnalve,

where the morphism ¢/ is a G-torsor and ¢, is a smooth and G-equivariant morphism. In particular, since
G is smooth, the above imply that Arl?ive is étale locally isomorphic to M"™*¢, From [20, Remark 2.6.10],
we have that the naive local model is never flat, and by the above, the same is true for A“Ka”e. Denote
by Alﬂ(at the flat closure of Shg (G, X) ®¢ E, in .A“Kaive. As in [18], there is a relatively representable
smooth morphism of relative dimension dim(G),

Aili(at N [g\Mloc] ,

where the local model M'*¢ is defined as the flat closure of M™¢ . E,, in MMV, This of course
implies that Af;{a‘ is étale locally isomorphic to the local model M.

We now consider a variation of the moduli of abelian schemes Ak where we add in the moduli
problem an additional subspace in the Hodge filtration Fil®(A) c Hcll r(A) of the universal abelian
variety A (see [7, §6.3] for more details) with certain conditions to imitate the definition of the naive
splitting model M (we refer to §3 for the explicit definition). There is a projective forgetful morphism

71 Ak — AR ®o Ok,

which induces an isomorphism over the generic fibers (see §6). Moreover, Ak has the same étale local
structure as M; it is a ‘linear modification’ of A“Kai“" ®p Ok, in the sense of [15, §2] (see also [17,
§15]). Note that there is also a corresponding projective forgetful morphism

71 M — M™" ®, O,
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which induces an isomorphism over the generic fibers (see §3). In §5, we show that M is not flat for
any signature (r, s), and the same is true for Ak. In fact, M is not topologically flat since there exists a
point which cannot lift to characteristic zero (see Proposition 5.1). This type of phenomenon is similar
to what already has been observed for this level subgroup for the wedge local models in [ 18, Remark 5.3]
(see §3 for the definition of wedge local models). Consider the closed subscheme A;gl C Ak defined as

Aifl =1 ! (A?(at). It is a linear modification of A“Kaive ®o Ok, .

1.3.

One of the main results of the present paper is the following theorem.

Theorem 1.1. Assume that (r,s) = (n—1,1) or (n —2,2) or (n — 3, 3). For every K? as above, there
is a scheme Aigl, Aat over Spec (O, ), with

AP ®o,, K1 = Shk(G. X) ® K1,

and which supports a local model diagram

ARG, X)

y Xﬁi (1.3.1)

spl spl
AP M

such that:

a) ﬂ;;g is a G-torsor for the parahoric group scheme G that corresponds to P ().

b) qizg is smooth and G-equivariant.

c) When (r,s)=(n—1,1), Aigl is a smooth scheme.

c’) When (r,s) =(n-2,2) or (r,s) = (n—-3,3), .A;gl has semi-stable reduction. In particular, Ai?l is
regular and has special fiber which is a reduced divisor with normal crossings.

In the above, the splitting model M*' is defined as M*P' := 7~1(M!°). Since every point of A;?l has
an étale neighborhood which is also étale over MPL it is enough to show that M®P! has the above nice
properties. To show this, we explicitly calculate an affine chart 2/ of M*"! in a neighbourhood of 77! (%),
where * is a point from the unique closed G-orbit supported in the special fiber of M'® (see [15, §4] for
more details). Note that the unique closed G-orbit depends on the parity of s (see §3). We treat these
two cases (i.e., when s is even and odd) separately in §4.1 and §4.2.

Moreover, we give a moduli-theoretic description of M*"! and so by the above for A;gl. Inspired by
the work of Pappas-Rapoport [18], we define the closed subscheme M*P" ¢ M by adding the ‘spin
condition’ (see §7) and we show the following.

Theorem 1.2. For the signatures (n — s, s) with s < 3, we have M = M*P!,

Here, we note that at the level of local models, a moduli description of M!°° for the signature (n—1, 1)
can be obtained by adding the ‘wedge and spin condition’ to the moduli problem of M™"¢ (see [22]).
For higher signatures, it has been conjectured that we can get the moduli description of M!°° by adding
the ‘wedge and spin conditions’ to M"¥®; see the survey paper [20] for more details.

Before we move on to the description of U/, we want to give a brief historical outline about the
splitting models. Splitting models were first described for associated Shimura varieties of type A and
type C by Pappas-Rapoport [17]. For unitary groups, Krdmer [14] first showed that the splitting model
has semi-stable reduction for the signature (r,s) = (n — 1,1) when n = 2m + 1,1 = {0}. When the
signature is (r,s) = (n — 2,2), the first author [28] showed that the corresponding splitting model M
does not have semi-stable reduction. Then, he resolved the singularities by giving an explicit blow-up of
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M along a smooth divisor. For more information on the geometry of the special fiber of M for general
signature (r, s), we refer the reader to the very recent work of Bijakowski and Hernandez [4]. Lastly,
we want to mention the work of the second author where he considered the splitting model for triality
groups in [30] (see also [31]).

For the rest of this subsection, we fix n = 2m and I = {m}. Define

_ Om _Hm
J"‘[Hm om]’

where H,, is the unit antidiagonal matrix (of size m). For a general signature (r, s), we first obtain the
following:

Theorem 1.3. (1) When s is even, there is an affine chart U C M which is isomorphic to
Spec Ok, [X,Y]/I, where

I=Y' -1, X+X', X-Y"-J, Y +2nl)

for some choice of Y'. Here, X, Y are matrices of sizes s X s and n X s, respectively, with indeterminates
as entries and Y’ is a submatrix of Y of size s X s (i.e., it is composed of s rows from Y along with the
corresponding s columns).

(2a) When s = 1, there is an affine chart U C M which is isomorphic to Ag;l] .

(2b) When s is odd and s > 3, there is an affine chart U C M which is isomorphic to AXO_KI X
1
Spec Ok, [X,Y]/I, where

1= =[0]I_1], X+X', X-Y' - Jpos - Y +21l,_y)

for some choice of Y'. Here, X, Y are matrices of sizes (s — 1) X (s — 1) and (n —2) X s, respectively, with
indeterminates as entries and Y’ is a submatrix of Y of size (s — 1) X s (i.e., it is composed of (s — 1)
rows from Y along with the corresponding s columns).

By using the explicit description of I/ above, we prove that G-translates of ¢/ cover M*?! and we
deduce the following:

Theorem 1.4.

a) Whens =1, MSP! is a smooth scheme.
b) When s =2 or s = 3, M*?! has semi-stable reduction. In particular, M*?' is regular and has special
fiber a reduced divisor with two smooth irreducible components intersecting transversely.

When s = 2 or s = 3, we show, by using Theorem 1.2, that one of the two components of the special
fiber of M*P! maps birationally to the special fiber of M'°® while the other irreducible component is the
inverse image of the unique closed G-orbit.

Moreover, for (r,s) = (n — 1, 1), we deduce that M*' is equal to the local model M @n O K, (see
Remark 5.12). In [18, §5.3], the authors showed that M'° is smooth. This is a case of ‘exotic’ good
reduction. We also refer the reader to the result of [8] where the authors give an alternative explanation
for the smoothness of M'° by identifying its special fiber with a Schubert variety attached to a minuscule
cocharacter in the twisted affine Grassmannian corresponding to P,,).

Lastly, we want to mention that we can apply these results to obtain regular (formal) models of the
corresponding Rapoport-Zink spaces.

Let us now outline the contents of the paper: In §2, we recall the parahoric subgroups of the unitary
similitude group when n = 2m. In §3, we recall the definition of certain variants of local models for
ramified unitary groups. The explicit equations of I/ are given in §4. In §5.1, we show that the naive
splitting model M is not flat and prove that G-translates of & cover M*! for the signature (7, s) (s < 3)
in §5.2 and §5.3, respectively. In §6, we use the above results to construct smooth integral models for
the signature (r, s) = (n — 1, 1), and integral models with semi-stable reduction for (r, s) = (n — 2,2)
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and (r,s) = (n—3,3). In §7, we give a moduli-theoretic description of M*! for s < 3 by considering
the spin condition.

2. Preliminaries
2.1. Pairings and Standard Lattices

‘We use the notation of [ 18]. Let Fy be a complete discretely valued field with ring of integers O r, , perfect
residue field k of characteristic # 2, and uniformizer 7rg. Let F/ Fj be a ramified quadratic extension and
n € F auniformizer with 7% = 7. Let V be a F-vector space of dimension n = 2m > 3 and let

¢: VXV S F

be an F/ Fy-hermitian form. We assume that ¢ is split. This means that there exists a basis ey, . . ., e, of
V such that

p(ei,ensi—j) =06;; forall i,j=1,...,n

We attach to ¢ the respective alternating and symmetric Fy-bilinear forms VXV — F,

(69 = 3T (7 600) and (6,3) = 3T (95, ).
For any O g-lattice A in V, we denote by
A={veV|v,A) cOr}
the dual lattice with respect to the alternating form and by
A ={veV|(v,A) c Or,}

the dual lattice with respect to the symmetric form. We have A% = 77'A. Both A and A* are O p-lattices
in V, and the forms (, ) and (, ) induce perfect O g, -bilinear pairings

() (,)

AxA =5 0p, AxA® = Op (2.1.1)
for all A. Also, the uniformizing element 7 induces a O f,- linear mapping on A which we denote by .
Fori=0,...,n— 1, we define the standard lattices
A= spanOF{ﬂ_lel, o e e, .,eént.
We consider nonempty subsets I C {0, ..., m} with the property
m—-lel=mel 2.1.2)

(see [18, §1.2.3(b)] for more details). We complete the A; with i € [ to a self-dual periodic lattice
chain by first including the duals A,,_; := /\f for i # 0 and then all the m-multiples: For j € Z of the
form j =k -n+iwithi € I, weputA; = 7 KA;. Then {A 7}, form a periodic lattice chain A; (with
nAj = Aj_,) which satisfies A ;i = A_j. We denote by L such a self-dual multichain. Observe that the
lattice A is self-dual for the alternating form (, ) and A, is self-dual for the symmetric form (, ).

2.2. Unitary Similitude Group and Parahoric Subgroups

‘We consider the unitary similitude group

G:=GU(V,¢)={g € GLr(V) | ¢(gx,8y) =c(g)¢(x,y), c(g) € F},
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and we choose a partition n = r + s; we refer to the pair (r, s) as the signature. By replacing ¢ by —¢
if needed, we can make sure that s < r, and so we assume that s < r (see [18, §1.1] for more details).
Identitying G® F ~ GL, r XGy, , we define the cocharacter u, ¢ as (1,07, 1) of DXG,,, where D
is the standard maximal torus of diagonal matrices in G L,; for more details, we refer the reader to [26].
We denote by E the reflex field of {u, s}; then E = Fy if r = s and E = F otherwise (see [18, §1.1]).
We set O := Og.

We next recall the description of the parahoric subgroups of G from [18, §1.2], which actually follows
from the results on parahoric subgroups of SU(V, ¢) in [19, §1.2]. Recall that n = 2m is even and [ is a
nonempty subset of {0, ..., m} satisfying (2.1.2). Consider the subgroup

P]IZ{g€G|gAi=Ai, VlEI}

The subgroup P; is not a parahoric subgroup in general since it may contain elements with nontrivial
Kottwitz invariant. Consider the kernel of the Kottwitz homomorphism:

PYi={geP|x(g) =1},

where kg : G(Fy) » Z & (Z/2Z) (see also [26, §3] for more details). We have the following (see [18,
§1.2.3(b)D:

Proposition 2.1. The subgroup P(I) is a parahoric subgroup, and every parahoric subgroup of G
is conjugate to P(I) for a unique nonempty 1 C {0,...,m} satisfying (2.1.2). For such I, we have
P(I) = Py exactly when m € I. The special maximal parahoric subgroups are exactly those conjugate to
P{y = Py

In this paper, we will focus on the special maximal parahoric subgroup when r is even. So, we fix
n =2m, I = {m}, and we let L be the multichain defined in 2.1 for this choice of I. Denote by G the
(smooth) group scheme of automorphisms of the polarized chain £ over OF,; then G is the parahoric

group model of G in the sense of Bruhat-Tits [5] with G(OF,) = P It has connected fibers (see [18,
§1.5]).

3. Rapoport-Zink local models and variants

We briefly recall the definition of certain variants of local models for ramified unitary groups that
correspond to the local model triples (G, ur s, P (m}).

Let M""¢ be the functor which associates to each scheme S over Spec O the set of subsheaves F of
0 ® Og-modules of A, ® Og such that

(1) F as an Og-module is Zariski locally on S a direct summand of rank r;
(2) F is totally isotropic for (, ) ® Ogs;
(3) (Kottwitz condition) char;|7(X) = (X + )" (X — n)°.

Remarks 3.1. In[18, §1.5.1], the authors define the naive local model M"™"® that sends each O-scheme
S to the families of O ® Og-modules (F; € A; ® Og);enz+s that satisfy the conditions (a)-(d) of loc.
cit. We want to explain how we get the isotropic condition (2) from the condition (c) of loc. cit. When
I = {m}, the complete lattice chain gives:

_)A_m®os_>Am®OS_>

where the isomorphism : A, ® O — A_,;, ® Og induces an isomorphism F,,, with F_,,. Hence, F_,,
is determined by F,,, and we have F_,, = tF,,. The perfect bilinear pairing

(,)®0s: (A ® Os) X (A ® Os) — Os
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induced by (2.1.1) identifies F; C A_,, ® Og with F_,, where F, is the orthogonal complement of
Fm under the above perfect pairing. Thus, (F_,,, F») = 0 (condition (c) of loc. cit.) is equivalent to
(Fims Fm) = 0 since

1
(Foms Fm) = (tFm, Fn) = ETrF/Fo(ﬂ_l¢(t~Fm, Fn))

1
= ETYF/FU(fﬁ(fm,fm)) = (Fms Fm).

The functor M"¥® is represented by a closed subscheme, which we again denote M"¥®, of Gr(n, 2n) ®
Spec O; hence, Mraive jg o projective O-scheme. (Here, we denote by Gr(n, d) the Grassmannian scheme
parameterizing locally direct summands of rank  of a free module of rank d.) The scheme M""¢ is the
naive local model of Rapoport-Zink [24]. Also, M"¥¢ supports an action of G.

Proposition 3.2. We have
M"Y @, E = Gr(s,n) ® E.

In particular, the generic fiber of MV is smooth and geometrically irreducible of dimension rs.
Proof. See[18, §1.5.3]. O

Next, we consider the closed subscheme M" ¢ M""¢ by imposing the following additional condition:
ANt =nlF)=(0) and A (1+7]F) = (0).

More precisely, M” is the closed subscheme of M™"¢ that classifies points given by F which satisfy
the wedge condition. The scheme M” supports an action of G and the immersion i : M" — M"i"¢ jg
G-equivariant. The scheme M” is called the wedge local model.

Proposition 3.3. The generic fibers of M"¥¢ and M” coincide; in particular, the generic fiber of M" is
a smooth, geometrically irreducible variety of dimension rs.

Proof. See[18, §1.5.6]. |

For the special maximal parahoric subgroup Py} and signature (n — 1, 1), Pappas proved that the
wedge local model M” is flat [15]. But for more general parahoric subgroups, the wedge condition turns
out to be insufficient (see [18, Remark 5.3, 7.4]). There is a further variant: let M be the scheme
theoretic closure of the generic fiber M"'® ® 5 E in M"¥¢, The scheme M is called the local model.
We have closed immersions of projective schemes

Mloc c M/\ c Mnaive

which are equalities on generic fibers (see [18, §1.5] for more details).

Proposition 3.4. a) For any signature (r, s), the special fiber of M'® is integral, normal and Cohen-
Macaulay and has only rational singularities.
b) For (r,s) = (n — 1, 1), M'°® is smooth.

Proof. See [18, §5] and [9]. O

Except in the case (b) above (up to switching (r,s) and (s,r)), the local models M!°® are never
smooth; see [20, Remark 2.6.8] for more details. As in [18, §2.4.2, §5.5], there is a unique closed
G-orbit in the special fiber of M When s is even, the closed orbit is the k-valued point

F = spanopo{el, el ety ..} ® K,
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and when s is odd, the closed orbit is the orbit of the k-valued point
F = spanopo{—ﬂ_le], =1y ey —Coy Ml 1} B k.

Next, we consider the moduli scheme M over OF, the naive splitting (or Krimer) model as in [17,
Remark 14.2] and [14, Definition 4.1], whose points for an O p-scheme S are Zariski locally Og-direct
summands Fy, F| of ranks s, n, respectively, such that
(1) (0) c FocC FiCcAy®O0Os;

2) Fi= }"ll, i.e. F1 is totally isotropic for (, ) ® Os;

(3) (t+m)F1 € Fos

@) (t=m)Fo=(0).

The functor is represented by a projective O r-scheme M. The scheme M supports an action of G, and
there is a G-equivariant projective morphism

T:M->M\®pOFp CMnaive®0 Or

which is given by (Fy, F1) +— JF| on S-valued points. (Indeed, we can easily see, as in [14, Definition
4.1], that 7 is well defined.) The morphism 7 : M — M” ®p OF induces an isomorphism on the
generic fibers (see [14, Remark 4.2]). In §5, we will prove that M is not flat for any signature (r, s),
and we will study the following variation:

Mspl = T_l (MIOC) =M XM Mloc.

The closed subscheme M*P! is the splitting model. We will show that this model is smooth for the
signature (n — 1, 1) and has semi-stable reduction for the signatures (n —2,2) and (n — 3, 3). Moreover,
for these signatures, we will show that M*P' has an explicit moduli-theoretic description.

4. Two affine charts

The goals of this section are to write down the equations that define the naive splitting model M in two
open neighborhoods U,  and 72U, , for general signature (r, s). Here, (U, is an affine chart around
(Fo, tAm) (see §4.1) and 2U, s is an affine chart around (Fo, A"), where A’ is defined in §4.2.

4.1. An Affine Chart (U, 4

Recall that n = 2m = r + s with s < r. In this subsection, we are going to write down the equations that
define M in a neighborhood 1, 5 of (Fo, tA,,), where

-1 -1
Am =spang {n" e1,..., 7 em,Cm1,. .. €n} =
-1 -1
spanopo{ﬂ €lsee s T Coty Contlsevss iy €lyenns oty Ml ptly e v v, Wlp )

The matrix of (, ) in the latter basis is

0, |Jn
=Jn 10,1
where
0, |—Hy,
In = [Hm O ]
and H,, is the unit antidiagonal matrix (of size m). Observe that J% = —1I,. Also, since s < r and

n=2m=r+s,we getthats < m.
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In order to find the explicit equations that describe U, s, we use similar arguments as in the proof of
[14, Theorem 4.5] (see also [28, §3]). In our case, we consider

_|4 —x=|X
II_I:In:l’ ]:O_X_|:X2:|,

where A is of size n X n, X is of size 2n X s and X1, X, are of size n X s; with the additional condition
that Fy has rank s and so X has an invertible s X s-minor. We also ask that (Fg, F) satisfy the following
four conditions:

) Fit= A,
(2) Fo C Fi,
(3) (t—m)Fo=(0),
(4) (l‘+7T).F1 C ]:0.

Observe that

Mtz

On 7TOIn
In On

of size 2n X 2n is the matrix giving multiplication by ¢.
Condition (1) (i.e., F is isotropic) translates to A® = —J,, AJ,,. Condition (2) (i.e., Fo C JF1) implies

that the generators of JF( can be expressed as a linear combination of the generators in J;, which
translates to

where Y is of size n X s. Thus, we have
X
x| _[A] y,_lar]
X5 I, Y
and so X; = AY and X, =Y. Condition (3) (i.e., (t — ) Fo = (0)) is equivalent to

X
MI.X:[ﬂ' 1]’

nX>

which amounts to

mX| [

Xl - 7TX2 ’
Thus, X| = nX,, which translates to AY = Y by condition (2). The last condition (¢ + 7). F; C Fy
translates to

A A :
3Z:M; - I + G =X-Z'
where Z is of size n X s. This amounts to
nol, +A| | X1 Z!
A+nl, | | X2
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From the above, we get A+nl,, = X,Z", which by condition (2) translates to A = YZ' —z1,,. Thus, A can
be expressed in terms of Y, Z. In addition, by condition (2) and in particular by the relations X; = AY and
X, =Y, we deduce that the matrix X is given in terms of Y, Z. Conversely, from Y = X,, we get that the
matrix Y is given in terms of A, X (Below we will also show that Z can be expressed in terms of A, X).

Observe from X; = nX, that all the entries of X; are in the maximal ideal and thus a minor involving
entries of X; cannot be a unit. Recall that the matrix X has an invertible s X s-minor and X, = Y from
condition (2). Thus, the matrix Y has a s X s-minor. Let

Y, o Vs 21,1 * " Z,s
Y= i ool z=p = m sl
Yn,1 Yn,s Zn,1 Zn,s
and
yi],l yi],s
Y = Do, =1, “4.1.1)
Yig,1 ** Yig,s
where 1 < iy <nfork =1,...,s. Here, we want to mention how we can express Z in terms of A, X.

From the above, we have YZ! = A + rl,, and

22:1 Vi,eZl
YZ! = .

s t
Ze=1 Yn,eZe

By using (4.1.1), for any 1 < k < s, the ix-th row of the matrix YZ' gives z} . Since YZ' = A + nl,,, we
can easily see that the matrix Z can be expressed in terms of A, X.
We replace A by YZ' — nl,,. Hence, conditions (1) and (3) are equivalent to

zZY'=-J,Y7'J,, (4.1.2)
YZ'Y =2nY. (4.1.3)
From the above, we deduce the following.
Lemma 4.1. An affine chart (U, s of M around (Fo, tAp) is given by Spec Or [Y, Z] /.7, where
FI=Y -1, ZY'+J,YZ'J,, YZ'Y - 27Y)
and Y’ is a submatrix composed of s rows of Y (see the relation (4.1.1)).

Note that the affine chart U, s of M depends on the matrix Y’ we fixed (see Remark 4.4). Our next
goal is to give a simplification of the above equations (see Theorem 4.2). We first study the relation
ZY' = —J,YZ'J,. Consider the matrix P = (p, ;) of size n = 2m with P' = —J,PJ,. By a direct
calculation, we get

Pi,j = Pn+l-j,n+l—i

forl <i,j<morm+1<i,j<n,and
Pi,j = —Pn+l—j,n+1-i
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forl <i<mandm+1<j<norl <j<mandm+1 <i < n. By using this observation and by
setting P = YZ', the relation ZY' = —J,YZ'J, gives

N s
Z ZikYjk =% Z Zntl—j kYn+l—i,k (4.1.4)
=l =1

for 1 < i,j < n, where the different signs = depends on the position of 7, j as above. Consider the

following 2 cases:

Case 1: Assume that 1 < i < m forall k € {1,...,s}. By settingi =n+1-i, and j = ip,
the equation (4.1.4) gives Zntl-ig,p = ~Zn+l-ip.q- In particular, if p = g, we get Zntl-ip,p = 0 for all
p €{l,...,s}. By setting d, ; = Zn+1-i,,.q> We get the matrix D = (dj 4)p.q Of size s X s such that

dig - ds Zntl=ip,1 " Znal—ig,1
D=| : . = : : . 4.1.5)

dl,s e ds,s In+l—=i,s " n+l-ig,s
The matrix D is skew-symmetric (i.e., D = —D"). Next, by setting j = i; in (4.1.4), we obtain

Zip = Zzzl dk,e)’n+lfi,e ifl <i<m,
ik = 1 dieYnti-ie ifm+1<i<n.

Thus, we have Z = Y- D, where

Yn,1 °° Yns

Y = Ym+1,1 Ym+1,s
—Ym,1 " “Ym,s

L =Y, = Vs |

Therefore, in this case, the equations (4.1.4) give Z = Y- D.
Case 2: In general, we let 1 < ¢ < s and assume that

1<iy,...,i;<m and m+1<in,...,ig <n.

By setting d), ;4 = Zn+1-i,,.q and using the same arguments as above, we get the matrix D = (dp 4)p.q
of size s X s such that

dp.q=—dg,p
forl <p,g<tort+1<p,qg<n,and
dp.g =dg.p

forl<p<tandt+1<g<norl <g<tandr+1 < p < n.Next, by setting j = iy in (4.1.4) for
1 < k < t, we obtain

Zix = Z:l dk,eyn+1—i,e ifl1<i<m,
ik =2 1 dieYnti-ie ifm+1<i<n.
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Also, by setting j =i forr+1 < k < s, we get

Zip = - ZZ:] dk,eyn+1—i,e if1 <i<m,
bk 2:1 dk,eyn+1—i,e iftm+1<i<n.

From the above, we have Z = Y- 5, where D = (J;, 7)i,j is the s x s matrix defined as

dig - din|=disi o —ds
D=| ¢ ot &
dl,s dt,s _dt+1,s _ds,s
It is easy to see that the matrix D is skew symmetric (i.e., EZ', == ~j,,-). In particular, we have the
following 4 cases: when 1 < i,j < ¢, we have d; ; = d;j = —d;; = —dj;. For 1 < i <t and
t+1 < j<s,wehaved;; = —d;; =—-dj; =—dj;. Whenl < j<tandt+1<i<s, weget
di,j = di’j = dj,[ = —dj,i. Lastly, forr+1 < i, j < s, we obtain di,j = —di,j = dj’,' = —dj,i.
Combining the above cases, for any 1 < iy,...,is < n, the equations (4.1.4) show that there exists a

skew symmetric matrix D of size s X s such that
Z=Y-D.

By abuse of notation, write D for D. Next, define Q := Y! .Y of size s x 5. Note that Q' =-0. We are
now ready to show the following:

Theorem 4.2. For any signature (r,s), there is an affine chart (U, s C M which is isomorphic to
Spec O [D, Y] /1, where

I=(Y' -1, D+D', D-Q+2xl)
for some choice of Y.
Proof. Recall from Lemma 4.1 that if = Spec O [Y, Z]/.7, where
FT= -1I, ZY'+1,YZ'J,, YZ'Y - 27Y).

From the above discussion, we have that the relation ZY* = —J,,YZ'J, gives Z = Y-D. Thus, it suffices
to focus on the relation YZ'Y — 27Y = 0. Observe thatY - Z' - Y = -Y - D - Q. Thus,

YZ'Y = 2rY ==Y - (D - Q +2xl,) = 0.

Now, by using the relation with the minors (4.1.1), we can easily see that the relation YZ'Y — 27Y = 0
gives D - Q + 2nl; = 0. Therefore, 1U, ¢ is isomorphic to

Ofr[D,Y]
(Y' =1, D+ D', D-Q+2xnl)’

Spec
In particular, when the signature (r, s) = (n — 2,2), we have
0 d 0 ¢q
p=| i) e-]5)

where d = do,1 = —dip and g = 271, yna1-j,1Y 7.2 = Xlsper Yne1-j,1Y5.2-
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Corollary 4.3. When (r,s) = (n — 2,2), there is an affine chart \U, s C M which is isomorphic to
V(I) = Spec Of[d, (yi,1)1<i<n> (Vi2)1<i<n] /1, where

n

m
I= i1 =1 Yjo2 =1, Yjo.1s Yig.2s d(z Ynal-j1¥j2 — Z Ynt1—j,1¥j,2) — 2m)
j=1 Jj=m+l1

for some 1 < iy, jo < n.

Remark 4.4. Recall that U, s is an affine chart around (Fy, tA,,). Note that for different choices of Y’,
we get different equations from D - Q = —2n/ and so different affine charts U, ¢ which in general are
not isomorphic. For instance, in Corollary 4.3, there are two different V (/) up to isomorphism when
we choose different places for iy, jo (see §5.2 for more details). In Proposition 5.2, we show that for any
such a choice, the affine scheme V (/) has semi-stable reduction over O .

4.2. An Affine Chart 2U,
Keep the same notation as above. As in [18], we set A,, = A’ @ A", where

_ -1
AN = spanopo{—n €1, =€lyeny—Coy MCiily - s Mlp_1},

_ -1 -1
A = span,, {en, e, —m s, ..., ' em, mils- - r€n1}.

In this subsection, we are going to write down the equations that define M in a neighborhood 24, 5 of
(Fo. ).
The matrix of the form (, ) in this basis is

0.|S
S0, |7

where S is the skew-symmetric matrix of size n given by

JIo
5= [ SN ]
Observe that $2 = —1, since Jﬁ = —1I,. For any point (Fy, F1) € M, we ask that (Fy, F}) satisfy the

following conditions:

) F=Fi,
(2) Fo C Fi,
(3) (t—m)Fo=1(0),
@ (t+m)F C Fo.

Similar to §4.1, we consider

_ | I _x= X
]:1_|:A]9 ]:O_X_|:X2:|’

where I,,, A are n X n-matrices, and X, X, are n X s-matrices. Recall that Fy has rank s, so X has a
no-vanishing s X s minor. Write down the matrix A by

)
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where T is a 2 X 2-matrix, B (resp. C) is a 2 X (n — 2)-matrix (resp. (n —2) X 2-matrix) and Y is of size
(n—2) X (n —2). Then condition (1) is equivalent to A’S = SA. This translates to

T'=-LTJ, C=Jy2B'Jy, Y' =-Jy Y.

Note that the first equation immediately gives T = diag(x,x) for some variable x, and the second
equation shows that C is given in terms of B. Condition (2) is equivalent to

PREANE

X A]'M’

where M is a n X s-matrix. This amounts to X; = M, X, = AM. Let

My
M, |

where M is of size 2 X s and M, is of size (n —2) X s. We can see that X|, X, can be expressed in terms
of A, M, M,. More precisely, we get

My

X1=M=[M2

], Xo = AM = [xM1+BM2]'

CM 1+ YM2
The map ¢ : A, — A,y is represented by the matrix

fo
Mt = )

woln—2

where 7 is the 2 X 2-antidiag matirx [ 1 7o } Condition (3) translates to

Xl _ 7TX]
= )

By setting B; as the i-th row of B and by using condition (2), the above relation amounts to

My

My = |

], B]M2=7TB2M2, CM1+YM2=7I'M2,

where M is the second row of M. Finally, condition (4) is equivalent to

I M,
In—2 _ M2 t t
(M +7bn) - T = oy v mm | 1A 22
cC Y CM1+YM2

where Z; is of size 2 X s and Z; is of size (n — 2) X s. This, in turn, gives

MOZ{ =[1n], M()Zé =0, MZZ{ =C,
MyZ! =l +Y, Y* = mol—p, By = BoY.

From the above equations, we can see that A is given in terms of x, C,Y by condition (1). Note that

C = Msz, and Y = MZZ£ — nl,—» by condition (4). Thus, the matrix A is given in terms of M, Z;, Z»
and a variable x. Meanwhile, we have X| = M, X, = AM by condition (2), so that X;, X, are also given
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in terms of M, Z,, Z,. However, we have M = Xj, and we claim that Z;, Z, can be expressed in terms
of A, X1, X, (we will show this later in this section).

Before we move on, let us simplify our equations first. By replacing ¥ = M>Z}, — nl,_», the equation
Y' = —J,2YJ,— from condition (1) amounts to (M»Z})" = —J,_2(M2Z})J,,—2, and the equations that
involve Y from condition (3), (4) translate to

CM; + (MyZy)M = 21tM>, (M2Z§)2 =2n(M>Z5), Bi+nBy = By(MyZ)).
Finally, we replace C by M>Z!, and deduce the following.
Lemma 4.5. The affine chart 2U, s of M around (Fo, \’) is given by
Spec O [x, B, My, M, Zy,Z>] /.7,
where F is the ideal generated by the entries of following equations:

MZZi = Jn—ZB[Jz, (MzZé)t = — n—Z(MZZé)Jn—Z» (MZZé)Z = ZK(MZZE),
Ble = 7TB2M2, Bl +7TBz = Bg(MzZé), M()Zé = O,
M()Z{ = [] JT], (MzZ{)Ml + (MzZé)Mz =21M,;.

Here, B; is the i-th row of B fori = 1, 2.
Remark 4.6. Condition (3) also gives the equations:
BC=0, Ctp+YC=0.
In [18, §5.3], the authors show that these two equations are automatically true if B, C,Y satisfy

Y2 =noly—a, Y' = =Jy 2V Jnoa,
B =By, C=J,,B,.

4.2.1. The case (r,s) = (n—1,1)

In this and the next subsection, our goal is to give a simplification of the equations in Lemma 4.5. We
first consider the affine chart 2U,,—1,; € M for the signature (n — 1, 1). Note that My is of size 1 X 1 in
this case. Since

MyZ; = [1x] #0,

we get My # 0. Without loss of generality, we assume My = 1 as rank(Fp)=1.

Theorem 4.7. When the signature (r,s) = (n—1, 1), the affine chart 2Uy,_1 1 is smooth and isomorphic
to Ag’l.
F
Proof. From MoZ{ = [1 nr], MyZ} = 0, we obtain
Zi=[1n|, Zzy=0.
Let M, = [ay -+ an—2]' bean (n—2) X 1 vector. Then C = MzZi amounts to
[ a1 | ma;

Am—1 |TAm-1
aAm Tam

| An-2 | Tdn-2 |
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Also, from B = J,C"J,,_, we get

B —MAp_y * -+ —nam‘ﬂam_l ceeTay

ana -+ Am |—Gmo1 o —ap |

It is easy to see that the relation Y = MyZ! — nl,,» gives Y = —nl, > and By + 7B, = B2(M>Z}) = 0.
Finally, we check that

B\M; = nBoMs = n(37 aian-i—i — X0 ajan-1-i) = 0,
CM; + (MzZé)Mz =2n-lay -+ an_2]' =2xM,.

From the above, the conditions on the a; are automatically satisfied. We deduce that the affine chart
2Up—1,1 is isomorphic to

Spec Of|[x,ay,...,an-2] =A'(‘);1. O

4.2.2. The cases for s > 2

In this subsection, we consider the explicit equations of U4, 5 for the signature (r, s) with s > 2. Observe
that 71 = {v + A(v) | v € A’ ® Os}. In the special fiber (where Og = k), we have tF; c Fy, and
(N ®k)= spanOFo{—el}, which implies —e| + tA(v) € Fy. Since

M,

M,
xM| + BM, ’
CM{+YM,

-FO:X:

we can always assume that —e; + tA(v) is the first generating element of Fj. In the matrix language,
this is equivalent to assume that the second row of X (i.e., My) is equal to [1 O- - - 0]. Thus, we have

70 ---0
M, = .
10---0
By using MOZi =[1n], M0Z£ =0, we set
7 ’
. 21,2 22,2 , 22 " L0
e I B e I
Tl,s 22, Zi,s T Zi/l—2,s
and
ai, ais
M2= [al as] =
ap-2,1 " Ap-2,s

We claim that Z;, Z, can be expressed in terms of A, X, X,. Observe from CM; + Y M, = nM,; that all
the entries of CM| + Y M, are in the maximal ideal, and thus a minor involving entries of CM| + Y M,
cannot be a unit. Similarly, the entries of the first row of xM; + BM, are also in the maximal ideal.
By replacing the order of basis {me,,,...,me,} if necessary, we can assume that the matrix M, has an
invertible (s — 1) X (s — 1)-minor. Let M, be a submatrix of M, composing (s — 1) rows along with the
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corresponding s columns. We set

A1 Giy2 - digs 01---0
’r _ . . . . _
My=1 ¢ 0 0=

ais’l al’S,2 DY al’S’S O O DY 1
for1 <ip,---,iy < n— 2. Consider the matrix C = MzZi. We have
C = [al +2Z12a2 + -+ 271 54 AL+ 22282 + -+ 22 586 ]

By setting i = iy, ...,iy, it is easy to see that Z; can be expressed in terms of C. Similarly, Z, can be
expressed in terms of Y as Mzzé =nl,—» +Y. Thus, Z;, Z, are given in terms of A, X1, X>.
Set

drp - dys 422 " q2.s
R A
ds,2"'ds,s ds2 " Ygs,s

where g; ; = Z;{":’ll (ak,in-1-k,j — An-1-k,iak, ;). The matrix Q depends on M,. Note that Q' = —Q by
definition.

Theorem 4.8. For any signature (r,s) with s > 2, there is an affine chart ;U, s € M which is
isomorphic to

AS T X Spec OF [D, My] /1,
where
I=(M,~[0]| 1], D+ D', D-Q+2xls)

for some choice of M. [0 | I5_1] is of size (s — 1) X s, with the first column 0.

Proof. The proof is similar to the proof of Theorem 4.2. Consider (M>Z))" = —J,,_2(Ma2Z})J,, > first.
We claim that Z! depends on M, and D. Since M>Z! = (¥}, a;i k2 ;)ij» the relation (MyZ)) =
~Jn-2(M2Z})J,— amounts to

’ ’ ’ ’
AipZio+ il = E(Ano1-j 22, ot Anm—jisTy L )
where the different sign + depends on the position of iy, . . ., i;. We obtain

’ B - = =0
Ln-1-i,2 = Zn-1-iz3 = = 1-igs =Y

by letting i =iy, j =n—1—i, fork =2,...,s. To write down Zé explicitly, we need to consider the
positions of ip, . . ., is.

. . ; _ . , _ .
Case 1: Assume that 1 < ip,...,is < m — 1. In this case, we have Znicipg = Znoi-ig.p by letting
T o, :
i=ip, j=n—-1-i4. Setd, 4 = L 1iyg We obtain
Z/ “ e Z’ d . d
n—l—i2,2 ‘n—1-ip,s 2,2 2,8
I o =l - 1 |=D
’ ’
Ln1-ig,2 " Zn-l-ig,s dsp -+ dys

where d, ;, = —d,, for 2 < p,q < s. This implies that D is skew-symmetric.
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For i = i,, we have

4
Zj2 = (an-1-jadap+ - +an-1-jsdos).

Since 1 < i, < m — 1, the sign + is positive when 1 < j < m — 1, and is negative whenm < j < n —2.

Similartoi =i for k =3,...,s. We have
0 0 a a a a
n-22 """ dm2|—Um-12 *°° —Ad1,2
t d2’2 o dz’s .
Z, = .
’ ' Ap-2,s """ Am,s |~ Am-1,s *** —Adl,s
ds 2 " ds‘,s

Case 2: In general, we assume that
1<ip,....i; <m—-1 and m <ipyq,...,is <n—2.
., L . .
Setd, 4 = Zpiiyg By letting i =i,, j =n—1-1i,, we obtain

dpg=-dqp, for2<p,g<t,ort+1<p,q<s,
pg=dgp, Tor2<p<tt+1<qg<s,ort+1<p<s52<qg<t.

U
Il

Thus, z}’k =*(an-1-j kdr 2+ - +an-1-j sdi s), where the sign + is positive if 1 < j <m,2 < k <1,
orm<j<n-2,t+1<k <s, and negative otherwise. Therefore, Zé can be expressed as

0O .- 0 ]
%) d
: Ap-22 " Gm2|=Am-12 **° —a1,2
t
22 = dz,z dt s
—di12 —dii1s An-zs * * Gms|—Amets -+ —d1.s
_ds,2 : ds,s ]
Set
drp o+ dyg
’D'_['“ I _ dt,2 dt,s
- s <p,g<s —
poaie=p-4 —drs12 +00 —drsis
L _ds,2 _ds,s

For2 < p,q <t,wehaved,,=d,, = -d, , = —d, ,. Similarly, it is easy to see that d,, , = —d »
for all the other positions of p, g. Hence, the matrix D is skew-symmetric.

Combining the above cases, for any 1 < i5,...,i; < n — 2, there exists a skew-symmetric matrix D
of size (s — 1) X (s — 1) such that

0 O ap-22 " Am2|—Am-12 - —A12
zé:[ D ] Do N (4.2.1)

p-2,s " Am,s |~ Am-1,s " —Al,s
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By abuse of notation, write D for D. Our next goal is to show that the second column of Zi depends on
the first column of Zi and M. Recall that

C = [al +2Z12a2 + -+ 271 58 AL+ 22202 + -+ 22 586 ]

and B = J,C'J,_,. By using (4.2.1), the (n — 1 — ix)-th columns (k = 2,...,s) of the relation
B + 1By = By(M>Z}) give

1
222 dop - dos 2,1 " Qo 21,2
212
= . Dot R “4.2.2)

22, ds,2 tee ds,s gds,1 " Ygs,s Zl' 2l,s
.S

Q9

where q; ; = kaz_ll(ak,[an,l,k,j — ap_1-k,iak, ;). It is easy to see that the rest columns in By + 7B, =
By(M>Z}) are automatically satisfied when (4.2.2) holds.
Finally, consider CM +(M»Z}) M, = 2nM>. By using the relations (4.2.1) and (4.2.2), it is equivalent

to
D-Q=-2nl,
where
dr do s q22 q2.s
D=t -~ | Q=] : "
ds,2 e ds,s 4s2 " Qs,s

There are two relations we still need to consider: B; M, = nBaM>, and (MZZE)2 = 27r(MZZ£). We leave
it to the reader to verify that these conditions are already satisfied when D - Q = —2x1,_;.

From all the above, we deduce that an affine neighborhood around (Fy, A’) is given by U, 5 =
SpecOF[x,z12,...,21,5, D, M2]/1, where

I=(M,-[0]1,.1], D+D', D-Q+2rl_).
Set Af)’Fl =SpecOF[x,212,-..,21,5]. For s > 2, we have

WUy s = AD X Spec O [D, M]/1. =

In particular, for the signature (7, s) = (n — 3, 3), we have

o4 [0g¢
o-%i) e[ 5]

where we set d = da3 = —d32,9 = q23 = —¢3 2. Recall that g = Zf;'(ak,zan_l_k,g — Ap-1-k 20k 3)-
The equation D - Q = —2nl;_; amountsto d - ¢ — 2n = 0.

Corollary 4.9. When (r, s) = (n — 3,3), there is an affine chart 2Uy,_3 3 which is isomorphic to
V(1) =Spec OF [x, 21,2, 21,3, d, (ak,1)1<k <n-2, (ak, 21 <k <n-2, (@i 31 <k <n-2]/1,
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where

m—1

I=(aj 1,001,002 — 1, ai,2,ai,3,ai,3—1,d - Z(ak,Zan—l—k,3 — An_1-k,20k3) — 27)
=l

for some 1 < ip,iz < n—2.

Remark 4.10. As in Remark 4.4, for different choices of M, we get different equations from D - Q =
—2nl; and so different affine charts ,U/,. ¢ which in general are not isomorphic. For instance, in
Corollary 4.9, there are two different affine charts up to isomorphism when we choose different posi-
tions for iy, i3 (see §5.3 for details). In Proposition 5.7, we show that for any such a choice, the affine
scheme V(I) has semi-stable reduction over O .

5. Splitting models M*?!

In this section, we will first show that the naive splitting model M is not flat over Spec O ¢ for a general
signature (r, s). Then we will define the closed subscheme M*! ¢ M. We show that M*?! is smooth for
the signature (r, s) = (n — 1, 1) and has semi-stable reduction for the signature (r,s) = (n — 2,2) and
(r,s) =(n-3,3).

5.1. Naive Splitting Models M

By using the explicit description of the two affine charts 14, s, 2U; s € M, that we obtained in §4, we
will show that M is not flat over Spec OF .

Proposition 5.1. For any signature (r, s), the naive splitting model M is not flat over Spec OF.

Proof. Tt is enough to show a) When s is odd, the generic fiber (U, s ®o, F is empty and so the point
(Fo, tAm) does not lift to characteristic zero, and b) When s is even, the generic fiber 2l s ®o,. F is
empty and so the point (Fg, A") does not lift to characteristic zero.

Observe that for a skew-symmetric matrix P of size s X s, the determinant of P is equal to O if s is
odd. Recall that we denote by U, s the affine chart around the point (Fo, tA,,) € M. By Theorem 4.2,
the affine chart (U,  is isomorphic to Spec O [D,Y]/I, where

I=X —-I, D+D', D -Q+2rl),

for any signature (r, s). Here, D is a skew-symmetric matrix of size s X s. Thus, when s is odd, we have
det(D) = 0. In this case, we can see that the generic fiber U, s ®o,. F is empty since

0 =det(D) det(Q) = det(D - Q) = det(-2rl,) = (-21)".

It follows that the point (Fy, tA,,) does not lift to characteristic zero when s is odd.
Recall that we denote by >4, , the affine chart around the point (Fy, A”) € M. By Theorem 4.8, the
affine chart ,U4, ¢ is isomorphic to AZ‘FI X Spec O [D, M;] /1, where

I=(M}=[0] 1], D+D", D-Q+2rlyy).

When s is even, we see that the generic fiber 02U, s ®¢, F is empty since D is of size (s — 1) X (s — 1)
and 0 = det(D - Q) = (=2x)*~!. Therefore, the point (Fy, A’) does not lift to characteristic zero when
s is even. ]

Recall that there is a forgetful morphism 7 : M — M”" ®o OF. From [18, Remark 5.3], [20, Remark
2.6.10], the authors show that the wedge local model M” is not topological flat for any signature when n
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is even. Consider the local model M'° to be the scheme-theoretic closure in M” of its generic fiber. We
have a closed morphism M!° < M. Define the splitting model as the inverse image of M!°°; that is,

Mspl = T—l (MIOC) = M Xy Mloc'
The restriction of the forgetful morphism 7 on M*?! gives

7 M%® — Mmloc,

5.2. The Case (r,s) = (n—2,2)
By using the explicit description of 4,27 in §4.1, we show the following.

Proposition 5.2. When (r,s) = (n — 2,2), {Uy—22 has semi-stable reduction over O. In particular,
1Un-22 is regular and has special fiber a reduced divisor with two smooth irreducible components
intersecting transversely.

Proof. From Corollary 4.3, it is enough to show that the scheme V(7) has semi-stable reduction over
Op. It suffices to prove that V(I) is regular and its special fiber is reduced with smooth irreducible
components that have smooth intersections with correct dimensions (see [13, §2.16]).

First, we rename our variables as follows: x; := y; | and y; := y;» for 1 < i < n. Thus, V(I) =
Spec Or[d,x,y]/I, where

m

n
I = (xio - 19 yj() - 13 xjos yi(p d(Z)’nH—jxj - Z )’n+1—jxj) _2”)

Jj=1 J=m+l
By symmetry, as above, there two cases to consider: Case 1 when 1 < ip, jo < m and Case 2 when
1 <ip<mandm+1 < jo < n. We consider these two cases separately in this proof.

In Case 1, we can assume, for simplicity, that iy = 1 and jo = 2. Thus, V(/) is isomorphic to
V(Z) = Spec R/Z, where

R = OF [ds (xi)3SiSn’ (yi)35i£n]7

and
n-3 m
T=(d0tnt+ D XiVueici = Yn = D, Xi¥ne1-i) = 270,
i=m+1 i=3

Over the special fiber (7 = 0), we have V(Z;) = Spec R/Z;, where

n-3 m

R=k[d, (xi)3<i<n» Oi)3<i<nl, s = (d(xp-1 + Z Xi¥n+l-i = Yn — inyml—i))-

i=m+1 i=3

It has two smooth irreducible components V(Z;) = Spec R/Z;, where

n-3 m
Ii=(d), Ip=(xp1+ Z Xi¥n+l-i = Yn — inynﬂ—i),
i=m+1 i=3

that are isomorphic to Ai"“‘. Their intersection is also smooth and of dimension 2n — 5. Next, we prove
that V(Zy) is reduced by showing that 7, = 71 N Z,. Clearly, Zy ¢ Z)NZ,. Let g € Zy NZ,. Thus, g € 7,
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and g = fid for fi € R. Also, g €randso fid € Z,. 1, is aprime ideal and d ¢ Z,. Thus, fi € Z; and

n-3 m
g=dfi =d(xp_1 + Z XiYn4lei = Yn — inyml—i)fz = Omod Z;
i=m+1 =3

for > € R. Thus, g € I, and so I, = 7| N I,. Lastly, we can easily see that the ideals Z;, 7, are principal
over V(Z). From the above, we deduce that V(Z) is regular (see [10, Remark 1.1.1]).

InCase 2, weset A ={1,...,n—=2}/{m,m+1} and letip = m, jo = m+ 1. Then V(I) is isomorphic
to V(J) = Spec R’/ J, where R" = O [d, (x;)ien, (¥i)iea] and

m—1 n
J=d1+ Z Xi¥nalei = Z XiYn+1-i) — 27).
i=1

i=m+2

To see that V(7) has semi-stable reduction over O i, one proceeds exactly as in Case 1. Over the special
fiber (7 = 0), we have V(J;) = Spec R’/ J; where R = k[d, (x;)iea, (¥:)iea] and

m—1 n
Js=(d(1+ inynﬂ—i - Z XiYn+1-i))-
=

i=m+2
It has two smooth irreducible components V(J;) = Spec R/J;, where

n

m—1
Ji=(), FH=010+ Z XiYn+l-i — Z XiYn+1-i)
=1

i=m+2

of dimension 2n — 4. (Note that in this case, the second component V(7,) is not isomorphic to the affine
space Ai”“‘ as in Case 1.) Their intersection is also smooth and of dimension 2n — 5. By using similar
arguments as Case 1, we can show that V() is reduced and V() is regular. O

Since 1U,—2 2 has semi-stable reduction, and is therefore flat over O, we have U2 C ML Our
next goal is to prove that M*P' has semi-stable reduction over O for the signature (r, s) = (n — 2,2).
From §4.1, it is enough to show that G-translates of 144,_» 2 cover M*P! (see Theorem 5.4).

Assume that s is even. Recall from §4.1 the G-equivariant morphism 7 : M*?! — M!°° ® 5 O which
is given by (Fp, Fi) — Fi. Let 7y : M ® k — M'°® ® k be the morphism over the special fiber.
Let (Fo, F1) be point of the special fiber of M*P'. Over the special fiber the condition (4) amounts to
tFo = (0) and so (0) C Fy C tA,, ® k (see §3 for the definition of the naive splitting models). Hence,
we consider the morphism

7 :MP @k — Gr(s,n) ®k

given by (Fy, F1) — Fo. Here, Gr(s,n) ® k is the finite-dimensional Grassmannian of s-dimensional
subspaces of A, ® k. This has a section

¢:Gr(s,n) @k - MP @k

given by Fo +— (Fo, F1) with F| = tA,, ® k. The image of the section ¢ is an irreducible component of
M*! ®0,. k which is the fiber 7! (1A, ® k) over the ‘worst point’ of M'°° ® k — that is, the unique closed
G-orbit supported in the special fiber (see [19, §5]). Hence, 7 1 (tA\y,) is isomorphic to the Grassmannian
Gr(s,n) ® k of dimension s(n — s).

We equip A, ® k with the nondegenerate alternating form (, )’ which is defined as (tv,tw)’ :=
(v,tw) = v'J,w. Note that this is well defined (see [25, §5.2] for more details). Denote by Q(s, n) the
closed subscheme of ¢(Gr(s, n) ® k) of dimension s(2n — 35+ 1) /2 which parametrizes all the isotropic
s-subspaces Jy in the n-space tA,, ® k.
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Next, we give a couple of useful observations concerning the special fiber of the affine chart (U,
(see §4.1 for the notation), which will be used in the proof of the following theorem.

Remark 5.3. Recall from Theorem 4.2 that over the special fiber of U, 5, we have D = -D', D-Q =0
and the minor relations from (4.1.1).
a) Observe thatif D = 0, then Z = 0, which gives A = O since A = YZ' over the special fiber. If A = 0,
then F| = tA,,. Hence, (U, s N v~ 1(tA,,) is a smooth irreducible component of dimension s(n — s).
b) Recall that

Fo= [ﬂyy] and Y=y -y

where y; are the columns of the matrix Y. By direct calculations, we get that the entries ¢; ; of the
matrix Q are given by ¢; ; = (y;,y;)’. Thus, over the special fiber, we have (Fy, o)’ = Q, and so from
the rank of Q, we read how isotropic JFy is with respect to {, )’. When the rank of the matrix Q is zero,
which actually occurs, we have (Fy, Fog)' =0 .

¢) From (a) and (b), we can easily see that ;U s contains points (Fp, F1) where Fy € Q(s,n) and
F1 =tA,,.

Theorem 5.4. When (r, s) = (n — 2,2), G-translates of \Uy,_3.» cover M*P.,

Proof. From §5.1, we have the forgetful G-equivariant morphism 7 : M — M!°° ®, O given by
(Fo, F1) — Fi. Asin [15, §4] and [18, §2.4.2, 5.5], the worst point of M @5 OF is given by the k-
valued point tA,, ® k. From the construction of splitting models and local models, in order to show that
G-translates of {Uy,_3 » cover MSPL it is enough to prove that G-translates of ;14— » cover 71 (tA).

Recall that 77! (1A, ® k) = Gr(2,n) ® k and Gy, acts via its action by reduction to tA,,, ® k /> A, ® k.
This action factors through the symplectic group Sp(n)i of the symplectic form (, )’ on tA,, ® k and
gives the map G, — Sp(n)x. Asin[19, §4], Gx has Sp(n) as its maximal reductive quotient. Therefore,
the map Gy — Sp(n)i is surjective.

Next, the Sp(n)g-action on Gr(2, n) has two orbits. More precisely, the orbits are

0(0) = {Fp € Gr(2,n) | Fy contains no isotropic vectors}
and
Q(2) = {Fy € Gr(2,n) | Fo is totally isotropic}.

Observe that Q(2) is contained in the (Zariski) closure of Q(0), and so Q(2) = Q(2, n) is the unique
closed orbit (see, for example, [3, §3.1] and [1]). Thus, Q(2, n) is contained in the closure of each orbit
0(),i=0,2.

Lastly, from Remark 5.3, we have that 144, 2 ® k contains points (Fo, tA,) with Fy € Q(2,n)
and so {Uy—2 > contains points from all the orbits. Therefore, from all the above, we deduce that the
G-translates of 1U,,_2» cover 7(tA). |

Corollary 5.5. When (r, s) = (n—2,2), the scheme M*! has semi-stable reduction. In particular, M*"!
is regular and has special fiber a reduced divisor with two smooth irreducible components intersecting
transversely.

Proof. The proof follows from Proposition 5.2 and Theorem 5.4. O

Remark 5.6. Note that the construction of ¢ : Gr(s,n) ® k = q-S—l (tA;; ® k) and the observations in
Remark 5.3 are true for any even s. In fact, for any even s, if we could show that the affine chart ;4 s is
flat, then U, ; ¢ M*P'. By using a similar argument as above, we then could prove that G-translates of
Uy cover M1,

https://doi.org/10.1017/fms.2025.10079 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10079

Forum of Mathematics, Sigma 25

5.3. The Case (r,s)=(n—1,1)and (r,s) = (n-3,3)
By using the explicit description of »l4,_3 3 in 4.2, we show

Proposition 5.7. When (r,s) = (n — 3,3), the affine chart 2U,_3 3 has semi-stable reduction over OF.
In particular, 2U,_3 3 is regular and has special fiber a reduced divisor with two smooth irreducible
components intersecting transversely.

Proof. Recall from §4.2.2 that the quadratic polynomial Zfz_ll (ak2an-1-k3 — An-1-k20k,3) depends
on the positions of i, i3. By symmetry, we only need to consider the case when 1 < ip,i3 < m — 1 and
thecasewhen 1 <ip, <m-1,m<iz<n-2.

We consider these two cases separately in this proof. In the first case, for simplicity, we can set
ip = 1,i3 = 2. Thus, 2U,_3 3 is isomorphic to V(Z) = Spec R/Z, where

R=0F[x,d,z1,2,21,3, (@i 1 3<i<n-2, (@i 2)3<i<n-2, (@i 33<i<n-2]>

and
m—1 n—4
I=(d(an23+ Z An-1-k30k,2 — Z An-1-k,30k2 — An-32) — 270).
= f=m

It is easy to see that we have two irreducible components in the special fiber, where

m-1 n-4
Li=(d), bL=(an23+ Z An-1-k 30k2 — Z An-1-k30k,2 — An-372).
k=3 k=m

Both irreducible components are isomorphic to Ai("%)

Their intersection is isomorphic to Ai("_3)_l, which is also smooth. Since Iy, I, are prime ideals, it

is enough to prove that the special fiber V(Zy) is reduced by showing Z; = I} N I,. By using similar
arguments as in Proposition 5.2, we get that V(Zy) is reduced and V(Z) is regular.

In the second case, we can set A = {1,...,n—2}/{m — 1,m}, and let i = m — 1,i3 = m. Then
2Uy—3 3 is isomorphic to V(J) = Spec R’/ J, where

, so they are smooth with the correct dimension.

R =0r|x,d, 212,213, (ai,1)ien, (@i 2)iea, (ai3)ieal,

and
m-2 n-2
J =1+ Z An-1-k,30k2 — Z Ap-1-k,30k2) — 27).
k=1 k=m+1
Again, we have two irreducible components over the special fiber:
m-2 n-2
Ji=(), D=1+ Z Ap-1-k30k2 — Z An-1-k,30k,2)-
k=1 k=m+1

Both of them are smooth and of dimension 3(n —3) (Note that in this case, the second component V (/3)
is not isomorphic to Ai(n_3) ). Their intersection is also smooth and of dimension 3n — 10. By using the
same arguments as above, we can show that V() is reduced and V(7) is regular. Thus, »l4,_3 3 has
semi-stable reduction over Of . ]

From Theorem 4.7 and Proposition 5.7, we have that »U,,_1,1 is smooth and >U,,_3 3 has semi-stable
reduction. Thus, both >U4,_1 1 and 2U,_3 3 are Of-flat. As in §5.2, we deduce that these affine charts
are open subschemes of the corresponding splitting model M*"!. We will prove that M*"! is smooth
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when (r,s) = (n —1,1) and M*! has semi-stable reduction when (r, s) = (n — 3,3) by showing that
G-translates of 2U,,_1,1 and »U,,_3 3 cover MsPL

Recall from §3 the G-equivariant morphism 7 : M**! — M'°®, O - which is given by (Fo, Fi) — Fi
and let 74 : M*! ® k — M'*° ® k be the morphism over the special fiber. When s is odd, the unique
closed G-orbit of M!°° @ k is the orbit of A’ ® k (see §3). From the construction of the local model, it is
enough to show that Gg-translates of 2U,_1,1 ® k and ,U,_3 3 ® k cover Ts_l (A" ® k).

When (r,s) = (n — 1, 1), the inverse image 7, '(A’ ® k) contains points (Fp, A’ ® k) satisfying
tA’ C Fp. Observe that tA’ = span; {—e; } and Fo hasrank 1. Thus, 7' (A’ ® k) = (span; {—e;}, A’ ®k)
is just a unique point (Note that it is different from the case when s is even, see §5.2, where we have
tAy = 0). From §4.2, we see that 2U,,—1,1 ® k contains that point and so Gg-translates of 2l4,,—1,1 ® k
cover 7,1 (A’ ® k). Hence, G-translates of 54,11 cover M*P!,

When s is odd and > 3, we have

T (N ® k) = {(Fo, A) | span{—e1} € Fo c N @k, 1Fy = (0)}.

Set Fo = spang{ej,va,...,vs}. Then tFy = 0 and Fy C A’ ® k imply that v,,..., v are a linear
combination of {—ej, ..., —€m, €41, - - ., Tey—1 }. Thus, we consider the morphism

T, (N ®k) > Gr(s—1,n-2)®k
S

given by (Fp, A”) +— spang{va, -+ ,vs}. Here, Gr(s — 1,n — 2) ® k is the Grassmannian of (s — 1)-
dimensional subspaces of

N /{-n"ter,—e1} = spang{—ea, ..., —€m, T€msls- .., T€u_1}.
We also have a section
¢:Gr(s—1,n-2)®k » MP @k,

given by W — (spany (e;, W), A’). Similar to §5.2, it is easy to see that the image of the section ¢ is
771 (A’®k). Hence, 77 1 (A’ ®k) is isomorphic to Gr(s—1, n—2) ®k. As in §5.2, we can equip 7; | (A’ ®k)
with a nondegenerate alternating form; that is, (tv, tw)’ := (tv,w) = v'J,_ow for tv,tw € 7,1 (A’ ® k).
Denote by Q(s — 1, n —2) the closed subscheme of Gr(s — 1, n —2) ® k which parametrizes all isotropic
(s — 1)-subspaces with respect to (, )’.

The following observations concern the special fiber of >l ; when s is odd. We keep the same
notation as in §4.2.

Remark 5.8. (1) Set a; the i-th column of the matrix M>; a; can be expressed as the element tv €
71 (A’ ® k), where tv = [00 ay; -+ an;| O --- 0]". Thus,

(a;,a;) =[ar; -+ an-2,ilIn—lar; -+ an-;jl’
1

m—

Z(ak,ian—l—k.j — An-1—k.i0k,})
1

k=
qi.j-

(2) For the special fiber M*P' ® k, consider (o3, s ® k) N7, 1 (A’ ® k). We get C = O since A = 0. The
first column of Cis a; +zj a2 +-- -+ 21 sa5. By settingi = i», ..., i, thisgivesus z; o =--- =21, =0
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and so a; = 0. Thus,

M,
_ | M2
Fo=17o |
0
where
00 0 0 aip -+ ais
0 ap-22 " Ap-2.s

By definition, Q = [g; ;] = 0 is equivalent to {(a;,a;)’ = 0 for 2 < i, j < s. Therefore, 7(Fp) is totally
isotropic under ( , )" if and only if Q = 0 (which actually occurs). Thus,

H(Q(s = L,n=2)) € (Uys 8 K) N (A B ).

Theorem 5.9. When (r,s) = (n — 3,3), G-translates of 2U,,_3 3 cover MP.,

Proof. 1t is enough to prove that G-translates of 2l,_3 3 cover 771(A’). We use similar arguments as
in the proof of Theorem 5.4. Since Gy acts on 7, (A’ ® k) =~ Gr(2,n — 2) ® k, this action factors
through the symplectic group Sp(n — 2) of the symplectic form (, )’ on A’/{-n"'e;, e}, and gives
the surjective map Gy — Sp(n — 2);, where

Sp(n—2)x ={g € SL(n— 2 | &' Ju-28 = Ju-2}.
By [3, §3], the Sp(n — 2)x-action on Gr(2,n — 2) ® k has two orbits: Q(0) and Q(2), where
Qi) ={Fp € Gr(2,n - 2) | dim(rad(Fy)) =i},

fori = 0, 2. Similar to the proof of Theorem 5.4, we have Q(2) C 0(0). Thus, Q(2) is the unique closed
orbit. Observe that Q(2) contains all totally isotropic subspaces 7 (Fp), and so Q(2) = Q(2,n — 2).
From Remark 5.8 (2), we have that »4,_3 3 ® k contains points (Fp, A’ ® k) with 7(Fp) € Q(2,n—-2).
By identifying 7' (A’ ® k) with Gr(2,n —2) ® k, we get that »14,,_3 3 contains points from all the orbits.
Therefore, from all the above, we deduce that the G-translates of 24,,_3 3 cover 7' (A’). ]

From Propositions 4.7 and 5.7 and Theorem 5.9, we have the following:
Corollary 5.10.

a) When (r,s) = (n—1,1), M is a smooth scheme.
b) When (r,s) = (n—3,3), M has semi-stable reduction over O . In particular, M is regular and
has special fiber a reduced divisor with two smooth irreducible components intersecting transversely.

Remark 5.11. For s odd and > 5, note that we have
it (N ek) > Gr(s—1,n-2)®k,
and
Qs —1,n=2) c QU s ®k) N7, (A® k).

If we can show that the affine chart U4, s is flat, then we have U, ¢ C MsPl By using a similar argument
as the proof of Theorem 5.9, we could prove that G-translates of U4,  cover ML
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Remark 5.12. When (r, s) = (n—1, 1), the local model M'°° ¢ M” is smooth (see [ 18, §5.3]). Consider
the morphism 7 : M — M!°° ® Op. The generic fiber of all of these is the same (see §3). In
particular, from all the above discussion in this section, we can see that Ml = Ml @ OF.

6. Application to Shimura varieties

In this section, we give the most immediate application of Corollaries 5.5 and 5.10 to unitary Shimura
varieties. Indeed, by using work of Rapoport and Zink [24], we first construct p-adic integral models
for the signatures (n — s, s) with s < 3 where the level subgroup at p is the special maximal parahoric
subgroup Py,,) defined in §2.2. These models have simple and explicit moduli descriptions and are
étale locally around each point isomorphic to naive local models. Then by using the above corollaries
and producing a linear modification, we obtain smooth integral models of the corresponding Shimura
varieties when s = 1 and semi-stable models when s = 2 or s = 3 (i.e., they are regular and the
irreducible components of the special fiber are smooth divisors crossing normally). (See Theorem 6.1.)

We start with an imaginary quadratic field K and we fix an embedding € : K — C. Let W be a
n-dimensional K-vector space, equipped with a nondegenerate hermitian form ¢. Consider the group
G = GU,, of unitary similitudes for (W, ¢) of dimension n > 3 over K. Assume that n = 2m is even. We
fix a conjugacy class of homomorphisms % : Resc/rGy,c — GU,, corresponding to a Shimura datum
(G, X) = (GU,, Xp,) of signature (r, ). The pair (G, X) gives rise to a Shimura variety Sh(G, X) over
the reflex field E. (See [18, §1.1] and [15, §3] for more details on the description of the unitary Shimura
varieties.) Let p be an odd prime number which ramifies in K. Set K1 = K ®g Q,, with a uniformizer r,
and V = W ®q Q,. We assume that the hermitian form ¢ is split on V (i.e., there is a basis ey, ..., e,
such that ¢(e;, en41-;) = 6;; for 1 < i, j < n). We denote by

-1 -1
A= spanokl{zr €ly. . T €, Cixly---s€n}

the standard lattices in V. We can complete this into a self dual lattice chain by setting Az, = kA,
(see §2.1). Denote by P, the stabilizer of A,, in G(Q),). We let £ be the self-dual multichain consisting
of lattices {A;}jenzem. Here, G = Aut(L) is the (smooth) group scheme over Z, with Py, = G(Z,)
the subgroup of G(Q,,) fixing the lattice chain L.

Choose also a sufficiently small compact open subgroup K” of the prime-to-p finite adelic points
G (A?) of G and set K = K? P ,,,. The Shimura variety Shg (G, X) with complex points

Shg (G, X)(C) = G(Q\X X G(Af)/K

is of PEL type and has a canonical model over the reflex field E. We set O = Og,, where v the unique
prime ideal of E above (p).

We consider the moduli functor A‘I“(aive over Spec O given in [24, Definition 6.9]:

A point of A with values in the O-scheme S is the isomorphism class of the following set of data
(A,,4,7):

(1) An object (A, ), where A is an abelian scheme with relative dimension n over S (terminology of
[24]), compatibly endowed with an action of O:

t:0 >EndA®Zp,.

(2) A Q-homogeneous principal polarization A of the £-set A.
(3) A KP-level structure

7 Hl(A,AI;.) ~ W®AI;. mod K”

which respects the bilinear forms on both sides up to a constant in (A’; )* (see loc. cit. for details).
The set A should satisfy the determinant condition (i) of loc. cit.
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For the definitions of the terms employed here, we refer to loc.cit., 6.3-6.8 and [15, §3]. The functor
AR is representable by a quasi-projective scheme over O. Since the Hasse principle is satisfied for
the unitary group, we can see as in loc. cit. that there is a natural isomorphism

ARe @0 E, = Shg(G, X) ® E, .

As is explained in [24] and [15], the naive local model MPMive s connected to the moduli scheme
AR via the local model diagram

Arll(aive ﬂ AnKaive(G’ X) ﬁ) Mnaive’

where the morphism ¢ is a G-torsor and ¥ is a smooth and G-equivariant morphism. Therefore, there
is a relatively representable smooth morphism

AnKaive — [g\Mnaive]

where the target is the quotient algebraic stack.

Next, denote by .Alﬂ(at the flat closure of Shk (G, X) ®g E, in A‘I‘five. Recall from §3 that the flat
closure of M"Ve @ E,, in MMV g by definition the local model Mlee, By the above, we can see, as in
[18], that there is a relatively representable smooth morphism of relative dimension dim(G),

Aili(at — [g\MIOC] .

This of course implies that AR is étale locally isomorphic to the local model M'*°.

One can now consider a variation of the moduli of abelian schemes Ak where we add in the moduli
problem an additional subspace in the Hodge filtration Fil®(A) ¢ H ‘llR (A) of the universal abelian
variety A (see [7, §6.3] for more details) with certain conditions to imitate the definition of the naive
splitting model M. (See §3 for the definition of naive splitting models.) More precisely, Ak associates
to an Ok, -scheme S the set of isomorphism classes of objects (A, ¢, 4,17, Fo). Here, (A,,4,7) is an
object of A“Kaive(S). Set % := Fil’(A). The final ingredient %, of an object of Ak is the subspace
FoC F C H}i g (A) of rank s which satisfies the following conditions:

() +m)F c Fy, () —m)FH = (0).
There is a forgetful projective morphism
7 Ak — AR ®0 Ok,

defined by (A, 1, 1,7, Fo) — (A, 1, A,17j). Moreover, Ak has the same étale local structure as M; it is a
‘linear modification’ of AnKaive ®p Ok, in the sense of [15, §2] (see also [17, §15]). As we showed in
Proposition 5.1, the scheme M is never flat, and by the above, the same is true for Ak.

Theorem 6.1. Assume that (r,s) = (n—1,1) or (n—2,2) or (n — 3, 3). For every K? as above, there
is a scheme Aigl, fat over Spec (O, ), with

Aigl ®01<1 K, = Shg(G, X) ®g K,
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and which supports a local model diagram

A6, X)
reg reg

7 ax 6.0.1)
AP M

such that

a) m.® is a G-torsor for the parahoric group scheme G that corresponds to Py
b) qu is smooth and G-equivariant.

c) When (r,s) =(n—-1,1), A;gl is a smooth scheme.
c’) When (r,s) = (n—2,2) or (r,s) = (n—3,3), Aigl is regular and has special fiber which is a
reduced divisor with normal crossings.

Proof. From the above, we have the local model diagram

Al (G, X)
1 1
AIgC M OC’
where the morphism | is a G-torsor and ¥ is a smooth and G-equivariant morphism. Set

APNG, X) = AE (G, X) Xppoe M,

which carries a diagonal G-action. Since 7 : Ml 5 M @ OF is projective (see §5), we can see
([15, §2]) that the quotient

s AP — AP = G\AP(G, X)

is represented by a scheme and gives a G-torsor. (Recall that the morphism 7 induces an isomorphism
on the generic fibers.) This is an example of a linear modification; see [15, §2]. The projection gives a
smooth G-morphism

7spl
g B — M

which completes the local model diagram. Property (c) (resp. (c’)) follows from Theorem 5.10 (resp.
Corollaries 5.5 and 5.10) and properties (a) and (b) which imply that A;?l and M*?! are locally isomorphic
for the étale topology. O

Remarks 6.2. Similar results can be obtained for corresponding Rapoport-Zink formal schemes. (See
[12, §4] for an example of this parallel treatment.)

7. Moduli description of M*P!

In this section, we show that by adding the ‘spin condition’ in the naive splitting model M, we get the
splitting model M*P! for signature s < 3.

We use the notation of §2, §3, and we set W = A’Ié(V ®F, F). Recall that the symmetric form (, )
splits over V, and thus, there is a canonical decomposition

W=W eW_
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of W as an SOy, ((, ))(F)-representation (see [23, §7], [27, §2]). For a standard lattice A; in V (see §2),
we set W(A;) = A"(A; ®0, Or) and W(A;)z1 = Wy NW(A). For an Op-scheme S and € € {+1}, we
set

Li,e(S) = im[W(A))e ®0r Os — W(A) ®0 Os].

We now formulate the spin condition:

(5) (Spin condition) the line bundle A" Fy € W(Ay,) ®o, Os is contained in L,, (_1)s (S).

The spin splitting model MP™ is the closed subscheme of M defined by imposing the spin condition.
We have the following inclusions of closed subschemes M*?' ¢ M®PI" ¢ A which are all equalities
between generic fibers (see [18, §7] and [23, §9]). The restriction of T on M*PI" gives us

T MM MP" @, OF,

where M*I" is the spin local model defined in [18]. In particular, M*P™ is the closed subscheme of M"
that classifies points given by F; which satisfy the spin condition. We want to mention that Smithling
[26, Theorem 1.3] proved that MSPin g topologically flat. Also, from [23, Remark 9.9], we get that the
spin condition can be characterized as the following condition:

(5) The rank of (¢ + ) on F| has the same parity as s.'

Remark 7.1. Recall from the proof of Proposition 5.1 that the point (Fo, tA,;) when s is odd and the
point (Fp, A”) when s is even does not lift to the generic fiber. However, we can easily see that these
points do not satisfy the condition (5”) and so they are not in M*PI",

Proposition 7.2.

a) When s is even, U,y C M,
b) When s is odd, 2U, s ¢ M,

Proof. Tt is enough to consider the rank( (¢ + ) F}) over the special fiber (7 = 0) for the following two
cases.
Case 1: Consider the affine chart (U, s around (Fy, A;;). Recall from §4.1 that
A X
A=l -l

By (¢ + m)F1 C Fop, we get

nol, + TA

(l‘+7T).7:1= A+l

Z[

_ X
- 1%

where Z is of size n X s. Since rank(Fy) = s, the rank of (¢ + 7)F; amounts to rank(Z"). Note that
Z' = D' - Y', where D is of size s X s and rank(Y) = s. Thus, rank(Z’) = rank(D"). Since D is a
skew-symmetric matrix, the rank of D is always an even number. Therefore the rank of (7 + ) |, where
(Fo, F1) € 1Uy s, is always even.

Case 2: Consider the affine chart »U4, s around (Fp, A’). In this case, from §4.2, we have

Fi= {Z] Fo=X= ]

and
t ZZ Zt
TWe interchange r and s in the notation relative to [_)3].
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where Z; is of size 2Xx s and Z; is of size (n—2) xs. Thus, the rank of (#+7)F; amounts to rank([Z] Z}]).
Over the special fiber, we have

1 0 o --- 0
’ ’
21,2 22,2 . U2 "7 L
2 = N %=
’ ’
2l,s 22,5 Zl,s T Zn—2,s

We treat Z{, Z! separately. By (4.2.1), Z! can be expressed as

0 --- 0
0---0] -~ drp - das |
Z£:|: D ]'M2= : . : 'MZ’
ds,2 ds,s

where D is a skew-symmetric matrix, and M, contains an I_;-minor. Thus, Z; is generated by the

columns of [ 0 ] . For Z!, we claim that the second column is generated by [ ] . From (4.2.2),

D D
we have
0 0 0 1
22 drp do s q%’l 925 212
22,5 ds,2 . d? s 5,1 77" dsis Zl,s
in the special fiber. Recall that D - Q = 0, where
q2,2 " q2,s
o=|: .
qs,2 ° qs,s
Then
0 00---0 1 0
22,2 *0---0 21,2 %
22,8 *0---0 Zl,s *
which can be expressed as
0 0 0
* dr do s
S| T a1 +-+4s,1 :
* ds,2 dx,s

' D 0 ] . From all the above, we deduce that the rank of

Therefore, the second column is generated by [ 0
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[Z} Z5] amounts to the rank of

1 0 - 0
212 dap - dys

Zl,s ds,2 ds,s

Since rank(D) is even, and the first column is linear independent to the rest of the columns, the rank of
(t + m)F1, where (Fy, F1) € Uy 5, is always odd.
Therefore, 1U, ; € M*P" if and only if s is even and U, ; € M*P" if and only if s is odd. ]

In particular, when s = 2, we have |U,—2, C M and when s = 3, we have oU,_33 C M,
Moreover, since M*PI" is topologically flat, or in other words, the underlying topological spaces of M*PI"
and M!°° coincide, we can repeat the G-translates argument as in Theorems 5.4 and 5.9 and obtain the
following.

Proposition 7.3.

a) When (r,s) = (n—2,2), G-translates of {U,—> > cover M spin.
b) When (r,s) = (n - 3,3), G-translates of 2U,_3 3 cover M.

From Theorems 5.4, 5.9 and Proposition 7.3, we deduce the following.
Theorem 7.4. For the signatures (n — s, s) with s < 3, we have MM = M*P!,

Therefore, we obtain a moduli-theoretic description of M*"! and by Theorem 6.1 for the corresponding
integral model Aigl. In particular, the closed subscheme Aigl c Ak (see §6 for the explicit definition of
Ak) is obtained by imposing the following additional condition on the moduli problem of Ak:

Spin condition. The rank of (:() + 7) on Fil’(A) has the same parity as s.

Remark 7.5. Recall the G-equivariant morphism 7 : MP' — M'°°®, O, which is given by (Fy, F|)
Fi. By the above remark, we have M®" = M*! for the signatures (n — s,s) with s < 3. Define
7y : MP'®@ k — MI°° ® k over the special fiber. For a point (Fo, F1) € M*®'® k, we have (0) c tF; ¢ Foy
and 1 Fy = (0) which gives (0) c Fy C tA,, ® k. Also, we have

Flcfd', tAm®kC.7:(')L,
Fict™ Y (Fy), tAm ® k c 71 (F).

The spaces ¢~ (Fp), .7-'0l have rank n + s, 2n — s, respectively, and we indicate with L the orthogonal
complement with respect to (, ). From above, we obtain that

FiCFi+tAn®k c Fynt™ ' (Fp) c 7 (F). (7.0.1)

A) When the signature (7, s) = (n — 2,2), we have a morphism 7 : M**! ® k — Gr(2,n) ® k given
by (Fo, F1) = Fo. Let My = 771 (tA,, ® k), and M, = 771(Q(2, n)). Recall that M, is isomorphic to
the Grassmannian Gr(2, n) ® k of dimension 2n — 4. The spin condition translates to: rank(z.F;) = even.
Since 0 C tF; C Fy, we get rank(¢Fy) =0 or 2, (i.e., tF; = 0 or tF| = Fp).

Furthermore, from tF; = 0, we get F| C tA,, ® k which implies F} = tA,, ® k, so (Fo, F1) € M.
However, if tF] = Fy, we have rank (¢ (F1+tA,,,®k)) =rank (¢F) = 2. Thus, rank(F +1A,, ®k) > n+2.
By rank (™' (Fp)) = n+2 and (7.0.1), we get Fi + tA,, @ k = Fyn t~1(Fo) = t71(Fy), which implies
Y (Fy) ]-'Ol. As in [28, §2.1], observe that Fy € Q(2,n) (i.e., {(Fo, Fo)’ = 0) is equivalent to
rank (t_l(]:o) N ]:d‘) =n+2 (e, t_l(]'—o) - .7'—6‘) So (Fo, F1) € M.

Therefore, M?! ® k = M; U M,. Moreover, from the above, we can easily see that 7/ : M \ M| =~
M€\ {tA,, ® k}, so that M, maps birationally to the special fiber of M!°¢.
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Lastly, the fiber 771 ({Fp}) with Fy € Q(2,n) contains all (Fy, F;) with F satisfying Fy C
(7 (Fo))* c Fi c t7(Fo). These {F;} correspond to isotropic, with respect to (, ), subspaces in the
four-dimensional space 1~ (F) /(™' (Fo))*, and they are parameterized by the orthogonal Grassman-
nian OGr (2, 4). Therefore, M, is a OGr(2, 4)-bundle over Q(2, n) with dimension 2n — 4, and M, M,
intersect transversally over the smooth scheme Q(2, n) of rank 2n — 5.

B) When the signature (r,s) = (n — 3,3), the unique closed G-orbit in M'® ® k is not the point
tA,;, ® k but the orbit of A’ ® k which we denote by O,,;. Let

My =110 ) = {(Fo. F1) e MP' @ k | Fy = g - A’ for some g € G}
and
M; = {(Fo, F1) € M ® k | Fy is totally isotropic under (, )'}.

The spin condition translates to rank(z.F;) = odd. By O C ¢t.F| C Fy, we get rank(tF;) = 1 or 3.

If rank (¢ F7) = 3, we have tF| = Fy which implies rank(F; + tA,, ® k) > n+3. By (7.0.1), we get
Fyn t™1(Fo) = t71(Fp). Thus, Fy is totally isotropic under ( , )’. Next, assume that rank(¢F;) = 1, or
in other words, consider

IA,,
¢ e
Fi1NtA, F1+1tA,

9 C
Fi

where the quotients arising from all slanted inclusions are finitely generated projective k-modules of
rank 1. We can easily see that this holds for 7 = A’ ® k. Since tA,, is fixed by the action of G and the
G-orbit O, is closed, we can deduce that rank(¢F1) = 1 if and only if 7} € O,,;. Therefore, as in (A),
we get M*P!' ® k = M| U M,, where M, maps birationally to the special fiber of M!°¢.
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