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Abstract

A further development of the concept of contractors for non-linear functionals is presented
by introducing two-point contractors. On this basis two-point secant methods are proposed for
finding roots of non-linear functionals in Banach spaces.

1. Introduction

In this paper we apply the idea of two-point secant methods to the problem
of finding approximate roots of non-linear functionals. For this purpose a further
development of the contractor concept for non-linear functionals in Banach spaces
is presented. An analysis of the contractor notion applied to two-point secant
methods for non-linear operators makes it clear how to generalise the contractor
concept for non-linear functionals. In this way the notion of a two-point contractor
for a non-linear functional is introduced. Let us recall that the contractor notion
for a non-linear functional has been introduced independently in a sense that the
definition of a contractor for a non-linear functional is not a simple specialization
of the same definition of a contractor for a non-linear operator. In the same way
the definition of a two-point contractor for a non-linear functionel is being in-
troduced independently. On the basis of the concept of two-point contractors for
non-linear functionals various two-point iteration methods can be introduced for
finding roots of non-linear functionals. By analogy these methods are called two-
point secant methods for non-linear functionals.

Given a Banach space X and a non-linear functional F : D < X — R (reals)
let Q(s,t) = 0 for t,s = 0. For simplicity we can assume that D is a closed sphere
S = S(x,, r) with centre x, and radius r.

DEFINITION 1.1. A mapping I' :DxD — X is said to be a two-point con-
tractor for F with majorant function Q if the following inequality is satisfied
74
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(1.1 |F(x + 1T(x,%)) — Fx — t| £

for x,x€ D and real t whenever x + tI'(x,xX)e D — the domain of F. Inequality
(1.1) is called the contractor inequality.

Let us recall that a contractor for F as defined in Altman (to appear) is a
mapping I' : D — X. Thus, the concept of a two-point contractor for a non-linear
functional F generalises the concept of a contractor for F. The following con-
tractor inequality is a special case of (1.1)

(1.1%) |F(x+tF(x X)) — Fx —t| < o(|t

where K is a constant and 0 £ o(s)/s > 0as s - 0,5 =2 0. It follows from (1.1*)
that I'(x) = I'(x,x) is an inverse derivative for F as defined in Altman (1973)
and, consequently, a contractor in the sense of Altman (1973).

By means of analogy the first divided difference functional of F is a linear
bounded functional

G :D x D - X* (the conjugate space)
which satisfies the relationship
G(x,X)(x — X) = Fx — Fx for x,xeD < X.
For each x, X € D choose y € X such that G(x, X)y # 0 and put ['(x, X) = y/G(x, X)y.
LemMa 1.1. If | T(x,%)|| £ B with some constant B and
a2 |6 ~6E O] = K[|x =& + | — 5[]
Jfor x,x%,¢,Ee D, then I'(x, %) is a two-point contractor for F.

Proof. Put h = tI'(x, X); then we obtain

|F(x + h) = Fx — t| = |F(x + h) — Fx — G(x,X)h|

= |G(x + h,x)h — Gx,Dh| S K[| k]| + | x - x| ]| R|

< KB@t| + [x - 2t = o(t].]x - =]
Note that Lemma 1.1 remains true if one replaces éondition (1.2) by the following
one
(1.2%) |Fx — FX = G&X)(x = 9| S K|x — x| - |x = &|.

In fact, we have for h = tI'(x, X)
| F(x + h) — Fx —t| = |F(x + h) = Fx — G(x,%)h|

IIA

Kla|-fx+h-x]= KHhH(HhIHIIx—XD
KB|t|(B]t| + |x - %]) =

IIA
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A two-point contractor is said to be bounded if there exists a constant B
such that

1.3 ”F(x,)?)” < B for x,xeD c X.
Consider the equation
(1.4) Fx = 0,

where F : D — R is a closed non-linear functional, i.e., x,€ D, x, - x and Fx, — ¢
imply xe D and Fx = c.

We assume that F has a two-point contractor I' satisfying the contractor
inequality (1.1) with Q(s, ) continuous and non-decraasing in each variable and
0(0,0) = 0.

In order to solve (1.4) we consider the following general iterative procedure

(1.5) Xty = Xp — FX,I(xy,X,), n=01--

where X, will be defined below. We consider also the iterative numerical sequence
{t,} defined as follows

(16) tn+1 = t, + Q(tn — -1, C(tn - tn-l))’ n = Osla"'

with initial values t, = 0, t; = Q(n, Cn), the constant C being defined below. We
investigate the iterative procedure (1.5) under the assumption that the elements X,
are chosen so as to satisfy

1.7 | %5 — % || < C|Fx,|, n =0,1,--

Assume also that the sequence {t,} determined by (1.6) has a limit *

THEOREM 1.1. Let F:D — R be a closed non-linear functional with domain
D containing the sphere S = S(x,,r), where x, is such that |Fxo| < 5. Suppose
that T :S x S — X is a two-point contractor for F satisfying (1.3) and the con-
tractor inequality (1.1) for x,Xe€ S and real t whenever x + tI'(x,X)e D. Let X,
in (1.5) be chosen so as to satisfy (1.7). Assume also that the sequence {t,} defined
by (1.5) has a limit t* and r = Bt*. Then the sequence {x,} defined by (1.5) and
(1.7) converges to a solution x of equation (1.4). All x, lie in S and the following
error estimate holds

(1.8) |x = x| S Ba*—4), n=01,-
Proor. It follows from the contractor inequality (1.1) with ¢t = —Fx,,
X = x,, X = X, and in virtue of (1.5) using also (1.7) that

1.9) | Fxos1| S Q(|Fx,|,C|Fx,|),  n = 0,1,

~
o

Now we show by induction that
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(1.10,) |Fx,| S t, = t,-y for n = 1,2,
In fact, using (1.9) with n = 0 we obtain

|Fx;| < Q| Fxo|,C|Fxo|) £ Q. Cn) = t; — t,,

in virtue of (1.6). Assuming (1.10,) and using (1.9) again we conclude in virtue of
(1.6) that
IFxn+l| = Q(tn - tn-l’c(tn - tn—l)) = Iy — Iy

whence (1.10,, ,) follows.
Furthermore, (1.3), (1.5) and (1.10,) imply

n+m-—1 ntm—1
= X "xi+1—xi”§3 pX IinI
i=n i=n

” Xp+m — Xp

n+m-1

<B .Z (tis1 — 1) = B(tysp — 1),

i=n

that is
(1.11) | % +m —

= B(tn+m - tn)'

Inequality (1.11) shows that {x,} is a Cauchy sequence and, consequently, has a
limit x. Since Fx, — 0 as n — o, by (1.10,), and F is closed, we conclude that
Fx = 0. Putting n = 0 in (1.11) we obtain

”xm — Xo ” < Bt* form = 1,2,

Letting m — oo in (1.11) we obtain the error estimate (1.8) and the proof is com-
plete.

Now let us discuss some special cases of condltlon (1.7) in conjunction with
procedure (1.5).

Suppose that X, in (1.5) is defined as follows

(112) Xn+1 = Xp41 — Fxn+lr(xmfn)’ n =0, 1,

Assuming (1.3) we conclude from (1.12) that condition (1.7) is satisfied with con-
stant C = B. Suppose now that the majorant function Q has the form Q(s, 1)
= KB(Bs + t)s, where B, K are some positive constants. Thus, the contractor
inequality (1.1) becomes

(1.13)  |F(x + IT(x,%) — Fx — t| < BKB|t| + | x — %) [¢].

In this case the procedure defined by (1.5) and (1.12) is quadratically convergent
and we have the following.

THEOREM 1.2. Let F : D — R be a closed non-linear functional with domain
D containing the sphere S = S(x,,1), where |Fx0| < |xo— %o| < By,
a=2KB* g=an<1,r=Bnpt*and t* = X2, ¢*" .
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Suppose that I is a two-point contractor for F satisfying (1.3) and the con-
tractor inequality (1.13) for x, X € S whenever x + tI'(x,X) e S.

Then the sequence {x,} defined by (1.5) and (1.12) converges to a solution x
of the equation Fx-= 0. All x, lie in S and the error estimate holds:

(1.14) : N x = x| £ Bpr*g*"

ProoF. It follows from the contractor inequality (1.13) with x = x,, X = X,
and t = —Fx, that ' : '
(1.15) |FX,41| € 2KB?|Fx,|> < aff = 1,4,

where t, = n,n = 1,2,--- and |Fx1| < an? = t;. We prove by induction that
(1.16) t, = ng*" "' where t,., = at?, n = 0,1,
Hence, in virtue of (1.5), (1.3), (1.15) and (1.16) we obtain

2n—-1

“ Xp+1 — Xp “ < Bng

|

The latter inequality shows that all x, lie in S. Further, we have

q¥~! < B>,

b4=

Xn+1 — xO” é Bﬂ

n

i=0

nt+tm-—1
(1.17) [ Xptm = x| SBn T q*7' < Byr*q™"" .
i=n

Thus, {x,} is a Cauchy sequence and has a limit x. It follows from (1.15), (1.16)
and g < 1 that Fx, - 0 as n — o0. Since F is closed, we conclude that Fx = 0.
The error estimate (1.14) follows from (1.17) by letting m — oo,

We assume now that the first divided difference functional G for F exists and
satisfies condition (1.2) or (1.2*) on S = S(xq,r) < D. Under these hypotheses
Lemma 1.1 shows that I'(x,X) = y/G(x,X)y, where y € X is such that G(x, X)y # 0,
is a bounded two-point contractor for F provided that

(1.18) "~ ||Tex,%)| = B for x,xeS
holds true. Let us consider the following iterative procedure
(1.19) Xpt1 = X, — Fx,I(x,,X,)

(1.20) Xpt1 = Xgat — Fxpy1T(xps %)
forn=0,1,-

Applying Theorem 1.2 to this procedure we obtain

THEOREM 1.3. Let F :D — R be a closed non-linear functional with domain
D containing the sphere S. Suppose that there exists the first divided difference
functional G for F satisfying (1.2) or (1.2%) and (1.18). Let the initial elements x,
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and X, be chosen so as to satisfy ,Fxo ] =n, | xo — Xo H <.Bn, r = Byt*, a = 2KB?,
g=an<landt* = X7_,q*" 1. Then the sequence {x,} defined by (1.19) and
(1.20) converges to a solution x of the equation Fx = 0. All x, lie in S and the
error estimate (1.14) holds.

PROOF. In virtue of Lemma 1.1 T is a two-point bounded contractor for F
satisfying the contractor inequality (1.13). It is easy to see that all hypotheses of
Theorem 1.2 are satisfied. Hence, the proof follows immediately.

REMARK 1.1. It is sufficient to assume instead of (1.18) that

IT(x,, %)

l = ”yn /IG(me?n)an §B for n=0’1,"'

2. Two-point contractors and consistent approximations

Consistent approximations were introduced by Ortega (see Ortega and Rhe-
inbolt (1970), NR 11.2-3. page 363) as a more general notion than a divided
difference operator of a non-linear operator. The case discussed here is related to
non-linear functionals. It turns out that the notion of consistent approximations
is a particular case of the two-point contractor concept for non-linear functionals.

Let F:D — R be a non-linear functional with Fréchet derivative F (x),
xeD < X.

DEeFINITION 2.1, A mapping J:D x D — X* is called a strongly consistent
approximation to F' on S = S(xo,r) < D if there exists a constant ¢ such that

Q. |F ) - Jx, 0] < c”x - 3?” for x,x¢S.

LemMMma 2.1, Let F:D — R be continuously diﬁ"ereritiable in S and let the
Fréchet derivative F' be Lipschitz continuous on S with Lipschitz constant K.
Suppose that J is a strongly consistent approximation to F’ satisfying (2.1). For
each x,x¢ S choose yeX such that J(x,X)y # 0. Then

2.2) J(x,X)y, x,XeS
is a two-point bounded contractor for F provided that I satisfies the condition
2.3) IT(x,%)|| < B for x,%eS,
where B is some constant.
PROOF. For h = 1I'(x, X) we have
|F(x + iT(x,X)) — Fx — t| £ |F(x + h) — Fx — F'(x)h|
+ [Fh — Jx,h| S 4R|h|* + c|x — x| - || 1]
31KB** + cB|x — x| - |t

iIA
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in virtue of (2.1) and (2.3). Hence, we obtain the following contractor inequality
2.4) |F(x + t[(x,X)) — Fx — t| < BKB|t| + | x — ] |¢|
for x, XeS whenever x + tI'(x,X)eS, where K = max(3K, c).

THEOREM 2.1. Let F:D — R be a non-linear continuously differentiable
functional with domain D containing S and let F’ be Lipschitz continuous on S
with Lipschitz constant K. Let J be a strongly consistent approximation to F’
satisfying (2.1) and (2.3). Suppose that xy, X are chosen so as to satisfy IFxOI =,
| xo — %o|| S Bn, a=2KB>, g=an<1, r=Bngt* and t*= X7-0,4" "7,
where K = max(3 K, c). Then the sequence {x,} defined by (1.5) and (1.12) with [’
determined by (2.2) converges to a solution x of Fx = 0. All x,, lie in S and the
error estimate (1.14) holds true.

Proor. Since the hypotheses of Lemma 2.1 are satisfied, it follows that I
defined by (2.2) is a two-point bounded contractor for F satisfving the contractor
inequality (2.4). It is easily seen that all hypotheses of Theorem 1.2 are satisfied
and the proof follows immediately.

REMARK 2.1. Let us observe that condition (2.3) can be replaced by the

following one
”r(xmjan) ” = ”yn “/I‘I(xn’)—cn)ynl é B for n = Os 13

REMARK 2.2. Let 0 < 8 < 1 be any fixed number. One can choose y in (2.2)
so as to satisfy the following conditions

2.5) J(x, %)y 2 B| I, X)

Now assume that there exists a constant B such that

(2.6 1/|Jx%| £ B for x,xeS.

y” = 1.

Then we obtain in virtue of (2.5), (2.6)
QN |Tx,%)| < B/ for x,x&S.

Thus, in all cases condition (2.3) can be replaced by (2.7).
In some Banach spaces one can put § = 1. This is the case, for instance, in
reflexive Banach spaces.

3. Two-point contractors bounded by functions

In this paragraph we discuss iterative procedures involving two-point con-
tractors bounded by functions. We also introduce a more general majorant func-
tion.

Let F:D — R be a non-linear closed functional with domain D containing
the sphere S = S(xq,r) with radius r to be defined below. Furthermore, let
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0(s,5,t,f{) = 0 for s,5,t,7 = 0 be a continuous function which is non-decreasing
in each variable.

LetIT':D x D — X* be a two-point contractor for F satisfying the following
contractor inequality

| F(x + 1T(x,X)) — Fx — t|
< Q| T(x, %) |

for x,X ¢S whenever x + I'(x,X)eS.

3.1

]x+tl"(x,3‘c)—f”,”x—xo]

% =%

b

Let B(t,7) = Ofor ¢, = 0 be a function which is non-decreasing in each vari-
able. We assume that the following estimate holds true for the contractor I'

(.2) ITG,%) | < B(|x = %], ]

X-%|)
for x, X¢ S with x4 ¢S being fixed.

Now consider the general two-point contractor procedure
(3.3) Xpe1 = X, — Fx,I'(x,,X,), n=01,-,
where X, are chosen so as to satisfy the following inequalities
(3.4) [ xnss = 2] S 91 %01 = %]

3.9) | %, = %o || < 72 %0 = %]

forn = 0,1, .--,y, and y, being constant numbers. We also consider the numerical
sequence {t,} defined by the following iterative process

(3.6) t,,+1 = t,, + B(tmyztn)Q(tn - tu-—byl(tn - tn—-l)’ t,,_1,'y2t,,_1),

n = 0,1, - with initial value ¢, = 0.
We assume that
t,>t* as n-— 0.

THEOREM 3.1. Suppose that F : D — R is a closed non-linear functional with
domain D containing the sphere S and x, is such that
(3.7 | Fxol'(%0, %) | S n =t;, and r = t*,

If T is a two-point contractor for F satisfying (3.1) and (3.2) where Q is continuous
and non-decreasing in each variable with Q(0,0,t*,y,t*) = 0, then all x, lie in
S and the sequence {x,} defined by (3.3)~(3.5) converges to a solution x of equa-
tion Fx = 0 and the error estimate holds

3.8) ”x - X, ” < -1, n=01,--

ProorF. Since Q(s,5,t,f) = 0 and B(s,t) = 0 for s,5,¢,f = 0, it follows from
(B6)that0 =t, < t; £ t, £ --- £ t*. We have
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[xi — x| <t s

by (3.7) and (3.3). We show by induction using the contractor inequality (3.1) with

X = X,_1, X = X,_; and t = —Fx,_, that
(3.9 |Fx,| 2 Q| xa = xuer s | %0 = Faci |1 | %0 = %o | | Fai = Xo)
§ Q(“xn - Xp—1 I9YI ”xn = Xp-1 '; Ixn - xO”a)’2 ”xn—l - xO”)

é Q(tn - tn—la?l(tn - tn—l)’ tn—hYZIn—l)

G10)  x=xol S I [m—xou] S T G-ty = 1,555
i=1 i=1
(3'11) ” Xp+1 ™ Xp

é B(“xn_xo

lfn — Xp-1

Xy — %0 Q]| Xy — X4y ,

2 b

"xn—l — Xo lfn—1 — X ")

b

= B(”xn — Xo

leZ "xn — Xo ")Q(”xn - xn—l] » Y1 ”xn = Xp-1 Ha

]Ixn—l - xoi » V2 “xn—l - Xo “)
é B(tnaYZtn)Q(tn - tn—-l9?1(tn - tn—l)a tu—la?Ztn—l) = Iy — by

in virtue of (3.3), (3.2) and (3.6). It follows from (3.10) that x,¢S. We conclude
from (3.11) that

(3.12) [ Xptp = %] S tas, — 1. for n,p = 1,2,

Hence, the sequence {x,} converges to some element x and we have Fx, — 0 as
n — o, by (3.9). Since F is closed, Fx = 0. The error estimate (3.8) results from
(3.12) by letting p = oo in (3.12).

Our further discussion of general iterative procedures (3.3) is based on certain
lemmas concerning Newton-type iterative methods in one dimensional space. These
methods are used in order to establish the convergence of the sequences {¢,} in
(3.6) (see Altman (1974)).

LemMa 3.1. Altman (1974). Let u(t) be a real valued function continuous
on [0,t*] where t* is the smallest positive root of u(t) = 0. Let v(t) > 0 for
0 = t < t* be continuous on [0, t*]. Suppose that

(3.13) u(s) —u@® +o@®s—1 >0
for arbitrary 0 < t < s < t*. Then all t, < t* and the sequence {t,} defined by
(314) ey = Iy + u(tn)/v(tn)’ r = 0, 1:

with initial values t, = 0, t; = 5 < t* converges toward t* and satisfies the
difference equations
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(3'15) tn+1 - tn = [llv(tn)][u(tn) - u(tn—l) + U(t —-1)(tn - tn—l)]'

LEMMA 3.2. Altman (1974). Let u be a real valued function with continuous
second derivative u"(t) > 0 for 0 < t < t*, where t* is the smallest positive root
of u(t) = 0. Let v(t) > 0 for 0 < t < t* be continuous on [0, 1*]. Iflu'(t)l < o(p)
for0 <t < t* then all t, < t* and the sequence {t,} defined by (3.14) converges
to t* and satisfies (3.15).

LeMMA 3.3. Altman (1974). Assume that p; =20, i =1,---,4, p, > 0 and
py < 1. Let 0 < n £ (1 — p,)*/4j, where j; = max[p,,(ps + p4)/2]. Then the
sequence {t,} defined by (3.14) with u(t) = pyt> — (1—p,)t + nand v(t) = 1 —p,t
is strictly increasing and is the same as that defined by

(3'16) tn+l = tn + [1/(1 - p4tn)][pl(tn - tn—l) + P2 + (2ﬁl - p4)tn—1](tn - tn—l)
with initial values t, = 0, t;, = n and we have

(G.17) limt, = * = {(1 - p;) = [(A — p2)* — 4pun]*}/25,.

n—wo
The sequence {t,} majorizes the sequence {s,}, i.e.,
Sp+1 — Sy S tyyr — Uy n =201, where
Spi1= Sy + [1/(1 - p4sn)][pl(sn - sn—l) +p; + p3sn~l](sn - sn—l)a n=01,.-

LeEMMA 3.4. (Ortega and Rheinboldt (1970), 12.6.2) Let a,n be positive
constants such that h = an < 4. Then the sequence {t,} defined by

(3.18) taey = to+a(t, — t,-)*2(1 —at), n = 0,1,-,
to = 0, t; = n, converges to the smaller root t* of equation
fatt —t 4+ =0

and the error estimate holds

3.19) t* —t, <@ '2eh)*", n = 0,1,--.
The sequence defined by (3.18) is the same as that defined by
(2.20) ties = t, + (Gaty — 1, + n)/(1 — at,)
or by

(3:21) toey = (3aty —n,/(at, = 1), 1, = 0.

THEOREM 3.2. Let F : D — R be a closed non-linear functional with domain
D containing S and letT" : D x D — X* be a two-point contractor satisfying (3.1)
and (3.2). Assume that there exist two functions u(t) and v(t) satisfying the
hypotheses of Lemma (3.1) or (3.2) and such that
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(3.22) B(s,225)Q(s — t,71(s — 1),1,7,1)

< [Yo)][uls) — u(@® + v(®(s — D]
for 0 £t < s < t*, where t* is the smallest positive root of u(t) = 0 and
(3.23) 0(0,0, t*,y,1*) =

Finally let xy& D be such that it satisfies (3.7). Then all x, lie in S and the sequence
{x,} defined by (3.3)~(3.5) converges to a solution x of Fx = 0. The error estimate
(3.8) holds, where the sequence {t,} is defined by (3.14) or (3.15) provided that
” FxoT'(x9, Xo) “ =

ProoF. Using the contractor inequality (3.1) with x =x,_,, ¥ = X,_, and
t = —Fx,_, we prove by induction the inequalities (3.9)~(3.12) exactly in the
same way as in the proof of Theorem 3.1. In virtue of (3.22) we obtain

twes = 5| = [FxlGn %] € [F@%)] - [P,

’lxn_xn—l“a

[ES
< B xa = xo |72 ]| %0 = %0 D@ %0 = xumr |72 %0 — xami |
% %= %o )

B(t,, 72100t — tic 1,71ty = L 1) tam1:V280—1)
< [1o)][u(ts) — ulta-1) + 0(ta- Dty = 1,-)] = tyyy ~ 1,

Hence, we have

A

(3.24) [ Xuss = Xu|| S tasy — 1,
and
(3.25 | Xee1 — Xo| Stass <t* =1, n =01,

By Lemma 3.1 or 3.2, the sequence {¢,} defined by (3.14) or (3.15) is increasing
and converges toward the smallest positive root t* of u(t) = 0. In virtue of (3.24),
the sequence {x,} defined by (3.3)(3.5) converges to some element x. It follows
from (3.25) that x, is in S and Fx, — 0 as n — oo in virtue of (3.9) and (3.23).
Since F is closed, we conclude that Fx = 0. The error estimate (3.8) follows from
(3.24).

As a special case of Theorem 3.2 we abtain the following

COROLLARY 3.1. In addition to the hypotheses of Theorem 3.2 assume instead
of (3.22) that

(3'26) B(S, YZS)Q(S -t Y1(s - t), t, ?2t)
< [1/A = pes)]lpi(s — 6) + P2 + pat]s — 1)
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for0<t<sZt*and u(t) = pit2 — (1 — py)t + nand v(f) = 1 — p,t satisfy
the conditions of Lemma 3.3. Then all assertions of Theorem 3.2 hold provided
that the sequence {t,} and t* are defined as in Lemma 3.3.

ProoF. The proof is exactly the same as that of Theorem 3.2.
As a special case of Corollary 3.1 we obtain the following

COROLLARY 3.2. Under the hypotheses of Corollary 3.1 instead of (3.22) as-
sume that

(3.27) OG — t,71(s — 0,4,721) S [3K(s — ) + do + dyt](s — t)
with do,d, = 0 and
(3.28) B(s,7,5) < B/(1 — ws)

in (3.2) with Bdy < 1andn £ (1 — Bd,)?/4p,, where p; = max[p,(ps + ps)/2].
Then all assertions of Theorem 3.2 hold provided that the sequence {t,} and
t* are defined as in Lemma 3.3 with p, = 1BK, p, = Bd,y, p; = Bd, and p, =x.

ProoF. Since condition (3.26) is fulfilled, the hypotheses of Corollary 3.1 are
satisfied.

4, Approximate first ordered divided differences

Let F : D — R be a non-linear functional with domain D containing the sphere
S = S(xq,r)- Assume that the first divided difference functional G(x, x) of F exists
for x, X &S and satisfies

4.1) |Fx — F£ — G ®(x — ®)| < K| x — x| - |x - ¢|
for x,X¢S. Let J : D x D — X* be a mapping such that

4.2) 166,%) — Jx, 0| S do + di[||x —xo| + | %= %]
for x,xeS.

LeMMA 4.1. For each x,XeS let ye X be such that J(x,X)y # 0 and put
U(x,x) = y[J(x,X)y. Then T :S x S — X is a two-point contractor for F satisfy-
ing the following contractor inequality

(4.3) |F(x + T (x,%)) — Fx — t|
< R| M%) | {|x + T(x, %) — x| +do +‘dl(]|x—x0 |+ %—%|)

Jor x,X ¢S whenever x + tI'(x,X)&S.

PrROOF. We have in virtue of (4.1) and (4.2)
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| F(x + t0'(x,X)) — Fx — t| £ |F(x + T(x, X)) — Fx — G(%, x)t[(x, %) |
+ [[G(x, %) — J(x, DT (x,%) | £ R[Tx,%)] [ x+T(x,%) - x|
+ {do+dy(|x — x| + | x~x D} T(x, %) .

Now let us discuss the iterative procedure (3.3) under condition (1.7) to be
shown as a special case of condition (3.4).

LEMMA 4.2. Suppose that there exists a constant number d such that
“4.4) || J(x, X) " <6 for x,Xsg8S.
Then condition (1.7) implies (3.4) with y, = 1 + oC.

Proor. It follows from (4.4) that
4.5) 1|Txx)| = [JxDy|/]|y]| £6 for x,XeS.
Hence, we obtain in virtue of (1.7) and (4.5)
46) |x,— % | S C|Fx,| = C| Fx.J(x0%) | /| T, % |
£ 8C| %p41 ~ xa| for n = 0,1, provided that x,&S. Since
%041 = %] = [ % — Fx,T(x,,%,) — % |

< fxn = % | + | FxTGnZ) | < (1 + 8C) | Xy — X, ]

b4

in virtue of (4.6), we conclude that condition (3.4) with y; = 1 + JC results from
(1.7) and (4.4).
Suppose now that there exists a constant A such that

@7 | Jx%) = Jxo, Xo) | SM[ || x—xo| + |- Xo| ] for x,xeS.

Let B < 1 be any positive fixed number and for each pair x,X&S choose yeX so
as to satisfy

(4.8) Jx,x)y 2 B||J(x,%)| and [y| = 1.
Then we obtain
17, 2) || 2 || I(xo %) | |1 = []| J(x0s Xo) — IG5, )| 1/ || I (X0, %o) | |
2 | J(xo,%o) | (1 — BH[ | x — x| + | £ — %6 | ] = (1 — BM | x — xo[)/B

provided that || X — X ” <7, || X — Xg

bl

4.9) 1/ “ J(x0, Xo) " < B,
and B = B/, M = M(1 + vy,), BMr < 1.
Then we obtain in virtue of (4.8) and (4.9)
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(410)  ||I'(x,%) || < B/(1 — BM | x = xo||) for x,%¢S if BMr < 1.

THEOREM 4.1. Let F : D — R be a closed non-linear functional with domain
D containing S. Assume that the first divided difference functional of F exists
and satisfies (4.1), (4.2) and (4.4). Let x4, X, be chosen so as to satisfy (4.9) and

|| FxoI(xq, Xo) || s£n and Bd, < 1.
Let
n < (1 — Bdo)*[4p;, K = 2R(1 +6C), M = M(1+7y,), p, = BM
and set r = t* where t* is defined as in Lemma 3.3 with

p1 = 3BK, p, = Bdy, p; = Bdy, d; = d,(1 + y,).

Then the sequence {x,} defined by (3.3) under condition (1.7) remains in S and
converges to a solution x of Fx = 0.

ProOOF. It follows from Lemma 4.1 that I' is a two-point contractor for F
satisfying the contractor inequality (4.3). Since Mt* < 1/B, I satisfies (4.10). It
results from (4.3) and (4.6) that

|F(x + tT(x,%)) — Fx — t| £ R(1 + 6C) || 1T (x, %) ||?
+ {do + d;(1 + y,) "x - Xo ” } ” tI'(x, %) ”

fort = —Fx, |x — )“c” < C|Fx ], |i — J'c'o” =< y2[|x - x0||.

Hence, we obtain that condition (3.27) is satisfied with y, = 1 + 6C, K = 2Ky,
and d; = d (1 + 7,). Thus, the hypotheses of Corollary 3.2 are satisfied and the
proof is complete.

5. Quadratic convergence

A special case of Theorem 3.1 will be discussed. This case yields quadratic con-
vergence and is based on Lemma 3.4,

THEOREM 5.1. Let F : D — R be a closed non-linear functional with domain
D containing the sphere S = S(x,,r). Let I : D x D - X* be a two-point con-
tractor for F satisfying the contractor inequality

(5.1)  |F(x + T(x,%) — Fx — t| £ K| {T(x, %) | - | x + T(x,%) — x|
and

(5.2 T, %) | < B/[1 — M(|x — x| + | % — % )]

Jor x,x&e8S whenever x + tI'(x,X)¢S.

Put a = max[2By, K, M(1 + y,)] and assume that

(5.3) h=an<} and r = t* = [1 — (1 — 2h*]/a.
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Let xq, Xg¢ D be chosen so as to satisfy

(5.4) | FxoT(xo, %) | < 1.

Then all x, lie in S and the sequence {x,} defined by (3.3)-(3.5) converges to a
solution x of Fx = 0 and the error estimate holds.

(5.5) [x = x| < t* =1, < @) '@w,
forn = 0,1,---, where the sequence {t,} is defined as in Lemma 3.4.

Proor. We show by induction that
lFx,,, é KY1 ” Fx, —lr(xn—l’in—l) “2 = K?l [[ Xn = Xp—1 ”2

in virtue of (3.3), (3.4) and (5.1) with x = x,_{, ¥ = X,y and t = ~Fx,_,. It
follows from (5.2) and (3.5) that

[T, %)) < B/ = M1+ ;) | x ~ %0 |).
Hence, we obtain by induction
I Xas1 = xa || < BKyy || %0 = %01 211 = ML+ 32) | %0 = %0 )
S 3%y = xoy [H/A = a | x, = %o ) 4ty — 1,-)* /(L = at)) = 101~ 1,

and

M:

|

where the sequence {t,} is the same as that defined in Lemma 3.4. Now using this
lemma we continue the same argument as in the proof of Theorem 3.1.

Let us discuss a special case of Theorem 5.1 where the two-point contractor
I" is generated by the first divided difference functional G of F. Thus, we consider
the iterative procedure

n
X, — Xo “ < '21‘ ” X;~ Xi-gq ” = (ty = tiop) =1, S 1%,
i= '

1

(5'6) Xp+1 = Xy — Fxnr(xm ’?n)’ n = 0, 13 MY
where I'(x,, X} = y,/G(x,, X,)y, with y, chosen so as to satisfy
(5.7 G(X» X)Vs 2 B| G(x,,X,) and |y, = 1,

where B < 1 is any positive fixed number. We assume also that G satisfies the
following condition

(.8) |G, %) ~ GO = K[| x - & + |- &[]
for x, X, &, £e D. Suppose that
(5.9) 1/ H G(xo, Xo) " <B
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and
B = B/f, M = K(1 + v,), BMr < 1.
Then we obtain
|66 2 [ Gxo o) [ [1 = L] G Cxos %0) = G, B | I/ || Gxo, %o ||
2 | Glxos %) [ (1 = BK[ | x —xo | + | X — % | D = (1 — BM | x~ x, | )/B

in virtue of (5.8) and (5.9). Hence, we conclude from (5.7) that

(510)  ||T(x,%)| < B/(1 ~ BM||x — xo|) for x,%eS if BMr < 1.

THEOREM 5.2. Let F : D - R bhe a non-linear functional with domain
D containing the sphere S = S(xy,r). Suppose that the first divided differ-
ence functional G of F exists and satisfies conditions (5.8) and (5.9). Put
a = BKmax[2y,,1 + y,] and assume that conditions (5.3) and (5.4) are satisfied.
Then all x, lie in S and the sequence {x,} defined by (5.6), (3.4) and (3.5) con-
verges to a root x of Fx = 0 and the error estimate (5.5) holds.

Proor. It follows from (5.8) that I is a two-point contractor for F satisfying
the contractor inequality (5.1). We infer from (5.10) that (5.2) is also satisfied with
M replaced by BK. Hence, it follows that all hypotheses of Theorem 5.1 are
satisfied and the proof follows immediately.

Consider now the iterative procedure defined by (5.6) and (1.7). We obtain
the following theorem as a special case of Theorem 5.2.

THEOREM 5.3. Under the hypotheses of Theorem 5.2 let the sequence {x,}
be defined by (5.6), (1.7) and (3.5). If, in addition,
(5.11) |Gx,%)| =6 for x,xe5,
then all assertions of Theorem 5.2 hold with y, = 1 + 6C.

PROOF. It remains to prove that condition (3.4) is satisfied. This follows from

Lemma 4.1 with J(x, X) replaced by G(x, X). Then we conclude that condition (3.4)
is satisfied with y; = 1 + 6C.
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