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Abstract

A further development of the concept of contractors for non-linear functionals is presented
by introducing two-point contractors. On this basis two-point secant methods are proposed for
finding roots of non-linear functionals in Banach spaces.

1. Introduction

In this paper we apply the idea of two-point secant methods to the problem
of finding approximate roots of non-linear functionals. For this purpose a further
development of the contractor concept for non-linear functionals in Banach spaces
is presented. An analysis of the contractor notion applied to two-point secant
methods for non-linear operators makes it clear how to generalise the contractor
concept for non-linear functionals. In this way the notion of a two-point contractor
for a non-linear functional is introduced. Let us recall that the contractor notion
for a non-linear functional has been introduced independently in a sense that the
definition of a contractor for a non-linear functional is not a simple specialization
of the same definition of a contractor for a non-linear operator. In the same way
the definition of a two-point contractor for a non-linear functionel is being in-
troduced independently. On the basis of the concept of two-point contractors for
non-linear functionals various two-point iteration methods can be introduced for
finding roots of non-linear functionals. By analogy these methods are called two-
point secant methods for non-linear functionals.

Given a Banach space X and a non-linear functional F : D c X -* R (reals)
let Q(s, 0 2: 0 for t, s i> 0. For simplicity we can assume that D is a closed sphere
S = S(x0, r) with centre x0 and radius r.

DEFINITION 1.1. A mapping F : D x O - » X is said to be a two-point con-
tractor for F with majorant function Q if the following inequality is satisfied
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{2] Roots of non-lineai functional 75

(1.1) \F(x + tT(x,x)) -Fx-t\g Q(\t\,\\x - x\\)

for x,xeD and real t whenever x + tr(x,x)eD — the domain of F. Inequality
(1.1) is called the contractor inequality.

Let us recall that a contractor for F as defined in Altman (to appear) is a
mapping T : D -* X. Thus, the concept of a two-point contractor for a non-linear
functional F generalises the concept of a contractor for F. The following con-
tractor inequality is a special case of (1.1)

(1.1*) \ F ( x + t r ( x , x ) ) - F x - t \ £ o ( \ t \ ) + K \ \ x - jc

where K is a constant and 0 g o(s)/s -*• 0 as s -> 0, s ^ 0. It follows from (1.1*)
that f(x) = F(x, x) is an inverse derivative for F as defined in Altman (1973)
and, consequently, a contractor in the sense of Altman (1973).

By means of analogy the first divided difference functional of F is a linear
bounded functional

G :D x D -* X* (the conjugate space)

which satisfies the relationship

G(x, x)(x — x) = Fx — Fx for x , x e D c: X.

For each x, x e D choose yeX such that G(x, x)y # 0 and put T(x, x) = y/G(x, x)y.

LEMMA 1.1. / / | F(x, x) j ^ B with some constant B and

(1.2) | G ( x , x ) - G ( & ! ) | £ K[\\x - f|| + | |x - x | | ]

for x,x,^,leD, then T{x, x) is a two-point contractor for F.

Proof. Put h = tF(x, x); then we obtain

| F(x + h) - Fx - 11 = | F(x + h) - Fx - G(x,x)h |

= |G(x + h,x)h - G(x,x)h

^ KB(B\t\ x )\t\ = Q(\t\,\\x-x

Note that Lemma 1.1 remains true if one replaces condition (1.2) by the following
one

(1.2*) Fx - Fx - G(£, x)(x - x) | ^ K x — x\ U-C
In fact, we have for h = tT(x, x)

\F(x + h) - Fx - t\ = \F(x + h) - Fx - G(x,x)h\

< K \ \ h \ \ - l x

^ KB\t\(B\t\

£ K\\h\\(\\h\ \x-x )

| JC - jc ) = Q(\t\,\\x - x\\).

https://doi.org/10.1017/S1446788700023557 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700023557
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A two-point contractor is said to be bounded if there exists a constant B
such that

(1.3) \\r(x,x)\\ £B for x,xeD <= X.

Consider the equation

(1.4) Fx = 0,

where F : D -* R is a closed non-linear functional, i.e., xn e D, xn -* x and Fxn -* c
imply xeD and Fx = c.

We assume that F has a two-point contractor T satisfying the contractor
inequality (1.1) with Q(s,t) continuous and non-decraasing in each variable and
6(0,0) = 0.

In order to solve (1.4) we consider the following general iterative procedure

(1.5) xn + 1 = xn - FxnT(xn,xn), n = 0 , 1 , - ,

where xn will be denned below. We consider also the iterative numerical sequence
{tn} denned as follows

(1.6) tn + 1 = tn + Q(tn - tn_u C(tn - <„_!)), n = 0 , 1 , -

with initial values t0 = 0, tt = Q(n, Crf), the constant C being denned below. We
investigate the iterative procedure (1.5) under the assumption that the elements xn

are chosen so as to satisfy

(1.7) I I * . - * . I I ^ c \ F x n \ , » = 0 , 1 , -
Assume also that the sequence {tn} determined by (1.6) has a limit t*

THEOREM 1.1. Let F :D -> R be a closed non-linear functional with domain
D containing the sphere S = S(xo,r), where x0 is such that \Fx0 | :g n. Suppose
that F :S x S —> X is a two-point contractor for F satisfying (1.3) and the con-
tractor inequality (1.1) for x,xeS and real t whenever x + tF(x,x)eD. Let xn

in (1.5) be chosen so as to satisfy (1.7). Assume also that the sequence {tn} defined
by (1.5) has a limit t* and r = Bt*. Then the sequence {xn} defined by (1.5) and
(1.7) converges to a solution x of equation (1.4). All xn lie in S and the following
error estimate holds

(1.8) || x - xn I :g B(t* - tn), n = 0,1, -

PROOF. It follows from the contractor inequality (1.1) with t = — Fxn,
x = xn, x = xn and in virtue of (1.5) using also (1.7) that

(1.9) \Fxn + 1\^Q(\Fxn\,C\Fxn\), n = 0 , l , -

Now we show by induction that
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(1.10.) i F x . l g *„-*„_, for n = 1,2,-

In fact, using (1.9) with n = 0 we obtain

| F x 1 | £ Q ( | F x o | , C | F x 0 | ) £ e O j , C » j ) = «x - t0,

in virtue of (1.6). Assuming (1.10J and using (1.9) again we conclude in virtue of
(1.6) that

\Fxn + 11 ^ Q(tm - tn_uC(tn - *„_,)) = tn + l - tm

whence (1.10B+1) follows.
Furthermore, (1.3), (1.5) and (1.10,,) imply

| |xB + m-xn| | g ^ V l l^+x-x, ! £ B " + Z \FX,\
i=n i=n

^ B" 2 (tt+1-tt) = B(tn+m-tn),
i = n

that is

(1.11) \\xn+m-xn\\^B(tn+m-tn).

Inequality (1.11) shows that {x,,} is a Cauchy sequence and, consequently, has a
limit x. Since Fxn -» 0 as n -* oo, by (1.10n), and F is closed, we conclude that
Fx = 0. Putting n = 0 in (1.11) we obtain

|| xm - x o | g Bf* for m = 1,2, •••

Letting m -*• oo in (1.11) we obtain the error estimate (1.8) and the proof is com-
plete.

Now let us discuss some special cases of condition (1.7) in conjunction with
procedure (1.5).

Suppose that xn in (1.5) is defined as follows

(1.12) xn + l = xn + l - Fxn + 1r(xn,xn), n = 0 , 1 , • • •

Assuming (1.3) we conclude from (1.12) that condition (1.7) is satisfied with con-
stant C = B. Suppose now that the majorant function Q has the form Q(s,t)
= KB(Bs + t)s, where B, K are some positive constants. Thus, the contractor
inequality (1.1) becomes

(1.13) \ F ( x + t r ( x , x ) ) - F x - t \ £ B K ( B \ t \ + \ \ x - x \ \ ) \ t \ .

In this case the procedure defined by (1.5) and (1.12) is quadratically convergent
and we have the following.

THEOREM 1.2. Let F :D -» R be a closed non-linear functional with domain
D containing the sphere S — S(x0, r), where | Fx01 g n, || x0 — x0 || ?g Brj,
a = 2KB1, q = an <\,r = Bnt* and t* = £ „ % q2""1.
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Suppose that F is a two-point contractor for F satisfying (1.3) and the con-
tractor inequality (1.13) for x,xeS whenever x + fF(x, x )eS .

Then the sequence {xn} defined by (1.5) and (1.12) converges to a solution x
of the equation Fx = 0. All xn lie in S and the error estimate holds:

(1.14) - I I * - * . ! ^Br,t*q2"-\
PROOF. It follows from the contractor inequality (1.13) with x = xn, x = xn

and t = —Fxn that

(1.15) |Fxn + 1 | g 2KB2\Fxn\
2 ^ at2 = tn + l

where t0 = n, n — 1,2,— and |Fxt | ^ at]2 = tu We prove by induction that

(1.16) tn = nq2"'1 where tn + 1 = at2, n = 0 , 1 , -

Hence, in virtue of (1.5), (1.3), (1.15) and (1.16) we obtain

\\xn + 1 -xn\\^ Brjq21"1

\\xn + 1 - x-o || ^Bn Z q2'-1 <Br,t*.
; = o

The latter inequality shows that all xn lie in S. Further, we have

(1.17) 1 xn+m - x. I £ Bn "+l ' q2'-1 < Br,t*q2-K

Thus, {xn} is a Cauchy sequence and has a limit x. It follows from (1.15), (1.16)
and q < 1 that Fxn -> 0 as n -» oo. Since F is closed, we conclude that Fx = 0.
The error estimate (1.14) follows from (1.17) by letting m ~* oo .

We assume now that the first divided difference functional G for F exists and
satisfies condition (1.2) or (1.2*) on S = S(xo,r) <= D. Under these hypotheses
Lemma 1.1 shows that F(x, x) = y/G(x, x)y, where y e X is such that G(x, x))> # 0,
is a bounded two-point contractor for F provided that

(1.18) | r ( x , x ) | g B for x , x e S

holds true. Let us consider the following iterative procedure

(1.19) xH + 1 = xn - FxnF(xn,xn)

(1.20) xn + 1 = xn + 1 - Fxn + 1F(xn,xn)

for« = 0 , 1 , -
Applying Theorem 1.2 to this procedure we obtain

THEOREM 1.3. Let F :D -> R be a closed non-linear functional with domain
D containing the sphere S. Suppose that there exists the first divided difference
functional Gfor F satisfying (1.2) or (1.2*) and (1.18). Let the initial elements x0
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and x0 be chosen so as to satisfy | Fx0 | ^ n, | x0 — x0 || :£ Bn, r — Bnt*, a = 2KB2,
q = an < I and t* — T,*=oq

2"~1- Then the sequence {xn} defined by (1.19) and
(1.20) converges to a solution x of the equation Fx = 0. All xn lie in S and the
error estimate (1.14) holds.

PROOF. In virtue of Lemma 1.1 F is a two-point bounded contractor for F
satisfying the contractor inequality (1.13). It is easy to see that all hypotheses of
Theorem 1.2 are satisfied. Hence, the proof follows immediately.

REMARK 1.1. It is sufficient to assume instead of (1.18) that

| x n ) | = \\yn\\l\G(xn,xn)yn\^B for « = 0 , l , -

2. Two-point contractors and consistent approximations

Consistent approximations were introduced by Ortega (see Ortega and Rhe-
inbolt (1970), NR 11.2-3. page 363) as a more general notion than a divided
difference operator of a non-linear operator. The case discussed here is related to
non-linear functionals. It turns out that the notion of consistent approximations
is a particular case of the two-point contractor concept for non-linear functionals.

Let F :D -* R be a non-linear functional with Frechet derivative F (x),
xeD c X.

DEFINITION 2.1. A mapping J : D x D -> X* is called a strongly consistent
approximation to F' on S = S(x0, r) cz D if there exists a constant c such that

(2.1) \\F(x) - J(x,x)\\ ^ c\\x - x\\ for x,xeS.

LEMMA 2.1. Let F :D -» R be continuously differentiate in S and let the

Frechet derivative F' be Lipschitz continuous on S with Lipschitz constant R.
Suppose that J is a strongly consistent approximation to F' satisfying (2.1). For
each x,xsS choose yeX such that J(x,x)y # 0. Then

(2.2) J(x,x)y, x,xeS

is a two-point bounded contractor for F provided that F satisfies the condition

(2.3) \\r(x,x)\\ ^ B for x,xeS,

where B is some constant.

PROOF. For h = tT{x, x) we have

\F(x + tr(x,x)) - Fx - 11 ^ \F(x + h) - Fx - F\x)h \

+ | F'(x)h - J(x,x)h | ^ ±£| | h I2 + c | x - x I • j| h \\
22 + cB\\x - x \ \ • \t\

https://doi.org/10.1017/S1446788700023557 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700023557


80 Mieczyslaw Altman [7]

in virtue of (2.1) and (2.3). Hence, we obtain the following contractor inequality

(2.4) | F(x + tT(x,x)) - Fx-t\£ BK(B 11| + | x - x \\) \ t \

for x, xeS whenever x + tF(x, x)sS, where K = max(£.K, c).

THEOREM 2.1. Let F:D->R be a non-linear continuously differentiate
functional with domain D containing S and let F' be Lipschitz continuous on S
with Lipschitz constant R. Let J be a strongly consistent approximation to F'
satisfying (2.1) and (2.3). Suppose that x0, x0 are chosen so as to satisfy \Fxo\ ^ n,
\xo-xo\^Bn, a = 2KB2, q = an<l, r = Bnt* and t* = S?= 0 q2" ~ \
where K = max($R, c). Then the sequence {xn} defined by (1.5) and (1.12) with T
determined by (2.2) converges to a solution x of Fx = 0. All xn lie in S and the
error estimate (1.14) holds true.

PROOF. Since the hypotheses of Lemma 2.1 are satisfied, it follows that r
defined by (2.2) is a two-point bounded contractor for F satisfying the contractor
inequality (2.4). It is easily seen that all hypotheses of Theorem 1.2 are satisfied
and the proof follows immediately.

REMARK 2.1. Let us observe that condition (2.3) can be replaced by the
following one

|| T ( x n , x j I = I yn I / 1 J(xn, xn)yn \ ^ B f o r n = 0 , 1 , • • •

REMARK 2.2. Let 0 < j5 < 1 be any fixed number. One can choose y in (2.2)
so as to satisfy the following conditions

(2.5) J(x,x)y^fi\\j(x,x)\\,\\y\\ = 1.

Now assume that there exists a constant B such that

(2.6) 1 /1 J(x, x ) | g B for x, x e S.

Then we obtain in virtue of (2.5), (2.6)

(2.7) | | r ( x , x ) | ^5/ jS for x,xsS.

Thus, in all cases condition (2.3) can be replaced by (2.7).
In some Banach spaces one can put /? = 1. This is the case, for instance, in

reflexive Banach spaces.

3. Two-point contractors bounded by functions

In this paragraph we discuss iterative procedures involving two-point con-
tractors bounded by functions. We also introduce a more general majorant func-
tion.

Let F :D -» R be a non-linear closed functional with domain D containing
the sphere S = S(xo,r) with radius r to be defined below. Furthermore, let
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Q(s, s, t, i) ^ 0 for s, s, t, i ^ 0 be a continuous function which is non-decreasing
in each variable.

Let F : D x D -> X* be a two-point contractor for F satisfying the following
contractor inequality

\F(x + tT(x,x)) - Fx - t\

( 3 l l ) ^ Q(\\tnx,x)\\,\\x + tr(x,x) - x\\,\\x - xo\\,\\x - xo\\)

for x, x e S whenever x + tT(x, x) e S.

Let B(t, i) 5; 0 for t, i S: 0 be a function which is non-decreasing in each vari-
able. We assume that the following estimate holds true for the contractor T

(3.2) ||r(x,3c)|| ^ B ( | | x - x o | | , | | * " - * o | )

for x,xeS with xoeS being fixed.

Now consider the general two-point contractor procedure

(3.3) xB + 1 = xn - FxnT(xn,xn), n = 0 , l , - - ,

where xn are chosen so as to satisfy the following inequalities

(3.4) \\xn + 1 - 3c |f g yi |x , , + 1 - xn\\

(3.5) | | x n - x 0 | | ^ ) - 2 | | x n - . X o | |

for n = 0,1, • • •,}»! and y2 being constant numbers. We also consider the numerical
sequence {tn} defined by the following iterative process

(3.6) tn+1 = tn + B(tn,y2tn)Q(tn - tn_uyi(tn - ?„_!>, *w_1,ya*1._1),

n = 0,1, ••• with initial value t0 =s 0.
We assume that

tn-* t* as n -> oo .

THEOREM 3.1. Suppose that F :D -* R is a closed non-linear functional with
domain D containing the sphere S and x0 is such that

(3.7) | |Fxor(xo,3co) | ^n = ti and r = t*.

ifT is a two-point contractor for F satisfying (3.1) and (3.2) where Q is continuous
and non-decreasing in each variable with Q(0,0,t*,y2t*) = 0, then all xn lie in
S and the sequence {xB} defined by (3.3)—(3.5) converges to a solution x of equa-
tion Fx = 0 and the error estimate holds

( 3 . 8 ) I I * - * . II £ ' * - ' . . » = 0 , 1 , -
PROOF. Since Q(s, s, t, i) ^ 0 and B(s, 0 ^ 0 for s, s, t, i ^ 0, it follows from

(3.6) that 0 = t0 g t1 ^ t2 ^ •• • ^ t*. We have
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I Y — Y II < t < t*
Xi Y 0 = »1 = *

by (3.7) and (3.3). We show by induction using the contractor inequality (3.1) with
x = xn_1? x = *•„_! and t = - F x n _ ! that

(3.9) \Fxn\ g |x . - xn_1 | | , |xn - x ^ H

^ Q(\xn - xn.1\\,y1\\xn - x n _ 1 | | , | x n

^ Q(tn - tH-1,yl(tm - tn_l),tn_1,y2tn_l)

i.-i - *o|)

^ - i ~ xo\\)

(3.10) - * o | | ^ = tm g t*,

x» - x n _ ,

- xn_n - 1

(3.11) | | x n + , - xB

^ B( || xB - x 0 | | , || xn - x0

II Y Y II II Y - Y
|| X B - i — Xo || , || XB_! Xo

^^ lit II •** -̂ > II t\% II -̂ ^ '̂ ^

S *>{ II *n — XO || > V 2 || X n — *O

|| x n - 1 ~ XO || > ?2 || X n - 1 ~ XO || )

^ B(tn,y2tn)Q(tn - t.-i.yiO,, - 'B-i) , 'n-i ,y2«n-i) = 'n + i - <„,

in virtue of (3.3), (3.2) and (3.6). It follows from (3.10) that xBeS. We conclude
from (3.11) that

(3.12) | x n + p - xB|| g tn+p - tn for n,p = 1,2,-

Hence, the sequence {xB} converges to some element x and we have Fxn - > 0 a s
n -• oo, by (3.9). Since F is closed, Fx = 0. The error estimate (3.8) results from
(3.12) by letting p -* oo in (3.12).

Our further discussion of general iterative procedures (3.3) is based on certain
lemmas concerning Newton-type iterative methods in one dimensional space. These
methods are used in order to establish the convergence of the sequences {tn} in
(3.6) (see Altman (1974)).

LEMMA 3.1. Altman (1974). Let u(t) be a real valued function continuous
on [0, t*] where t* is the smallest positive root of u(t) = 0. Let v(t) > 0 for
0 :g t < t* be continuous on [0, **]. Suppose that

(3.13) u(s) - u(t) + v(t)(s - t) > 0

for arbitrary 0 ^ t < s ^ t*. Then all tn < t* and the sequence {tn} defined by

(3.14) fn + 1 = fB + u ( O M O . n = 0 , 1 , -

with initial values t0 = 0, ft = n < t* converges toward t* and satisfies the
difference equations
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(3.15) tn+1 - tn = [1MO][>(O - «(*.-i) + v(tn^)(tn - / . .O].

LEMMA 3.2. Altman (1974). Let u be a real valued function with continuous
second derivative u"(t) > 0 for 0 ^ t ^ t*, where t* is the smallest positive root
ofu{t) = 0. Let v{i) >0for0gt<t*be continuous on [0, I*]. / / | u'(t) | ^ v(t)
for 0 ^ t £ t*, then all tn < t* and the sequence {tn} defined by (3.14) converges
to t* and satisfies (3.15).

LEMMA 3.3. Altman (1974). Assume that pt ^ 0, i = 1,—,4, pt > 0 and
p2 < 1. Let 0 < n ^ (1 - p2)

2jApl where p^ = m a x ^ . Q ^ + p4)/2]. 77ien i/re
sequence {tn} defined by (3.14) wif/i u(t) = ptt

2 — (l—p2)t + n and v(t) = 1 — p4t
is strictly increasing and is the same as that defined by

(3.16) tn+1 = tn + [1/(1 - piQJPiit. - »._!> + p2 + (2pt -

w/(/t initial values t0 = 0, (t = n and we have

(3.17) lim tm = t* = {(1 - p2) - [(1 - p2f - Avfft
n-*oo

The sequence {tn} majorizes the sequence {sn}, i.e.,

s n + 1 - sH£ tn+i - tn, n = 0 , 1 , - " , where

Sn + 1 = ^ + [1/(1 - i>4Sn)]D>l(Sn ~ Sn-i) + P2 + P3Sn-1'](sn - S^i), n = 0, 1, -

LEMMA 3.4. (Ortega and Rheinboldt (1970), 12.6.2) Let a,n be positive
constants such that h = an ^ £. TTiew f/te sequence {(„} defined by

(3.18) *B+1 = t. + act. - <n_!)2/2(l - a/B), » = 0 , 1 , - ,

t0 = 0, tt = f/, converges to the smaller root t* of equation

iat2 - t + n = 0

and the error estimate holds

(3.19) * • - * „ £ (a2")~ W " , n = 0,1, - .

T/je sequence defined by (3.18) is f/ie same as that defined by

(2.20) tn + 1 = t. + (|afB
2 - *. + ,) /(l - a*.)

or fey

(3.21) r .+ 1 = (ia/B
2 - nj(atn - 1), f0 = 0.

THEOREM 3.2. Let F :D -* R be a closed non-linear functional with domain
D containing S and letY :D x D -> X* be a two-point contractor satisfying (3.1)
and (3.2). Assume that there exist two functions u(t) and v(t) satisfying the
hypotheses of Lemma (3.1) or (3.2) and such that

https://doi.org/10.1017/S1446788700023557 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700023557


84 Mieczyslaw Altman [11]

(3.22) B(s,y2s)Q(s - t,7l(s - t),t,y2t)

^ [1/Ks)][u(s) - u(t) + v(t)(s - 0]

for 0 ;£ t < s ^ /*, where t* is the smallest positive root ofu{i) = 0 and

(3.23) 6(0,0, t*,y2t*) = 0.

Finally let xosD be such that it satisfies (3.7). Then all xn lie in S and the sequence
{xn} defined by (3.3)—(3.5) converges to a solution x ofFx = 0. The error estimate
(3.8) holds, where the sequence {tn} is defined by (3.14) or (3.15) provided that
| Fx0r(x0 , x0) || ^ r\.

PROOF. Using the contractor inequality (3.1) with x = xn_l5 x = 3cn_j and
t = — Fxn_t we prove by induction the inequalities (3.9)-(3.12) exactly in the
same way as in the proof of Theorem 3.1. In virtue of (3.22) we obtain

xn
— II Fx TYx x II < II T(x x \ II • I Fv

^ B( Xn - X0 , Xn - X0 Xn -

-x. - x

^ B ( | x n - x o | , v 2 | x n - x o | ) Q ( | x n - x n _ 1 | , > ' 2 | | x n - x n _ ! | | ,

I xn - x 0 I , y2 1 xn - x0 I )

Hence, we have

(3.24) | x n + 1 - xn\\ ^ tn + 1 - tn

and
(3.25) ||xn + 1 - x o | ^ tn + 1 <t* = r, n = 0 , 1 , -

By Lemma 3.1 or 3.2, the sequence {<„} defined by (3.14) or (3.15) is increasing
and converges toward the smallest positive root t* of u(t) = 0. In virtue of (3.24),
the sequence {xn} defined by (3.3)—(3.5) converges to some element x. It follows
from (3.25) that xn is in S and Fxn -> 0 as n -» oo in virtue of (3.9) and (3.23).
Since F is closed, we conclude that Fx = 0. The error estimate (3.8) follows from
(3.24).

As a special case of Theorem 3.2 we obtain the following

COROLLARY 3.1. In addition to the hypotheses of Theorem 3.2 assume instead
of (3.22) that

(3.26) B(s, y2s)Q(s - t, 7 l (s - t), t, y2t)

^ [1/(1 - P4s)l[Pi(s -t) + P2+ p3t}(s - t)
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for 0 ^ t < s ^ t* and u(t) - p^t2 - (1 - p2)t + n and v(t) = 1 - p4t satisfy
the conditions of Lemma 3.3. Then all assertions of Theorem 3.2 hold provided
that the sequence {tn} and t* are defined as in Lemma 3.3.

PROOF. The proof is exactly the same as that of Theorem 3.2.

As a special case of Corollary 3.1 we obtain the following

COROLLARY 3.2. Under the hypotheses of Corollary 3.1 instead of (3.22) as-
sume that

(3.27) Q(s - t,yi(s - t),t,y2t) rg [$K(s - t) + d0 + d^s - t)

with d0, d1 S: 0 and

(3.28) B(s,y2s) ^ B/(l - as)

in(3.2)withBd0 < landn ^ (1 — BdQ)2IApuwherep1 = mix[pu(p3 +

Then all assertions of Theorem 3.2 hold provided that the sequence {tn} and
t* are defined as in Lemma 3.3 with pt = %BK, p2 = Bd0, p3 = Bd^ and p4 =a .

PROOF. Since condition (3.26) is fulfilled, the hypotheses of Corollary 3.1 are
satisfied.

4. Approximate first ordered divided differences

Let F : D -» R be a non-linear functional with domain D containing the sphere
S = S(x0, r). Assume that the first divided difference functional G(x, x) of F exists
for x,xeS and satisfies

(4.1) | Fx - Fx - G(Z,x)(x - x) | ^ £| | x - x || • | x - £ \\

for x, XE S. Let J : D x D -> X* be a mapping such that

(4.2) [I G(x, x) - J(x, x) \\^do+ d,[ I x - x0 \\ + \\ x - x0 fl ]

for X,XES.

LEMMA 4.1. For each x,xeS let yeX be such that J(x,x)y ^ 0 and put
T(x,x) = y/J(x,x)y. Then F : S x S -* X is a two-point contractor for F satisfy-
ing the following contractor inequality

(4.3) \F(x + tr(x,x))-Fx-t\

g R\\ tF(x,x) \\{\\x + tr(x,x) - x || + d0 + di( I x - x0 I + I x - x0 | )J

for x,xeS whenever x + tr(x,x)sS.

PROOF. We have in virtue of (4.1) and (4.2)
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|F(x + tr(x,x))-Fx-t\g,\F(x + tF(x,x)) -Fx- G(x,x)tr(x,x)|

+ | [G(x, x) - J(x, xf]tr(x, x) | ^ R || tT(x, x) || • || x + tT(x, x)-x\\

+ {do + <*i( || x - x0 || + || x - x0 ||)} || tT(x,x) I.

Now let us discuss the iterative procedure (3.3) under condition (1.7) to be
shown as a special case of condition (3.4).

LEMMA 4.2. Suppose that there exists a constant number 5 such that

(4.4) \\J(x,x)\\ ^5 for x,xeS.

Then condition (1.7) implies (3.4) with yv = 1 + 8C.

PROOF. It follows from (4.4) that

(4.5) ll\\r(x,x)\\ = \j(x,x)y\l\\y\\^8 for x .xeS.

Hence, we obtain in virtue of (1.7) and (4.5)

(4.6) I xB - xn I ^ C | Fxn | = C || Fxnr(xn,xn) || /1| r(x,,,xn ||

g (5C|xB + 1 - x n | for n = 0,1, ••• provided that xnES. Since

II Y — Y II — II Y — FX T Y Y X \ — X II
||*«+1 XK\\ - |l X" ^ V ^ n . ^ n ; îill

g | x n - x j | + |Fx . r (x . , x . ) | ^ ( 1 - n +1

in virtue of (4.6), we conclude that condition (3.4) with yt = 1 + SC results from
(1.7) and (4.4).

Suppose now that there exists a constant M such that

(4.7) I J(x, x) - J(x0, x0) I ^ M[ || x - x0 I + || x - x0 || ] for x, x e S.

Let J? < 1 be any positive fixed number and for each pair x, x e S choose y e X so
as to satisfy

(4.8) J(x, x> ^ )81| J(x, x) || and || y || = 1.

Then we obtain

I J(x, x) I ^ || J(x0, x0) 111 - [ I J(x0, x0) - J(x, x) I ] /1 J(x0, x0) || I

^ I Axo, *0) I (1 - BM[ || x - x0 || + || x - x0 || ]) ^ (1 - BM || x - xo||)/B

provided that || x — x0 | ^ y2 | x — x0 ||,

(4-9) l / | j(xo,Xo)| |gU,

and B = B/p,M = ^ ( 1 + y2), BMr < 1.

Then we obtain in virtue of (4.8) and (4.9)
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(4.10) I r(x,x) I ^ B/(l - BM I x - xQ I) for x, xeS if BMr g 1.

THEOREM 4.1. Le* F :D -> R be a closed non-linear functional with domain
D containing S. Assume that the first divided difference functional of F exists
and satisfies (4.1), (4.2) and (4.4). Let xo,xo be chosen so as to satisfy (4.9) and

|| Fxor(xo , x0) || g r\ and Bd0 < 1.
Let

ri£(l- Bdo)
2l4pu K = 2£(1 + 8C), M = M(l + y2), p4 =

set r = t* where t* is defined as in Lemma 3.3 with

Pl = \BK, p2 = Bd0, p3 = Bdu d, = di(l + y2).
Then the sequence {xn} defined by (3.3) under condition (1.7) remains in S and
converges to a solution x of Fx = 0.

PROOF. It follows from Lemma 4.1 that F is a two-point contractor for F
satisfying the contractor inequality (4.3). Since Mt* S 1/B, F satisfies (4.10). It
results from (4.3) and (4.6) that

|F(x + *r(x,x)) - Fx - t\ £ R(l + 3C)\\ fr(x,x)|2

+ {d0 + d^l + y2)\\x - xo\\}\\tF(x,x)\\

for t = — Fx, I x — x I ^ C | Fx | , | x — x0 | S y2 || x — x0 | .
Hence, we obtain that condition (3.27) is satisfied with yl = 1 + 3C, K =
and dx = ^ ( 1 + y2). Thus, the hypotheses of Corollary 3.2 are satisfied and the
proof is complete.

5. Quadratic convergence

A special case of Theorem 3.1 will be discussed. This case yields quadratic con-
vergence and is based on Lemma 3.4.

THEOREM 5.1. Let F :D -* R be a closed non-linear functional with domain
D containing the sphere S = S(x0,r). Let T :D x D -* X* be a two-point con-
tractor for F satisfying the contractor inequality

(5.1) | F(x + tF(x, x)) - Fx - t\ ^ K\\ tT(x, x) | • || x + tF(x, x) - x ||

and

(5.2) || T(x, x) I ^ B/ll - M( I x - x0 I + || x - x0 ||)]

for x,xeS whenever x + tF(x,x)eS.

Put a = max[2By!K,M(l + y2)~\ and assume that

(5.3) h = an g \- and r = t* = [1 - (1 - 2/i*]/a.
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Let xo,xosD be chosen so as to satisfy

(5.4) |Fxor(xo,xo)|^i;.

Then all xn lie in S and the sequence {xn} defined by (3.3)-(3.5) converges to a
solution x of Fx = 0 and the error estimate holds.

(5-5) \x-xn\£t*-tH£ (a2T1(2h)2n,

for n = 0,1, •••, where the sequence {tn} is defined as in Lemma 3.4.

PROOF. We show by induction that

in virtue of (3.3), (3.4) and (5.1) with x = xB_I; x = xn_t and / = —Fxn-t. It
follows from (5.2) and (3.5) that

j| T(xn, x ) ]| £ B/(l - M(l + y2) \\x~x0 | |) .

Hence, we obtain by induction

|| x .+ 1 - xn || ^ BK7l || xn - xB_x ||2/(1 - M(l + y2) j| x, - x0 ||)

g \a I xn - x._l |
2/(1 - a || x, - x01) g iafe - r,,_t)

2/(l - at.) = rB+1 - r.

and

|| xn - x01 g S. || x, - x,_, || g £ (t, - /,_,) = K S /*,
i = l 1=1

where the sequence {tn} is the same as that defined in Lemma 3.4. Now using this
lemma we continue the same argument as in the proof of Theorem 3.1.

Let us discuss a special case of Theorem 5.1 where the two-point contractor
r is generated by the first divided difference functional G of F. Thus, we consider
the iterative procedure

(5.6) xn + 1 = xn - FxnT(xn,xn), n = 0,l,---,

where T(xn, xn) — yJG(xn, xn)yn with yn chosen so as to satisfy

(5.7) G(xn,xtt)yn^fi\\G(xn,xn) and | |^ | j = 1,

where p < I is any positive fixed number. We assume also that G satisfies the
following condition

(5.8) I G(x,x) - G«,$ || ^ X[ I x - £, |j + || x -

for x, x, £, | e D. Suppose that

(5.9) l / | | | i
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and

B = B/p, M = K(l + y2), BMr ^ 1.

Then we obtain

|| G(x, x) I ^ 1 G(x0, x0) 111 - [ || G (x0, x0) - G(x, x) || ]/1| G(x0, x0) 11

^ || G(x0, x0) || (1 - BK[ \\x-xo\\ + \\x-xo \\ ]) ^ (1 - BM fl x - x0 \\ )/B

in virtue of (5.8) and (5.9). Hence, we conclude from (5.7) that

(5.10) I T(x, 3c) I g Bj{\ - BM I x - x0 |j) for x, xeS if BMr ^ 1.

THEOREM 5.2. Le( F : D -> R he a non-linear functional with domain
D containing the sphere S = S(x0, r). Suppose that the first divided differ-
ence functional G of F exists and satisfies conditions (5.8) and (5.9). Put
a = B/Cmaxpy!, 1 + y2] and assume that conditions (5.3) and (5.4) are satisfied.
Then all xn lie in S and the sequence {xn} defined by (5.6), (3.4) and (3.5) con-
verges to a root x ofFx = 0 and the error estimate (5.5) holds.

PROOF. It follows from (5.8) that F is a two-point contractor for F satisfying
the contractor inequality (5.1). We infer from (5.10) that (5.2) is also satisfied with
M replaced by BK. Hence, it follows that all hypotheses of Theorem 5.1 are
satisfied and the proof follows immediately.

Consider now the iterative procedure defined by (5.6) and (1.7). We obtain
the following theorem as a special case of Theorem 5.2.

THEOREM 5.3. Under the hypotheses of Theorem 5.2 let the sequence {xn}
be defined by (5.6), (1.7) and (3.5). //, in addition,

(5.11) ||G(*,x)|| ^ s f°r
 X,XES,

then all assertions of Theorem 5.2 hold with yl = 1 + SC.

PROOF. It remains to prove that condition (3.4) is satisfied. This follows from
Lemma 4.1 with J(x, x) replaced by G(x, x). Then we conclude that condition (3.4)
is satisfied with yt = 1 + SC.

References

M. Altman (1973), 'Inverse differentiability, contractors and equations in Banach spaces',
Studia Math., Vol. 46.

M. Altman (1974), 'Contractors with non-linear majorant functions and equations in
Banach spaces', Boll. U. M. I., 4 (9).

https://doi.org/10.1017/S1446788700023557 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700023557


90 Mieczyslaw Altman [17]

M. Altman, 'Contractors and secant methods for solving equations', (to appear).
M. Mtman, ' Contractors and roots of non-\\near fainct\ona\s', (to appeat (a)V
J. M. Ortega and W. C. Rheinboldt (1970), Iterative Solutions of Non-linear Equations in

Several Variables, (Acad. Press, 1970.)

Department of Mathematics

University of Newcastle

New South Wales, 2308

Australia.

Louisiana State University
Baton Rouge
Louisiana 70803
U. S. A.

https://doi.org/10.1017/S1446788700023557 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700023557

