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Abstract

This paper draws connections between the double shuffle equations and structure of associators;
Hain and Matsumoto’s universal mixed elliptic motives; and the Rankin—Selberg method for
modular forms for SL,(Z). We write down explicit formulae for zeta elements o,,_; (generators
of the Tannaka Lie algebra of the category of mixed Tate motives over Z) in depths up to four,
give applications to the Broadhurst—Kreimer conjecture, and solve the double shuffle equations for
multiple zeta values in depths two and three.
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1. Introduction

1.1. Motivation. A consequence of Belyi’s theorem [2] is that the absolute
Galois group of QQ acts faithfully on the profinite completion of the fundamental
group of P'"\{0, 1, oo}, or in other words, the homomorphism

Gal(Q/Q) — Aut(w, (P'\{0, 1, 00}, YO)) (1.1)

is injective. In his ‘Esquisse d’un programme’ ([22], % — %‘), Grothendieck
suggests that this should give a way to ‘parametrize’ elements of Gal(Q/Q) by
suitable elements of the profinite group on two generators.
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Transposing this question to the prounipotent setting leads to a more attainable
goal. The unipotent de Rham analogue of (1.1) is the statement that

Gy — Aut(r{®(P'\{0, 1, 00}, 1p)) (1.2)

is injective [4], where G‘j&T(Z) is the de Rham motivic Galois group of the
category of mixed Tate motives over Z. Its graded Lie algebra is noncanonically
generated by elements o3, 0s, ... in every odd degree —3, —5, . ... Furthermore,
the de Rham fundamental groupoid of P'\{0, 1, oo}, and its group of inertia-
preserving automorphisms, can be realized as formal power series in two
noncommuting variables Xg, X;. This gives a concrete version of Grothendieck’s
programme:

PROBLEM 1. Describe explicitly the images of elements oy,,1 in Q({Xg, X1)).

A priori, the elements 05, are not canonical, since they are only well defined
up to addition of commutators. For example, in degree —11, there is a two-
dimensional space of possible generators oy, + Alos, [05, 03]], where u, A € Q,
with respect to some choices of o,,,. Strangely enough, the proof [4] of the
injectivity of (1.2) actually provides a canonical choice of generators o, 41, Dutit
seems very difficult to describe these explicitly, and their coefficients involve large
prime factors. The proof in [4] also provides a canonical element " € Q((X,,
X1)) in even degrees, which is a motivic version of a rational associator. The
important problem of constructing an explicit rational associator was suggested
by Drinfeld [13] in 1990 and is still open. The elements o7, ., T" are related to
the choice of the Hoffman—Lyndon basis for motivic multiple zeta values.

A better reformulation of problem 1 is therefore

PROBLEM 2. Give a canonical choice, and explicit construction of, elements
Oany1 1IN Q{{xp, x1)) and a motivic rational associator 7 in Q{{x¢, x1)).

In this paper, we attempt to solve problem 2 using the depth filtration, which
corresponds to the degree in the letter X;. The heads of the elements o,
(respectively ) in depths 1 and 2 (respectively depth 1) are canonical, but
their tails are not. Using three different techniques (via double shuffle equations,
the unipotent fundamental group of the punctured Tate curve, and the relative
completion of SL,(Z)) we show, surprisingly, that there is an explicit way to
write down canonical elements o5, (respectively 7) to the next order, namely
depth 3 (respectively depth 2). Their coefficients involve products of Bernoulli
numbers, which can be thought of as a higher-depth version of Euler’s formula
expressing even zeta values as multiples of powers of 7. This raises the possibility
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that problem 2, which at first sight seems hopeless, may in fact have an explicit
solution to all depths. Such a solution would give an algorithm to write any
motivic multiple zeta value in terms of a basis, and in addition, would give an
explicit representation of the motivic Galois group of M7 (Z).

The general theme of this paper is that certain constructions relating to the
motivic fundamental group of the projective line minus 3 points, which are
inherently ambiguous, can be explicitly determined by passing to genus one.

The main result can be viewed on the following three different levels.

1.2. The fundamental group of P!'\{0, 1, oo}. The de Rham fundamental
group
I = ﬂij(Pl\{O, 1,00}, 11)

of P'\{0, 1, oo} with tangential base point the unit tangent vector at 1, is a
prounipotent affine group scheme over Q. Its graded Lie algebra is the free Lie
algebra IL(X,, X;) on two generators X, X; dual to loops around 0 and 1. Since | [1,
is the de Rham realization of a pro-object in the category of mixed Tate motives
over Z, it admits an action of the Tannakian fundamental group Gdj}lT(Z). Denote
the graded Lie algebra of the latter by

g" =L(o3,05,...). (1.3)

It is the free graded Lie algebra generated by noncanonical elements o0,,,; in
degree —2n — 1 for n > 1. We obtain a morphism of Lie algebras

io 1 g™ — Der' L(Xo, X;) (1.4)

where Der! L(Xo, X;) denotes derivations which send X; to 0. The subscript of iy
refers to genus zero. Furthermore, we know that (1.4) factors through a morphism

io 1 g™ —> L(X, X;) —> Der' L(Xo, X1)

where the second map sends f € IL(X;, X;) to the derivation Xy — [Xq, f1], X; — O.
The main result of [4] states that i, and hence iy, is injective, and therefore enables
us to expand elements o € g™ in ‘coordinates’ X, and X;. We wish to describe the
i(0p,-1) as explicitly as possible. One way to do this is using the known relations
which are satisfied by its image. Indeed, Racinet [35] showed that the image of i
is contained in the Lie algebra dmt, of solutions to the double shuffle equations.
It is also contained in the space of solutions to Drinfeld’s associator equations,
which by a result of Furusho [17], are contained in dmr,. The associator relations
will not be used in this paper.
It is well known that

i(02n41) = ad(X)*"X; + (terms of degree > 2in X)), (L.5)
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but little is known about the coefficients of i (03, ) of degrees > 3 in the X;, and
worse, they depend on the choice of generators 0,,,. In this paper, we show:

THEOREM 1.1.

(1) There is a choice of generators oy, ., € g™ which is given by an explicit
formula (1.11) modulo terms of degree > 5 in X;.

(2) There is a rational associator T° which is given by an explicit formula modulo
terms of degree > 4 in X.

Statement (1) is surprising because a choice of generators o0y, are a priori
only well defined up to addition of triple commutators of 0,,,,,. The key point is
that by passing to genus 1, we can fix these uniquely. A similar story holds for (2).

In the course of the proof of this theorem, we discover that it is more
convenient to consider a different normalization for the oy, from the canonical
normalization (1.5). For want of a better name, we shall call it the heretical
normalization

Oopit = (on )'02n+l (mod terms of degree > 2 in X;), (1.6)
where B,, is the 2nth Bernoulli number. Throughout this paper, objects which are
normalized according to the heretical normalization will be underscored.

1.3. The fundamental group of the first-order Tate curve. Let £}, denote
the punctured fibre of the universal elliptic curve M;, — M, over the
tangential base point d/dg on M, ;, where M, , denotes the moduli space of
curves of genus g with n marked points. In a future paper with Hain, we shall
show (as suggested in [25]) that its de Rham fundamental group

P =aR(E},, 1) (1.7)

where 1; is the tangent vector of length 1 with respect to a natural choice of
holomorphic coordinate w on Ej, 4 18 the de Rham realization of a pro-object
in the category of mixed Tate motives over Z. Its weight filtration is denoted
by M (for monodromy-weight), but it also possess an additional filtration W
(the ‘elliptic weight’), which coincides with the lower central series filtration.
Its associated bigraded Lie algebra is the free Lie algebra on certain canonical
generators &, b. Correspondingly, one obtains a morphism of Lie algebras

iy 1 g™ — Der? L(a, b) € DerL(a, b) (1.8)

where Der® denotes the subspace of derivations § such that §(®) = 0, where
= [a, b]. We shall show as a consequence of [4] that (1.8) is injective. (If one
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thinks of g™ as being bigraded for M and W, with W = M, then the map i,
respects the M-grading, but not the W-grading, only the W-filtration, see [25].)
There exist distinguished elements &5, € Der® LL(a, b) whose action on a is

ey, (@) = ad(@)*b forn > 1.

They were first studied by Tsunogai [32, 37] in a slightly different context and
rediscovered in [11, 28]. The action of €5, on b is determined by the condition
g5, @ = 0 together with the fact that it is homogeneous of degree 2n in a, b.
The derivations ey, are ‘geometric’ in the sense that the relative completion of
SL,(Z) = w1 (M ,1,3/3q) (or universal monodromy) acts on the completion
(with respect to the lower central series) IL(a, b)" via the Lie algebra generated
by the &5, and their images ad(e))*e5, under the adjoint action of

ey € Der®L(a,b) where gj(a) =b, & (b) =0.
Denote the Lie subalgebra generated by the ¢, for all n > 0, by
uF™ C DerL(a, b).

It is the M, W-bigraded image of the universal monodromy [24]. The elements
ey, satisfy relations studied by Pollack [34]. The image of g™ in Der® LL(a, b)
under (1.8) is by no means contained in us*°™, but in low degrees with respect to
b, the ), give canonical ‘coordinates’ in which to write down the initial terms of
elements i;(0y,41). Indeed, the motivic version of a formula due to Nakamura is

i1(02,41) = &5,,, (mod W_y,_3)

for all n > 1. We shall prove:

THEOREM 1.2. Let n > 2. There exists a choice of elements oy, | satisfying

1
11(09,11) = Exppn T Z E[ézvﬁz» [§2vb+2’ g911 (mod W_y, 5) (1.9)

a+b=n

where the g, are heretical normalizations (3.4) of the e5,.

This theorem is equivalent to an explicit formula for the iy(05,, ;) € L(Xo, X;)
modulo terms of degree > 5 in X,. Note that the case oy is exceptional. The sheer
simplicity of formula (1.9) leads one to wonder if it can be extended further.

This theorem is equivalent to a formula for iy (03, ) using an explicit morphism
from the de Rham fundamental group of P'\{0, 1, 0o} to that of E ax/a , Which was
written down by Hain. Since iy and i; are compatible with this morphism, the
expansion (1.9) of 7;(03,,,) in terms of derivations &, implies an expansion for
io(0,,,) in terms of X,, X; in genus 0.
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1.4. Rankin-Selberg method. The third way of understanding the elements
05,.1» and the inspiration for this paper, came from the theory of iterated integrals
of holomorphic modular forms for SL,(Z). The coefficients in equation (1.9)
come from the computation [8] of the imaginary part of an iterated integral
of two Eisenstein series using the Rankin—Selberg method. They turn out to
be the coefficients of ¢{(2n — 1) in the convolution of two Eisenstein series of
different weights, which are products of Bernoulli numbers. Equivalently, they are
proportional to the coefficients in the odd period polynomials of Eisenstein series.
This is how I found both the heretical normalizations (1.6), and the formula (1.9).

1.5. Further remarks. We discuss the methods used in this paper, and further
applications to the double shuffle equations and Broadhurst—Kreimer conjecture.

1.5.1. Commutative power series and anatomy of associators. One tool which
we use extensively is the method of commutative power series. It is closely related
to Ecalle’s theory of moulds [14, 15]. Let IL(u, V) be the free bi-graded Lie algebra
generated by two elements U, V. The degree in v will be called the depth-grading.
For any r > 1, elements of depth r in the tensor algebra 7 (U, V) can be represented
as commutative polynomials in r variables

prgr, T, V) — Qlxi,....x,] r>1 (1.10)

uovu vt e oxgt

We apply this construction to (U, V) = (Xo, X;) and (U, V) = (a, b), and their
derivation algebras. We shall explain why, in certain situations, it is natural
to rescale the morphism p by introducing polynomial denominators. In this
manner, elements of Der' L(Xo, X;) and Der® LL(a, b) are uniquely encoded by
sequences of rational functions in xi,...,x,. The double shuffle equations
(defining equations for the Lie algebra dmt,) can be translated into functional
equations for commutative power series via the map p. A surprising discovery is
that there exist canonical solutions (in fact, several natural choices with different
properties) if one allows poles:

THEOREM 1.3 [3]. There exist explicit solutions to the double shuffle equations
in the space of rational functions in all weights and all depths.

There is a particular family of solutions we denote by é&z(;)+ 1 € Qxy, ..., x,)in
weight 2n 4+ 1 > 3. Their components in depths r = 1, 2 are polynomials, but
they have poles in depths r > 3. Furthermore, a new element emerges in weight
—1 which we denote by &) € Q(x,...,x,). The idea of [3] is to write the
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polynomial representation of zeta elements p(i(0,,_;)) in terms of the rational
functions &,,,, for n > —1 (‘anatomy’). It can be computed explicitly in low
depth:

THEOREM 1.4. If {,} denotes the Ihara bracket, transposed and extended to
rational functions via (1.10), then the canonical zeta elements up to depth 4 are
given, in the heretical normalization, by the simple formula:

1
PU@s, )=, + D 56, {6y, &)} (moddepth > 5). (L11)

a+b=n

Writing this formula in the canonical, as opposed to heretical normalizations,
produces coefficients which are products of Bernoulli numbers in the sum in
the right-hand side. These coefficients are essentially the coefficients in the odd
period polynomial of Eisenstein series, a fact which emerges from Section 9.

Theorem 1.4 is proved by combinatorial methods, and uses Goncharov’s
theorem [20] enumerating the solutions to the double shuffle equations in
depth 3. It makes no reference to the first-order Tate curve Ej,, . It is more
illuminating, however, to interpret this theorem by passing to genus 1. Via the
Hain morphism 3.3, it turns out that the rational function representations of the
&),41 correspond in low depths to those of the derivations &, ,, and enables us to
deduce Theorem 1.2 from Theorem 1.4.

1.5.2. Double shuffle equations. Our elements oy, ,, are explicit solutions to
the double shuffle equations in depths < 4 and odd weights. We also construct,
in Section 7.1, an explicit solution 7¢ in depths < 3 and all even weights. Using
Goncharov’s theorem mentioned above, we deduce

THEOREM 1.5. Every solution to the regularized double shuffle equations in
depths < 4 (odd weight) and depths < 3 (even weight) can be expressed using
the explicit elements o, | and the element T°.

This theorem can be applied to the method of [5] for decomposing motivic
multiple zeta values into a basis, which involved a numerical computation at each
step. One application of the elements o5, , ; and 7 is to remove this transcendental
step, leading to an exact algorithm for proving any motivic relation between
multiple zeta values in depth < 3, and any weight. It replaces the need to store
tables of multiple zeta values in this range [10].

A further manifestation of the double shuffle equations occurs in genus 1. As
above, we encode elements of Der® IL(a, b) by rational functions, by composing
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the morphism 8 — §(a) : Der® L(a, b) — L(a, b) C T(a, b) with the linear

map
grp, T'(a, b) — Qy,...,x) (1.12)
i ir
a*ba’'b...ba" — MY .
Xi(xp —x2) o (Xrmp — X)X,

In [3], we defined a bigraded Lie algebra pls to be the space of solutions to the
linearized double shuffle equations with poles at worst of the above form.

PROPOSITION 1.6. The Lie algebra of geometric derivations is contained,
via (1.12), in the space of solutions to the linearized double shuffle equations:
usem C pls.

Thus the linearized double shuffle equations arise naturally in the elliptic
setting. An obvious question to ask is if us*°™ = pls. It is proved in depths < 3
in an appendix, where we also compute the generating function of dimensions for
both u#*°™ and pls in this range.

The previous proposition can be used to detect nongeometric derivations.
Indeed, the stuffle relations give rise to an infinite family of functions

(Der® L(a, b)) /uz™ — Q.

1.5.3. Depth 4 generators in the Broadhurst—Kreimer conjecture. A further
application of the elements o5, is to the Broadhurst—Kreimer conjecture.
It is well known since Thara and Takao [26] that there exist quadratic relations

Z Ai jlo2it1, 02411 = 0 (mod terms of degree > 4 in X)) (1.13)

iJ
where A; ; € Q are coefficients of period polynomials P of even, cuspidal SL(Z)-
cocycles. In [7], we reformulated the Broadhurst—Kreimer conjecture, which
describes the dimensions of the space of multiple zeta values graded by the depth,
in terms of the spectral sequence induced on g™ by the depth filtration D. Using
the elements o5, ,; we can compute the first nontrivial differential (conjecturally,
the only nontrivial differential) in this spectral sequence. A motivic version of
the Broadhurst—Kreimer conjecture provides an explicit presentation for gr,g™
in terms of the o7, (see Section 8).

1.6. Aide-mémoire. There are several different filtrations at play in this paper.
At a referee’s request, and for the convenience of the reader, the corresponding
degrees are summarized below.
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For the de Rham Lie algebra (X, X;) of the fundamental group of
P'\{0, 1, oo}, we define the Tate degree to be one half of the weight as a
mixed Tate motive.

’ \ T = ‘Tate’ degree = —L | D = ‘Depth’ degree

—1 0
—1 1

Xo
X

For the bigraded de Rham Lie algebra IL(a, b) in genus one:

|| M = ‘Monodromy-weight’ | W =‘Elliptic weight = —L | B = b-degree |
a -2 —1 0
b 0 —1 1

The Hodge filtration will always be denoted by F, and the lower central
series by L. The weight-grading in genus O, which is double the Tate degree, is
traditionally denoted by W. We shall never use this notation, since it corresponds
to the M degree in genus 1, and W here will always denote the elliptic weight
filtration.

Finally, we present a tableau of the main Lie algebras which will be defined and
studied in this paper. The second column features the main objects of study: the
motivic Lie algebra g™, its depth-graded version 9, and the geometric derivations
ut®™  The next column features Lie algebras of solutions to double shuffle
equations (Racinet’s double shuffle Lie algebra dmry, the linearized double shuffle
algebra Is, and its version with poles pls). The right-hand column lists the ambient
space of derivations on de Rham fundamental groups of curves. One of the main
points in this paper is that the depth-graded motivic Lie algebra in genus 0 is very
closely related to the B-graded geometric Lie algebra in genus 1. In the following
table ‘g = 0, 1’ denotes genus 0, 1, respectively.

’ \ Protagonist \ \ Double shuffle \ \ Ambient space ‘
g§=0 g" - omry C | Der'L(Xo, X;)
D-graded g =0 |0 :=grpg™ | C | grpdmeyy, < s | C | grpDer'L(X, X;)
B-graded g = 1 ygeom - pls C | gryDer®L(a, b)

In the appendix, we introduce a new filtration i, on pls in terms of residues of
rational functions such that Is = 9,pls. It would be interesting to interpret this
filtration intrinsically on u#*°™ and verify that SRyue™ = 0.
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2. Reminders on the projective line minus 3 points

Background material can be found in [7, 12, 35].

2.1. Depth. Let L(Xq, X;) denote the free graded Lie algebra over Q on
two generators Xg, X;, where Xy and X; have 7T-degree —1. The depth filtration
D"L(Xo, X;) is the decreasing filtration such that D° = IL(X,, X;) and

D'L(Xo, X;) = ker(IL(Xo, X;) —> L(Xo))

where the map on the right sends X; to 0 and X, to Xo. It is defined by D" =
[D', D"~']for all n > 2. It is the decreasing filtration associated to the D-degree,
for which X, has D-degree 0 and X; has D-degree 1. Therefore, D"IL(Xo, X;)
consists of Q-linear combinations of Lie brackets of X, and X; with at least n
X1’s.

The universal enveloping algebra of LL(X,, X;) is the graded tensor algebra
T (X0, X1) on QXq ® Qx,. The D-degree is defined in the same manner on 7 (X,
X;) and defines a decreasing filtration D" T (X, X;) spanned by words in > n X;’s.
We shall embed LL(Xq, X;) C T (X0, X1); the embedding is compatible with the
filtrations D.

2.2. TIhara bracket. The de Rham fundamental groupoid [12]

()Hl = HER(PI\{O, 1» OO}, 1(% - 1l)

is the de Rham realization of a mixed Tate motive over Z, and admits an action
of the de Rham motivic Galois group G®™®. The action on the trivial de Rham path
o1, from the tangential base point 1 at O to the tangential base point —1 at 1 gives
a morphism of schemes

g goli: G — oM. 2.1

It becomes a morphism of groups if one equips o/1; with the Thara group law,
which is denoted by o. If R is a commutative unitary algebra, its set of R-
points o/1,(R) is the set of invertible group-like (with respect to the completed
coproduct for which X, X; are primitive) formal power series R((Xy, X;)) in two
noncommuting variables. The Thara group law is then given by the formula

O:QHIX()Hl—)()Hl (22)
FoG = Gy FX;,F YH)F.
The expression on the right-hand side is also equal to

FoG = FG(F 'XF,x).
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Likewise, the de Rham fundamental group with tangential base point —1 at 1

T, = 7 RPN0, 1, 00}, — 1)

admits an action of G}, which can be shown to factorize through the composition
of the map (2.1) with the left action

(o] :QH1 X 1171 —> 1171 (23)
Fo,H = H(F 'XF,X).
Now pass to graded Lie algebras. The graded Lie algebras of both (I1; and 1T,

can be identified with (X, X;). Let g™ = Lie® U, where U is the unipotent
radical of G® = UR x G,,. Equation (2.1) gives a morphism

i:g" — (LXo, X1, {,}) 2.4

where {, } is the Thara bracket, for which we give a formula below. Let Der! L(Xo,
X;) denote the Lie subalgebra of derivations § € DerIL(Xy, X;) which satisfy
8(X;) = 0. The left action (2.3) is given on the level of graded Lie algebras by

(L(Xo, X1), {, }) —> Der' L(Xo, X) (2.5)

Xo > [Xo, 01,
o
X; = 0.

THEOREM 2.1 [4]. The morphism (2.4) is injective.

Because of this theorem, we can identify g™ with its image in IL(Xy, X;) via i. The
graded Lie algebra g™ is freely generated by elements o5, in T-degree —2n — 1,
for all n > 1. Their images in IL(Xy, X;) are the zeta elements

i (Oang1) = ad(X)?"X; + terms of depth > 2. (2.6)

One also knows the coefficients of (XoX;)*Xo(XoX;)? in i (024425+1) by [4] and [39].
The elements o0, are not a priori canonical for n > 5. However, the Hoffman—
Lyndon basis for motivic multiple zeta values allows one to define canonical
choices oy, of generators [6]. Very little is known about these elements.

2.3. Linearized Ihara action and depth. In [7], we considered the following
linearized version of the Thara action. For any a; € {X,, X;}*, let

(a)...a,)" = (=1"a,...a.
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DEFINITION 2.2. Define a Q-bilinear map
o : T(Xo, X1) ®q T (X0, X1) = T (Xo, X1)
inductively as follows. For any words a, w in X, X;, and for any integer n > 0, let

ao (XgXjw) = XgaxX,w + XpXia*w + XgX;(a o w) 2.7

with the initial condition a o X§j = Xj a, forn > 0.

The antisymmetrization of the map o restricts to the Thara bracket on IL(Xg, X;):

{f.g}=fog—gof forall f, geLX.Xp). (2.8)

It follows from this formula that the Ihara bracket is homogeneous for the D-
degree (the weaker fact that it respects the depth filtration follows from the
geometric interpretation of the depth filtration using the embedding P\ {0, 1, oo}
C P"\{0, oo} [12]). If we embed g™ < L(Xo, X;) via (2.4) we can define the
depth filtration Dg™ on g™ to be the decreasing filtration induced by the depth
filtration on IL.(Xg, X;).

For later use, remark that if A(a, b,c) =ao(boc) — (aob)oc, then

A(a,b,c) = A(b,a,c) 2.9)
for any a, b, ¢ € T (X, X;), which follows from the definitions, and implies that

the linearized Ihara bracket (2.8) indeed satisfies the Jacobi identity.

2.4. Double shuffle equations. The double shuffle equations are a family of
equations satisfied by multiple zeta values which are well adapted to the depth
filtration. In his thesis [35], Racinet defined a subspace

Dmto C (]L(X07 Xl)v { ’ })’

called the regularized double shuffle Lie algebra, which encodes these relations
in terms of two Hopf algebra structures. He proved the

THEOREM 2.3 [35]. The space dmvy is closed under the Ihara bracket { , }.
Since the regularized double shuffle equations hold for actual multiple zeta

values, and are stable under the Thara bracket, it follows that they are motivic.
Combined with Theorem 2.1 we deduce that there is an inclusion of Lie algebras

gm C OmtO C (]L(X07 Xl)7 { ) })
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Therefore, we can study elements o,,,; by attempting to solve the defining
equations of dmr, in low depths. This will be achieved below using the language
of commutative power series (Section 4), and the trick of introducing poles.

2.5. Depth-graded motivic Lie algebra. The depth filtration induces a
decreasing filtration D* on G and hence g™ via the maps (2.1) and (2.4). Let
0=grg" (2.10)

denote the associated graded Lie algebra. It is bigraded for weight and depth.
The component of d of depth d and T-degree —n will be denoted by 9. Let
o = @@o ¢, denote the (infinite-dimensional) component in depth d, and let
0, =Dy ¢ denote the (finite-dimensional) component in 7-degree —n.

The linearized double shuffle equations are a family of equations which were
introduced in [18] and further studied in [7]. It follows from a variant of Racinet’s
theorem that their solutions, denoted by Is C gr},(IL(Xo, X;), {, }.), is a bigraded
Lie algebra for the (graded) Ihara bracket {, },. One has grj,omr, C Is, and it is
expected that equality holds.

A corollary of Theorem 2.1 and Racinet’s theorem is

THEOREM 2.4 [7, Section 5]. 0 C [s.

The following theorem was proved by Tsumura [36]. See [7], Section 6.4 for a
short proof. There are recent generalizations due to Glanois [19] and Panzer [33].

THEOREM 2.5 (Depth-Parity for double shuffle equations). We have
5!=0 ifn=d+1 (mod?2).

Combining the previous two theorems gives the
COROLLARY 2.6 (Depth-Parity theorem). Ifn =d + 1 (mod 2), then DZ =0.

3. The fundamental Lie algebra of the first-order Tate curve

Background material for this section can be found in [23], [24], and [25].

3.1. Background. Let Ej, denote the punctured first-order Tate curve,
which is the fibre of the universal elliptic curve over M, ; with respect to the
tangential base point d/dq. Its de Rham fundamental group

P =" (Ej, 1) (3.1
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—

where 1, is the tangent vector of length 1 with respect to a natural choice of
holomorphic coordinate w on Eax/aq, 1s, we claim, the de Rham realization of a
pro-object in the category of mixed Tate motives over Z. This will be proved in
future joint work with Hain. Since its mixed Hodge structure is the limiting mixed
Hodge structure of a variation, it comes equipped with a relative monodromy-
weight filtration denoted by M, and a geometric weight filtration W. This data
defines a universal mixed elliptic motive according to Hain and Matsumoto [25].
The associated M, W bigraded Lie algebra is the free Lie algebra L(Hyr) where

Ha = (Hig(Ej,: Q) =Qa@ Qb (= Q1) ® Q(0)

which has two canonical de Rham generators a and b. It will be denoted by
IL(a, b). The generators a and b have (M, W) bidegrees (—2, —1) and (0, —1),
respectively. The elliptic weight filtration W coincides with the lower central
series filtration on P. Since, as claimed above, the latter is the de Rham realization
of a mixed Tate motive over Z, it admits an action of the de Rham motivic Galois
group G of M T (Z) by the Tannakian formalism. Passing to Lie algebras gives
a morphism

iy : g™ — Der? L(a, b) (3.2)

where ® = [a, b] and
Der® L(a, b) = {§ € DerL(a, b) : §(®) = 0}.

This is because ® = [a, b] corresponds to the de Rham path which winds once
around the puncture in £, , and generates a copy of Q(1), which is fixed by U dr
the prounipotent radical of GR.

3.2. Derivations. Define the B-filtration to be the decreasing filtration
B'L(H) ={w e L(a,b) : deg, w > r}

associated to the B-degree on IL(a,b), which is defined to be the degree
in b. It induces a decreasing filtration B* on Der® L(a,b), which is the
filtration associated to the grading by B-degree. It satisfies Der® L.(a, b) = B!
Der® L(a, b). The subspace B° Der? L(a, b) is the space of derivations § such
that

§(b) € B'L(a, b) := ker(LL(a, b) — L(a))

where the map on the right sends b to zero (it is the composition of the natural map
L(Hg) — L(HgR) = Hg followed by the projection Hyg — Har/F°Hyg =
Qa). Equivalently, the coefficient of a in §(b) is zero. Such a derivation is
uniquely determined by its value §(a) since §@ = [§(a),b] + [a,s(b)] = 0,
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and the commutator of a is 2 Q. Thus § — §(a) gives an embedding of vector
spaces B’ Der® LL(a, b) — L(a, b).
For each n > —1, one shows that there exist elements

e,., € B"Der” L(a, b) C Der L(a, b)
which are uniquely determined by the property
Exm12(@) = ad(@)* " (b).

The elements &5, , were first defined by Tsunogai [37]. The element & is central
in Der? LL(a, b) and plays no role here. Let

ug™ < Der? L(a, b) (3.3)

be the Lie subalgebra spanned by the &, ,,, for n > —1. It contains &; =
ba/da. One shows that the completion of 7, (M |, 3/dg) = SL,(Z) relative to
SL,(Z) — SL,(Q), acts on IL(a, b) via ug°™ [24]. Quadratic relations between
the elements ¢}, predicted by Hain and Matsumoto were studied by Pollack in his
thesis [34].

We define heretical normalizations of these derivations as follows. Let

| B,
e = —eg’ and &Y -
=0 12 0

Eppyr = m(c);/nJrz for n 2 1 (34)

where B, denotes the kth Bernoulli number.

3.3. The Hain morphism. There is a natural morphism [23, Section 16—18]:

w1 (P\{0, 1, 00}, 1) — m1(Ej),,, 10). (3.5)

Using the work of Levin and Racinet, Hain computed this map in the de Rham
realization [23], (18.1). On de Rham Lie algebras it is the continuous morphism
¢ : L(Xo, X1)" — L(a, b)" (3.6)
. ad(b)
0 eadd) _ 197
X1 — [a, b]

1 1
a—E[b, a]+ﬁ[b, [b,all+---

where A denotes completion with respect to the lower central series.

Let Der'L(xg, X;)", Der® L(a, b)" denote the continuous derivations of
completed Lie algebras which send, respectively, X; to 0 or [a, b] to 0. We say
that an element o € Der'L(X,, X;)" lifts to a derivation & € Der® L(a, b)" (and
conversely, & descends to the derivation o) if

Gop=¢oo (3.7)

which is equivalent to the equation o¢(X,) = ¢o(Xy). An element of
Der® L(a, b)" descends to an element of Der'L(X,, x;)" if and only if it
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preserves the subspace ¢ (IL(Xo, X;)”) in IL(a, b)”. Since (3.6) is injective, o and
o determine each other uniquely. Furthermore, lifting derivations respects the
Lie brackets: if oy, 0, € Der! L(Xo, X;)" admit lifts &,, 5, € Der® L(a, b)", then
[0‘1, 0'2] admits the lift [51, 52]

Since (3.5) is geometric, it is compatible with the actions of G® on the de
Rham fundamental groups (the case of the Hodge realization is [23], Theorem
15.1). Thus ¢ commutes with the action of g™, and the morphism (3.2) is the lift
of the map iy : g™ — Der! L(Xo, X;). In particular,

i1(0) (¢ (X0)) = P (ig(0)(X9)) forallo € g™, (3-8)

where iy was defined in (2.4).
THEOREM 3.1. The map i, : g™ — Der® LL(a, b) is injective.

Proof. The map i is injective by [4], and its image is contained in D'L(Xo, X;).
The map (2.5) restricts to an injective map on D'LL(Xy, X;), and hence their
composition i, is injective. The morphism ¢ is injective (for example, because
its associated graded (6.2) is injective). Since i, is the lift of i, it follows that i,
is injective. O

3.4. B-filtration. We show that the B-filtration defined above on the bigraded
Lie algebra of ‘P is in fact induced by a natural filtration on the Lie algebra of P,
which we shall also call the B-filtration.

LEMMA 3.2. Consider the filtration defined by the convolution of the Hodge
filtration F and the lower central series filtration L:

(FxL) = Z F'NLY.
a+b=r

It induces a decreasing filtration on the Lie algebra of ‘P, which coincides with
the B-filtration on its associated bigraded for M, W.

Proof. Note that L® = W_,, where W denotes the weight filtration. Since the
filtrations F, W, and M can be split simultaneously [23], F x L induces a filtration
on L(H) = gr"gr™Lie P. We must check that it coincides with the B-filtration.
To see this, note that B"gr} L(Hg) = F"~"gr} L(Hgr). Since gr}L(Hgr) consists
of words of length n in a and b, and since

Qa® Qb= F'"Hg D F'Hyk = Qb,

it follows that F"~"gr} L(Hgg) is spanned by words with at least » letter b’s.  [J

https://doi.org/10.1017/fms.2016.29 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2016.29

Zeta elements and the Lie algebra of ! (Eg/aq) 17
Note also that 2 deg, +2 deg,, = deg,, in the bigraded Lie algebra of P.

LEMMA 3.3. The B-filtration on P is motivic, that is, it is stable under the image
of the de Rham motivic Galois group i,(g™).

Proof. We must verify that i,(g™) C B°Der® L(a, b)". Since the group G® acts
on L(a, b)® = Hg through its quotient G,,, and because Hizx = Q @ Q(1) is
a direct sum of pure Tate motives, the graded Lie algebra of its prounipotent
radical g™ acts trivially on IL(Hyg)®. Therefore, i, (g™)(b) C [L(Hy), L(Hg)] C
B'L(Hg). O

We now show that the B-filtration gives one possible way to cut out the depth
filtration on the image of g™ inside Der” L(a, b).

LEMMA 3.4. Leta € L(Xg, X1)". Then @ € D" if and only if ¢ (x) € B’.

Proof. The fact that ¢ D" C B’ is clear from the definition (3.6). The converse
follows from the fact that the associated graded morphism

¢" : gryL(Xo, X1) —> gryl(a, b)
given by ¢°(Xy) = a and ¢°(x,) = [a, b], is injective. O
Observe that if § € Der' L.(Xo, X;) then § € D’ if and only if §(x,) € D".
LEMMA 3.5. Let§ € B°Der® LL(a, b). The following are equivalent:
(1) 8 € B"Der® L(a, b);
(2) 8(a) € B"L(a,b);
(3) §(¢p(xp)) € B"L(a,b).
Proof. Clearly (1) implies (2) and (3). Now suppose that (2) holds. We have
0 =é[a,b] =[a, 8(b)] + [5(a), b]

which implies that [a, §(b)] € B"™'LL(a, b). Since the coefficient of a in §(b)
vanishes, this implies that §(b) € B"*'L(a, b). Together with §(a) € B" this
implies (1).

Now suppose (3) holds. Write ¢ (Xo) = a + w where w € B'LL(a, b). By (3),

8(@)+46(w) e B
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If we have shown that §(a) € B’, then by (2) = (1), we have § € B’ and hence
8(w) € B'*!. The previous equation then implies §(a) € B™"‘+1)_ Starting with
i = 0, repeat this argument to deduce that § € B"” which proves (3) = (1). ]

PROPOSITION 3.6. Let 0 € Der'IL(Xo, X;) which lifts to & € B°Der? L(a, b).
Then o € D" ifand only if 6 € B'.

Proof. We have ¢ (o (Xg)) = (¢(Xp)). Now apply the previous two lemmas to
deduce that o € D" if and only if & € B". O

COROLLARY 3.7. The B-filtration cuts out the depth filtration on the image of
gm‘.
B Nii(g™) =i (D'g™). (3.9)

Proof. Apply Lemma 3.3, the previous proposition, and i;¢p = ¢ iy (3.8). 0

By considering the symmetry ¢ — 1 — ¢ on P'\{0, 1, oo} (duality relation),
one knows that an element o € g™ of T-degree —m is uniquely determined by
its image in D'/ D™ *V/Z(x,, X;) under the map i. It follows from Theorem 3.1
that

COROLLARY 3.8. Anelement o € g™ of T-degree —m is uniquely determined by
the image of i, (o) in B'/B"™"+Y/7Der®L(a, b).

REMARK 3.9. It follows that the ‘tails’ of the generators i;(c) in the B-
filtration, which could be infinitely long, are uniquely determined from their
‘necks’ i (o) (mod B™*V/2) Furthermore, one can show (for instance, using the
description [8, Section 9] of the group of automorphisms of a semidirect product)
that, modulo B"™, i, (o) is equivalent to an element of u*°™, so can be expressed
(nonuniquely) in terms of the geometric derivations &5, , forn > —1. Itis by no
means true, however, that the i (o) are contained in u&*°™,

For instance, a choice of zeta element of 7-degree —2n — 1 admits an expansion

i1(Oq1) = Z }\22]n+la) [8:1’ [852’ [’ [EZH’ SZV] . ] (mod an+1)

~~~~~ r
ay,...,ar

where A%"™) € Q, and @; > 0 are even. The nonuniqueness of this expansion
corresponds to the fact that there exist relations between the generators &5, ,, in
us®™ [34]. Nonetheless, an explicit formula for this geometric expansion for the
elements i, (05, ), for n > 2, will be determined modulo B* below.
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4. Commutative power series

We discuss commutative power series representations for the Lie algebras
L(Xo, X1), IL(a, b) and describe the composition laws for their derivation algebras.

4.1. Commutative power series. The method of commutative power series is
based on the observation that there is an isomorphism of QQ-vector spaces

p 1 gty T (Xo, X1) —> Qyo, - -+, /] .1
XOXIXG XX e Yy

where we recall that the D-degree is the degree in X;. Let us denote by

P=PQbw.....

r=0

Since L(Xg, X;) is D-graded, (4.1) induces a map p : L(Xq, X;) — P. We have
p(ad(Xo)"(X1)) = (yo — y1)". 4.2)

Furthermore, by [7, Lemma 6.2], the image of grj,L(Xo, X;), for r > 1, is
contained in the subspace of polynomials which are translation invariant:

fOo oo, y)=Ffo+A,...,y,+A) forallA € Q.

Such a polynomial f is uniquely determined by its image in

Qlyo, -+ -» y: 1 — Qlx1, ..., x/] (4.3)
f(y()’"'ayr) g 7(x1,...,x,):f(O,xl,...,x,).

We call this the reduced representation of a translation-invariant polynomial, and
it applies equally well to translation-invariant rational functions. The variables x,
will be reserved for the reduced representations. Since L(X, X;) = gr},L(Xo, X;)
is graded with respect to the D-degree, there is an injection

7 : D'L(x. x) — P QL. ... x] 4.4)

r>1
o EO‘

One can describe the image of this map in terms of double shuffle equations
(see below). The o will be called the depth r components of (the polynomial
representation of) o. The zeta elements satisfy 02n Ly =xi", forn > 1by (4.2).
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4.2. Concatenation products. The concatenation of words in the alphabet X,
X; defines a noncommutative multiplication law f, g — f - g:

ey T (Xo, X1) x grp T (Xo, X1) —> gIJDHT(XO» X1).
On the level of commutative power series, it is the operation

@[)’0, ceey yr] ® Q[)’O, RN Yr+s] e Q[)’O, RN yr+s] (45)
SGoseo s ¥) - 800 o s Yrws) = fos oo s Y&y ooy Yets)-

It follows from the definition of the linearized Ihara action (2.7) that
folg-h)y=(feg) h+g-(foh)—g-f-h (4.6)
Note that equation (4.6) is equivalent to the condition that the linear map
wH fow—f-w

is a derivation with respect to -. There is another concatenation product, denoted
by -, which comes from the stuffle Hopf algebra [3]. It will only be used once in
this paper, so will not be discussed in any detail here.

4.3. Linearized Ihara action. The operator o : T(Xo, X1) ®q T (Xo, X1) —
T (Xo, X1) is homogeneous for the D-degree, and therefore defines a map

o :Qlyo, -+, ¥ 1®q Qlyo, - -+ ¥ —> Qlyo, - - -5 Yras] 4.7
f(yO""’yr)®g(yOa""ys) = fgg(y07"'ayr+S)

whose r, s component is given explicitly by the formula
Fo8(os -y Yrus)

= Zf(yl? Vitls oo yi+r)g(y09 coes YVis Yidr41s oo e yr+s)
i=0

+ (_l)degf+r Z f(yi+/’7 LRI yi+19 yl)g(y(b L) yifl’ Yi+r, LRI yr+s)-
i=1
4.8)
This can be read off from equation (2.7). Antisymmetrizing gives a pairing

{f.g}=/focg—gob
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which coincides with the Thara bracket on the image of IL(Xg, X;). Clearly, if f, g
are both translation invariant, then so too are f o g and {f, g}.
The IThara action (4.8) extends to rational functions by the identical formula:

o @()’os ey yr) ®Q Q(yOa ey ys) — Q()’o, ey yr+s)’
and by restricting to translation-invariant rational functions, we obtain a map on
their reduced versions o : Q(xy, ..., x,) ®g Q(xy, ..., x;) = Qxy, ..., Xis).

EXAMPLE 4.1. Letr =s = 1 and f, g € Q(x;). Then {f, g} € Q(x1, x,) equals
f(x1)gx2) —g(x1) f(x2) + f(a—x1)(g(x1) — g(x2)) + (f (x2) — f(x1)) g (x2—x1).

In the following sections we shall work in the graded vector space

RP =P Q0o .-, y)

r=0

and its translation-invariant subspace R P = EBr>0 Q(x1, ..., x,). Themap o and
its antisymmetrization {, } define linear maps

o, {,}:RP®yRP — RP and o,{,}: RP®yRP — RP

via the formulae (@0 )™ = 3", ¥ 0B and {o, B} = ¢ o — Boa. The
equation (2.9) automatically extends to the setting of rational functions.

4.4. Derivations on IL(Xy, X;) and power series. Consider the isomorphism
L(Xo, X;) —> Der' (X0, X;) 4.9)
w > Oy

where §, denotes the derivation §,(Xy) = w, §,(X;) = 0. This isomorphism
respects the D-grading on both sides. Let

P/= Q[y()v---’yr] )
§ Yo — Yr
viewed inside R P. Using (4.1), define a linear map

o' D'Der' L(Xo, X;) — P’ (4.10)

1
Su > o7 (w)

r>1 Yo — Yr

where o) denotes the depth r component of p.
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PROPOSITION 4.2. The following diagram commutes:

DlDerlL(XOa Xl) X (L(XOa Xl)a [ ’ ]) — (L(XO’ Xl)’ [ ) ])

\Lp’ \Lp \Lp
O P’ X P — RP

where for f € P’ and g € P,

fOg=feog—f-s (4.11)
The composition of derivations is given by the linearized Ihara bracket:
P ([8u, 8,1) = {p"(3u), p'(3.)}. (4.12)

Thus p' : D'Der'L(Xo, X;) = (P',{,}) is a morphism of Lie algebras.

Proof. The shuffle distributivity law (4.6), and the remark which follows, implies
that the operator ©®, defined by formula (4.11), is a derivation: f © (g - h) =
(fog)  -h+g-(fOh),forall f € P, g, h e P.Ittherefore suffices to show
that for all w € D'L(X,, X;), and i = 0, 1, we have

0'(8u) © p(X;) = p(8uy(X;))-
Write f = p’(w). Since w € L(Xo, X;), we have w + w* = 0 and hence
FGos e 3+ (DS f(ye, o y0) = 0.
We check that p(Xy) = yo € Q[yo] and p(X;) = 1 € Q[yo, y1], and verify that
fOos o y)eyo = Yof Yoy -5 ¥r)
FOos sy el = fo, ...\ y)

from the definition (4.8), applied in the cases s = 0,g¢ = ypand s = 1,g = 1
respectively. Via (4.11), these equations imply that f © yo = (yo — y,)f and
f ® 1 = 0. This proves that p’'(§,,) © p(Xy) = p(w) and p'(8,) © p(X;) = 0
as required. For the last part, use the fact that Der'L(X,, X;) acts faithfully on
LL(Xp, X;) and the identity f © (g O h) —g O (f © h) = {f, g} © h which follows
from a manipulation of (4.11), (4.6) and (2.9). L]

The following corollary is not essential for the remainder of this paper, but
provides an interpretation of the map f {xfl, f}

COROLLARY 4.3. Let w € L(Xg, X;) of D-degree r, and write f = 77 (w). Then

P G (w)) = {fx, x g € Qlxa, oy X ] (4.13)
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Proof. Use (4.9) and (4.10). Apply (4.12) to [dy,, 8,] = &;XI ) to give

P85y, wy) = {0'(8x,), p'(8u)}-

The left-hand side is "™V (8, (w))/(yo — yr41), the right-hand side is
{1/(yvo — y1), p”(w)/(yo — y,)}. Then pass to the reduced representation
(yO’ylv"'7yr)|_)(Ov-xlv"'a-xr)' D

4.5. Derivations on [L(a, b) and power series. Define
D® = Der (L(a, [a, b]), B'L(a, b))

to be the vector space of linear maps § : LL(a, [a,b]) — B'L(a, b) satisfying
5[p, q1 = [8(p), 41 + [p. 8(¢)] and 8([a, b]) = 0. Such a & € D® is uniquely
determined by the element §(a) € B'L(a, b). There is an injective map

B'Der®(L(a, b)) — D

obtained by restricting to the Lie subalgebra IL(a, [a, b]) C LL(a, b).
Denote also by p the linear map

p?” :gry T(a,b) — Qlyo. ..., ] (4.14)
avba ...ba" — y...y".

Let £y = 1 and forr > 1, set

b= o=y —y2) .. (V1 — ). (4.15)

Define a graded vector space

Q = @E;IQ[yOv ey )’;]

r=0
and a linear map
¢:L@b)— Q (4.16)
w > ZZ:Ip(’)(w).

Since £, - £, = £,.,, Q is an algebra for shuffle concatenation (4.5). Define

1
/= . 4.17
0 EB@I 0 4.17)
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and setting ¢, = £,(yo — y,) (c for ‘cyclic’) consider the linear map

¢:D° — Q (4.18)
§ > > ¢ 'pVs(a).
rz1
It is injective, since §(a) uniquely determines § € D®. Note that Q, Q' C RP.

PROPOSITION 4.4. The following diagram commutes:

D x (L(a,[a,b]),[.]) — (L b),[.])

\L(Z’ \LZ »LZ
®: Q0 x (0] — RP

where, as in (4.11), we have

f®g=fog—f"g (4.19)
Similarly, we have a commutative diagram

B'Der®L(a, b) x L(a,b) — L(a, b)

7 de de
® : o’ x @ — RP

Furthermore, we have the identity for all §,, 8, € B'Der®L(a, b):
' ([81,820) = {£'(81), £'(82)}. (4.20)
Thus €' : B'Der®L(a, b) — (Q’, {,}) is a Lie algebra homomorphism.

Proof. The proof is similar to the proof of Proposition 4.2. We must check
that ¢'(8) ® £([a,b]) = 0 and ¢'(§) ® £(a) = £(5(a)). But £([a,b]) =
(Yo — y1)/(yo — y1) = 1l and £(@) = y,, so this calculation is formally identical to
the one in Proposition 4.2. The commutativity of the second diagram follows from
the first, using the fact that an element in B'Der®IL(a, b) is uniquely determined
by its image in D®, and the fact that & is a derivation for the shuffle concatenation
product. O

Derivations in D® cannot be extended to derivations on L(a, b). But the two
commutative diagrams in Proposition 4.4 show that, passing to rational function
representations, namely Q’, enables us to do precisely that.
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4.6. Double shuffle equations. The equations defining dmrt, can be spelt
out explicitly and translated via (4.1) into the language of commutative power
series [3]. We shall only require their restriction to depths < 3 and work with
translation-invariant representations (4.3). Let

(f, @, £9) € Qlx1] ® Qlx1, x2]1 & QLxy, X2, x3].

Writing x;; for x; + x; and x;;; for x; + x; + xi, the shuffle equations modulo
products in depths 2 and 3 are given by

FPG,x) + P, x12) =0 4.21)
FO@n, x12, x123) + £ (2, x12, X123) + P (%2, X23, X123) = 0.

Note that starting from depth four there will be several such equations in each
depth. It is straightforward to show [3] that the solutions to the shuffle equations
modulo products correspond, via (4.1) and (4.3), to the image of (X, X;) inside
T (Xo, X1). The stuffle equations modulo products, in depths 2 and 3, correspond
to the (regularized versions of) the equations (a, b, ¢ € N):

¢(a,b) +¢(b,a) + ¢(a+ b) = 0 (mod products)
t(a,b,e)+¢(b,a,c)+¢(b,c,a)+¢(a+b,e)+¢(a,b+c¢)=0
(mod products).

From depth four onwards, there are more than one such equation in each

depth. By considering the series Z” = "~ &(ni, ..., nx T,
where the subscript * denotes the stuffle regularization, these equations translate
into
SO = fPx)
fO G x) + P x) = (4.22)

X2 — X

P00, x0,x3) + £V 02, 21, x3) + £O (32, X3, x1)
P00, x1) = fP(x2, x3) + F@ 1, x3) = £ (x2, x3)

X3 — X1 X2 — X1

Note that the right-hand sides of the equations are in fact polynomials. These
equations extend to an infinite family of equations in every depth [3]. The Lie
algebra dmr, is defined to be the sets of solutions to both shuffle and stuffle
equations modulo products.

The linearized double shuffle equations [7] are the same sets of equations in
which the right-hand sides are zero. The linearized shuffle equations are identical
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to the ordinary shuffle equations, but the linearized stuffle equations are:

fP0) + fP(=x) =0 (4.23)
fOG ) + [P (,x) =0
f(3>(x17 X2, x3) + f(3)('x2’ X1, x3) + f(3>(-x27 X3, xl) =0.

The linearized double shuffle equations are also closed under the Ihara bracket,
by a (simpler) version of Racinet’s theorem [35].

4.7. Geometric derivations and linearized double shuffle with poles. The
Lie algebra us°™ C B'Der”L(a, b) of geometric derivations was defined in
(3.3). We shall identify u#*®™ with its associated B-graded. The definition of
the linearized double shuffle equations (4.21) and (4.23) can be extended in the
obvious way to rational functions.

DEFINITION 4.5. Define pls C Q' to be the subspace of Q' of translation-
invariant rational functions (4.17) whose reduced versions (image under (4.3))
satisfy the linearized double shuffle equations. It is bigraded by weight and depth.

Denote the reduced version of pls by pls. By a version of Racinet’s
theorem, pls is also a Lie subalgebra of Q' for the linearized Ihara bracket
{,}. (antisymmetrization of o). The notation stands for ‘polar linearized
double shuffle’ solutions. It is a bigraded Lie algebra in the category of sl,-
representations over Q (see appendix).

PROPOSITION 4.6. The geometric derivations, in their rational function
representation (4.18), satisfy the linearized double shuffle equations:

€ (uE™) C pls.

Proof. The images of the generators €'(¢Y,,,) = x{" by (4.2) for n > —1. They
are even and hence solutions to the linearized double shuffle equations. It follows
from (4.20) that ¢’ is a morphism of Lie algebras as pls is closed under {, },. [

A natural question to ask is whether the sl,-equivariant map £’ : u#*°™ — pls is
an isomorphism. It is true in depths < 3 (see appendix), and also in certain limits
with respect to the residue filtration [3].

The previous proposition implies that the linearized stuffle equations define
maps from the space of nongeometric derivations

B'Der® L(a, b) /u™
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to spaces of rational functions. The map is as follows. For § € grgDer@ L(a, b),

compute the image of 7 () under any stuffle equation of depth r. It defines an
element in R P, which is zero if § € u2™, by the previous proposition. We shall
show in Remark 5.8 that this map is nonzero and provides a new tool to prove that
certain derivations are not geometric. It could in particular be used to study the
image of i;(g™) in B'Der® L(a, b) /uge™,

5. Zeta elements in depth 3 via anatomical construction
We wish to write down elements
05,1 € D'L(Xo, X1)/D*L(Xo, X;)
by exhibiting explicit polynomials
(Uz(,ll)ﬂa Uz(jirla Uz(;irl) € Qlx11 @ Qlx1, x2]1 ® Qlx1, x2, x3]

which are solutions to the equations (4.21) and (4.22).

5.1. Polar solutions. The shape of the equations (4.22) suggests searching for
solutions amongst the space of rational functions in x; with Q-coefficients. Let

1 1 1 1
sV =_— and s? = —( + ) (5.1)
2 x4 6\x1x2  X2(x; — Xx2)

It is easy to verify that (sV, s®) is a solution to the double shuffle equations
(4.21) and (4.22) in depths one and two.

DEFINITION 5.1. Forn > —1, define rational functions in xy, x,, x5 by
(€Y 2
il = X1 (5.2)
@ _ M 2
2n+1 — {s 1’7}-

(3) 2 2 1 1 1 2
52;14»1 - {S() 1n}o+§{s( )7 {S( )9x1n}o}o

where curly brackets denote the linearized Ihara bracket. Explicitly, we have

2n 2 2n 2n 2 2n
@ Ll =0 —x)™ X" —x; (X2 —x)™" — x7
§2n+1 - 5 + +

X1 Xy — X1 X2

5.3)

which defines a polynomial in Q[x;, x,] whenever n > 0. On the other hand, 52(,311 |
is a rational function in xy, x,, x3 with nontrivial poles. When n > 0 it has at most
simple poles along x; = 0, x3 = 0, x; = x, and x, = x3.

One checks that the case n = 0 is trivial: 5(1) = 1land 5(2) 1(3) =0.
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PROPOSITION 5.2. Letn > —1. The elements

_ (e 2) 3)
§2n+1 - (§2n+l’ 2n+1° é5):2n—&-1

satisfy the double shuffle equations modulo products (4.21), (4.22) in depths 2, 3.

Proof. This is a straightforward finite computation and only uses the fact that
x{" is an even function. It also follows from the fact that (s'V, s?), and xj" are
solutions to the double shuffle equations via a version of Racinet’s theorem. [

REMARK 5.3. The elements &,,,; can be extended to all higher depths by the
equation &, = exp(ad(s))xlz” to define solutions to the full set of double shuffle
equations with poles, where s is one of (many possible) solutions to the polar
double shuffle equations in weight O (that is, whose depth i components s®
are homogeneous rational functions of degree —i). This is discussed in [3], and
implies the previous proposition. The component of s in depth 3 is unique by an
extension of the depth-parity theorem for double shuffle equations (Theorem 2.5)
to the case of rational functions. It is given by s©® = {s, s@},.

5.2. Definition of canonical elements. It is convenient to define heretical
normalizations of the elements & as follows. Let

1 B2n
g_l = ﬁé—l and §2n+1 = mgznﬂ forn >0 5.4)
where B,, is the 2nth Bernoulli number. Set
1
b(x) = —. 5.5
(W)= ——1+5 (5.5)
Recall the well-known functional identity
b(x1)b(x2) — b(x)b(x; — x1) + b(x)b(x; — x1) = 5. (5.6)

DEFINITION 5.4. Letn > 2. Define elements o5, € (X, X1)/ D*L(Xo, X;) by

1
p(g§n+1) - §2n+1 + Z E{E2a+1’ {§2h+1’ %—-—l}} (mod D4) (.7

a+b=n N
where the sum is over a, b > 1. Definition (5.7) makes sense, since we shall prove
in the next paragraph that the right-hand side has no poles. Define

co_em
021 = Oopyr TOrn =

2n

to be the canonical normalizations, and set o5 = [Xo, [Xo, X111 4 [X1, [Xo, Xi1].
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By Racinet’s theorem, the space of solutions to the double shuffle equations is
closed under the Ihara bracket, so for n > 2, the elements o7, ; are solutions to
the double shuffle equations in depths < 3, by Proposition 5.2.

REMARK 5.5. The o5, ,; have the canonical normalization. Forn > 1,

M — M 2 : 2 _ @
(0311 w1 =X and (05, =&,

is given by (5.3). We have (05)® = 0 and forn > 2,

: B, B 1
@307 =&+ X = 2”( )m e (58)
a+b=n n

The previous expression can be written more symmetrically in terms of lowest-
weight vectors for the action of s[, (see appendix), namely:

1
2b

On the other hand, compare the odd part of the period polynomial [27] for the
Eisenstein series of weight 2n, which is proportional to:

2
3 ( n)BZaBZbXZ”'Y”’I c Q[X, Y.

2a
a+b=n,a,b>1

{xlzav {x12b’x1 } } + _{xl 5 {xl 7x1 2} }

This is no accident, and follows from the computations in Section 5.3 as well as
Section 9.

5.3. Cancellation of poles. We show that (5.8) has no poles. We need the
following notation. Given two even functions f, g of one variable, define

(f *x8)(x1, x2) = fx)g(x2) — fra—x1)g(x2) + f(x2—x1)g(x1) — f(x2)g(x1).

In the notation of [3] itis f x g = fog — g-f, where - is the ‘stuffle
concatenation’.

LEMMA 5.6. Foralln,a,b > 1

Res,,_o(&s0y1) = i *x; ! (5.9)

Resxzzo({xl ,{Xl , X 1) ) = 2bx1 *xlzb !

Proof. This is a straightforward computation and follows from the definitions.
The second equation easily generalizes [3]. O
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PROPOSITION 5.7. The elements (o5, ,)® have no poles, for alln > 2.

Proof. Since pls (Definition 4.5) is a Lie algebra for the Ihara bracket and is
contained in Q’, the element {x1 , {x1 X[ 21}, is in p_[5 and has at most simple
poles along x; = 0, x, = x1, x3 = x; and x3 = 0, whenever a, b > —1. We first
check that the residue of (o5, ) along x3 = 0 vanishes for n > 2. It is given via
(5.8) by

Bz 3) 1 BZu BZb 1 a
@n)! ResoolEsnia) + 17 2 (a)! (2b)! 2b Resi-o((”, b7, xi 7))
+

Pass to generating series and substitute (5.9) into the previous expression to give

12) "Res,, 005 = (xb(x) = D) wx™" + (xb(x) — 1) » (b(x) — x™'

n>1

= (xb(x) — 1) xb(x),
where b(x) was defined in (5.5). To compute this, observe that 1 x f = 0 and
(xf * x1, x2) = (X1 — Xz)(f(xl)f(xz) — fx) fea—x1) + f(xz)f(xz—xl))

for any even function f. Substituting for f = b(x) and using (5.6), we deduce
that (xb(x) — 1) *xb(x) = i(xl — x3). Now let n > 2. The above argument proves
that the (o3,,,)® have no poles along x; = 0. Now we use the fact that o7, , |
satisfies the double shuffle equations modulo products in depths two and three.
Since (o5,,,)® has no poles for i = 1, 2, the stuffle equation (4.22) implies that

(05, (x1, X2, x3) — (05, ) (x3, X2, x1) € Qxy, x2, x3] . (5.10)
It follows that its residue at x; = 0 also vanishes. The shuffle equation is
(UZCH])G)(M, X12, X123) + (O—zcn+])(3)(x23 X12, X123) + (UZCH])G)(XL X23, X123) = 0.

By taking the residue of this expression at x, = 0, we deduce that (o5, ) has
no pole along x, = x;. Finally by (5.10), this implies that it has no pole along
X, = x3 either. O

The last part of this argument can be generalized using the dihedral symmetry
structure of the linearized double shuffle equations [7], Section 6.3.

REMARK 5.8. The element (05)® does have poles. It is equal to 3z3, where

4 X1 X3 X3 — X3 X1 — Xp
B=c+ - - -
3 X3 — Xp X1 — X2 X1 X3
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and corresponds to a lift to Der® IL(a, b) of the ‘arithmetic image’ of the element
i1(03) in (Der® L(a, b)) /uz™. The corresponding derivation was written down
in [34]. Computing the stuffle equation (4.23) gives

23(x1, X2, X3) + 23(X2, X1, X3) + 23(x2, X3, X1) = 4
which is nonzero, and shows, by Proposition 4.6, that z3 is, as expected,

nongeometric, that is, not in the image of us*°™.

5.4. Zeta elements in depth three.

THEOREM 5.9. The elements o, | are in the image of the map

io 1 g™/ D*g™ —> L(Xo, X1)/ D*L(xo, x1).

Proof. The elements o, satisfy the double shuffle equations so lie in
D'/ D*omr,. The theorem follows immediately from the fact that

i : D'/D*g™ — D'/D*omr,

is an isomorphism. This is equivalent to the statement that i induces an
isomorphism on each depth-graded piece

P00 =157 ford < 3.

This is trivial for d = 1, and follows from a computation of the dimensions of
lﬁﬁ obtained by Zagier [38] for d = 2, and by Goncharov [21, Theorem 1.5] for
d=3. O

REMARK 5.10. It follows from the depth-parity theorem that the elements o5,

are uniquely determined in depth 4 also (but not in depth 5). A closed formula for
these elements can be deduced from Remark 5.3.

6. Zeta elements in depth 3 via geometric derivations
Recall the notations from Section 3.

THEOREM 6.1. Foralln > 2, we have an explicit expansion

e 1
11(0541) = &30 + Z %[§Za+2’ 2512 €5 ]] (mod BY).

a+b=n

Forn =1, i,(05) = &/ + 3z3 (mod B*), where z3 is defined in Remark 5.8.
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In terms of the standard normalizations, this equation is equivalent to

BZa ng 2n 1
o (o)l o) o

. _ AV
11(03,41) = €300 + Z

a+b=n

One can also write the right-hand side symmetrically using elements

1 1
W, = E[Qgﬁz’ [Q;bJrZ’ Qg]] + %[ngﬁ’ [§2va+2’ Qg]]
These are lowest-weight vectors for the action of sl,, that is, go(lw, ;) = O,
where g, is the derivation on LL(a, b) such that gy(a) = 0 and &(b) = a. This
yields a direct comparison with the period polynomials of Eisenstein series [8,
Section 7.3].

The strategy for the proof is as follows. The elements ¢, ,, do not preserve
the image of Der! L(Xg, X;)* under (3.6) and do not descend to derivations on
L(Xo, X;)". However, if we pass to commutative power series representations via
Section 4.1 and enlarge this space by introducing poles, then the elements &5, ,,
considered modulo B*, descend to the elements &,,,; defined in the previous
section. Theorem 6.1 is then equivalent to Theorem 5.9 via Definition 5.4.

The proof of Theorem 6.1 given here is from the ‘bottom up’: that is, by lifting
the analogous result for derivations on the de Rham fundamental groupoid of
P'\{0, 1, oo} via the Hain morphism. A different way to prove Theorem 5.9 from
the ‘top down’ via M 1, is sketched in the final section of the paper.

6.1. Hain homomorphism in low depth. We shall apply the method of
commutative power series Sections 4.1, 4.5 to both IL(Xo, X;) and LL(a, b).
We wish to consider the depth r components of the Hain morphism Section 3.3:

¢" : gry, T (X, X)) — gry”" T'(a, b).

Translating into rational functions Section 4, and using the fact that p :
gr}, T (Xo, X;) = P is an isomorphism, we obtain a commutative diagram

ety T (X, X)) ~— gry” T(a, b)
dp de 6.1)
P N 0.

The map along the top is denoted by a superscript, the one along the bottom by a
subscript. The map ¢ is simply the associated graded of (3.6):

P=gp 0T (6.2)

X1 = [a, b],
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and via T(Xo,X;) = grpT(Xo, X;) and T(a,b) = gryT(a,b), we have ¢ =
Z@o ¢". The idea of the following discussion is that although the map of Lie
algebras ¢° + ¢! + ¢ : L(X, X;) — L(a, b) does not factorize through ¢°,
its rational function representation ¢<, = ¢y + ¢ + ¢, will in fact factorize
through ¢g:

L(xo. X)) - L(a.[a.b])  L(a.b)
dp de de

] ?
p<: P > Q — 0
After computing ¢y, we shall express the map ? using Proposition 4.4. It will be
an exponential, with respect to ®, of the element —s" — s®, modulo depth > 3.

LEMMA 6.2. The map ¢y : P — Q is the inclusion P C Q.

Proof. We show that ¢y : Q[yo, y1, ..., y-] = Q[yo, ¥1, ..., ¥-] is multiplication
by the element £, of (4.15). To see this, (6.2) is the map X, — a, X; — b, followed
by the composition of r maps, where the kth map, for 1 < k < r, replaces the kth
occurrence of the letter b in a®ba’'b . ..a"-'ba’ with ab — ba. On commutative
power series (4.14), this is multiplication by y;_1 — y;. O

We next determine ¢, for r = 1,2. In degree r = 1, it follows from the
definition (3.6) of ¢ (Xy) = a + %[a, b] + - - - that it is a composition of ¢° (6.2),
whose image consists of words in a, [a, b], followed by the derivation in D®
(Section 4.5) which sends a +— %[a, b] and [a, b] to zero. Note that the latter
does not extend to an element of Der® LL(a, b). It is nonetheless represented, via
Proposition 4.4, by

1 1
o= Lpqaep= 1 <o,
S T

whose reduced representation is minus (5.1). Therefore, if f € P, we have

1(f) = —sP ® ¢o(f). (6.3)
Similarly, in degree r = 2, we have for f € P,
& (f) = %S(” ® (s ® @o(f)) — s @ Po(f), (6.4)
where
1 1 Yo —2y1 +
—s@ = —¢'([b, [b, = — ‘.
=t A = G e — <2
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This holds from the definition of ¢ (which is a homomorphism, not a derivation)
since ¢* + 1sW¢! is the composition of ¢° followed by the derivation
L(a,[a,b]) — L(a,b) which sends a — ﬁ[b, [b,a]] and [a,b] to zero.
By Proposition 4.4 the latter corresponds to the action of 5@ .

REMARK 6.3. Because elements of Q’ act trivially on £([a, b]) = —s¥ ® y,
sV@ (f@®y) ={s", fl@y forall feQ. (6.5)

This can also be read off Corollary 4.3 upon writing ¢' = 1¢° o 3.

6.2. Proof of Theorem 6.1. Recall that an element o € Der'LL(Xo, X;) lifts to
G e Der'LL(a, b) if and only if the following equation holds in L(a, b):

g (Xo) = 9o (Xp).

Finding an element o € Der'LL(xo, X;) whose lift is €542+ 18 €quivalent via (3.6),
modulo terms of B-degree > 4, to the following equation

exio(a+ 2[a, bl + S[b, [b, all) = ¢ (o (Xp) (mod BY).

It is easy to verify that it has no solution o € Der' L(Xo, X;). Note that
&5,.([a,b]) = 0 so the middle term on the left-hand side can be dropped. We
can pass to rational function representations via Propositions 4.2 and 4.4, and
view the previous equation in Q. Since ¢'(e;,,,) = (y; — y0)?", and p(a) = y,
p(Xp) = ¥y, it is equivalent to

01—y ® ((1—5?) ® y0) = ¢(p'(0) © yo) (mod BY).  (6.6)

It has no solutions p’(c) € P’. Now observe that

$o(p'(0) © o) = do(p' (7)) ® yo

since the formulae for ® and ® (Propositions 4.2 and 4.4) are formally identical
and ¢, is the identity. Let us write x instead of ¢y(0'(0)) and try to solve (6.6)
for x € Q'. By (6.3), (6.4), the right-hand side of (6.6) is equal, after expanding
¢ =¢"+¢' +¢> mod B* and applying (6.5), to

X ®yo— (s, x}® yo+ s, sV x @ yo— 5P ® (x ® yo) (mod BY).

%o 1 (%)
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Using the fact (Proposition 4.4) that the Lie bracket {, } is the antisymmetrization
of ®, and that the action of Q" on y, € Q is faithful, we deduce that the
components of equation (6.6) in depths 1, 2, 3 are the equations:

(1 —yo)™" = x

0= x@ — s, y1)
—n =)™ @5 = x® — (5O, x@) 4 LD (D, x D — 5@ @ O,

These three equations are equivalent to the definition of the elements x,,; after
passing to reduced versions (yo, y1, ¥2) — (0, x1, x,) and using definition (4.19).
This proves that Theorem 6.1 is equivalent to Theorem 5.9.

It would be interesting to generalize this picture to all higher depths.

7. Explicit rational associator in depths < 3

In Section 5 we wrote down explicit solutions to the double shuffle equations
modulo products, in odd weights and depths < 3. The goal of this paragraph is to
discuss solutions to the full double shuffle equations with even weights.

7.1. Double shuffle equations. The full double shuffle equations in depth two
are given by the pair of equations:

FO0r, x1 +x2) + fP 0, x +x2) = FP) P (x)

(1 _ £
f*(z)(xl, xX2) + f*(z)(xz, X)) = S = £ (00)
Xy — X1

+ L) £ () (7.1

where fV, £ € Q[[x,]] and f@, f® € QI[xy, x,]] are formal power series in
commuting variables. A power series f without a subscript will denote its shuffle-
regularized version; a subscript * will denote its stuffle-regularized version. They
differ by a factor which is well understood [35]. Our normalizations will be such
that

D _ £ @ _ @ 1
fV=f0 and f2 =2+ 4

One can easily convince oneself that the second equation of (7.1) is the direct
translation of the stuffle product formula

g(m,n) +&(n,m) +¢(m+n) = £(m)¢(n).

Note that, in contrast to the double shuffle equations modulo products, the right-
hand term in the previous equation means that we must consider all weights
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simultaneously. The shuffle equation in depth three takes the form

3 3 3 1 2
FO G, xi2, x123) + O (2, X12, x123) + £ (02, 03, X123) = P (0) P (x2, x23)

and the stuffle equation takes the form

ff)(xl,xz, x3) + f*(S)(Xz, X1, X3) + f*(S)(xz, X3, X1)
_ f*(2)(x2, x1) — f*(z)(xz,xa) i f*a)(xl, x3) — f*(z)(xz, X3)
X3 — X1 X2 — X
+ ) £ (x2, x3),

where in this case the comparison between the two regularizations is given by

1 1

FO, x2,x3) = £ (1, X2, x3) + — b(x) — —
96 X1

The general principle [3] of constructing solutions to these equations with poles
and correcting with counterterms also holds in this situation. The full double
shuffle equations are inhomogeneous in two different ways: there are several
linear terms of lower depths and a single term consisting of products of elements
of lower depth. The strategy is to construct solutions y to the equations in which
lower depth terms are omitted, but with all product terms retained, and to use the
element (5.1) to convert these solutions into polar solutions to the full equations.
The polar parts are then subtracted using counterterms involving the elements
&5,+1 constructed before.

7.2. Polar solutions. Recall that b, (x) = b(x) (5.5) is a generating series for
Bernoulli numbers whose Laurent series is x ' + O(x). Thinking of b;(x) as a
deformation of the rational function x~!, leads us to introduce, following (5.1),
the function

by(x1, x2) = %(bl(xl)bl(xz) + b1 (x2)bi (x1 — xz))-
With these definitions, set
2y = —p,
4y® = —by + 1b ob,
8y® =by0b; — tbyo(byoby).
The element y @, for example, solves the semihomogeneous equations

Y@, x1 +x2) + @ (o, x4+ x2) = y V) y P (x) (7.2)
V*(z)(xl, x2) + J/*(z)(xz, X)) = V(l)(xl))’(l)(xz)
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where y® = y@ + L. and y® satisfies the equations

3 3 3 1 2
V( )(xl’ X12, X123) + V( )(xz, X12, X123) + V( )(Xz, X3, X123) = )’( )(XI)V( )(XZa X23)
3 3 3 1 2
y*( )(.XI,XZ, x3) + V*( )(x27xl9x3) + y*( )(x25x37x1) = y( )(xl)V*( )(x2’x3)

where y% (x1, x2, x3) = y @ (x1, x2, x3) + 757" (x1). This follows from (5.6).
New series @ are now defined by twisting on the left by the elements (5.1):

Om =0
OO = y@ 4 15,0
00 =y 450 0y@ 4 L@ oM 4 Lo (50 g5 D),
They have poles in x;. More precisely, the element d, x ® " is viewed as a formal

power series in Q[[xy, ..., x,]], where d, = x; ... x, ]—L<,( —x;),for1 <r <3.
For 1 < r < 3, we can write

@(V) =p, + @(r)’

where p, is a homogeneous rational function in xi, ..., x, of degree —r, and @
is a power series in homogeneous rational functions of degrees > 1 — r. With
these definitions, one verifies that the truncated elements @ are polar solutions
to the full double shuffle equations Section 7.1 with

2 _ »p® 1 3) _ 3 1 1
®* =@ =+ 8 and @i ) = ¢( ) + E®( )(.X'l).

It remains to remove the poles from the @ to obtain bona fide polynomial
solutions to the double shuffle equations with no polar terms.

7.3. Subtraction of counterterms. Let us define a formal power series by

C= Z £ 6, (7.3)

n>1

where the elements 52 oy Were defined in Section 5.1. Its definition was only given
in depths 1, 2, 3. Using this element to provide counterterms, we can finally write
down a canonical element 7 in depths 1, 2, 3 as follows:

D _ M
@ @ 4 c®
=@ 4 CP oM 4O,
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A straightforward residue computation along the lines of Section 5.3 suffices to
show that the elements 7, where i = 1, 2, 3 have no poles, and therefore lie in
QI[x1, - - ., x;]]. We omit the details. Note that by the depth-parity theorem, the
element t® is uniquely determined from t®. By a version of Section 4.1, the
coefficients of T correspond to words in X, X;, and taking the limit defines a
unique element

T € Q({X0, x1))/D*Q({eo, €1)).

THEOREM 7.1. The element t is an explicit (shuffle-regularized) solution to the
full double shuffle equations in depths < 3.

A similar construction holds in depth four, but there is a priori no canonical
way to cancel the poles: one must subtract counterterms consisting of quadruple
brackets in the &,, s, which involves some choices because of quadratic relations
amongst them (see Section 8.2). It is an interesting question to ask if the element
7 defined above can in fact be extended to an explicit associator in higher depths.

Since the solutions to the full double shuffle equations is a torsor under the left
action of the prounipotent algebraic group DMR, whose Lie algebra is dmr,, we
can twist the elements 7 on the left with our canonical elements exp, o3, ., to
obtain all other rational solutions to the double shuffle equations in depths < 3.

COROLLARY 7.2. Every rational solution s to the full double shuffle equations
in depths < 3 can be written explicitly in the form

s = exp,(g) ot (mod DY)

where g € (g™/D*g™)" is an (infinite) linear combination of commutators in the
canonical elements o, | of length < 3.

Note that the element g in the corollary is not unique because of quadratic
relations Section 8.2 in g™/ D*g™.

7.4. Remarks. The elements T for i < 3 define a homomorphism from
motivic multiple zeta values in depths < 3 and even weight to rational numbers,
given by

t¢™(ny, ..., n,) = coeff. ofxf‘_1 coxt in g, (7.4)
They respect all the relations between motivic multiple zeta values and satisfy

t¢™2n) = ¢2n)/ i)™ € Q.
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Likewise, the canonical elements o3,,, € g™/D*g™ define a map from motivic
multiple zeta values in depth < 4 and odd weight to rational numbers given by

o ™ (ny, ... n,) = coeff.of x[' L x" 7! ing® (7.5)

where 2n + 1 = n; + --- + n,. The maps (7.5) annihilate products, respect all
relations between motivic multiple zeta values (modulo products) and satisfy

o) M 2n+1) = 1.

In [5], a method was described to decompose any motivic multiple zeta value (and
hence, by taking the period, any actual multiple zeta value) into a chosen basis of
motivic multiple zeta values using the motivic coaction. The method is not an
algorithm because it requires a transcendental computation at each step involving
the period map. However, the maps (7.4) and (7.5) can be used as an algebraic
substitute for the period map. Thus we obtain an exact algorithm to decompose
any multiple zeta value of depth < 3 (and depth < 4 in the case of odd weight)
into a chosen basis of multiple zeta values of the same or smaller depth. Ideally,
one would like to generalize this to all weights and depths.

8. Cuspidal elements and the Broadhurst-Kreimer conjecture

We can recast the version of the Broadhurst—Kreimer conjecture [9] formulated
in [7] using the elements o5, |, firstin gr;, Der! L(Xo, X;) and then in the elliptic
setting in gr, Der® L(a, b).

We seek a conjectural presentation for 9. The first set of obvious generators
are the images of the zeta elements 0,,,, € D'g™ in the associated graded ?* =
grpg™:

Gops1 €05, foralln>1. (8.1)
They are well defined (independent of the choice of 0,,). They satisfy quadratic
relations which can be described in terms of period polynomials.

8.1. Reminders on period polynomials. Let n > 0 and let V, =

D.. i=n Qxix{ denote the vector space of homogeneous polynomials of degree n.
It is equipped with the right action of I" = SL,(Z) given by the formula

. b
P(xi,x)|, = P(ax; + bxy, cxy +dx,) ify = (i J

)eF,PeVn.

Let V! C V, denote the subspace of polynomials which vanish at x; = 0 and
x, = 0. It is naturally isomorphic to the vector space quotient V,/(Qx{ @& Qx}).
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DEFINITION 8.1. Let n > 1 and let S,, C V,, denote the vector space

of homogeneous polynomials P(x;, x,) of degree 2n satisfying P(x;,0) =
P0,x) =0

P(x1, %)+ P(x2,x1) =0, P(xy,x)+ P(x; —x2, x1) + P(—=x2, x1 —x2) =0.

The subspace S), C S, consisting of polynomials which are of even degree in
both x; and x; is called the space of even (cuspidal) period polynomials.

REMARK 8.2. Denote S = ({3) and T = (} 1) in I'". Consider the following
linear map from right I" group cochains [8, Section 2.3] to polynomials

[ w(f()) 1 Zoyy (s Vay) —> V3, (8.2

cusp

where ZC‘USP(F : V,) C Z'(I"; V,) is the subgroup of cochains f such that f(T) =
0, and w : V, — V, is the projection. It is well known that this induces an
isomorphism

HCIUSP(F; V2n) —N> S2n+2
where H! (I"; V,,) = ker(H'(I"; Vo) = H'(I'w; Vi), and T, < I is the

cusp
subgroup generated by —1, T'. This in turn induces an isomorphism

Hclusp(r; VZn)jL _N) S;H-Z

(8.3)

where the + on the left-hand factor denotes invariants with respect to the action of
the real Frobenius involution [8, Sections 5.4, 7.4]. The Eichler—Shimura theorem
states in particular that integration defines an isomorphism:

Son(I') —> Hyyo(I's Vay2)t ® R

cusp

where S,,(I") denotes the space of cuspidal modular forms of weight 2n.

8.2. Quadratic relations. Define a vector space K

K =ker({,}:0' AD' = %)
to be the kernel of the Thara bracket. It is weight-graded (twice the T-degree) in
even degrees K = P, K»,. Since g™ C D'g™ is generated in depth 1, D' AD' —

D? is surjective, and hence 0' A ?' — 97 is surjective, that is,

0— K — 0 Ad 45020
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is an exact sequence. Now embed g™ in L(X, X;) via (2.4). It follows that ? =
gr,g™ is also embedded in IL(X,, X;) since the latter is graded for the D-degree. By
passing to reduced polynomial representations Section 4.1, we have a canonical
isomorphism
o' = x7QIx7]
Oopyl > xf” forn > 1.

We can thus identify ' @ ' = x{Q[x{] ® x{Q[x{] = x{x3Q[x{, x3], and hence
view elements of 9! A D' C 0! ® d' as antisymmetric polynomials in x7, x3.

LEMMA 8.3. The polynomial representation gives an isomorphism
Ky, — S5 (8.4)
Proof. This is immediate from the formula for o given in Section 2.3
(Example 4.1)
(e x)e = P, ) + P — xp, x1) + P(=x2, X1 — 1)
where P(x1, xp) = x{“x3” — x3*x{’ and a, b € N. O
These quadratic relations appear in several contexts:

COROLLARY 8.4. The elements &, ., &xny1, O2nt1 and xlz” satisfy the identical
quadratic relations. In other words, if f, € {€412, Eer1, Out1}, then

S kil fo fode =0 = Y hyaF Ax) € K.

Proof. The reduced polynomial representations of &,,, and G,y via
Propositions 4.2 and 4.4 are both x?, and the Lie brackets correspond to
the Thara bracket {, }. Therefore, they satisfy the identical quadratic relations.
For the elements &, , this either follows from their definition, because they are
obtained from the x#" via the Thara bracket, or from the computations of Section 6
relating them to the &5, . O

The existence of such quadratic relations was first observed by Thara—Takao
and has been reproved in many ways since. The smallest example of a period
polynomial is the element x7x7(x? — x7)* = x¥x2 — 3x%x3 + 3xjx$ — x2x5. It
corresponds to the relations

[537 69] - 3[655 57] - 07 {x127 x?}. - 3{xf7 x?}o =0.
[84\(7 8;/0] _3[8%/7 65\;/] :()7 {53’59}_3{557 57} =0.
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8.3. Cuspidal generators in depth 4. As explained in [7], the depth filtration
on g™ gives rise to a spectral sequence and in particular a differential

d: H,(0) — H,(D).

Since H,(0) = ker(A?d — 0)/ A% 0, there is a natural map K — H, (D). Itis in
fact injective on K since the image of A%0 is in depth > 3. Composing with this
map gives a linear map d : K — (0*)? as we explain presently, and the canonical
zeta elements defined in Section 5 give a means to compute it explicitly. To see
this, the elements o, ; can be interpreted as a linear map

o°:9' — D'g™/D*g™
Ol P> 0y
which splits the natural map D'/D*g™ — D'/D?*g™ = d'. Consider

IO'A(T

' AD D'/D*g™ A D'/D*g™ 5 D?/Dg™. (8.5)
The subspace K maps via (8.5) to D?/D3g™, since its image in D?/D? = 0?
is zero. Since K has even weights, the depth-parity Theorem 2.6 implies that
D?/D*g™ = 03 vanishes in even weights. Therefore, the restriction of (8.5) to K
gives a linear map

¢: K — D*/D°g™ =" (8.6)
The letter ¢ was chosen to stand for ‘cuspidal’, for the following reason. Its weight-
graded components ¢,, can be viewed, via (8.4), as linear maps

CHL (D, Vo)t — 05,

cusp

These maps are closely related to the discussion in [31, Section 9].

THEOREM 8.5. Let P(x1,x2) =D, i, i xf’xg’ be an even period polynomial
of degree 2n, where A; j = —A;;. Thus P € K. It gives rise to a relation of the
form

Z A j[02i41, T2l =0 ind?,

i<j,i+j=n
Then the image of the element ¢(P) € * in Q[x;, X2, X3, X4] is

BZu BZh (261 + 2b) 1

2(1 24b{ 1217{ 12!1’ {xl 7-x1 2} } }

PP = D Aiasp——

i+a+b=n

— 3k {6772 23k (8.7)

Boayo

where 73 was defined in Remark 5.8.
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Proof. The element ¢(P) is by definition

«(P) =Y hi {051, 05;,,) (mod D).
i<j
Now substitute the expressions (5.8) for o5 it in terms of the polar elements &,,,
(work in Q(xy, ..., x4)). By Corollary 8.4, the &, satisfy the relations

(r)
(X his e &) =0 fori<r<s,
i<j
where a superscript () denotes the depth r component. The theorem follows from
formula (5.8), together with the definition of the element z; = —1 36) . O

If one believes the Broadhurst—Kreimer conjecture, one is led to the following

CONIJECTURE 1 (Broadhurst—Kreimer: compare with [7, Section 9]).

H(0; Q) = P 521Q& c(K) (8.8)
n>1

H,(0; Q) =K

H(0,Q) =0 foralli > 3.

Thus 0 admits the following conjectural presentation. It should have
(1) Generators: the 05,1 indepth 1 for n > 1, and ¢(K) in depth 4.
(ii) Relations: the quadratic relations of Section 8.2.

REMARK 8.6. As noted in [16], H3(0; Q) = 0 implies that H;(0; Q) = 0 for all
i > 3. In fact, for any pronilpotent Lie algebra g over a field k of characteristic
zero, H;(g, k) = 0 implies that H,(g, k) = O for all n > i. To see this, note
that since g is a projective limit of finite-dimensional nilpotent Lie algebras, and
(co)homology commutes with limits, we can assume g nilpotent and H' (g, k) = 0.
Every finite-dimensional g-module M has an increasing filtration by submodules
M,, C M such that the associated graded is a trivial module. By the long exact
cohomology sequence and induction on m, H'(g; M) = 0 for all such M. Now
interpret H"(g; M) as the Ext group Ext"(k, M) in the category of U g-modules,
and use the well-known fact that if Ext' (k, M) vanishes for all M then it also
vanishes foralln > i.

The conjecture given in [7] involved certain exceptional generators denoted
e;, for f € P, in the depth 4 component of the larger Lie algebra grj,domt of
double shuffle equations. It is not known if they are in the image of 0*. Thus the
formulation (8.8) eliminates part of the conjecture given in [7].
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8.4. Remarks on the role of z;. The element z; is the first of a sequence z,
of derivations in Der® LL(a, b) which are sl,-invariant and well-defined modulo
(ueee™)sk Tt follows from [8, Theorem 10.1] that their action on the derivations
€54, are known explicitly modulo Lie brackets involving at least three &5, ,, with
n > 0.Itis possible that this computation can be extended to the next order, which
in particular would give a formula for {z3, x?"} for alln > 1.

REMARK 8.7. In [7] we defined an injective linear map
€: P —Is*

from the space P of even period polynomials to the space of solutions [s* to the
linearized double shuffle equations in depth 4. It only depends on the functional
equations satisfied by elements of P. It is natural to extend this linear map to the
polynomials x}" — x3" € V,,, which are the images of coboundaries under the
morphism (8.2). Since they satisfy the same functional equations as elements of
P, they define elements of pls* which have poles. One easily verifies from the
definitions that:

e — x3") + {z3, x7" ). = 0. 8.9)

This gives a different interpretation of the role of z3 in formula (8.7).

8.5. Elliptic interpretation of the Broadhurst—Kreimer conjecture. We can
transpose the previous conjecture into the Lie algebra Der® L(a, b) as follows.
Recall that the map i; : g™ — Der® L(a, b) (3.2) is injective by Theorem 3.1.
Since B cuts out the depth filtration on the image i;(g™) (Corollary 3.7) we obtain
an injective morphism

i, 10 — gry Der? L(a, b).

We wish to describe the conjectural generators in B-degrees 1 and 4. For
simplicity, we shall use the heretical normalizations ¢,, to simplify the statement.
This has the side effect of rescaling the period polynomial relations.

More precisely, consider linear map

Qlx7, 31 — QIx7, x3]

!

2n (2}’1) 2n

x> ) x;" forn > 1
n

and let K denote the image of K. Lemma 8.3 and Corollary 8.4 imply that P =
Zi,j )‘i,jxlzixgj € K where A; ; + A;; =0, if and only if

v v _
Z Aijl€5i40, §2j+2] =0.

i<j
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Define, for all P € K, elements

¢(P) =Y hijl051, 05,1} € gry Der” L(a, b),

i<j

and let z3 € gr BDer L(a, b) denote the unique derivation such that ¢'(z3) is the
element (5.8).

THEOREM 8.8. Forany P € K,

«(P) = Z)‘l Jjl%3s ‘92,+2 + Z)‘l atbsp 821‘—0—2’ [£Za+zv [§;b+2’ Qg]]]
i,a,b

The Broadhurst—Kreimer conjecture suggests the following:
CONIJECTURE 2 (Elliptic geometric Broadhurst—Kreimer conjecture).

Hi(0, Q) = () &;,,Q 8 «(K) (8.10)

n>1
H,(0,Q =K
H:(0,Q) =0 foralli > 3.

Note that K in the above is viewed as the space of quadratic relations between
the €5, ,,, for n > 1. This conjecture is equivalent to conjecture (1) by Section 6.

8.6. Some related problems.

(1) Show that the map ¢(P) : K — (2*)* is injective.

(2) Relate the elements c(P) to the exceptional elements e defined in [7].

(3) Construct a basis of the space of motivic periods of M7 (Z) of motivic depth

2 and even weight out of motivic multiple zeta values of depth < 4.

9. Some motivation from the relative completion of SL,(7Z)

I shall very briefly sketch how I arrived at formula (1.11) and (1.9) by
considering double integrals of Eisenstein series. This explains why the
coefficients for the explicit formula for the oy, , involve the odd period
polynomials of Eisenstein series. The arguments which follow require more
substantial technical background.
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9.1. Overview. Denote the Hecke-normalized Eisenstein series by

B
Ey(q) = —4—2( + Zgzk—l(")qn,

n>=0

where 2k > 4 and oy (n) denotes the divisor function. For any modular form f(7)
of weight 2k > 4 for SL,(Z) we shall write (see [8] for further details):

f(@) = Quiy* ' f(r)(X — Y)Y e 9.1)

where g = exp(2imt). It is to be viewed as a global section of V,_, ® .Qﬁ over
the upper-half plane H. In [8, Section 5] we defined regularized iterated integrals
of Eisenstein series between cusps, building on [29, 30]. Consider the double
integrals:

[ Eyin(T)E,, 15(T) € V2, @ V3, ® C 9.2)
0

along the geodesic path from 0 to oo (suitably interpreted as the path S from 1,
the unit tangential base point at the cusp to itself). For each k > 0, there is an
explicit morphism of SL,-representations [8, Section 2.4]

3 Vo Qg Von —> Vamgon—ak.

In this way the imaginary part of the image of (9.2) under 3' defines a
homogeneous polynomial in R[X, Y] of degree 2m + 2n — 2 whose coefficients
can be described explicitly. The method described in [8, Section 11], computes
this polynomial as the Petersen inner product of two (real analytic) modular
forms. The part we are interested in, by the unfolding method, corresponds to the
convolution of two Eisenstein series, and yields a certain multiple of an odd zeta
value. The ratios of the coefficients are the odd period polynomials of Eisenstein
series.

9.2. Precise statement. All the notation in this section is borrowed from [8],
Section 11. Letk > 1beodd,a,b > 2,and w = 2a + 2b — 2k — 2. Set
’I\;{aib = I3, 5, + 8°0" (U2g U by — byy UTy) 9.3)
where §° is the boundary for O-cochains, and for all k > 2,
Uy = i)™ oy

where vy, was defined in [8], (10.7). Then I claim that lealb is cocycle for SL,(Z),
and cuspidal for k£ < 2 min{a, b} — 2. For such k,

{i 1%, 5, ) = 6Q2ri) ™' Ck, c(k+1)¢Qa—k—1)¢2b—k—1) ¢ (k+w) (9.4)
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where ¢° the rational Eisenstein cocycle defined in [8, Section 7.3] and
Cl,=kQ2a —2)!2b —2)!(k + w — D).

The equation (9.4) can be written, using Euler’s formula, in terms of a product of
three Bernoulli numbers and a single odd zeta value. Note that we only require
the case k = 1 here. The proof is essentially the same as in [8] with minor
modifications to account for divergences.

9.3. Zeta elements from periods. Let Gf/ldR denote the Betti and de Rham
versions of the completion [24] of m(M1,38/3q) = SL,(Z) relative to its
inclusion into SL,(Q), and U f l/dR their unipotent radicals. They are affine group
schemes over QQ, in a Tannakian category of realizations H [6]. The de Rham
Tannaka group G4y of H acts on G$X. The Lie algebra of G5 contains zeta
elements 0,,,; which are dual to the zeta values {™(2n + 1) in the ring of periods
of H. They are only well defined up to commutators.
The (M,W-bigraded) Lie algebra u{§ of U/} is free, generated by symbols

dR dR
€242 ® V2n and mf ® V2n

corresponding to Eisenstein series and a Q-basis for the generalized Hecke-
eigenspaces of cusp forms f of weight 2n + 2. Here V4R is the SL,-module
isomorphic to homogeneous polynomials over Q in two variables of degree 2n.
Let us choose a basis for the (motivic) periods of regularized iterated integrals
of Eisenstein series of length < 2 along the path S (that is, from 0 to co0). Via the
theory in [8], we can view the ‘geometric part’ of the 0,,,; as elements of u?f‘].
Taking the coefficient of {™(2n + 1), for n > 1, enables us to compute the image
of a choice of zeta elements o5, in u?ﬁ. We can read off the coefficients of Lie
brackets of length two in the €,,,,, from the period computations of Section 9.2.
The group G‘F1 acts on P, the de Rham fundamental group of the punctured

curve E ;/8 , [24, 25]. We obtain a morphism of (M, W)-bigraded Lie algebras
ul§ — DerL(a, b).

It sends the generators My to zero, and the lowest-weight vectors in €5,4, ® V2an
to the derivations &5, ,. The images of our o,,,; provide a choice of zeta
elements in Der IL(a, b), for which we know the coefficients of [&5, . ,, [£3,,,, &5 1],
corresponding to the case k = 1 in Section 9.2. The cases k > 2 also provide the
coefficients of Lie brackets involving two &5, ,, where n > 0, and several & .
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Appendix

Recall that us*™ C grleer@]L(a, b) is the Lie algebra generated by the set of
derivations €5, for n > 0. It is bigraded for the weight W and monodromy-weight
M filtrations. We defined in Section 4.5 an injective morphism of Lie algebras

£ uEm — pls. (A.1)

Throughout this section we identify pls = pls. The latter is the space of
solutions to the linearized double shuffle equations with poles. Let pls* denote
the component of pls in depth k. The following theorem is extracted from [3].

THEOREM A.l. The morphism (A.l) is an isomorphism in B-degrees < 3, that
is,
grfugeom ;) p[ﬁk

for k = 1,2, 3. Denote the Poincaré series for grf us°™ by

ui(s) = Z s" dimg (grf gy ugem).
nez
Then
-1 2

s s s
ui(s) = T— us(s) = A=) =59’

(1 —52)(1 —sH(1 =55

1 us(s) =

The spaces pls* can be further broken down into smaller spaces using an action
of sl,, and a new filtration we call the residue. The proof will give, more precisely,
dimensions and in fact generators for each graded piece.

A.l. Description of pls in depths < 3. The space %l C Q(xy) is the
graded vector space of even rational functions f € Q(xlz) such that xf f(xy) is
a polynomial. By the definitions in Section 4.5, and the formula for ¢, (a), we
have

ey > xi"2 forn > 0.
Therefore, in particular

@ezvn(@ =~ pls'.

n>0
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Now p_lsz C Q(xy, x,) is the graded vector space of rational functions f such that
S, x2)x1 (2 — x1)x2 € Qlxy, x2]
which also satisfy the linearized double shuffle equations

f(xl7 X1 +X2) + f(XZ,Xl +X2) =0
S xi, x2) + f(x2, x1) =0,

—3 . . . .
and pls’ C Q(xy, x», x3) is the graded vector space of rational functions f with

F O, x2, x3)x1 (X2 — x1) (X3 — X2)x3 € Q[x1, X2, X3],

which satisfy the linearized double shuffle equations

FCer, xi2, x103) + f (2, X12, X123) + f (%2, X203, X123) =0 (A2)
f(xlv X2, x3) + f(-x2’ X1, -x3) + f(-x25 X3, -xl) = 07

where x;; = x; + x; and x;;4 = x; + x; + x;. The usual T-grading for multiple

zeta values corresponds to one half of the M-grading. It is given by the degree of

the polynomials plus the number of variables. Thus x7" has T-degree 2n + 1 and

x2"x2" has T-degree 2n + 2m + 2. We give a complete description of pls<>.

A.2. The residue filtration. An element f € p_lsk is a rational function in x;,
..., Xx with at most simple poles along x; = x;4; for 1 <i <k —1land x; =0,
x; = 0 (the latter coincide when k = 1, giving a possible double pole at x; = 0 in
this case) and satisfying the linearized double shuffle equations.

For any such function f € p_lsk, define the residue
ka ZRCSXk:Of € @(xl,...,xk_l) when k > 2,

and in the case k = 1, let Ry f = Res,,—o(x; f). The rational function R; f depends
on xy,...,x,; and has the same pole structure described above. It is not an

—k—1 . .
element of pls  in general, however. Define the residue filtration

R,pls = {f € pl5. such that Ry Rimi1 ... Ref = O},

for all m > 0, and set R_;pls = 0. (One can show [3] that the linearized stuffle
equations are stable under the residue Ry, but the linearized shuffle equations
are not.) Although we shall not need it, a theorem proved in [3] states that this
filtration is compatible with the Lie algebra structure:

{R,pls, Rypls}e C R,y pls,
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and furthermore, using the dihedral symmetry of the linearized double shuffle
equations [7, Section 6.5], that Rgpls is the Lie subalgebra of pls consisting
of rational functions with no poles at all (that is, polynomials satisfying the
linearized double shuffle equations). It is denoted by

[s = Ropls

and was studied in [7]. The generating series of its dimensions are predicted by
a version of the Broadhurst—Kreimer conjecture, proven in depths < 3. Since the
residue maps R; are homogeneous for the M-weight, the Lie algebra gr¥pls is
bigraded for the M-weight and R-grading. It follows from the definitions that

Ropls' = P Qx* and  grfpls = Qu;>. (A.3)

n=0

We have 9‘{;(,1%1{ = pEk fork > 2, since if R, ... Ry f € Q(x;) had a pole in x,
then it would be a multiple of x; > and this forces f to be of M weight —2, and
hence a rational multiple of (x;(x; — x;) ... (xx — X;_1)xx) . One easily shows

that the latter does not satisfy the requisite equations to be in p_[sk.
In summary, in depths two and three we have
grlpls® = gr)pls” @ grlipls’ (A.4)
gr?p[53 = gr?p[53 @ grﬁ“;::[s3 ® grg‘p[ﬁ.

We shall compute the generating series for the dimensions of these five pieces.

A.3. sl,-algebra structure. The Lie algebra u**°™ admits an action of sl,
which is compatible with the Lie algebra structure. Similarly, one can show [3],
that there is also an action of sl, on pls which is compatible with (A.1).
DEFINITION A.2. Define operators ¢ : pls — pls*™ and f : pls” — pls’"™' on
the level of reduced rational function representations by the formulae

e(f) = {x72, fle (A.5)

k+1

r—1
FOF) =D xiRes.oy f X1y X0y 20 Xigts o Xp). (A.6)

i=1

One can prove [3] that these operators indeed preserve pls, generate a copy of
sl,, and are derivations for the Lie bracket. There is a simple general formula [3]
for f on pls® in terms of the residue operator R, and a certain cyclic symmetry.

We only need the case of depth 3. If g € p_[53, then
F(g(x1, X2, x3)) = x183(x2 — x1, —x1) + X283(—x2, X1 — X2), (A7)
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where g3 = Res,,_ g. One can check that ¢(93;) C 9,41, and that the composition
fe [s* — 9,pls**" is multiplication by the polynomial degree. In particular, we
shall need the fact that ¢ : [s* — R, pls” is injective.

Here we only need the case of depths 2, and 3, and all of the claims made above
can be checked by elementary manipulations on rational functions.

A.4. Recapon Is in depths 2, 3. As a consequence of the work of Zagier and
Goncharov, who computed the dimensions of the weight-graded pieces of [s* and
[s* respectively (see also [1]), one can prove that there are exact sequences:

2
0—>S—>/\[51—>[52—>0 (A.8)

0 — S®Is' — Lies(Is') — s — 0.

For further details, see [7, equations (7.8) and (7.10)]. The third map in each line
is given by the Lie bracket on Is. Here S is the space of solutions to the period
polynomial equations, and is isomorphic to the graded vector space of cuspidal
cocycles for SL,(Z).

There are two consequences: every element of [s°, [s° is generated by Lie
brackets of elements in [s', and so the morphism of Lie algebras

K, : ugeom,+ SN [5

is surjective in depths < 3, where ug™" is the Lie subalgebra of u&*°™ generated
by the &5, for n > 1. The second consequence is that it gives formulae for the
generating series of dimensions with respect to the M-weight. If

s12

di(s) =) s"dim(ls)) and S(s) =) s"dim(S) = T 5w

n>0 n
then it follows from (A.3) that d, (s) = s*/(1 — s), and the first line of (A.8) gives
8
(1 —s2)(1 —s%"

Remark that the smallest element in [s” is of degree 8 and is given explicitly by

1 2
dy(s) = E(dl (5%) — di(s)) — S(s) = (A.9)

{67, x1}e = x1200(x1 — x2) (21 — X2) (X1 — 2x2) (X2 + x7) (A.10)

which will play a role later on.
The second short exact sequence gives, after a similar calculation,
Sll(l +S2 _ s4)
(1 —s)(1 —sH(1 -5

dy(s) = (A.11)
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The coefficient of s**!, for n > 2, is given simply by the sequence

|((n — 1)> — 1)/12], which is essentially the statement of Goncharov’s theorem
for dimgls) [21].
Thus the parts [s%, (s> of pls®, pls® are generated respectively by

{)c1 ,xlb} and {x {x] ,x,c}} where a, b,c > 1. (A.12)

A.5. The trivial piece gr}f_lplsk . The iterated residue defines an injection

—k
Ry...R;: gr,?‘_lplﬁ —> Q(xy). (A.13)
It is easy to show that gr* pls* is generated by ¢*~'Is,, that is, the elements

{Xl - {xl ax1n 2} “ Jes

with k — 1 terms x1 . They are the images of the elements (ad(e; ))k82n € yseom
under (A.1). Note that for reasons to do with the sl,-weights, this vanishes if
k > 2n — 1. It follows that if we write

f(s) =) s"dim(gry pls))
n=0
then fork > 1

2

s
ti(s) = —— and Iy4i(s) =
1—s2

1 —s2

We immediately deduce the enumeration of pls in depth 2, from (A.4).

COROLLARY A.3. The generating series for the dimensions p)(s) =
>, 8" dim(p [5,21) is given by the formula

s2

pa(s) = A= =59

The coefficient of s*" is | (n +2)/3].

Proof. Since pls® = gripls’ @ grlipls’ = Is* @ gripls’, its Poincaré series is
given by pa(s) = da(s) + 1a(s). O

It follows that the pieces gr?‘p_[ﬁz, gr?%3 are generated respectively by

{xl ,xl "}e and {x; ,{x1 ,x1 "1}e Wwheren > 1.
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A.6. The final piece gri'p [s®. Using the sl, action, we deduce that there is a
direct sum decomposition

erlipls’ = e(Is”) @ H

where H = ker(f) /R, is the space of lowest-weight vectors. Since ¢ is injective
on [s°, it suffices to compute H.

LEMMA A.4. There is an exact sequence of graded vector spaces
0 — H(-5) —> & — Q(—8) — 0

where the Tate twist (—n) denotes a shift in M-weight of +2n. Thus the copy of
Q in the right-hand factor sits in degree 8, that is, M-weight 16.

Proof. Let f € pls® satisfying f(f) = 0. Let ¢ = Rs f denote its residue along
x3; = 0. By taking the residue along x; = 0 of the first equation of (A.2), we get

g(x1, x2) + g(x2, x) =0 (A.14)
since f has no poles along x, = 0. Now from the formula for f(f) it also satisfies
x18(x2 — x1, —x1) + X28(—x2, X1 — x2) = 0. (A.15)
Inspired by (A.10), define
h(xy, x2) = x1x2(2x1 — x2) (X1 — 2x2) (X1 + x2) X g(x1, X2).

Then A4 is homogeneous of even degree in x, x,. A trivial calculation shows that
(A.14) and (A.15) imply that /4 satisfies the pair of equations

h(xy, x2) +h(x2, x1) =0

h(xy — x1, —=x1) — h(—=Xx2,x1 —x) =0

which is equivalent, by replacing x; with —x; and noting that % is of even degree,
to the linearized double shuffle equations. So we have constructed an injection

H —> 5

of degree 5. Now we want a lower bound on H. For this, consider elements

1 a — 1 — a
lyp = E{xf A n x Pl + %{Xf”, {x;72, x3),),, fora,b>1. (A.16)
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These elements are in 9%1]3_[53 and in the image of (A.1). They are the images of
lowest-weight vectors in u#*°™, and therefore satisfy f(¢,,) = 0, a fact which can
also be checked directly. Since ¢, , = £, ,, a linear combination Zmb? 1 Caplap
can be represented by a symmetric polynomial in two variables

2a—1_2b—1
P(xl,xz):E Cap Xy X5

a,b>1

Equivalently, let V be the graded vector space of symmetric polynomials in two
variables x|, x, of odd degree in x; and x,, and consider the linear map

L:V—H

xlz"_leh_' = Lap.

Using the definitions or (5.9), we have

R3 %{xlza’ {x;Z’ xlzb}o}o
= x17 (X1, X2) — Xor (X2, X1) + (X2 — x1) (r (x2 — x1, X1) — r(x2 — X1, X2)),

where r = xlz"*lxgb -1 Using the fact that P is symmetric in x, X, it follows that

the kernel of R3¢ C V is the set of polynomials satisfying
(x1 — x2) (P (x1, x2) + P(xz — x1, —x1) + P(x; — x2, —x3)) = 0.

The solutions to this equation are precisely the defining equations for the space of
odd period polynomials. As is well known, the generating series for its dimensions
are again given by the generating series S(s) of dimensions of the space of cusp
forms, which gives us a lower bound for the dimensions of H. This lower bound
coincides, via (A.8), with the upper bound on the dimension coming from [s°
except for the first term. This gives the exact sequence. O

The kernel of the map ¢ was first computed by Pollack [34] by a different
method. He showed that the relations between the £, , (or rather their versions in
ug™) are exactly given by odd period polynomials.

REMARK A.5. In the course of the proof we have a given a new interpretation of
the double shuffle space [s” as the set of symmetric odd polynomials modulo the
odd period polynomial relations.

In particular, the spaces e(ls”) and H are, respectively, generated by

{xl_z, {xlz’”, xlz"}.}. where m,n > 1,and £, ;.
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As a consequence of the previous lemma, we have

COROLLARY A.6. The Poincaré series for gr’t'pls® = H & e(ls%) is

d —s% d
2(S)5 s n H(s)
s s

In conclusion, the Poincaré series of grpls® = Is° @ gri*pls’ @ grdpls’ is

dy(s) — s® n dy(s) s
s° s 1 —s2

usz(s) = ds(s) +

which, when simplified, gives the formula stated in the theorem. The surjectivity
of ¢’ follows from our explicit description of generators on each piece grimp[sk .
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