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EXCISING STATES OF C*-ALGEBRAS
CHARLES A. AKEMANN, JOEL ANDERSON AND GERT K. PEDERSEN

0. Introduction. A net {a,} of positive, norm one elements of a
C*-algebra A excises a state f of 4 if

lim |la,aa, — f(a)dlll = 0 for every a in A.

This notion has been used explicitly by the second author [4, 5, 6] for pure
states, but the present paper will explore it more fully. The name is
motivated by the following example. Let K be the unit disk in the complex
plane, 4 = C(K) and f(a) = a(0). Define a,,(re’e) = ¢,(r), where

0if0 =r = 1 orr>1

n+2 n
A PR
n+1

linear elsewhere.

Note that the sets {t € K:a,(t) > 0} form rings about 0 with radii tending
to 0. In this sense the sequence {a,} “cuts out” the state f and, in the
limit, isolates it from all other states. It turns out (see Proposition 2.2) that
a state f of A can be excised if and only if it is in the weak* closure P(4)~
of P(A). If A is separable, then excising can always be done with a
sequence.

Suppose that {a,} is an orthogonal, positive sequence of norm one
elements of a unital C*-algebra 4 and {f,} € P(A4) (the set of pure states
of A) such that f,(a,) = 1 for all n. What can we say about the set L of
weak* limit points of the set {f,} in S(4) (the state space of 4)? If 4 is
abelian, then L € P(A) since P(A) is closed in S(A4). If 4 is not abelian,
then P(4) may even be dense in S(4) (see [8, 11.2.4] ), and easy examples
show that the set L described above need not lie in P(4). However, by
[6, Theorem 1] we see that if A = B(H), the algebra of all bounded
operators on a Hilbert space H, and the set {a,} consists of finite rank
projections, then L € P(A). In Theorem 4.2 we generalize this result to
the context of the multiplier algebra M(4) of a non-unital, g-unital
C*-algebra 4 with the sequence {a,} C A4 “tending to infinity” rapidly
enough. If we assume the Continuum Hypothesis, assume that 4 isn’t too
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large and find some way to form infinite sums (for example, if we assume
A is a separably represented von Neumann algebra), then we prove in
Theorem 3.6 that L N P(A) is non-void, but we can neither prove nor
disprove the conjecture that L C P(A4) in this generality. Several
applications of these results appear in [2, Section 2].

In order to deal with these questions we introduce in Section 3 the
concept of an /°-embedding of a family {b,},<; of mutually orthogonal,
positive, norm one elements of 4. Essentially this means that sums of the
form

a€]

make sense in A for any bounded family {a,},<; This abstraction allows
us to handle the case in which 4 is a von Neumann algebra at the same
time as the case in which A4 is the multiplier algebra M(B) of a non-unital
C*-algebra B. A more detailed discussion of the latter more complicated
case appears in Section 4. Also included in Section 4 are a few results
relating maximal abelian C*-subalgebras (MASA’s) of a C*-algebra 4 to
certain MASA’s of M(A4).

1. Notation and preliminaries. Generally we follow the notation of [10].
The letters 4 and B will always denote C*-algebras with elements a, b, ¢, d,
e, p,q,r, s, u, v, w, x, . The letters f, g, h will denote generic elements of
A*, the dual space of 4. We shall frequently consider 4 as canonically
embedded in its double dual 4**, identified with the weak closure of 4 in
its universal representation (see [10, p. 60] ). For any elements a, b, ¢ € A
and [ € A* define (afb) € A* by

(afb)(c) = f(ach).

Let S(A4) denote the state space of 4, Q(A4) the quasi-state space of 4 and
P(A) the pure state space of 4. Convergence in A* will default to weak*
convergence, while the default convergence in A** is strong*. The letter z
will be reserved for the central projection in A** covering the reduced
atomic representation of 4 (see [10, p. 103]). Any g € Q(A4) with
g(z) = g(1) is called atomic while any f € Q(A4) with f(z) = 0 is called
diffuse.

Let Q,(A) denote the set {g € Q(4) : g(z) = g(1)}. Eachfin Q(4)
is a normal state on the von Neumann algebra A** and, as such, has a
support projection p = supp(f) in A** such that f(1 — p) = 0 and
Sy a5x, is faithful (see [13, p. 31]). If f € P(4), supp(f) is a rank one
projection in A** [10, p. 87]. By the Schwarz inequality, if ¢ = 0 with
f(a) = 1 = |al|, then (afa) = f; so, in particular, if p = supp(f),
pfp = f. We let B(H) denote the algebra of all bounded operators on the
Hilbert space H with inner product (,) and we let Tr denote the canonical
trace on B(H) (see [13], p. 26] ). For b in B(H), let
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bl = (b*b)""* and |bll, = Tr(|b]).
Then any normal, bounded linear functional f on B(H) has the form
f(x) = Tr(bx) for some b in B(H) with ||b||, = || f]]. (see [13, p. 38]).
LEMMA 1.1. Fix fin S(A) and x in A with f(x*x) > 0. Put
e = /() 1fxxx) 12
and consider the state g = f(x*x)” '(x*fx). Then
lg = Il = 20 = &)
If f is pure, then so is g

Proof. Let (w, H, £) be the cyclic representation of 4 associated with f
via the GNS construction [10, p. 46]. Then

gla) = (m(ay, n), wheren = |l7(x)¢|l ™ 'm(x )&

Changing 71 with a phase factor we may assume that (7, £) = e. Clearly the
distance ||g — f|| is dominated by the distance between the vector
functionals w;, w, on B(H) given by £ and 7 (see [13, pp. 36-38] ); but this
distance only depends on operators in the 2-dimensional subspace H,
spanned by £ and 5. Writing n = €§ + 6§L where 6 = (1 — (2)1/2 and £L is
orthogonal to &, the density matrices in B(/,) for w; and w, are given

by
_(10) d _(6268)
P = \oo) 3¢ 97 \ 62

respectively.
An easy computation shows that the eigenvalues for the matrix p — ¢
are +=(1 — €9)'/2. Consequently

llg = /I = llp — glly = Tr(lp — 1) = 21 = )"~
If fis pure, then G is also pure because by [10, 2.7.5] there is a unitary
u € A with ugu* = f.

Lemma 1.2. If f € P(A) with supp(f) = p and g € S(A) with
g(p) = e, then

If— gl =201 — o2

Proof. Passing to the universal representation of 4 on the Hilbert space
H,, we find a trace class operator # = 0 on H, such that

g(x) = Tr(xh) for all x in 4.

n

Let h = X \,g, be a resolution of 4 in terms of orthogonal minimal
projections g,, so that X A, = 1, and write

pq,p = ¢€,p for somee, = 0.

n
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The assumption g(p) = e implies that php = €p, whence 2 Ae, = €.

Furthermore, with |la||;, = Trlal, we have

* g =Sl =1k = plly = 2 Allg, — pll;-
As in Lemma 1.1 the matrix for ¢, — p, where

(1 0 e, 5,1)
”“(0 0) and q"‘(a 1 —¢)

with
|3,,|2 =¢€,(1 — ¢,),
has the eigenvalues (1 — ¢, 12 Thus
) Mg, = pll = X2 - )2 =2\, (0 — )
=21 — 2 AP =20 - oV

using the fact that t — 7 is a convex function [12, p. 63]. Combine (*) and
(**), and we get the result.

LeMMma 13. If f, g € S(A) with [ diffuse and g atomic, then
W=l = 2.

Proof. By the hypothesis,
S —z)=1=g(), and 2 = |If — gll.

Since z = z* = 22, ||1 — 2z|| = 1. Thus (f — g)(1 — 2z) = 2 implies
If— gl =2

n

2. Excising states.

Definition 2.1. A net {a,} of positive, norm one elements of A excises
fe S if

lim ||a,aa, — f(a)aill =0 foreveryain A.
First we develop some elementary properties of excising nets.

PROPOSITION 2.2. Every pure state g of A is excised by a decreasing net
{x)\:A € A} such that g(x)) = 1 for every X in A. Moreover, for each element
din A, with g(d) = ||d|| = 1, the elements of the net can be chosen as

.X)\ — d|/2(l _ u}\)dl/2’

where {uy:A € A} is an (increasing) approximate unit for the hereditary
kernel N of g. Finally, if N is o-unital, in particular if A is separable, the net
can be chosen to be a sequence of mutually commuting elements.

Proof. Since g is pure, we can use Kadison’s transitivity theorem to find
din A with g(d) = ||ld|| = 1, cf. [10, 2.7.5] (or if d is given, use it). The
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left kernel of g is
L={xe€Ad : g(lxl)=0}

and the hereditary kernel is N = L N L* Choose by [10, 1.4.2] an
approximate unit {uy:A € A} for N and put

X, = d"X(1 - u}\)dl/2‘

Note that the net {x,} is decreasing, majorized by 4 and satisfies
g(xy) = 1 for all A.
If x € A then

g(d"(x — g(x))d"?) = 0.
Since ker g = L + L* by [10, 3.13.6], we have
d"}(x — g(x))d"? = a + b*
for some a, b in L. But then
lIxx(x — g(x)x\ll = 11 (1 = w)a + b*)(1 — wy) |l
= lla@@ — w) Il + 111 — upb*|l
= lla(l —u) |l + 1601 — wy) |l —0.
If N is o-unital with a strictly positive element e of norm one, we put
y = d"(1 — e)d”?

and define x,, = y¢,(y) for some decreasing sequence {¢, } of continuous
functions on [0, 1] for which ¢,(1) = 1 but ¢,(z) — 0 for every ¢+ < 1.
Set

w=(1—e)2d(1 — e)'?

The formula
(1 — &) 2472 — w1 — )V2g\2

in conjunction with the Weierstrass approximation theorem shows that
(1 — &)'2d"2¢(y) = e(w)(l — e)2d!"?

for every continuous function ¢ on R . With our choice of functions this
implies that

x, = d"3(1 — )%, (w)1 — e)'/%d"2.
If x € A then
d"Y(x — g(x))d"? = a + b*

as above, with g and b in L. Since Ae is dense in L, we may assume without
loss of generality that a = ce and b = ve for some ¢, v in 4. Thus
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lx, (x = g(x))x,
= g, ()1 — &)'"X(ce + ev*)(1 — )%, (w) |l
= llg, (well vl + lleg, (w) Il llell.
Since e + w = 1 it follows that
llg, (Well = [ ¢, (w)e Il = [, (w)(1 — w)'"?|

sup &, (1)(1 — 1)V/2 >0,
0=r=1

A

and we conclude that {x,} excises g, as desired.

PROPOSITION 2.3. 4 state g of A is excised by some net {x\:A € A} if and
only if g € P(A)". If g is not pure, then {x\:\ € A} has no non-zero cluster
points in A** for the strong operator topology.

Proof. If g € P(4) , take A = (x},...,x,) in A and ¢ = n 1. By
assumption there is a pure state f of 4 such that

1
lg(x,,) — flx,) | < 5 for all x,, in A,

and by Proposition 2.2 we can find x, in 4, with ||x,|]| = 1 (and
f(x)) = 1) such that

1
lIxa(x,, — f(x,) )l < 5 for all x,, in A.

It follows that

Ixa(x,, — 8(x,) )Xl <'e,
so that g is excised by {x,}.

Conversely, if the net {x,} excises the state g, we choose for each A a
pure state g, of 4 such that gy(x,) = 1, cf. [10, 4.3.10]. Adjoining if
necessary a unit to A and extending all states in the canonical manner, we
see that the net {x,} still excises g on the enlarged C*-algebra. Assuming
therefore that 4 is unital we have, for each x in A4,

lga(x) — g(x) | = Ign(x — g(x)1) |
= lg\(an(x — g(x) x| = llxn(x — g(x) )xyll,

which shows that the net {g,} converges weak* to g.

If e is a non-zero strong limit point of a net {x,} that excises the state g,
then 0 = e = 1. Since the norm is strongly lower semi-continuous, we
have, for every x in A4,

lle(x — g(x))ell = lim inf |[xy(x — g(x) )x)/| = 0.
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As A 1is strongly dense in 4** and g is strongly continuous on A**, it
follows that exe = g(x)e’ for every x in A**. Consequently g(e) 'e is a
minimal projection supporting g, so g is pure by [10, 3.13.6].

Remark. A net that excises a non-pure state need not converge weakly
to zero. In fact, in the Fermion algebra [10, 6.4] we can find two
inequivalent pure states g; and g, and a sequence { p, } of projections that

1
excises the state g = E(g' + g,), but for which

1
g&i(p,) = &(p,) = 5 for all n.

If g 1s diffuse, the situation is different; see [2, Corollary 2.15].

PROPOSITION 2.4. If f € S(A), the net {x,} excises f, and { /,} € Q(A)is
a similarly indexed net with

lim(x,f,x,) = g in Q(4) and lim ||x fx,/| = A,
then g = M.
Proof. Since
A = Lim [[x, fxJl = lim f(x2).,
then for every a in A4,
g(a) = lim f (x,ax,)
= lim f(x(a — f(a))x,) + lim f(xf(a)x,)
=0 + f(a)A = M(a).

3. [*°-embeddings.
Notation. Throughout Section 3 we shall assume that A is unital.

Definition 3.1. We say that a family {b,},c,; of mutually orthogonal,
positive, norm one elements in A is /*°-embedded if there is a positive,
linear map ¥ from the direct product C*-algebra [] 4, (each 4, being
isomorphic to 4) into A4, such that

W( {xa} )\I,( {ya} ) = \I,( {xabaya} )
for all elements {x,} and {y,} in I 4,, and such that
V({x}) = 2 b ’x,b)% ifx, =0

for all but finitely many a’s. In the applications 4 will either be a von
Neumann algebra with

V({x}) = = by x.pbl?
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(strong* convergence), or A will be the multiplier algebra of a C*-algebra
with

V({x}) = 2 b,/ x,b,
(strict convergence). For this reason we will often write
V({x,}) = 2 by b,

to help the intuition.
If {b,} is [“-embedded in 4 and o is a subset of I with characteristic
function x,, we write

by, = ¥({x,(@}) = 2 b,

aEo
Finally we say that {b,} supports a family {f },<; of states of 4 if

Juby) = 1 for each a in I (whence f(bg) = O for @ # B). Note that
[-embedding of {b,} implies that

¥ ({xa})) = falxp)
for every element {x,} in [ 4,, because
LY ({xa3)) = fobp¥({xa})) = fo(¥({x(py(@)baxa} )
= Jolb *xgby ) = fu(xp).

We shall be interested in the limit points of the set {f,} in S(4). Are
they pure? Here are two examples related to this question.

Examples 3.2. (A) (See [4, Section 1].) In the Fermion algebra we fix a
diagonal algebra D, and take a sequence { p, } of orthogonal projections in
D that excise a pure state f of D. If {f,} is any sequence of states
supported by {p, }, then every weak* limit point g of {/,} is pure. Indeed,
glp =/, and since f has a unique state extension, which is pure, it follows
that g is pure (and f, — g).

(B) Let { p,} be an orthogonal sequence of projections of finite rank in
B(H). Clearly {p,} is /”°-embedded in B(H). If {f,} is any sequence of
pure states of B(H) supported by {p,}, then every weak* limit point
of {/,} is pure by [6, Theorem 1].

Write B(1) for the set of ultrafilters of subsets of 1. If { £}, <, is a family
of states on 4 and #is in B(I), define a state

U

by the formula
Ja(x) = as {f(x)a € 0} .
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It is easy to see that fy is in the weak*-closure of {f},c;- In the
[®-embedded case the converse is also true.

ProposITION 3.3. If {b,},c; is an [*-embedded family in A supporting
the family {f.},<; of states on A, and f is a weak* limit point of {f,},c
then there is a unique ultrafilter U in B(I) such that

f=ta
Proof. Using the notation of Definition 3.1 we set
U= {o C I.f(b,) = 1}.

We claim that % s an ultrafilter. Indeed, note first that since b b, = b2 if
a € o and bb, = 0if a & o, we must have f(b,) equal to 0 or 1 for every
subset o. In particular we have f(b;) = 1. Since

b] = bo + bl\o’
it follows that, if o is not in %, then I\o must be in % If 0 € and o C 7,
then

b, =b. = by,

and therefore f(b,) = 1 and 7 € %. Since b = b,b,b,, we see that % is

oNtT —

closed under intersections, so #is an ultrafilter. To see that f = f;, fix x in
A with f(x) # 0 and € > 0. We claim that

o={a€|f(x)—f(xX)]<é¢}

i1s in %. Otherwise, we would have

f(x) = f(bl\UXb]\a)s

and therefore we could approximate f(x) arbitrarily well by f(x)’s with «
in I\o and conclude that

If(x) —fx) ] = e
If ¥ € B() with 0 € 2\ ¥; then

f(ba) _fV(ba) :f%(bo) _f“//(bo) =1
Thus % is unique.

In what follows we assume that {b,:a € I} is an /“-embedded family
supporting a family {f:a € I} of pure states of 4. The optimal
conclusion from our point of view is that every weak* limit point of { £,} is
a pure state of 4. This may very well be the case, but we can only prove it
under certain “normality” conditions on the f,’s (Theorem 4.2). We can,
however, show that at least some of the weak* limit points are pure, by
selecting the ultrafilter corresponding to the limit point very carefully
(Theorem 3.7). To be sure that this selection is possible we need to assume

https://doi.org/10.4153/CJM-1986-063-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1986-063-7

1248 C. A. AKEMANN, J. ANDERSON AND G. K. PEDERSEN

the Continuum Hypothesis (actually less would do but our construction
cannot be carried out without some extra set-theoretic axiom). We also
need a restriction on the size of A.

Let f/ be a weak* limit point of the family {f }. We say that the
associated ultrafilter % (see Proposition 3.3) in B(I) is good for { f,} if, for
each x in 4 and € > 0 there is a set 0 = o(x, €) in % such that, for each 8 in
o, there is a finite subset 8§ = f(x, €, B) of o satisfying

Jp(x*byx) — fp(x*bex) < €.

Note that if { £} consists of normal states on a von Neumann algebra M
and b, = X, c b, then

aEd
Jpx*b,x) = sup{fy(x*bgx):0 C o and 6 is finite},

so every ultrafilter is good for {£,}. Also, if {/{,} (not necessarily normal)
is supported by a family {p,} of orthogonal central projections in M
satisfying p,bg = 0 if @ # B, then

Jo(x*byx) = fo(ppx*byx) = fylx*bpx),

so again all ultrafilters are good for {f,}.
In the proof of the next theorem we need a combinatorial result
[6, Theorem 2] which is restated here for convenience as Lemma 3.4.

Lemma 3.4 If (1,8}, pecs is a set of non-negative numbers such that
ta = 0 forall ain I and 2 ct,p < 0o for each B in I, then there is a
partition {6, 0, 03} of I such that for each B € o,,i = 1, 2, 3, we have

2
2t = 2 i

a€Eo, 3 qel

THEOREM 3.5. If {b,},c, is an [-embedded family in A supporting the
pure states {f,}oc; and f is a weak* limit point of {f,},c; such that
the associated ultrafilter U (see Proposition 3.3) is good for {f,},<» then
fe P

Proof. Let (m, H, §£) be the GNS representation of A associated with f
[10, Section 3.3]. We shall show that 7 is irreducible, whence /' € P(A4)
by [10, 3.13.2].

Applying Proposition 2.2 we choose for each a in I a decreasing net
{x4:y € [,} of positive, norm one elements of A, such that the net

(bYx, b2y € T

ay’a

excises f,. Write

A=1Ir1,

acl]
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and give A the product (partial) ordering. Since {b,} is /°-embedded in 4,
we have, for each subset ¢ of I and each A in A, an element

172 1/2
o = Y {Xol@Xar@Yac) = 2 b Xaxaba >

aEoc

using the notation of Definition 3.1. If % X A is given the product
ordering, then

{xer (0, N) € % X A}

is a decreasing net, and therefore the image net {m(x,,)} converges
strongly to a positive operator p in 7(4)”. Since f(x,,) = 1 for every (o, A)
in % X A we know that

() pé=4¢
To establish the irreducibility of « it suffices to show
(2 pr(x)f = f(x)§

for each x in 4. Indeed (1) and (2) imply that p is the rank one projection
onto the span of £&. If y € «(4), then because p € 7(4)”,

€ = yp§¢ = py¥,

and so y¢ = t£ for some scalar ¢. Since § is a separating vector for 7(A4)
(10, p. 32], we get that y = ¢/, so « is irreducible [10, 3.13.2].
To prove (2) it is enough to show

(3)  pm(y)§ =0 foryin A,

where A4, consists of those y in 4 such that, for some ¢ in %,
Je(y) =0 forall Bino.

To see this, fix x in 4 and € > 0. Write
o = {a:|fy(x) — f(x)| <€} and
y=x = )l + ¥({x@)(/ () = £s(X)) Jae))

As in the proof of Proposition 3.3 we see that 0 € % Also for B in o
Jp(y) = fox) = f(x) + (f(x) = fp(x) ) fplbg) = 0,

so that y € A,. By (1) and (3) /
llpm(x)¢ = fCO8Il = llp(n(x) — w(y) — f)DE

lIx =y — feolll

sup{ (fp(x) — f(x)):B € o}

€.

1A

IA
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As € and x were arbitrary, (2) follows.
To prove (3) fix € > 0 and y in 4, with ||y|| = 1. By assumption there is
a set o, in % with

4 Jfe(y) =0 forall Bin o

Since % is good for {f,},<;, we may select o, in % so that for each S in g,
there is a finite set 8(8) with

(5) ()’*f;;Y)(bal\o(B)) < e
Next write ¢(8) = 6(B)\{B} and, for a, B in 1,

Je(y*by) if @ € ¢(B)
(6) [oz,B =
0 otherwise.

Choose an integer n so that (2/3)" < e. Since 7, = 0 for all «, we may
apply Lemma 3.4 n times to obtain a partition {r),...,7,},p = 3", of I
such that, if 8 € 7, for some m in {1, 2, ..., g}, then
(N 2 1= Q3 2ty <e 2 top

aET, acs] ac]

Since % is an ultrafilter, exactly one of the 7,’s is in %; call it 0,. If B is in
05, then by (6) and (7) we get

B) 2 typ = Z{tupiax € 0, N $(B) )

< X {tpa € ¢(B)} = fp(y*byp))-

The last equality is true because ¢(p) is finite. Set
o =0y Mo No,

and take A, in A such that, for 8in o and A = A,

O 115 *xprbp ybp Xpnpbp Il < e

This choice is possible because of (4) and the fact that each net
{ba*Xarba}

excises f,. With these selections we have for A = A,
(10) llpm(EI® = f(r*py) = [(*xpr)

= lim *X = su *X
@Ji(y ) Ber;f,;(y )

p OB *xpxmbp” + Xo\ gy
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Now we estimate the two terms within the latter supremum separately.
For a fixed B in o we have for the first term

1/2 1/2 1/2 1/2. 4172 1/2
(1) ay)bg “xpnpbp D) = fo(r*bE “xnmbs VbR xppbs )

= (111165 xpapbp “vbi *xpnpbs Il < e
by (9) and the fact that
Jobg xppbp ) = 1.
For the second we have, because x,, = b, for every o,
(12) ) xamn) = V¥ )bo (5y)
= ) bon@puisy) T benapnsy)
= (V) baapuisy) T V)N bornap)
= (V) bangp) + 5y ) bsrap)
< e + (Vpy)borgp)-

using the facts ¢(8) = (B)\{B}, 0 C o,, and (5).
Combining (10), (11), and (12) we conclude that

(13)  llpr(EI° = € + ¢ + sup (V39 (by o))

For the remaining term, if 8 € o we have
(14) (V) byngp) = Zllapia € 6 N $(B) }
= D{rpa € 0y N $(B)}
< gV by y) = €
using (8) and the fact that 6 C 0,. Hence
lpm(y)El* = 3e

by (13) and (14). As € was arbitrary, pa(y)§ = 0, so (3) follows and the
theorem is proved.

THEOREM 3.6. Assume the Continuum Hypothesis and assume that A has
the cardinality of the continuum. If {b,} is an |°°-embedded sequence in A
supporting the pure states { f,}, then (in the notation preceeding Lemma 3.4)
there is an ultrafilter on N which is good for { f,}. Consequently some weak*
limit points of the set {{,} are pure.

Proof. The proof is broken up into several steps.

Step 1. We shall say that an infinite subset 6 = {n;, n,, . .. } (increasing
order) of N is good for an element x of A if for each k in N there is an
integer m = m(k, x) such that
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m
S (x*bgx) — > Sy (x*b, x) < —.
i=1 ny
Our goal is to construct an ultrafilter on % on N such that for each x in A4
there is some o in % that is good for x.
Step 2. We show that if 7 is an infinite subset of N and if « € A, then
there is an infinite subset ¢ of 7 which is good for a. The proof is by
induction. Write

=1 = {0}
increasing order. Set n; = ny. If {p,,...,p,} is a partition of 7\ {n,},
then
,
2| f,(a*b,a) = f(a*a) = |la*dl,
f
$O

f;zl(a*bpia) = |la*al|/r for some i.

Since r was arbitrary there is some infinite subset 7, of 7,\{n,} such
that
: —1
Jo(a*boa) < ny .

Now suppose that for some k& > 1 infinite subsets 7, 7, ..., 7, and
integers n; < n, < ... << n;_, have been chosen as follows:

(i) 7; = {ny;, ny,, ...}, increasing order.

(i) n; = ny;fori=1,...,k — 1.

(i) 7, < 7 \{n, . s ni—1}-

(iv) f,(a*b, a) <n; fori=1,....k — 1.

Set n, = ny,; as above there is an infinite subset 7, of Tk\{n,}le
such that
: —1
Jo (@b, a) < n .

This continues the induction.
Now take o = {ny, n,, ... }. (By construction n, < n;,,.) Also for each
J > k we have
n/ (S 7.-/' C T/*l cC...C Ti+1
SO

o, =o\{n,....n} C 7 py.

Hence for each k,

k
Sa*ba) — 2 f, (a*b,a) = f, (@*b, a)
i=1

https://doi.org/10.4153/CJM-1986-063-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1986-063-7

C*-ALGEBRAS 1253

= f (a*b, a) < n; .

Mk Tk+1
Thus a is good for a.

Step 3. We show that there is a free ultrafilter  on N such that for each
x in A there is a o in % which is good for x. The construction is by
transfinite induction. First we well-order 4 as {aa}a<wl, where w, is the
first uncountable ordinal. For & = 1, use Step 2 to get a subset o, of N
which is good for a,. Suppose that for some ordinal « < w, and all 8 < a
we have found infinite subsets o4 of N such that

(1) og 1s good for ag;

(i) if y < B, then op\0, is finite.
As a is countable we may enumerate the B’s less than « and write

{B:B<a} ={BB...}
Forj =1,2,...set
p; = 0g, ﬂ...ﬂoﬁj

(if @ = n is finite put p,,, = p,). By (ii) of our hypothesis each o; is
infinite, so we may select a strictly increasing sequence n; < n, < ... with
n; in 0, j = 1,2,.... By Step 2 there is an infinite subset o, of
{n,, ny, ...} that is good for a,. Since

{n,n....} CB,
(ii) holds for o, so the induction proceeds.
Recall that if 7 is an infinite subset of N and we write
W(r) = {% € BN\N:T € %},

then W(r) is open and closed in SN\N. From (ii) we get that if 8 < a,
then

W(o,) C W(ap).

Hence {W(o,) },<., is a decreasing net of compact sets in BN\N, so there
is an ultrafilter % in their intersection. Since % € W(a,) for each
a, o, € % for each a, and so by (i) % has the desired property.

Step 4. To see that % is good for {f,} take x in A4 and € > 0. By Step 3

there is a set 7 = {n,, n,, ... } (increasing order) in % such that
nmy
f”k(x*(bT -2 b,,)x) < l/ny,
i=1
k =1,2,....1f we pick k so that 1/n, < € and put
o= {m, mirs-- - 1

then 0 € % and forj = k,
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m; m;
jf,(x*(bo - X b, )x) =fnl<x"‘(bT — X b, )x) < Un; <e
J i=k i i

i=1
This is exactly what is required to show that % is good for {f,}.

Remark. Robert Solovay has pointed out to us that the construction we
use in the above proof could proceed with an axiom which is strictly
weaker than the Continuum Hypothesis (but, nonetheless, is not implied
by Zermelo-Fraenkel set theory).

CoroLLARY 3.7. If the Continuum Hypothesis holds and if A is a von
Neumann algebra on a separable Hilbert space, then every sequence of
mutually orthogonal, positive, norm one elements {b,} is [°°-embedded. If
{/.} is a sequence of pure states supported by {b,}, then some limit points

of {1} are pure.

4. Pure states on the multiplier algebra. In Example 3.2 (B) the sequence
{p,} is [*-embedded in B(H), because B(H ) is a von Neumann algebra. If
we view B(H) as the multiplier algebra of )¢ the algebra of compact
operators on H, then {p,} is /-embedded in M(X") because every
bounded sequence {p,a,p,} gives a strictly convergent series 2. p,a,p, in
M) = B(H). This point of view leads to a generalization of Example
3.2 (B) in Proposition 4.1 and Theorem 4.2.

ProrosITION 4.1. If {b,} is a sequence of mutually orthogonal, positive,
norm one elements in A, then {b,} is [-embedded in M(A) if the sum > b,
is strictly convergent. Thus if A is o-unital and b is a strictly positive element,
we have an [°°-embedding if the sum 2 b,b is norm convergent. This holds in
particular if b,b = bb,, for all n and ||b,bl| — 0.

Proof. Define ¥:1] 4, — A** by
¥({x,}) = 2 b,/ xp,

n’n >

where A, = M(A4) and {x,} is an element in I 4,. Note that the sum is
strong* convergent, since the summands are mutually orthogonal. We
must show that

Sb2x b2 e M)

n-n

which we may identify with the strict closure of 4 in A**. By assumption
2 b, € M(A4) which means that 3, b,a converges in norm for every a in 4.
(Since b, = b} we need not consider the sums X ab,.) If s = sup||x, || we
estimate

y)
H 2 b,],/“x b'"%a

n“n
n>m

‘ _ H( 2 bl/2x bl/4)( 21)”461)
n>m

n>m
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=s(| 2 b,ll/4a —s|| 2 a*b,l/za
n>m n>m
1/2
1/2 172
= slld > b
n>m
1/4
= sllalll/2 2 a*b,a
n>m
3/4 /4
= sllll 2 ba
n>m

This last quantity tends to zero as m — oo which proves that
172 4172
2 b, x,b," € M(A).

The last part of the proposition follows easily now. If b is strictly
positive in A, then b4 is dense in A; so (norm) convergence of 2 b,b
entails convergence of 2 b,a for every a in A. Finally, if b commutes with
{b,} and ||b,b|| — 0 then

E bnb = 2 bilz/zbblll/z = A’
as desired.

THEOREM 4.2. Let {b,} be a sequence of mutually orthogonal, positive
norm one elements in A that supports a sequence {f,} of pure states. If
2 b, is strictly convergent, then every weak* limit point of {f,} (in M(A4)*)
is a pure state of M(A4).

Proof. Using the notation from the proof of Proposition 4.1, for each n
and for every {x,} in I A, and x in M(4) we have

S ¥ ({x,})x) = Zﬁ,(x*b}(/zxkb}(/zx),
X

because ¥( {x,} ) € A** and f, is normal on 4**. Thus each ultrafilter on
the positive integers N is good for the sequence { f,}, hence all limit points
of {f,} are pure by Theorem 3.5.

From Theorem 4.2 the question naturally arises: which sequences of
mutually orthogonal pure states of 4 are supported by /“-embedded
~ sequences? Closely related to this problem is the question: which maximal
commutative C*-subalgebras (MASA’s) of 4 contain an approximate unit
for A? (Cf. Proposition 4.1.) We digress briefly from our main theme to
show how these concepts relate to MASA’s in M(4).
A MASA C in the multiplier algebra M(A) of A is called atomic if
C N A is a MASA in 4. The terminology is of course borrowed from the
case A = X, where M(A) = B(H); but in this generality we cannot expect
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much of the original meaning of atomicity to remain. A more restrictive
notion may be needed. We say that C is strictly atomic in M(A)if C N A is
a MASA that contains an approximate unit for 4.

LEMMA 4.3. Let B be a hereditary C*-subalgebra of A, and C a
commutative C*-subalgebra of B. Denote by (', C and I (C) the
commutant, the (two-sided) annihilator and the idealizer of C in A,
respectively.

0 If C* is commutative, then I (C) is commutative.

(ii) If C is a MASA in B, then C' c 1(C).

(i) If C* is commutative and C is a MASA in B, then C' = I(C) and is a
MASA in A.

Proof. (i) Take x, y in I(C) and ¢ in C. Then

xyct = x(ye)e = (xe)(ye) = (ye)(xe) = yxct.

Since C> = C it follows that Xy —yx € C+. Now Ct is an ideal in 1(C),
and we have shown that I(C)/C is commutative. If also C* is
commutative, then so is C.

(i) If x € C"and ¢ € C, then

xc=c"*x"*eBnC=cC,

since C is a MASA in B. Thus ¢’ C I(C).

(i11) From (i) and (ii) we see that I(C) € ' and C’ c I(C), whence
¢’ = I(C). If D is any commutative subset of 4 and C C D, then
D < C'. Thus C’ is a MASA in 4.

PROPOSITION 4.4. There is a bijective correspondence between MASA’s C
in A and atomic MASA’s D in M(A), given by D = C' and C = D N A.

Proof. If C is a MASA in A, then its annihilator C' is an heredi-
tary C*-subalgebra of M(A4) which clearly intersects 4 in {0}; hence
ct = {0}. It follows from Lemma 4.3 (with 4 and M(4) in place of B and
A) that " is a MASA in M(4).

LEMMA 4.5. On bounded subsets of M(A) the weak* topology from A**
(i.e, the o(A**, A*)-topology) is weaker than the strict topology; but for
every convex subset C of M(A) the relative weak* closure of C in M(A)
coincides with the strict closure of C.

Proof. Let {x,} be a bounded net in M (A) converging strictly to 0, and
let / be a state of 4. Given € > 0 we can find ain 4, 0 = a = 1, such that
f(a) > 1 — €. Consequently,

) T = 1f(xa@) |+ 1f(xo(1 = @) |

= lxaall + fex® (1 — @y = lxgall + llxlle!?
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Since ||x,al| — 0 by assumption, it follows that f(x,) — 0, whence {x,} is
weak* convergent to 0.

Conversely, if x is a weak* limit point of C in M(A4), then xa is a weak
limit point of Ca in A for every a in 4. Since Ca is a convex subset of A4, it
follows (from the Hahn-Banach theorem) that xa belongs to the norm
closure of Ca. Thus for every € > O there is a ¢ in C with

llxa — cal| < e

Since for any a;,...,a, in A and € > 0 there exists a in 4 such that
Ilaa_/ - q/-H <e forall j=1,...,n,

this shows that x belongs to the strict closure of C.

ProprosITION 4.6. If C is a MASA in A and C' denotes its corresponding

atomic MASA in M(A), the following conditions are equivalent:
(1) C’ is strictly atomic;

(i) C = M(C);

(iii) C’ is the strict closure of C.

Proof. (1) = (ii). Since C contains an approximate unit for 4 we have
M(C) € M(A) by [10, 3.12.12]. In other words I(C) is isomorphic to
M(C). However, by Lemma 4.3, I(C) = C'.

(ii) = (iii). If C denotes the strict closure of C then clearly C c C,
since C is commutative. Assuming that C’ = M(C), and using the fact that
the embedding M(C) € M(A) is weak* continuous (since it arises
from the embedding C** C A** obtained by double transposition of the
embedding map C C A), we see that each element in C’ belongs to
the weak* closure of C. By Lemma 4.5 this implies that C’ c C.

(iii) = (1). Since 1 € C/, there is a net {x,} in C converging strictly to 1.
But this means precisely that {x,} is an approximate unit for A4.

Example 4.7. Take A = Cp + X, where p is a projection in B(H) such
that both pH and (1 — p)H are infinite dimensional. It is easy to see
that

M) = Cp + (1 — p)BEH)1 — p) + X
Choose now an orthonormal basis {£,} for H, such that

Py T &) = &y T &, and

&y, — &) = 0 forall n

Let C denote the algebra of diagonal operators in )" with respect to {§,}.
Then C is a MASA in 4, but it does not contain an approximate unit for
A. Indeed,

1 .
p(1 — o) = E\/f for every c in C.
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From the description of M(A4) we see that ¢’ = C + C1 which gives an
example of an atomic, but not strictly atomic, MASA in M(4).

Example 4.8. Take A = C([0, 1]) ® X and recall from [3] that
M(4) = C([0, 1], B(H),)

the strong* continuous functions from [0, 1] to B(H). Choose MASA’s C,
and C, in X" (corresponding to orthonormal bases) and set

1 1
C = {x € A:x(t) € Cl,t<5; x(t) € Cz,t>5}.

Then C is a MASA in A4. It is easy to arrange C; and C,, such that
C, N G, = {0}, but C; N C, (in B(H)) contains many non-trivial
projections. Note that C contains an approximate unit for 4 precisely
when C; N C, contains an approximate unit for %’

The example above can be elaborated by distributing a whole sequence
of MASA’s in )" at suitable points in [0, 1]; but this may not exhaust the
supply of MASA’s in A. Indeed, it is not even known whether a MASA C
in 4 must have a point 7 in [0, 1] (and therefore a dense set of #’s) such that
C(t) is a MASA in X

Returning to our main problem, we now consider a sequence {/,} of
mutually orthogonal pure states of 4. Even under the assumption that
{/,} tends to zero, it is not always true that {f,} is supported by a
sequence {b, } of mutually orthogonal, positive, norm one elements in 4.
Taking the supporting sequence for granted, we can, however, prove that
many subsequences of {f } are supported by /*-embedded sequences in
the o-unital case. We say that {f,} tends rapidly to zero if 2 f,(b) < oo
for some strictly positive element b in A. Much of [1] is devoted to the
question of when this occurs.

PrROPOSITION 4.9. If A is o-unital, and {f,} is a sequence of mutually
orthogonal pure states tending rapidly to zero and supported by a sequence
{a,} of mutually orthogonal, positive, norm one elements in A, then {f,} is
also supported by an [°°-embedded sequence, and thus every weak* limit point

of {f,} is pure in M(A)*.

Proof. Choose a strictly positive element b in 4 such that X f,(b) < oco.
By Proposition 2.1 f] is excised by a decreasing net {x,} majorized by a,.
Thus

lbexbxpll = llxa(d — £1(B))x)ll + f1(b) = 2fi(b)

for a suitable x,, which we denote by b,. Repeating the process with f,, f3,
et cetera, we obtain a sequence {b, } supporting {f,}, such that

bbb, |l = 2f,(b) for all n.
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Consequently the sum = b,b"’ 2 is norm convergent, because
IZ 6,01 = 112 620362 = Z b,
= 2 ||bbb,|| =2 2 f,(b).

Since b'/? is strictly positive in A4, it follows from > b, € M(A), and the
rest follows from Proposition 4.1 and Theorem 4.2.

Recall that a state f is definite on an element x in A4 if

Fle*x) = [f(x) 1

If (m, H, & is the cyclic representation associated with f via the
GNS-construction, this condition means that

| (m(x)§, &) | = llm(x)éll [IEll,
which is equivalent to m(x)¢ = f(x)¢ Consequently

Jxy) = f(yx) = f(x)f(y) foreveryyin 4.

The following result is a simple consequence of the previous concepts,
but in the applications it may very well be the case that turns up most
frequently.

ProrosITION 4.10. If A is o-unital and {{f,} is a sequence of mutually
orthogonal pure states tending to zero, such that every f, is definite on the
strictly positive element b and the { f,(b) } are distinct, then { f,} is supported
by an [-embedded sequence and every weak* limit point of {f,}
is pure in M(A)*.

Proof. Let C = C(S) be the C*-subalgebra generated by b. Since each
/., is definite on b, it is multiplicative on C. Since moreover f,(b) > 0 for
every n and f,(b) — 0, there is a sequence {s,} in S tending to infinity,
such that f,(¢) = c(s,) for every ¢ in C and all n. Choose by elementary
function theory (S = Sp(b)\{0}) a sequence {b,} in C of mutually,
orthogonal, positive, norm one elements, such that b,(s,) = 1 for every n.
Then {b,} supports { f,}; and since

2 b, € Cu(S) = M(Cy(S)),

and M(C) € M(A) (cf.[10, 3.12.12] ), the desired conclusions follow from
Proposition 4.1 and Theorem 4.2.
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