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THE STRONG AND SUPER TREE PROPERTIES AT SUCCESSORS
OF SINGULAR CARDINALS

WILLIAM ADKISSON

Abstract. The strong tree property and ITP (also called the super tree property) are generalizations
of the tree property that characterize strong compactness and supercompactness up to inaccessibility.
That is, an inaccessible cardinal & is strongly compact if and only if the strong tree property holds at .,
and supercompact if and only if ITP holds at x. We present several results motivated by the problem of
obtaining the strong tree property and ITP at many successive cardinals simultaneously: these results focus
on the successors of singular cardinals. We describe a general class of forcings that will obtain the strong
tree property and ITP at the successor of a singular cardinal of any cofinality. Generalizing a result of
Neeman about the tree property, we show that it is consistent for ITP to hold at X, forall 2 < n < w
simultaneously with the strong tree property at R, 1; we also show that it is consistent for ITP to hold
at N, for all 3 < n < w and at R, ;| simultaneously. Finally, turning our attention to singular cardinals
of uncountable cofinality, we show that it is consistent for the strong and super tree properties to hold at
successors of singulars of multiple cofinalities simultaneously.

§1. Introduction. Obtaining compactness properties at many successive cardinals
simultaneously is a long-running project of set theory. The tree property and its
generalizations have been of particular interest. The starting point for this program
was a result of Mitchell and Silver [12], who showed that it is consistent from a weakly
compact cardinal for the tree property to hold at N,; their techniques have formed the
blueprint for obtaining the tree property at successors of regular cardinals. Abraham
[1]showed that it is possible for the tree property to hold at 8, and X3 simultaneously,
starting from a supercompact cardinal and a weakly compact cardinal. Cummings
and Foreman [2], starting with «» many supercompacts, produced a model in which
the tree property holds at X, for 2 < n < w.

Different techniques are required to obtain the tree property at the successor of
a singular cardinal. Magidor and Shelah [11] showed that the tree property could
hold at 8, using very strong large cardinal assumptions; these assumptions were
reduced to w supercompacts by Sinapova [16]. Similar results can be obtained at the
successors of singular cardinals of uncountable cofinality. Building off techniques of
Neeman [13], Sinapova [15] showed that the tree property could consistently hold
at the successor of a singular cardinal of any cofinality (along with the failure of
SCH). Golshani [6] further refined this result, showing that the tree property could
hold at X, for any limit ordinal y. Neeman [14] was able to combine the techniques
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for obtaining the tree property at successors of regular cardinals and successors of
singular cardinals, producing a model in which the tree property holds at X, for
2 < n < w and at X, | simultaneously.

We now turn our attention to generalizations of the tree property. Two
generalizations of interest, due to Jech and Magidor respectively, are the strong
tree property and the super tree property (also known as ITP). These properties
characterize strong compactness and supercompactness up to inaccessibility in much
the same way that the tree property characterizes weak compactness. In particular,
if k is inaccessible, then:

e The tree property holds at « if and only if  is weakly compact.

e (Jech [9]) The strong tree property holds at « if and only if x is strongly

compact.

e (Magidor [10]) The super tree property (ITP) holds at & if and only if & is

supercompact.

Although these properties were originally examined in the 1970s, recent work of
WeiB3, who studied these properties in his thesis [18], has sparked a number of new
results. Fontanella [3] generalized Abraham’s result to obtain ITP at N, and N3
simultaneously. Shortly thereafter, Fontanella [4] and Unger [17] independently
showed that in the model of Cummings and Foreman, ITP holds at each X,.
Fontanella [5] also showed that assuming w-many supercompact cardinals, the
strong tree property could consistently hold at N,,;. Hachtman and Sinapova
[8] generalized this result further, showing that from the same assumptions it is
consistent to have ITP at N, ;.

In this paper, we continue the analysis of the strong and super tree properties at
successors of singular cardinals and at small successor cardinals simultaneously. In
Section 3, we show that in Neeman’s construction in [14], ITP holds at each X,,, and
the strong tree property holds at X, . This answers a question of Fontanella, who
asked if it was consistent to have the strong tree property up to X, . The key step in
this argument is Theorem 3.14, which describes a general class of forcings in which
the strong tree property holds at the successor of a singular. This theorem applies
to singular cardinals of any cofinality.

Next, we consider ITP at successors of singular cardinals. In Section 4, we describe
a similar class of forcings in which ITP holds at the successor of a singular. Once
again, there are no restrictions on the cofinality of this singular cardinal. We use
this to show that from 7-many supercompacts it is consistent to have ITP at N,
for any regular T with t < X,. In Section 5, we apply this technique to show that in
a modified version of Neeman’s model, ITP holds at X,,,; and at 8, for all n > 3.
This is a partial answer to a question of Hachtman and Sinapova, who asked if ITP
could be obtained up to W, .

Finally, in Section 6, we show that these techniques can also be applied to obtain
the strong and/or super tree properties at successors of small singular cardinals of
multiple cofinalities simultaneously. In particular, given a finite increasing sequence
oy, ..., a, of ordinals where for each i < n,a; < w,, and w,, is a regular cardinal,
we describe a model in which we obtain these properties at Nwal.+1 foralli <n.If
a;1 > a; + 1, we obtain ITP at Nam,-ﬂ? otherwise, we can obtain the strong tree
property. Our large cardinal hypotheses here are somewhat stronger than in other
sections; we require xo-many supercompacts, where ky is itself supercompact.
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On notation: we use the convention that a poset is x-closed if every descending
sequence of size less than k has a lower bound. If P is a forcing notion over a model
V. we will use V[P] to denote the extension of V' by some generic for P.

§2. Preliminaries and branch lemmas. We begin by defining the strong tree
property and ITP.

DEFINITION 2.1. Let u be a regular cardinal and let 4 > u. Asetd = (d. |z €
Pu(A)) is a P,(A)-list if for all z € P,(4). d. C z. We define the zth level of a list,
denoted L., by

L.={d,Nz|zCy.yeP,)}
A P, (A)-listis thinif |L.| < p for all z € P,(4).
Note that if x is inaccessible, every P, (4) list is thin.

DEFINITION 2.2. A set b C /1 is a cofinal branch through a P,(4)-list d if for
all x € 73,,(/1) there is z O x such that » N x = d. N x. In other words, for all x,
b N x € L,. We say that the strong tree property holds at u if for all A > u, every
thin P, (4)-list has a cofinal branch.

DEFINITION 2.3. A set b C A is an ineffable branch through a P,(1)-list d if
{z € P,(2) | bz =d.} is stationary. We say ITP(u. 1) holds if every thin P, (4)-
list has an ineffable branch. We say ITP holds at x if ITP(u, 4) holds for all A > u.

Note that every ineffable branch is cofinal.
FacT 2.4 [19, Proposition 3.4]. Let A’ > 4. ITP(u. 2’) implies ITP(u, 1).

FacT2.5[5, Lemma 3.4]. Let A’ > J. If every thin P, (X )-list has a cofinal branch,
then so does every thin P,(2) list.

ITP, like the tree property, is usually obtained at the successor of regular cardinals
by means of a lifted embedding. This will produce a branch in the generic extension
containing the embedding, as described in the following lemma.

LEMMA 2.6. Let W be a model of set theory, and let d be a thin P, (1) list. Suppose
that in some extension W[G] there is a generic embedding j : W — M with critical
point & such that j(k) > 1 and M* C M. Then in W[G). d has a cofinal branch b.
Moreover, if b € W, then b is ineffable.

Proor. Work in W[G], and consider j(d). Since j(x) > A, we have that j”A €
Piw(i(4). Letb = {a < i]| j(a) € j(d),m;}.

We first claim that b is a cofinal branch. Let z € P,(4)". We want to show that
bNnz e L.. Note that j(d);»; N j(z) € j(L.). Since d is a thin list, |L.| < &, so
j(Lz) = j//(Lz) = {j(d)j(y) ﬂj(Z) | zCy.ye Pn()t)W}~ Since j(d)j”/l ﬂj(Z) €
J(L:). there must be some y such that j(d);»; N j(z) = j(d) ;) N j(z). It follows
thatbNz =d, Nz.

Now, suppose that b € W . Let U be the normal measure on P,.(4)" correspond-
ing to j. Note that in the ultrapower of W by U, j" A is represented by [x — x], and
so j(d);n; is represented by [x — d]jxsy = [x — dy]. On the other hand. since
b € W, we can take j(b): indeed. j(d);»;, = j(b) N j"J. Since j(b) is represented
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by [x — b].j(d)n, =[x — b]N[x — x]. Weconclude that d, = b N x for U-many
x. Since U is a normal measure on W, all measure one sets must be stationary in W,
so b must be an ineffable branch. .

The next step is usually to show that the forcing could not have added a branch,
so the branch must have already been present in W, and will thus be ineffable. The
crucial ingredients in this process are branch preservation lemmas. To generalize the
standard branch lemmas from trees to thin lists, we use the (thin) approximation

property.

DerINITION 2.7, Let & be regular. A forcing IP has the x-approximation property in
amodel V' if for every ordinal / and every P-name bforasubsetof A.lFp bz e V
forall z € (P.(4))” implies that IFp b € V.,

A poset P has the thin k-approximation property in V' if for every ordinal 4 and
every P-name b for a subset of A, IFpbNz eV and {x € V |FpecPplrpx =
bz} < & forevery z € (P.(4))” implies that I-p b € V.

Note that the thin x-approximation property is weaker than the xk-approximation
property. We say that names meeting the hypotheses in Definition 2.7 are (thinly)
r-approximated by IP over V. These properties are useful because a cofinal branch
through a thin P, (4) list is always thinly approximated over V.

Lemma 2.8, Let d be a thin P,.(2) list in V. and let P be a notion of forcing over
V. Suppose b is a P-name for a cofinal branch through this list. Then b is thinly
k-approximated by P over V.

PrOOF. Let b be a name for a cofinal branch, and let x € (P, (1))". Since b is
forced to be cofinal, b N x is forced to be in L, for all x. Since L, isin V, hnxis
likewise forced to be in V. Since the list is thin,
K possibilities for 5 N x. 4

LEmMA 2.9 [17, Lemma 7.10]. Suppose that b is alPx Q-name for a subset of some
ordinal . which is (thinly)k-approximated by P « Q over V. If P has the k-cc. then in
V[P, b is still (thinly)k-approximated by Q.

PrOOF. Let G be generic for P over V. Since P is s-cc, P, ()" is cofinal in
Pe(u)V1 In V[G]. if x € P.(u) is a subset of some y € Py(u)”. then bnxis
determined solely by 5 N y and x. Since b i is k-approximated by P x Qover V.bny
must be in V. It follows that Q forces that b N x € V[G]. as desired.

Now suppose that bis thinly x-approximated by IP x Q. not just k-approximated.
For every possible value of b N x, we can always choose an extension that is a
possible value for bn y. This defines an injection from the possible values (in V'[G])
of b N x to the possible values (in V') of hn y. Since b is thinly x-approximated
in ¥ by P« Q, there < k-many possible values for hn v, and thus there will be
< k-many possible values in V[G] for hbnx.Sobis thinly x-approximated by Q
over V[G]. o

LemMA 2.10 (Part of Easton’s Lemma). Let P be k-closed in W, where V is a k-cc
forcing extension of W. Then forcing with P over V does not add any sequences of
length < k.
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LemMaA 2.11. Suppose that b is a P * Q  S-name for a subset of some ordinal I,
which is k-approximated. If P is -cc, and Q does not add sequences of length less than
K to V[P], thenin V[P x Q), b is still k-approximated by S.

PrOOE. Let z € (Py(u)) U, Since Q does not add sequences of length < k.
z € (Pu(u))"TFl. By Lemma 2.9, Ik, 5 z N b € V[P]. We conclude that, working in

VIPxQl. ks zNb € V[P] C V[P * Q. =

To show that forcings have the (thin) approximation property, we will use the
following lemmas, which generalize traditional branch preservation lemmas for
trees.

LEMMA 2.12[17, Lemma 7.9]. Lett < k with2" > k. If P is t+-closed, then P has
the thin k-approximation property.

LEmMA 2.13 [17, Lemma 7.8]. Let  be regular. Suppose P is a poset such that
P x P is k-cc. Then P has the k-approximation property.

The following definition and lemma provide a tool for verifying when the square
of a poset has the x-cc in outer models.

DEerFINITION 2.14. Let K C V' be a model of a sufficiently large fragment of ZFC.
We say that K has the < d-covering property with respect to V' if for every 4 C K
in V' with |A4] < J. there is some B € K so that K |=|B| <d and 4 C B.

LEmmA 2.15 [14, Claim 2.2]. Let 6 < k be regular cardinals, and suppose K is a
model of some large enough fragment of ZFC that has the < k-covering property with
respect to V. Suppose also that for all y < k. K |= y<° < k. Let P be a forcing notion
in K whose conditions are functions of size < ¢ in K. Then any family of size k in V
of conditions in P can be refined to a family of the same size whose domains form a
A-system.

We will also use the following lemma that generalizes [14, Claim 2.4].

LEmMA 2.16. Let P be a k-cc forcing and Q be a k-closed forcing. Suppose there
exists T < k such that 2° > k. Then Q has the thin k™ -approximation property over
the generic extension by P.

ProoF. Let A > k be some ordinal, and let d beaPx @Q-name for a subset
of / that is thinly x*-approximated by Q over the generic extension of V' by PP.
Suppose that 1 IFpyg d ¢ V [Gp). where Gp is the canonical name for a generic of
P. Let 6 < 7 be the least such that 2° > k. For each ¢ € 2<° we will build a triple
(A,.q,. x5 ) Where A, is a maximal antichainin P, ¢, € Q.and x, € (P,.+(4))".such
that ¢, < g, whenever ¢’ extends o, and for all ¢ € 2<% and all p € 4,., (p.q,~,)
and (p. ¢,~,) force contradictory values for d N x,. Note that it suffices to consider
X, € (Py+ ()", since (P,+(A))" is cofinal in (P, (1))""] by the x-cc of P.

We will build this inductively, using the following claim.

CLamv 2.17. For any p € P and qo.q1 € Q. we can find p’ < p. ¢} < qo. q] < q1.
and x € P, (L) such that p’ forces that q} and q; force contradictory information about
dnx.
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Proor. Recall that 1 IFpyg d ¢ V[Gp]. It follows that if G x Qg x Q is generic
for P x Q x Q. the interpretations dgxg, and dgxp, must not be equal. Thus
there must be a pair of conditions (p}.q)) < (p.qo) and (p{.q|) < (p.q1) such
that (pg.q() € G x Qp and (p{.¢;) € G x Q; and the pair decides incompatible
information about d N x for some x € P,+(4). Since p{ and p| are both in G, they
are compatible. We set p’ to be a common extension of p( and p}: the conclusion
follows. .

Let ¢ € Q. We wish to build (4, ¢o. g1. x) where 4 is a maximal antichain in P,
90-q1 < q.and forall p € A4, p forces that o and ¢ force contradictory information
about d N x.

For each ¢ € Q. we construct (4.qo.¢1.x) recursively. Set qg = qé =¢q and
Ay = 0. At successor stages a + 1 we choose a new p incompatible with all conditions
in our antichain-in-construction A, if such exists, then strengthen it to p’ < p so
that there exist some ¢, < ¢3. g}, < ¢}. and xq41 D Xq as desired. We then
define 4,41 to be A, U {p’}. At limit stages y. we take unions (for 4, and x,) and
lower bounds for q? and qyl. Note that since P is x-cc, this process will end at some
y < k, and so since Q is k-closed we will always be able to take these lower bounds.
This process gives (A, ¢o. q1, x). Applying this construction repeatedly, we can build
the binary tree structure as desired.

Now let x = [J, y<s X5 For each f € 2°, by closure we can find ¢/ such that
q}- < {gria for all a <é. Let G be generic for P. Since G is generic. G N A, is
nonempty for all . Working in V'[G]. we define g, < ¢/, to be a refinement deciding
dnx.

We claim that if f # g are elements of 2°, then ¢ + and ¢, force contradictory
things about d Nx. Let a be the largest such that /' [« =g [ . Since G N Ay},
is nonempty. ¢ ,~o and ¢ ;,~; force contradictory information about x s, C x.
Since f extends one of these and g extends the other, we see that ¢, must disagree
with g, on d N x. Thus every ¢ s for f € 2° forces a different value for d Nx,and
so there must be at least 2° > k potential values for d N x. But since d is thinly
" -approximated, there are fewer than ™ potential values for d. and thus for
d N x. This gives a contradiction. o

At the successor of a singular strong limit cardinal, we have a similar lemma,
a generalization of [11, Lemma 2.1]. The main difference is that we index the
construction by v<7 instead of 2<°. To prove this lemma we need a couple of claims,
which expand on the splitting behavior described in Claim 2.17

Cram 2.18. Suppose v is a singular strong limit cardinal with cofinality T, and let
2 >v*. Let S be a notion of forcing. Let d be a S-name for a subset of A that is thinly
vt-approximated by S over V, such that d is forced not to be in V. Then for any s € S,
there is a sequence (so | o < v) of conditions in S and a set x € P+ (4). such that
Sq < 8 for each o < v and each s,, decides a different value for d N x.

Proor. Fix s € S. For x € P,+(4). let T'(x) be the set of all y C x such that

some s’ < s forces d N x = y. Since d is thinly v*-approximated. |7 (x)| < v for all
x. We wish to construct x € P,+(4) such that |T(x)| = v.
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Fix xo € P,+(4). We will build a C-increasing sequence (x, | a < v) such that
for all @ < v and all y € T(x,). there are distinct yo and y; in T (x,1) such that
YoNXq = y1 N Xy =y. We do so recursively. ]

Fixa < v,andlet y € T(x,) as witnessed by a condition s’ < s. Since d is forced
not to be in V, we can find a set xiﬂ D X, distinct y{. y| € P,+(4). and conditions
50,51 < s such that so I d N x, ., = y)and s Ik dn x, .1 = yi. (If such objects
did not exist, then a single condition could decide d. contradicting the assumption
that d ¢ V.) Since sy and s; extend s’, we must have yj N x, = y] N x4 = . Let
Xa1 = Uyer(n,) Xou1- Foreach y € T(xa). let 5o, s1. . and p{ be as above. Extend
so to decide the value of dn Xqo+1 to be some yo 2 y: similarly, extend s; to force
dn Xqo+1 = y1 for some y; D . Then y, and y, are distinct elements of 7' (x4+1).
and yp N xq = y1 N Xoq = ¥, SO X441 has the desired properties. This covers successor
stages; at limit stages we take unions.

Now let x =J,_, Xa. Let y € T(x). Then for all a < v, y Nx, € T(x,). By
construction, we have distinct yo and y; in T (x, + 1) (as witnessed by conditions
so and s1) such that yo N Xa = Y1 N Xq =y N Xe. Moreover, any extensions of these
conditions that decide d N x must decide incompatible values. Since there are v-
many of these splittings, there must be at least v possible values for d N x. We
conclude that |T(x)| = v. =

Cram 2.19. Suppose v is a singular strong limit cardinal with cofinality . and let
4 >v*. Let P and Q be notions of forcing such that |P| < u and Q is u*-closed for
some u with t < u <v. Let d be a P x Q-name for a subset of A that is thinly v*-
approximated by Q over the generic extension of V by P, such that lpxq IF d ¢ V[Gp].

Suppose py € P, and let (q, | @ < v) be a sequence of conditions in Q. Then there
is a sequence (q!, | a < v) with q!, < qu for each a < v, along with a set x € P,+ (1),
such that for all o < f there is some pog < po so that (pag.ql,) and (pap. q;}) force

incompatible information about dnx.

ProoF. Let G be generic for P containing py. and work for the moment in V[G].
Forall o < v, by Claim 2.18 thereis x, € Py+ (4) such that there are v-many possible
values for d M x, that can be forced by extensions of ¢,. Returning to V, we note
that these possible values are also possible values of d N x, that can be forced by
extensions of (po.¢q). Since P does not collapse v or v*. we conclude that (in V)
there are v-many possibilities for d N x,, that can be forced by extensions of (py. g ).

Let x = J,., Xa: note that x € P,+(4). Since (po.¢,) has v-many extensions
deciding pairwise-distinct values for d N xq. by extending each further we can obtain
v-many extensions of each (po. ¢.) deciding pairwise-distinct values for d N x. (To
do this, simply take the v-many extensions that disagree on d N x,. and extend them
furtl}er to decide d N x. Since x, C x, these further extensions must also disagree
ondNx.)

For all a < v, we will inductively define a condition ¢/, < ¢, and functions e, :
P — Pand f, : P — P(x) such that the following hold:

e ea(p) <p. )
o (ea(p).q5) IFpxq d Nx = fa(p).
e Forallaa < f<v. folp) # fp(po) forall p € P.
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The sequence (¢/, | @ < v) will be the desired object; for each pair a < f we will
choose pas to be eq(eg(po)). We build these objects with a double induction.,
inducting over both « and the elements of P.

Enumerate P by (p: | & < u). starting with the already determined condition py.
Suppose we have defined ¢j. es. and f; for all 6 < a.. Inducting on &, we wish to
define g5 < ga. ea(ps) < pe.and f4(ps) such that:

° <q§Z | £ < u) forms a decreasing sequence below ¢,

o (ea(P:)aqg) Fpxg d Nx = fo(pe). and
o f5(p) # fa(py) forallé < aand all p € P.

Since (py. ¢) has v-many extensions deciding dnx differently, and we have used at
most max(a. [P|) < v of these extensions in earlier stages, we can pick e, (po). ¢2. and
f«(po) asdesired. Atsuccessor stages & + 1, we choose an extension (e, (pz11), ¢5t!)
of (pes1.q5) deciding the value of d N x. and set /o (ps41) to be that value. At limit
stages 7, using the u"-closure of Q we select ¢,(p,) < p, and a lower bound ¢}, of
(g5 | & < 7). such that (e, (p,). gk) decides the value of d N x. Set f,(p,) to be this
value. When this induction on the elements of P is finished, we define ¢/, to be a
lower bound of (g5 | ¢ < u). This process constructs functions e, and f,, as well
as the sequence (¢/, | & < v), with the desired properties.

Finally we verify that the sequence (¢, | @ < v) meets the requirements in the
statement of the lemma. Fix a < f <v. Let pos = ea(es(po)). By construction,
eg(po) I dnx= S 5(po): since pap < ep(po). (pa/f,q;;) also forces this. On the

other hand. (pags.ql) -dnx = faleg(po)). By construction, these must be
different values. -

LEMMA 2.20. Suppose v is a singular strong limit cardinal with cofinality T. Let Q
be a u*-closed forcing over a model V for some u < v witht < u, and let P € V be
a poset with |P| < u. Then Q has the thin v*-approximation property in the generic
extension of V by P.

Proor. Let A be a some ordinal, and let dbealP x Q-name for a subset of 1 that
is thinly v*-approximated by Q over the generic extension by P. Suppose further
that the empty condition in P x Q forces d ¢ V[Gp]. For each ¢ € v<* we will build
a pair (¢,. x,) with g, € Qand x, € (P,+(1))". along with a collection of dense sets
(Df;‘ﬁ | @ < B < v), such that g, < g, whenever ¢’ extends o, and for all ¢ € v<7,
alla < p.andall p € D (p.q,~,)and (p.q,~ 5) force contradictory information
about d N Xy

Fix ¢ € Q. We will construct (¢, | @ < v).x € P,+ (). and a dense sets Dy, such
that each g, < ¢, and for all o < f and all p € D, p forces that g, and gz force
contradictory information about d N x.

We do so by recursion, iterating over all elements of P. Enumerate the elements
of Pby (ps |6 < ). Set D2y = 0. and for all a < v. let g5 = ¢. First we consider
the successor stage 6 + 1. Applying Claim 2.19 to ps and the sequence (¢ | a <
v), we obtain (¢! | a < v) with ¢o*! < ¢ for each o < v, x5,1 € P,+ (1), and
strengthenings pgﬁ < psforalla < B < v, so that (piﬁ, ¢°*1) and (p‘sﬁ, qZ“) force

« [

contradictory information about d N xs, . We set Di};l =D, U{p,}
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At each limit stage y. we take unions for x, and each D(Zﬂ, and lower bounds

to produce each ¢%. Since Q is u*-closed, we will always be able to take these
lower bounds. Let ¢, be a lower bound of the sequence (¢° | § < u). Finally, setting
x = Us< u X, We obtain the desired objects. Repeating this construction, we can

obtain (¢,.x,) and (D¥ | a < B < v) asdesired forany ¢ € v<"andanya < f < v.
Let x = (J,¢,<c Xo. Forall f € v*, by the closure of Q we can find q;,- such that
q} < gy forall @ < 7. Let G be generic for IP, and note that it will intersect every

D2, Working in V[G]. let g5 < q’f be a strengthening that decides d N x.

Let /' # g be elements of v*, and let a be the largest such that /' [ o = g [ a. Let
{ = f(a).and & = g(a). Since G intersects D%a, we see that ¢, ~; and (1 ~¢
force contradictory information about dnx f1a © d N x. Since fextends (f | )¢
and g extends (f [ n)"¢, it follows that ¢, and ¢, disagree on dnx.

We conclude that each f € v* fprces a distinct Vglue ford N X, so there must be at
least v* > v potential values for d N x. But since d is thinly v*-approximated. there
are at most v potential values for d and thus for N x. This is a contradiction. -

To obtain the strong tree property and ITP at successors of singular cardinals, as
in [14] and [8] we will use the concept of systems of branches.

DEermNiTION 2.21. Let D C Ord, p € Ord, and [ be an index set. A system on
D x pisa family (R;)scs of transitive, reflexive relations on D x p such that:

(1) If (a. &) Rs(p.¢) and (a. &) # (B.(). then a < B.

(2) If (0. &) and (v, &) are both Ry-below (8. (), then (ayg. &) and (. &) are
comparable in R;.

(3) Forevery o < ff bothin D, thereare s € I and &, € pso that (o, &) R, (B. ().

A branch through R; is a subset of D x p that is linearly ordered by R, and
downwards R;-closed. Note that each branch can be viewed as a partial function
b : D — p. A branch through R; is cofinal if its domain is cofinal in D. A system
of branches through (Ry),¢; is a family (b,),c; so that each b, is a branch through
some R;(,). and D = UneJ dom(b,).

We have the following branch lemma for systems of branches. This lemma was
originally stated for a singular cardinal v of countable cofinality, but the same proof
applies for any cofinality.

LEmMa 2.22 [14, Lemma 3.3 and Remark 3.4]. Let v be a strong limit singular
cardinal, and let (Ry);cy be a system in V on D x p, with D cofinal in v". Let P be a
poset in V., and let k < v be a regular cardinal above max (|11, p)*. so that:

(1) The empty condition in P forces that there exists a system (by),c, of branches
through {Ry) ey, with |J|7 < k.

(2) For 2 =max(|I|.|J|.p)" < k. there is a poset P* adding ). mutually generic
filters for P such that P* is < k-distributive.

Then there exists n so that b, is cofinal and belongs to V. In particular, there is s € I
so that in V, R; has a cofinal branch.
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§3. ITP below X, | with the strong tree property at 8., , ;. Using the techniques
from the previous section, we show that in the model of [14], ITP holds at R, for all
2 < n < w, and the strong tree property holds at X, ;.

3.1. The forcing. First we recall Neeman’s construction. See [14] for a more
detailed exposition. (In this paper we adopt the convention that a k-closed forcing
is a forcing where every sequence of length less than  has a lower bound; [14] uses
a different convention that includes sequences of length «. So in particular, we will
refer to u*-closed forcings where [14] refers to u-closed forcings.)

Let (k, | 2 < n < ) be an increasing sequence of indestructibly supercompact
cardinals with supremum v, and suppose there is a partial function ¢ such that
for all 2 < n < w, ¢ | Kk, 1s an indestructible Laver function for k,. That is, for
each 4 € VV, y € Ord, and every extension V[E] of V' by a < k,-directed closed
forcing, there is a y-supercompactness embedding 7 in V' [E] with critical point ,,,
such that 7 | Ord € V', n(¢)(k,) = A4, and the next point in dom(r(¢)) above &,
is greater than y. Such a function can be arranged via the standard construction
for Laver indestructibility (see [14, Section 4] for details). By restricting the domain
if necessary, we can assume that for all o € dom(¢), if y is in dom(#) N« then
é(y) € Va.

The forcing consists of three parts: Cohen forcings to ensure that 2" = k., for
each n > 2, Laver preparation to ensure that each «, is indestructibly generically
supercompact, and Mitchell-style collapses to make each k, become N,. The
situation is somewhat complicated by the fact that in order to obtain ITP (or even
just the tree property) at N, ;| later on, we cannot fix the cardinal that will become
N; in advance. As in [14], we define a set Index that gives us the possibilities for the
new Xy, and define our poset using a lottery sum over the elements of Index.

First we define the Cohen piece of the forcing.

DEFINITION 3.1. For n > 2, let A, := Add(k,. kn42). Let ko denote ., and set
Ay := Add(w, k). Let A; = > ucindex Add(u™, k3). (The set Index will be defined
below, as it relies on the initial stage of both the Cohen and Laver parts of the
forcing.) We use & to refer to the value of u™ chosen by a fixed generic. Let A be
the full support product of A, for n < w.

We will use A[, ) to denote [ [, -, <, 4i: half-open and open intervals are defined
similarly. A | o denotes Ay ,) x A, [ a. where n is the least such that & < k.
Next we define the Laver preparation.

DEerINITION 3.2. We define two posets, B in 7 and U in the extension of " by A,
recursively as follows:

(1) Conditions p in B are functions with dom(p) C v so that for every inaccessible
cardinal o, |dom(p) Na| < a. In particular, |dom(p) N k2| < Kyeo for
each n.

(2) If o € dom(p). then « is inaccessible, not equal to any «,. o € dom(¢).
and ¢(a) is an (A | @) % (U | &) name for a poset forced to be < a-directed
closed.

(3) p(a)isan (A | )% (U | a) name for a condition in ¢(«).
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(4) p* < p in B if and only if dom(p*) O dom(p) and for each o € dom(p).
(0. p* 1 ) forces in (A | @) = (U | a) that p*(a) < p(a).

(5) Let 4 be generic for A. U = U[A4] has the same conditions as B. The order is
given by p* < pifand onlyifdom(p*) O dom(p) and there exists a condition
a* in A4 so that for every & € dom(p). (a* | . p* | @) forcesin (A [ &) * (U |
) that p*(a) < p(a).

Let Uy = U | k. and for all n > 0 let U, = U | [Kpt1. kns2). We define Up ) =
U | ky42; note that Uy ) is a poset in V' [A[g u].

DEFINITION 3.3. Let f < vandlet Fbeafilterin A « U | f. We define B7 | [S.v)
to consist of conditions p € B with dom(p) C [, v) with the ordering p* < pifand
onlyif dom(p*) O dom(p) and there exists (a. b) € F so that forevery o € dom(p).
(a | a.bUp* | a) forces p*(a) < p(a).

REMARK 3.4. Given a generic A4« U for AxUover V., with F = A | B+ U | B.
U | [B.v) may not be a generic filter for B*Y | [8.v). However, we can force to add
afilter G C U [ [B.v) that is generic for B*¥ | [B.v). We call this forcing the factor
forcing refining U | B to a generic for BYF | [B,v).

Fact 3.5[14, Claim 4.7].  Let B < B. Suppose that F is generic for A | fxTU | §
over V. Then B*Y | [B.v) is < f directed closed in V[F].

Fact 3.6 [14, Lemma 4.12]. Let n < w and let A x Uy, be generic for A x TfJ[o_n]
over V. Then in V[A)[Ujon]. kns2 is generically supercompact. Moreover, this super-
compactness is indestructible under forcing with < k. »-directed-closed forcings in
V [Am][Up.m]- The forcing poset producing this embedding is Add(k,. t(k,12))" x
Add(’il1+la7z(’§n+3))’/' .

By this we mean the following. Let A be generic for Add(k,.n(k,2))" x
Add(k,41.7(kny3))" . Let 2> K42 and let G be generic for some K, ,-directed-
closed forcing in V[Apml[U.n,]. Then in the generic extension V[A][U[o,n]][G][AA]
there is an elementary embedding m : V[A][Upn][G] — VAATIUR 4 IIG67] with
critical point k2, such that n(k,42) > A, n [ Ord € V., and VAATIUG ,IG™] is
closed under J.-sequences in this generic extension.

DeFINITION 3.7. We define the set Index as the set of all 4 < k; so that:

(1) u is a strong limit cardinal of cofinality w and dom(¢) has a largest point 4
below u.

(2) Over any extension V[E]of V by a u* closed poset, the further extension by
Ag | A% Uy | 2+ 1 does not collapse (u™)".

(3) Ag [ A% Uy | A+ 1 has size at most u+.

We note that there are many elements in Index. In particular, consider the case
where y is a strong limit cardinal with cofinality w above k; and i : V — V* is
some y-supercompactness embedding with critical point ;. Then the largest point
of dom(i(¢)) below y will be k5; by elementarity there are many u satisfying the first
condition. If |¢(1)| < w. then the second and third conditions will be satisfied, since
Ao | 4% U | A+ 1 will have size less than x and so will not be able to collapse u*.

Finally. we define the collapses.
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DEFINITION 3.8. For each n < w. define C,, in V" as follows. Conditions in C,, are
functions p such that:

(1) dom(p) is contained in the interval (k, (1. k,12) and | dom(p)| < Kuy1.
(2) Foreach a € dom(p). p(a)isan (A [ @) * (U | k,11) name for a condition
in the poset Add(k,.1. 1) of the extension by (A | ) * (U | Ku41).

We define the ordering by p* < p if and only if dom(p*) O dom(p) and for each
a € dom(p), theempty conditionin (A | ) * (U | k,41) forces that p*(a) < p(a).
Let C be the full support product of each C,,.

Note that Cy is defined using ;, which is not a priori known. When we have
access to a generic for A, we will use the x; determined by this generic; if not, we
will view it as a parameter in the definition. We will occasionally refer to this poset
as Cy(r1) if the choice of %1 is not clear from context.

DEFINITION 3.9. For a filter F C A % U define the enrichment of C to F, denoted
by C*F', to be the poset with the same conditions as C but the order given by p* < p
if and only if there exists a condition (a,u) € F so that for each a € dom(p).
(a la.u [ ki) IFpaurs P*(@) < pla), where i is the largest such that x; < a.

REMARK 3.10. Let A4 * U be genericfor Ax U, F = 4 | k, * U | k,.and let S be
generic for C™4*U As before, we can find a factor forcing refining S [ [k,.v) to a
generic for C*F' | [k,.v).

FactT 3.11 [14, Claim 4.15].

(1) Let Fbe generic for A | U | pfor B < kps1. Then CHF | [kys1.v) is < Kons
directed closed in V[F].

(2) Let B € (Kns1. knso) and let F be generic for A | B % U | kps1. Then CHF |
[B. Kni2) is < Kyi1 directed closed in V[F].

Let A4 be generic for A, U be generic for U over V[4]. S be generic for CT4*V
over V[A][U]. and e be generic for Col(w, u) over V[A][U][S]. noting that u is
determined by the generic for A included in 4. The final model is V[A][U][S][e].

The cardinal structure in this model is what one would expect.

Fact 3.12. In V[A][U][S]le]. the following properties hold.

ok, = N, for each n.
o 2fn = g, 5 for each n.
0 2% = k5.

Fact 3.13 [14, Lemma 4.24]. V has the < k,-covering property with respect to
VIA[U]S]1le] for all n > 2.

3.2. The strong tree property at the successor of a singular. To obtain the strong
tree property at X, . |, we will generalize [ 14, Lemma 3.10] to the strong tree property.
For full generality, and to allow us to use it in later results, we will prove the lemma
for the successor of a singular cardinal of any cofinality. The main obstacle here is
that the strong tree property is a global property that must hold for every 4; we solve
this by bringing in an auxiliary poset that collapses 4 to v*.
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THEOREM 3.14. Let t be a regular cardinal. Let (k, | p < t) be a continuous
sequence of regular cardinals above t, with supremum v. Let Index C kg, and fix
p' < 1. For each u € Index, let L, be a forcing poset of size < k. Let R be a rank-
initial segment of V satisfying a large enough fragment of ZFC. For all /. > vt with
AV = A, let K = K; be a poset preserving all cardinals < v* that forces |\| = v*. Let
K be generic for K. Suppose that:

(1) For each X < R with |X| = A and J. C X such that K is in the transitive part

of X, let V = Vy be the transitive collapse of X. For stationarily many X, in
VK] there exists a v -Knaster poset H = Hy such that H forces the existence
of a generic v*-supercompactness embedding i : V[K] — M[K*] with critical
point kg such that v € i(Index). and a set L such that L is generic over M[K*]
SJori(L)(v).
(2) In V[K]. for all ordinals p < t, there is a generic v*-supercompactness

embedding j,» with domain VK] and critical point k,.>, added by a poset F
such that the full support power F*» is < k,-distributive in V[K].

Then there is u € Index such that the strong tree property holds at v* in the extension

of Vby L.

ProOF. Suppose not. Then for every 1 € Index, there exists 4 > v* regular such
that there is a thin P+ (1)-list with no cofinal branch in the extension of ¥ by L.
Applying Fact 2.5, by taking an upper bound, we can assume that A is the same
for each u. Similarly, by increasing A if necessary we can assume that A" = 4. For
each u € Index, let d* be a L,-name for a thin P, (4)-list forced by the empty
condition to have no cofinal branch. Assume that the empty condition in L, forces
the zth level of d* to be indexed by (6%(¢) | ¢ < v). We work in V'[K]. Note that A is
collapsed. but we can still examine cofinal branches through a thin P, + (1)-list when
/4 is merely an ordinal. In fact. since 4 has cardinality and cofinality v*. P+ (4) is
order isomorphic to P,+(v"). We can thus assume that, in V'[K]. d* is a L,-name
for a thin P, (v*)-list. Since v is cofinal (actually club) in P, + (v*). we can further
assume that d* is indexed by ordinals.

Let I ={(r.u) | u €Index,r € L,}. For s =(ru), let R, be the relation
(@ OR;(p.&)iffa < pandr Iy, 65(0) = 67(&) Nev.

Let X. V. and H be as in condition (1), with the function x — d* contained in
X. Let G be generic for H over V[K]. and let i, L € V[K][G] be as in condition (1).
Noting that v € i(Index). we can apply the image of this map to v to obtaina i (IL) (v)-
name for a thin P,+ (1)-list, that we will denote by id”. Let id* = (id*); € V[K][G].
and denote the ath level with ig), similarly.

Lety € i(v™) suchthaty > i”v*. Foreach a < v, there exists p, with p’ < p, <
tand &, < i(k,,) such that iai"(a)(éa) =ig)(0) Ni(a). Let p, be an H-name for p,.
Note that the construction of this name does not depend on the choice of generic
G, since the existence of such a p, is forced by the empty condition; the generic is
used for notational convenience.

Working now in V[K], for each o < v, let h, € H decide the value of p, to be
some ordinal p, < 7. Since 7 < vt are both regular, and H is v*-Knaster, in V[K]
we can obtain an unbounded set S C v* and a fixed p < 7 such that for any o.
both in S, s, and hg are compatible, and p, = pg = p. Note that by construction,
Pl < p.so|Ly| < 5,
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LEMMA 3.15. (Ry)ser is a systemon S X k.

Proor. The first two conditions are trivial, so it suffices to verify the third. Let
a < f € §. Let p be a common extension of /i, and /g, and let G be a generic for H
over V[K] containing p. Work in V[K][G]. Then there exist {. ¢ < i(,) such that
io"l,v(a)(i) = i0)(0) Ni(a) and ial,v(ﬁ)(f) = ig)(0) N i(f3). We conclude that M[K*] |=
Ju € i(Index),r € iL,, and {,& < i(k,) such that r I+ oiv(a>(C) = oiv(m(f) Nia).
By elementarity. there exist 4 € Index.r € L, and {, £ < &, such that r I+ 64 ({) =
a;;(f) N a. In particular, letting s = (. 1), we have that (a. ()R, (8. &). 4

Lemma 3.16. There exists s € I such that Ry has a cofinal branch.

PrOOF. By assumption, we have a generic v*t-supercompactness embedding j
with domain V[K] and critical point s,.3, added by a poset F with generic F
whose full support power is < k,1-distributive in V. In particular, this power is
< Kp41-distributive in V'[K]. so it satisfies hypothesis (2) of Lemma 2.22. Recall
that |L,| < k9. We can assume that the underlying set of L, is an ordinal below the
critical point of j, so that j fixes L., pointwise.

Work in V[K][F]. Let y’ € j(S) such that y’ > sup j”v*. For each § < x, and
s = (u, p) € I, we define

bs = {(@.0) | @ € 5.0 < rpop by, JGE(O) = j(0) N j(@)).

We claim that (bys | s € 1.0 < K,) is a system of branches through (R,)cs. By
construction, each by s is linearly ordered and downwards closed. It remains to verify
that | dom(b,.d5) = S. Since k, < crit(j). and (Ry)s¢; is a system, we can apply
elementarity to conclude that for all & € S there exist (.0 < k, and s = (u. p) €
j(I) = I such that

Pk, J(64(Q) = jo4(6) N j(a).

In particular, | Jdom(b,s) = S.

Note that this system of branches is in V'[K][F]. Noting that || < x,. we apply
Lemma 2.22, we conclude that there is some (s.d) € I X &, such that by is cofinal
and belongs to V[K]. -

Now we finish the proof. Let b, s be the cofinal branch from the previous lemma,
with s = (u. p), and let L be generic for L, containing p. We define an LL,-name
ftss = U{64(() | (. () € bys}. Since by 5 is a cofinal branch through Ry, 7,5 will be
a cofinal branch through d# in V[K][L].

Since K is x,/-closed in V. and L, is x,-cc. by Lemma 2.20 we see that K is
forced by L, to have the thin v*-approximation property. It follows that K could
not have added a cofinal branch to V'[L]. so d* must have a cofinal branch in V' [L],
contradicting our original assumption. -

3.3. ITP below ¥,. Next, we show that in this model, we have ITP at N, for
all n > 2. The argument follows that of [14, Section 4], using the stronger branch
preservation lemmas described in Section 2.

THEOREM 3.17. In the model V[AJ[U][S][e], ITP holds at X,,.» for all n.
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PrOOF. Let d = (d.

z € (Pe,.» (1)) VIAIUISKe]y be a thin Pr,.,(4) list in
VI[A]J[U][S1[e]- We wish to show that it has an ineffable branch.

We repeat the argument of [14], examining in particular the proof of [14, Theorem
4.29]. This construction will produce a lifted A-supercompactness embedding with
critical point k,,, contained in an extension of V[A][U][S][e]. We record the
definition and some properties of the forcings used to produce this embedding.
A detailed exposition can be found in [14, Section 4].

Let F = A | ky10 % U | Kyi0. Let Py be the factor forcing refining U | [k,42. V) to
a generic G| for B*F | [k,42.v). and let P, be the factor forcing refining S | [£n42. V)
to a generic G, for C*F | [k,42.v).

PRrROPOSITION 3.18. There exists a generic A-supercompactness embedding
n: VIAUpmlG1I[G2] — VA U ]G 1165 ]

with critical point k.o, contained in the extension of V[A][Uj.nl[G1][G2] by the
product of Add(k,,. n(k,42))" and Add (k1. 7(Kps3))” .

PrROOFE. B*F | [k,42.v) and CTF | [k,4,.v) are in V[F]. and by Facts 3.5 and
3.11 they are < &, directed closed in V'[F]. So using Fact 3.6, we obtain the desired
embedding. -

Consider the map f +— CTA15*Ulknst | [B k,.5) described in the second part
of Fact 3.11, defined for f € (k,41.%,42). Note that the image of  under this
map is in V[A | B][U | kn+1]- Consider the image of this map under 7; this takes
each B € (k,41.7(k,12)) to a forcing contained in V*[A4* | B[U* | knp1]. Let Ps
denote the image of k,.» under this new map; i.e., P3 = n(C)*4mn+2xUlkus1 |
[Kni2.m(kni2)). Note that Py € VA" [ ky2l[U* | kni1] = VA | 012][U |
Knt1]. Since V* C V[Ap,,2.,)] (see the proof of [14, Lemma 4.12]). we conclude
that P3 € V[A[120))[4 [ &n2][U | Ky11], so in particular Py € V[AJ[U][S][e]. Let
G5 be generic for P; over V[A][U][S][e].

ProposiTION  3.19. The embedding n restricts to an embedding from
VIANUISp11.0)] to V*[A*][U*][S[*;H’w)]; this restriction extends to an embedding
from V[A|[U][S][e] to V*[A*[U*][S*1[e] (which we will also denote by =). This
embedding is contained in the generic extension of V[AJ[U][S][e] by the product of
Py. P,. Add(k,. 7T(’in+2)) v, Add(nn+1» 77-'("5n+3)) V. and P3.

Proor. Let U* ) be the upwards closure of G} in n([U[,, +1w))- It is generic

[n+1.0
for n(U[,,H’w)) over V*[A*][U*][S[“;H,w)]. Let U* be the concatenation of U[B,n]
and U[’; o) Then U* is generic for n(U) over V*[4*]. and G; is generic over

V[A*][U*]. We can restrict 7 to an embedding (in a mild abuse of notation, we will
denote all restrictions and extensions by ) from V[A][U][G,] to V*[A*][U*][G5].

LetS; ., be the upwards closure of G} in n((C)[;ﬁ *wl;* . As before we can restrict

n further to an embedding from V[AJ[U][S(,41 )] to VA" ][U*][S; )]. Noting

[n+1.0
that e and Sy 1) are generic for forcings of size less than x,1», and are thus below

the critical point of 7, without any further forcing we can extend 7 to an embedding

from V{AJ[U1[Sp11.0)][Swr-nlle] to VAT IUS,, ) [S10.-11]le]:
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Finally, let G; be the upwards closure of G3 in 7(C) AU ) [Kpi2. w(Knsn)).
Let S; = S, x Gy . This is generic for 7(C;4*V) = z(C,)**™*U". We can extend
n to an embedding from V[A][U][S][e] = V[AU][Sps1.0)][S0.n-nllellSa] to
VIANUTS,, g o) IS0 0]lellSy] = VAT UT][S™ ][e]- B

Let A, be a generic filter for Add(k,.7(kn.2))" and let 4,., be generic for
Add(k,41.7(k,43))" . Since all posets are contained in V[A4][U][S][e]. we can add
them in any order. We will add A,,H first, followed by G| x G, x G3 and then A

Since the posets adding the embedding are not defined over the full model, we
need some facts about the construction to determine their properties.

Fact 3.20 [14, Lemma 4.26]. For all n < w, all sequences of ordinals of length
< kny1 in VIAJ[U][S]le] belong 10 VA | kn2]lU | £nr1]lS [ Kns1lle].

Facr 3.21 [14, Remark 4.27]. If a forcing Q is k,+1-closed in V, then it is < Kp41-
distributive over V[AJ[U][S][e].

With these facts in hand, we record some properties of these posets.

ProPoOSITION 3.22 [14,AClaims 4.30 and 4.31]. Py, Py, and P3 are K,y closed in
VIAILUILS | [Bng1-v)][Ani1]-

Proor. First we show that each poset is closed in V[A][U][S | [Kns1.V)]-

By Fact 3.5, every decreasing sequence of P; with length < x,,,» in V[F] has a
lower bound. By Fact 3.20, every decreasing sequence of length < &, | belonging to
VIAILUILS | [Kns1.v)] must be in V[A | £,42][U 1 6,211[S | #n41]. The sequence
came from V[A][U][S | [£a11.v)]. and that model and V[A | 5,2][U | £,11[S |
Kn+1] are mutually generic extensions of V[A | k,42][U | ku+1]- Since the sequence
is present in both models, it must be be in V[A4 [ k,2][U | kni1] € V[F], and
thus have a lower bound in P;. We conclude that P; is &, -closed in V[A][U][S |
[Kny1.v)] as desired.

The proof for P, is analogous, using Fact 3.11 in place of Fact 3.5.

Finally we verify that P; is closed. By the second part of Fact 3.11 applied
in V*[A*][U"]. P3 is kyq1-closed in VA" [ ky2][U” [ Kpg1] = V7[A | Kni2][U |
Knt1]. Vs kupo-closed in V[Ap,00,)] s0 VA ] ku2][U | Kus1] 1S Kpso-
closed in V[Ap 20)l[A4 [ Kni2l[U [ 411]. We conclude that Py is &, -closed
in V[Api20)[4 [ &02][U | n11]. By Fact 3.20, any sequence of ordinals of
length < &,,.1 in V[AJ[UI[S | [nr1.v)] is in V[A4 | £,42][U | £n41], and thus in
VIApi20) A T £n2][U | Ka41]. So any descending sequence of conditions of P
thatisin V[AJ[U][S | [Fns1.V)]]isin VIApi20) A T £n2][U | Kny2], and thus has
a lower bound. We conclude that P; is k,1-closed in V[A]J[U][S [ [Kn+1. ).

Since A,.1 18 Kyy1-closed in V, by Fact 3.21 it is k, -distributive over
VIANUIS | [Kns1. V)] It follows that Py, P», and P; remain x,;-closed in
VIAIUIS T [Knr1. v)[Ansa]- B

ProposiTiON 3.23. V[A][U][S][e][4 ,,+1] IS a Kpy1-cc extension of the model
VIAILUS | (st V) Aps]-
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ProOOF. The extending poset is (C*A*U x Col(w, u). Every piece of this poset has
size < K41 except (le'f’*U, soitis enough to verify that this poset is k,1-cc. By Fact
3.13, V has the < k,1-covering property in V[A][U][S][e]; since /fn+1 I8 < Kpy1-
distributive, V" likewise has the < . -covering property in V[AJ[U][S][el[Ans1].
and thusalsoin V[A][U][S | [Kn+1, v)][/f,,H ]. A standard A-system argument, using
Lemma 2.15 and the fact that «,,.; is inaccessible in V[A][U][S | [Knt1, v)][AAnH],
yields that the poset has the «,; chain condition. .

By Lemma 2.6, d has a cofinal branch b in V[AJ[U][S][e][dn+1][G X G x
G3][AA,,], that is ineffable if it is contained in V[A][U][S][e]. It remains to show
that this branch is actually present in V[A][U][S][e]. To do this, we will show that at
each stage, the forcing has the appropriate approximation property, and then verify
that b is approximated by that forcing.

Cram 3.24. The branch b is in V[A][U][S][e][/fnJrl][Gl x Gy x G3].

Proor. First we show that Add(k,.n(k,42))" has the k,,i-approximation
property. Note that k., is collapsed in the extension by G| x G, X G3, since G3 will
collapse all cardinals in the interval [k, 7(k,42)). but the cofinality of &, in the
extension is at least ;1. .

Since V[A[U][S][el[A4n:1] is the extension of V[ANUIS | [Kns1.V)[Ani1] by
a ky,.1-cc forcing, by Lemma 2.10 we see that G x Gy x G; doesn’t add any new
sequences of ordinals of length k,.; to V[A][U][S][e][4 n+1] If n > 1, by Fact
3.13, V has the k, j-covering property in V[AJ[U][S][e][4 n+1][G1 x Gy X Gs].
Applying Lemma 2.15. we see that Add(k,.7(k,.2)-2)". which is the square
of Add(k,.n(k,12))". is K,s1-cc over this model. Lemma 2.13 gives us that the
poset has the k,,-approximation property. For n = 0, we see that the square of
Add(ky. m(kns2))" is ki-cc in any model where & is a cardinal. '

Let b be a name (in V' [4][U][S][e]) for the branch b. We will verify that b is x,, -
approximated by Add(k,.7(k,2))" over V[A][U][S][e][4.][Gi x G2 x G3]. Let
W denote V[ANUIS | [Kns1.v)I[Anr1]. We note that the product Py x P, x Pj is
Kni+1-closed in W by Fact 3.22, and V[A][U][S][e][AA,,H] IS a K,41-CC extension
of W by Fact 3.23. Then by Lemma 2.10, forcing with P; x P, x P; over
VIA[U][S]e][4 ,,H] will not add any sequences of ordinals of length < k1.

By Lemma 2.8, it follows that b is thinly &, »-approximated by the full forcing
Add(fin+1,ﬂ(f$n+2))V X P x Py x Py x Add(fin,ﬂ(fﬂ',n_;,_z))’/ over V[A][U][S][e],
and thus &, j-approximated by the same forcing over V[A][U][S][e]. Since the
poset Add(k,. 7(k,43))" is K, 1-cc. we can apply Lemma 2.11 to conclude that b
is K,41-approximated over V[A][U][S][e][A4 n+1][G1 X Gz x G3]. Thus the branch
could not have been added by A,. We conclude that b € VIAIU]S]e]ll4 n+1][G1 X
Gy X Gg]. —

Cram 3.25. The branch b is in V[A][U][S][e][/f,,ﬂ].

Proor. To show that adding G| x G, x G35 does not add a branch, we follow
the argument of [14, Lemma 4.29]. Recall that P; x P, x P53 is &, -closed in
W = VIAIUIS | [£ns1.v)[Ans1]. and that V[AJ[U][S][e][An+1] is an extension
of W by a k,.j-cc poset. Note also that 2 > k,,; in W. By Lemma 2.16,
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VAU ][S][e][A:nH][Gl x Gy x G3] has the thin k, . ,-approximation property over
VIANULS el An ). ,

Let b be a P; x P, x P3-name for b. Note that by Lemma 2.8, b is thinly
kneo-approximated by the forcing Add(k,41.m(kns3))” x (P; x P, x P3) over
VIAI[U][S]e]. Since Add(k,+1.7(kn43))" is Kyy2-cc, we can apply Lemma 2.9 to
see that b is thinly &, ;-approximated by P; x P, x P3 over V[AJ[U][S][ell4n+1]-
It follows that » cannot have been added by G| x G, x Gz, and so b €

VIALUNST el Ani]- B
Cram 3.26. The branch b is in V[A|[U][S][e].

ProoF. Since the square of Add(k, 1. 7(k,43))" is kupa-cc over V[AJ[U][S][e].
by Lemma 2.13 we see that Ad'd(lﬁ'/n+1, n(kns3))” has the k,,2-approximation prop-
erty over V[A]J[U][S][e]. Let b be a Add(k,+1.7(ku13))" -name for b. By Lemma
2.8. b is Ky 2-approximated by Add(k,+1.7(k,13))" over the model V[A][U][S][e].
Thus 4,., cannot have added the branch, and so b € V[A][U][S][e]- =

We have shown that the branch b found in the larger model was actually present in
the target model V[A][U][S][e]; as described in Lemma 2.6, b must be ineffable.

3.4. The strong tree property up to X, .. Finally, we put all the pieces together.
The argument here is very similar to [14, Section 6]. We replace [14, Lemma 3.10]
with Theorem 3.14, and modify some details to accommodate the auxiliary collapse.

THEOREM 3.27. Let {k, | 2 < n < w) be an increasing sequence of supercompact
cardinals with supremum v. Then there are generics A for A, U for U over V[A], S
for C**U oyer V[A][U]. and e for Col(w, u) over V[AJ[U][S]. such that in the final
model V[A][U][S][e] we have the following properties:

o N, =k, foralln < w,

o N, is strong limit,

o« (1) =Ry,

o the strong tree property holds at X, 1,
o ITP holds at X, for2 < n < .

ProoF. In order to apply Theorem 3.14, we need to separate the pieces of
the forcing that depend directly on ;. In particular, we wish to examine the
forcing with Add (k. k3)" x Co(k;)T40*% x Col(w. k1) removed. Unfortunately
Uy ) and C[ﬁf;)U rely on the generics for the forcings we wish to remove, so we pass
to the versions of these posets that do not depend on the earlier generics. To do this,
we need the following definition.

DEFINITION 3.28. Let F be a filter on A | B+ U | S. Lety <vandlet Bbea
filter on B*Y | [B, 7). We define afilter F +BonA [y*U [ yby F+ B = {(a.u) |
(a,u ] B) e Fandu | [B.y) € B}.

Let Ay x Uy be generic for Ag * U, over V. Let By ) be generic for Bai?;% [

[k2.v) over V[Agx Up]. Let Cpy ) be generic for CT40*%t5 | [, v) over V[Ag *
Uol[Bj1 )]- Let A, be generic for A, ) over V[Ag x Upl[ By o) I[Cp1 )] Let M
denote the model V[Ap )[40 * Uol[B1 o) [ Cpio)]-
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For each u € Index, let L, be the poset Add(u™,rs3)" x Co(u™) 1ol x
Col(w, ). L, is the remaining piece of the forcing that depends on &, with u*
chosen to be the value of k1. Recall that & is a parameter in the definition of Cy, so
by Co(u™) we mean Cy defined relative to the parameter k1 = u™.

Let A > v+t such that A¥ = 4. Let K be generic for Col(v*.1)". Since K is
mutually generic with the remaining pieces of the forcing, we have that M[K] =
VIKI[Ap.0)l[Ao * Uol[Bi o) I[Crio)l-

Cram 3.29. In V[KI|[Ap,]. there is a v*-supercompactness embedding m :
VIKIAp)] — VKA1 with critical point ry and |7(ka)| = v, such that

v € n(Index). Inany extension MK |[Ao] of M[K] by the poset Add(w. [r2. 7(k2)))" .
n extends to an elementary embedding w : M[K] — M*[K*] with v € n(Index).

Proor. The existence of this embedding in V[K][4,,,] is immediate from
the indestructibility of ,, noting that K x A, is generic for a rp-directed
closed forcing. The fact that this embedding extends to have domain M[K] and
the fact that v € n(Index), are analogous to the proof of [14, Lemma 5.7]. To
verify that v € n(Index), we can apply the arguments of [14, Lemma 5.7] in
MI[K] = V[K][Ap.w)llAo * UollBp o)[Cit o]: since Col(vt, 4)” is vt-closed in V.,
there is no obstacle to doing so. -

The following claim is a strengthening of [14, Lemma 5.8], and is why we require
the auxiliary collapse Col(v*t, ). In order to have the small models contain all
relevant objects, they need to be of size at least |4|; since we have collapsed A to v+,
however. the v*-closure of our posets is sufficient to obtain the desired generic.

Cramm 3.30. Let R be a rank initial segment of the universe, large enough to
contain all relevant objects. Let M[K] = V[K][A[3,)1[4o * Uol[Bp o) I[Cli o)]- where
V is the transitive collapse of X < Rwith X e V.V, C X, |X| =4 AC X, and X
is closed under sequences of length v in V. Let Ay be generic for Add(w, (v**)M)
over M[K] (and also M[K]). Let & : M[K] — M*[K*] be the embedding from the
previous claim applied in M[K][/fg]. Let e be generic for Col(w, v) over M[K][z‘fo].

Then in M[K][/fg][e] there are filters A} and Sj so that A} x S§ X e is generic for
n(L)(v) over M*[K*].

PrROOF. As in7[14, Lemma 5.8]. itis enough to find a generic A7 x C; for the poset
Add(vt, 7(k3))"" x 2(Co)(v*) over VIK]1[Ap..)] that belongs to V' [K][A[y,,)]. This
can be done since Add(v*, 7(k3))"" x 7(Co)(vT) is vT-closed in VIK1[Ap.e]. and

V[K][4,,,)] has size v™. 5

Note that since 4 C X, Col(v*, 1) is in the transitive part of X, and thus is sent
to itself by the transitive collapse.

Cram 3.31. In M[K]. for all m > 3, there is a generic v*-supercompactness
embedding with critical point k,,. The poset adding this embedding is the product
OfAdd(Hrna 7Z(I<Jm+2))V, Add(’im+la ﬂ(”m+3))V~ andn((c)JrF[nerg I (K;ﬂ1+2’ n(’ierZ)),

B
where F is defined to be A * UO+ 0o) The full support kyth power of this poset is
< kp-distributive over M[K].
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PrOOF. The proof is the argument of [14, Lemma 5.6], carried out over V[K]
rather than V. Since K is generic for a v*-directed-closed poset. each k, remains
indestructibly supercompact in V[K], and all necessary properties of the other
posets over V will still hold in V[K]. =

Cramv 3.32. There is u € Index so that in the extension of M by L., the strong
tree property holds at v*.

Proor. It suffices to check that the hypotheses of Theorem 3.14 hold for all A, with
M serving as our ground model. First we note that M |= ;7 = K, for alln > 2,
and L, is k>-cc. The embedding for condition (1) is obtained from Claims 3.29 and
3.30. noting that for each A. the poset Add(w. [k>.7(k2)))" adding the embedding
is the product of a v*-Knaster poset and a v*-closed poset. The embeddings for
condition (2) are obtained from Claim 3.31. -

Let u be given by the previous claim, and let 4; x Sy x e be generic for L, over
M. Let A = Ay x Ay X Ap,). Let Uy ) be the upwards closure of By ) in Uy ).
and let U = Uy x Uy - Let Sy ,) be the upwards closure of Cj; ) in (C[ﬁfo*)U and
let S = So * S|j ). Let N be the model V[A][U][S].

ProposiTION 3.33 [14, Lemma 5.9]. There is a u"-closed extension N[G]
containing M[Ay x Sy, with G still generic over N[e] and both v and v still cardinals
in Ne][G].

Proor. The relevant model is the extension of N by the product of the factor
forcing refining Uy ) to a filter for B+40*Uo | [k, v) and the factor forcing refining

S[.0) to a filter for C+40*Uo | [k,,v). By Facts 3.5 and 3.11, every descending
sequence of conditions in these posets with length < k; belongingto V'[A4g * Up] have
lower bounds. From Fact 3.20 we see that every descending sequence of conditions in
these posets with length less than k] = uin V[A][U][S]belongto V[A4 | x1][U | k1].
so they must belongto V' [A4¢ * Uy]. We conclude that the factor posets are u-closed in
V[A][U][S]. When we extend N[e] by these posets, the resulting model is contained
in V[A][U | k11[B | [r1.v)][C][e]: this model preserves v, v+, and each ,. (For
more details about the cardinal preservation, see [14, Lemma 4.24] and [14, Remark
4.25].) o

In particular, N[G] projects to M[A; x Sp]. which projects to N. Moreover
MI[L,] = M[A; x Sy x e]. which projects to our final model N|[e].

CramM 3.34. In Nle). the strong tree property holds at v™.

Proor. This is almost identical to the proof of [14, Claim 6.5], using a slightly
more general branch lemma. Let d be a thin P,+ (4)-list. By Claim 3.32, d has a
cofinal branch in the model M[A4; x Sy x e]. )

Let N[G] be the extension of N given by Proposition 3.33. Since d has a cofinal
branchin M[A; x Sy X e], this branch is also present in N[e][G]. Applying Lemmas
2.8 and 2.20, we conclude that the branch could not have been added by G. It follows
that 4 has a cofinal branch in N[e] as desired. -

Cram 3.35. In Nle]. ITP holds at X, for alln > 2.
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Proor. This follows immediately from Theorem 3.17, noting that x, = N, in

Nle]. -
We conclude that in N[e], ITP holds at X, for 2 < »n < w, and the strong tree
property holds at vt = R, 1. This completes the proof. -

§4. ITP at the successor of a singular cardinal. In this section, we give an analogue
of Theorem 3.14, describing a general class of forcings which will obtain ITP at the
successor of a singular cardinal. In particular, we show that ITP can be obtained
at the successor of a singular cardinal with uncountable cofinality. Note that the
hypotheses of this theorem are a little bit stricter; we impose more constraints on the
structure of L, and we require s to be supercompact rather than merely generically
supercompact. Our argument is a generalization of the techniques in [8].

As is becoming standard, we will prove the one-cardinal case separately for clarity.

4.1. The one-cardinal case.

THEOREM 4.1. Let © be a regular cardinal. Let (k, | p < t) be an increasing
continuous sequence of cardinals above t with supremum v, such that nj,’ = Kp+1
Sor all p < . Let Index be a subset of kg. and fix p’ < t. For each p € Index, let L,
be the product of forcings P, and Q, where |P,| < u* and Q, is u**-closed, such that
|Ly| < k,. In addition. suppose that we have the following:

o ko is v -supercompact. with a normal measure Uy on Py, (v*) and corresponding

embedding i, such that v € i(Index).

e For all ordinals p < T there is a generic v*-supercompactness embedding j,.»

with domain V and critical point k,.». added by a poset F such that the full
support power P*» is < K ,-distributive in V.

Then there exists u € Index such that TTP(v*,v") holds in the extension of V by L,,.

PrOOF. Suppose not. Foreach i € Index, let d"beal y-name fora thin P, (v*)-
list with no ineffable branch. Assume that the ath level of d# is enumerated by the
names {64 (¢) | £ < v}. and that (for sufficiently large ) there are no repetitions in
this sequence.

By assumption, we have a normal measure Uy on Py (v*). with corresponding
embedding i : V — M. Let &, denote sup(ko N x). Recall that kK, = kg N x on a
measure one set, and [x — ]y, = k. Then[x — %]y, = ;" = v. Let u, denote
k7. Note that since v € i (Index), u, € Index on a measure one set. Note also that
l.dsvupi//‘ﬁ =[x~ ds/fiEx]UU-

LEMMA 4.2. There exists a successor ordinal p with p' < p < t. an unbounded
S Cvt. A€ U and a map x — (py.qx) such that for all x € A and o € xN S.
thereis & < Ky, such that (py.qx) Ibr,, dip Na = 66" (&).

Proor. Let L denote [x ~— L, ]Jy,. By assumption, each L, is the product
P, x Q. where [P, | < uf and Q,, is u!*-closed. Let P =[x — P, ]y, and
Q = [x = Qyu,]u,- We conclude that [P| < v*. Qis v**-closed. and L =P x Q.

Forall & < v, there is some successor ordinal p, < 7, ¢ < i(n,,a)., and (pa. ga) €
L such that (pq. ¢) IFL id's‘;lpl.,,v+ Nila) = io'i"(a)(f). Since Qis v -closed, working
inductively we can choose the conditions ¢, to be decreasing, with lower bound g.
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Since |P| < v* and 7 < v, there is an unbounded S C v™, a fixed successor ordinal
p <7, and a fixed p € P such that for all @« € S, p, = p and p, = p. Let [x —
Pxlu, = p and [x — ¢«]uy, = 4.

Applying Los’ theorem, we conclude that for all a € S. there is a measure one
set A, such that for all x € A,. thereis & < k, such that (py.qy) IFr,, dip.Na =
6h¥(&). Let A := AyesAg. Thisis a measure one set with the desired properties.

Let I = {(x. p.q) | p € Index, (p.q) € L, }. For all s = (u, p.q) in I. we define
the relation R, on S x k, by (. {)R,(f.&) iff @ < and (p.q)IF65() =
dg(f) Na.

LEMMA 4.3. (Ry)scr is a system on S X K,.

Proof. The first two conditions are trivial. For the third, let « < § both in S,
and let x € A such that o, # € x. Then there exist (py. ¢y) € L,, and {,¢ < &, such
that (p..qx) IF 65¥(0) = dgx (&) N B. In particular, letting s = (. px. gy ), We see

that (o, {)R,(B. &) as desired. 5

LEMMA 4.4. There exists an unbounded S’ C S and a system of branches (b |
s € 1.0 < k),) through (Rs | S’ X k,)ser such that each bys is a branch through
Ry IS8 X K,.

ProOOF. By assumption, we have a generic v*-supercompactness embedding j
with critical point k,4 3, added by a poset F with generic F whose full support power
F*+1 is < K, -distributive in V. Thus V satisfies hypothesis (2) of Lemma 2.22.
Note that [ itself must also be < ,1-distributive in V. Work in V[F].

Let y € j(S) \ sup j”v". Note that each L, has size < k,,3. As before, we can
assume that the underlying set of L, is an ordinal, so that L, is a bounded subset
of ¥, ,:it follows that j(I) = I. For eachd < k, and s = (u. p.q) € I, we define

p+3°

bys ={(a.0) | a €8.{<k,. (p.q) by, j(65(0)) = jo)(0) N jla)}.

We claim that (b5 | s € 1.6 < K,) is a system of branches through (Ry)c;. By
construction, each b, s is linearly ordered and downwards closed. It remains to verify
that | Jdom(bss) = S.

Since k, < crit(j), we can apply elementarity to Lemma 4.2, concluding that
for all @ € S and x € j(4) with j(a).y both in x, there exist (.0 < k, and
s = (Uy. px.qy) € j(I) = I such that

(Px= qx) IF]L,,X ](Jé” (C)) = ]0-;6” (5) N ](a)

In particular, | Jdom(b,s) = S. This system may not belong to V, since it is defined
in V[F]. but it satisfies condition (1) of Lemma 2.22. Applying that lemma. we
conclude that there is some (s5,6) € I x Kk, such that by s is cofinal and belongs to V.

Let D = {(s5.0) | bys € V'}. Since F is < K, -distributive, D € V', and in fact
(bss | (5,0) € D) is also in V. Since D must contain at least one pair (s,d)
corresponding to a cofinal branch, the set S’ = U(S', 5)eD dom(bys) is unbounded
inv*, and (bys)(,s)ep is a system of branches through (R, [ S” X k,)se;.

In addition, by taking a subset of I x &, if needed, we may assume that for all
s €l and n <J < K,, if by, and b,; are both cofinal, then they are distinct. In
particular, we can assume that if b, 5 and b, , are (defined and) equal cofinally often,
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then d = 5. We can do this by removing any duplicates, which may appear if j&} ()
and jg;' () are above sup j”v*. (Note that by the distributivity of I, the necessary
subset of I x k, will still be in V.) -

For all (s,0) € D, we define 7,5 = (J{65(() | (a.{) € bss}. As in [8], these
branches have some useful properties. Let s = (u. p.q) and s’ = (u.p’.q’). If
(p'.q") < (p.q). then Ry C Ry and bys C by for all 6 < k,. Moreover, if by,
is cofinal and (s5.9) € D. then (s'.J) € D. If by is cofinal. then (p. ¢) forces that 75
is a cofinal branch through d*.

Next, we wish to bound the splitting for all branches (including those not in V).
Working in V[F], for each 7 <6 < k, and s € I, we define o, s as follows. If b,
and b, are both bounded. we define o, 5 to be sup (dom(by,) U dom(b,,)). If not,
then we define a5 to be the least o such that for all &’ > a. b, (a’) and b,s(a’)
are not both defined and equal. Note that each oy, 5 is below v*: if it isn’t, then by, 5
must agree on cofinally many «, but since we have removed duplicate branches this
would mean thatd = #.

Let & = sup;eycoap, X + 1. Then if @ > & and b,s(a) = b,y (). d = and
by 1s cofinal.

Forall x € 4. let (py.qx) € L,, be asin Lemma 4.2. Define s, = (uy. px. ¢x).

LEMMA 4.§. There exists an unbounded S C S’ and A € Uy with A C A such that
forall x € Aandall o € S N x, the following statement holds:

(tra) <k, (s¢.0) €Dand(py.q.) I, dS’f&,Y Na=7,Na

PrROOF. Define 4, := {x € 4 | (f.4) holds }. It suffices to show that § = {a €
S" | A € Uy} is unbounded in u: if this holds. then 4 = 4 N A c5Aq will have the
desired properties.

Suppose S is bounded. Fix oy < v* such that @ < ag and 4, ¢ Uj for all @ > g
that are in S”. Define A’ := AN Ay caes'Pry (V1) \ Aa. Then A" € Up. and T4
fails whenever g < @, . € x NS’ and x € 4.

Let R! be obtained by removing every ground model branch from R;. That is,
foreach s € I, (o, {)RL(B. &) if and only if ap < . B € S”, (e, ()R, (B. &), and for
alld < k). if (s.6) € D, then (a. () ¢ b,s. We wish to show that (R})c; is a system
on (8" \ ) X K.

As before, the first two conditions are immediate from the definition. For the third,
suppose o < a < ff with o, f bothin §’. We need to show that there exists {, & < &,
and s € I such that (o, {)R.(B.&). Lety € j(S) \ sup j”v* be the element used in
the previous lemma to define the system of branches. Note that {x | j(«), j(8).y €
x}isaclubin P, (j(vT)). Since A" intersects every club in P, (v*). by elementarity
we conclude that there exists some x’ € j(A’) with j(a), j(#). and y all in x’. Note
that j(a). j(B) € j(S). Applying elementarity to Lemma 4.2, we conclude that there
exist £, £, 0 < k, such that

(prrqe) I j&10,(0) = joy " (0) N j(a). joly (€)= j&, (0) N j(B).

and each of these are forced by (p,-. ¢,) to cohere with j diip +- Note that x” may not
be the image of an element from the ground model. Since s, € j(I) = I, however,
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by elementarity there exists x € 4’ with a, f € x such that s, = s,». We conclude
that (a. () and (B, ¢) are both in bs , 5. With (. OR;, (B.&).

Since we are above the splitting, if (.0) € by s for any &’ # J. this branch must
coincide with by, 5. So to finish showing that (a. {) R} _(f. £). we simply need to show
that (s,.0) ¢ D. We will do this by contradiction.

Suppose (s.5) € D. Since ap < o and & € x N S’ with x € 4’, () must fail.
Then

(an‘bc) 2 ds!i{;x Na =75 Na.
‘We have chosen x so that

(Pr. qx) IF dls N = 61 (0).

But since (o, {) € by, 5, by the definition of 7;,_s we must have

(Px-qx) IF 715, 5 N = 62 ({).

This gives a contradiction. It follows that (s,,d) ¢ D, concluding our proof that
(R%)ser 18 a system.

For each (s.9) ¢ D. let b ; be the restriction of by to R;. Then (b5 | (s.9) ¢ D)
is a system of branches through (R%)ser- Repeating the argument of Lemma 4.4, we
conclude that there exists some s € I and ¢ < &, such that b/ ; [ R is cofinal and
belongs to V. Since we can recover bys from any cofinal subset, we conclude that
(s,0) must be in D, contradicting our definition of R/. This contradiction proves
our initial claim that S is unbounded; thus we can construct 4 with the desired
properties as described above. —

Let S*=S\(a+1): this set is still unbounded. Let A* ={x € 4|xnN
S* cofinal in sup x}, noting that 4* € Uj. For all x € 4* and a € x N S*, the
witness 0 to (Ty.q) depends only on x: if we have a < 8 both in S* and 0, o' < Ky,
where (py.q,) IF ds’flpx Na = nsm Na and (py.qy) IF cl’s’flf,v N B =, s N P. then
clearly (py.qx) IF 71, s N = 7,5 N . Since the branches are forced to cohere up
to a. and « is above the splitting, then (p.. ¢, ) must force them to be equal; since
we have removed duplicate branches, it follows that § = §".

_Since the witness 6 depends only on x, we see that for all « € §* N x, (pxsqx) I+
diipy N = 715, 5 N a. We conclude that (py. gy) IF digpx = 7, 5 N SUP X.

For each s = (u. p.q) and 0 such that (s.0) € D. we define Ty5 = {a < v |
(p.q) IFL, di = g5 Na}. Let T = U, s cp Tss- We have shown that {supx | x €
A*} C T, so T must be stationary. Since |D| < k, < v*, there must be some fixed
(5.0) such that T is stationary. Since L, has the v*-cc, it will preserve stationary
subsets of v™. We conclude that b, defines an ineffable branch through d* in any
generic extension of ¥ by L, containing (p. q). .

4.2. The two-cardinal case.

THEOREM 4.6. Let © be a regular cardinal. Let (k, | p < t) be an increasing
continuous sequence of cardinals above t with supremum v, such that n; = Kp4l
for all p < 7. Let Index be a subset of kg such that every u € Index has cofinality t.
For each p € Index, let L, be the product of forcings P, and Q,. where |P,| < u*
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and Q, is u* " -closed, such that |L,| < k, for some fixed p' < t. In addition. suppose
that we have the following:

® Ky is indestructibly v*-supercompact, with a normal measure Uy on Py, (v") and
corresponding embedding i such that v € i(Index).

o For all ordinals p <t and all 2 > v*, there is a generic A-supercompactness
embedding j,i» with domain V and critical point k,>. added by a poset F such
that the full support power F*» is < k,-distributive in V.

Then there exists u € Index such that TP holds at v* in the extension of V by L,,.

PrOOF. As before, let k denote ky. Suppose the theorem fails. Then for every
u < k. there is some A such that ITP(v ™, ) fails in the extension by L,. By taking

a supremum, we can assume that 4 is the same for all #, and that A" = J. For each
u € Index. let d* be a name for a thin P, + (2) list which is forced by 1, not to have
an ineffable branch. Let K be generic for Col(v*, )" over V. Note thatin V[K]. Ais
no longer a cardinal, since it has been collapsed; it is simply a set with size v*. Since
we can assume that A was regular in V, we can likewise assume that A has cofinality
vt in V[K]. It is still meaningful to discuss ineffable branches through thin P, (1)
lists when 4 is a set rather than a cardinal.

THEOREM 4.7. There is u € Index such that in V[K][L,], d* has an ineffable
branch.

Assuming this theorem, we will complete the proof of Theorem 4.6. Let b be an
ineffable branch for d# in V[K][L,]. Since Col(v*. 1) is v*-closed in V. and L,
is k,-cc for some p < 7. we conclude by Lemma 2.20 that Col(v ", ) is forced to
have the thin v*-approximation property. Therefore b € V[L,]. Since stationarity
is downwards absolute, b is an ineffable branch for 4# in V'[LL,], contradicting our
assumption. -

We will now prove Theorem 4.7. Note that in V'[K], 4 is no longer a cardinal,
having been collapsed to have cardinality and cofinality v*. Since 1 has cardinality
and cofinality v*, P,+ (1) is order-isomorphic to P,+ (v*). Using this isomorphism,
we can identify our thin P, (1)-list with a thin P,+ (v*)-list; an ineffable branch in
one will correspond to an ineffable branch in the other.

To finish the proof, it suffices to verify the assumptions of Theorem 4.1 in V[K].
Since Col(v*, 1) is v*-closed. each L, remains the product of a small and a closed
forcing. Since &y is indestructibly supercompact in V, it will remain supercompact
in V[K].

By assumption, for each p < 7, there is a generic A-supercompactness embedding
Jp+2 with domain V' and critical point x,.>, added by a poset F whose &,-
power is < k,-distributive in V. We wish to extend the domain of j,,» to V[K].
Note that | J j”K is a condition in j(Col(v*, A)VIKl) = Col(j(v*, j(4))"K]), so
the embedding will be contained in V[K][F][K*]., where F is generic for F
and K* is a generic for Col(j(v*), j(4))"K] containing | J j”K. Noting that
F x Col(j(v"),j(4))" %] will have a < k,-distributive «,-power, it follows that the
second condition of Theorem 4.1 holds. We conclude that there is x € Index such
thatin V'[K][L,]. d* has an ineffable branch. This concludes the proof.
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COROLLARY 4.8. Let t be a regular cardinal with t < X, and let (k, | p < 7) be a

continuous increasing sequence of cardinals with supremum v such that the following
holds:

® k,y1 = K, for all limit ordinals p < t.
o K, is indestructibly supercompact for all n < w.
® K, is indestructibly supercompact for all o < p < 1.

Then there is a generic extension in which ITP holds at X, , and t remains a regular
cardinal.

ProoF. Define

H = (1—[ COI(EP, < H,;.._])) X 1—[ COI(HP+], < Hp+2)

p<w w<p<t

and let H be generic for H. Let Index be the set of all 4 < k¢ of cofinality 7. For all
u € Index, let L, = Col(z, u) x Col(u™", < ko).

We apply Theorem 4.6 to V[H] to obtain u € Index such that in the extension
of V[H] by L, ITP holds at v*. In this extension, x,,1 = , for all p < 7. while
ko becomes 773, so v = X, and vt = X, ;. Note also that since every poset is either
T-cc or t-closed, t remains a regular cardinal. =

§5. ITP from R4 to X, 1. When we attempt to apply the results of the previous
section to Neeman’s construction, we run into several issues: in particular, L, willnot
be sufficiently closed, and Theorem 4.6 doesn’t work when i is a generic embedding.
We can avoid these issues by making the following modifications:

e We index our list of supercompact cardinals starting at 3 rather than 2. Our
choice of u € Index will select not only k1 := ™ but also xp 1= u™ 7.

e We replace Ay and A with the trivial forcings.

e We replace C with the trivial poset, since we do not need any collapses to
obtain k" = k;.

e Since Ay and A are trivial, we can remove most of the restrictions on Index.

e Since A is trivial, the poset C; will not collapse cardinals between x, and k3,
so we replace it with the trivial poset. We add Col(k,, < k3) to the product.
Note that this poset depends on the parameter Ky = u™ ™.

e Since Ay, A, Cy, and C; are all trivial, we do not require the initial stages of
Laver preparation, so we can set Uy, By, Uy, and By to likewise be trivial.

e We replace A, with ) Add(ut™, kg).

Note that &, will no longer be generically supercompact, so the tree property (and
thus also I'TP) will not hold at N, in the final model. Note also that since we removed
A, GCH will hold at Ry, so the tree property will also fail at Ns3.

We now formally define the construction. Let (k, | 3 < n < @) be an increasing
sequence of indestructibly supercompact cardinals with supremum v, and suppose
there is a partial function ¢ such that for all n, ¢ [ k, is an indestructible Laver
function for &, and for all @ € dom(¢), if y is in dom(¢) N o then ¢(y) € V,.

nEIndex

DEerNITION 5.1. We define the set Index as the set of all 4 < k3 so that u is a
strong limit cardinal of cofinality & and dom(¢) has a largest point 4 below u.
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Note that the elements of {u™ | 4 € Index} are the potential options for X;, and
{u™ | u € Index} are the potential options for N,. (Unlike in Section 3, we can
define this set in advance because 4y and A, are trivial, so Index won’t depend on
them.)

DEFINITION 5.2. Forn > 3, let A, := Add(k,, k,.2). Let ko denote w, and set Ay
and A; to be the trivial forcings. Let 4> = 3° 14 Add(u™, k4). We use k; and
K, to refer to the values 4t and u™* chosen by a fixed generic. Let A be the full
support product of A, for n < w.

The Laver preparation posets B and U are constructed exactly as in Definition 3.2,
except that we define By, B;, Uy, and U; to be trivial. Since Ay and A are trivial,
and we won’t be using C to collapse cardinals below k3, we do not need any Laver
preparation for those cardinals. The collapsing poset C,, is as defined in Definition
3.8, except that we define Cy and C; to be trivial.

Let A be generic for A, U be generic for U over V[A]., S be generic for CT4*V
over V[A][U]. and e be generic for Col(w, 1) x Col(u™, < k3) over V[A][U][S].
noting that x is determined by the generic for A, included in 4.

The cardinal structure in V[A][U][S]le] is similar to that in Neeman’s
construction.

Cram 5.3. In V[A][U][S]lel, the following properties hold.

ok, = N, for each n.
o 2fn = i, 5 for eachn > 1.

Proor. Clearly k; = Ny, and k; = nf’ in V. To verify that kK, = N,, we need only
check that &, is not collapsed. This follows from [14, Claims 4.18—4.21]. Similarly,
the cardinals between x, and k3 are collapsed, while x5 is preserved. For n # 4, the
proof that x,, = N, is identical to the proof of [14, Lemma 4.24]. Since x; = N, and
k2 = k] in V. we need only check that &, is not collapsed. This follows from [14,
Claims 4.18-4.21].

The proof that 2" = k,,,, for n > 1 is identical to the proof of [14, Claim 4.28].
(Note that this proof relies on several claims and lemmas—while our construction
is slightly different. the proofs of those claims and lemmas are identical.) —

LemMma 5.4. In V[A[U][S1lel. ITP holds at X, 1, for alln > 1.

Proof. The proof is exactly as in Section 3.3. While the model has changed
slightly, the proofs of the various facts used are identical to the corresponding
proofs in [14] for n > 2. —

THEOREM 5.5. Let (k, | 3 < n < w) be an increasing sequence of supercompact
cardinals with supremum v. Then there is a forcing extension in which X,, = k,, X, is
strong limit, (v*)V = R,,.1. and ITP holds at R, and at X, for 3 < n < w.

PROOF.  As before, we define an intermediate model M = V[ A3 ) [ Bp o) [ Cpo.) |-
and let L, =Add(u"". k4)" x Col(u*,< k3) x Col(w, u). Note that
| Col(w, u)| < u™, and Col(u™, < k3) is " -closed.

Next, we need to verify that the remainder of the forcing is u**-closed in M.
Add(utt. k)" is ut*-closed in V. To show that this poset is closed in M, we need
to show that all of the intermediate posets are likewise closed. A, is x3-closed.
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By [14. Claim 4.7], noting that A¢. A, Uy, and U, are all trivial, we see that By, ) is
Ky = u**-closed over V. Finally, C*2 | [k3.v) is k3-closed over V[B] by [14, Claim
4.15]. We conclude that L, is the product of a u**-closed poset with a poset of
size < ut.

Since k3 is supercompact, and the posets adding the embeddings for n > 3 have
suitably distributive powers, we meet the hypotheses of Theorem 4.6. It follows that
there exists x4 € Index such that in the extension of A by L. ITP holds at R, ;.

Let 4> x S1 x e be genericfor L, over M, andlet 4 = 4 x A[3,,). Let U = Uy
be the upwards closure of By, ,,) in Up ). Let Sy ) be the upwards closure of C, )
in C[ﬁfo*)‘f, and let S = S| x Spp,,). Let N be the model V[4][U][S].

CLAIM 5.6. Thereis a u™-closed extension N[G] of N such that G is still generic over
Nle). both v and v are still cardinals in N[e][G], and M[A; x S| x e] is contained
in N[e][G].

ProOF. Analogous to Proposition 3.33. The relevant forcing is the product of the
factor forcing refining Up, ) to a filter for B+42*U | [k3.v) and the factor forcing
refining S}, ,) to a generic for C™2*%2 | [x3,v). These posets are in V[A][U][S].
That they are u"-closed in V[A][U][S] follows from the proofs of [14, Claims 4.9,
4.16, and 4.26]; preservation of cardinals follows from [14, Claims 4.18-4.21]. -

Cram 5.7. In Ne], ITP holds at v*.

ProoF. Identical to the proof of Claim 3.34, using Claim 5.6 instead of
Proposition 3.33. o

Cram 5.8. In Nle], ITP holds at X,, for alln > 4.
Proor. Immediate from Lemma 5.4. =

We conclude that in N[e], ITP holds at N, ;; and at X, for all 3 <n < w,
completing the proof. o

§6. Successors of singular cardinals of multiple cofinalities. Given any regular
cardinal 7, along with t-many supercompact cardinals, we can apply the techniques
of the previous sections to obtain the strong or super tree properties at X, . If we
try to apply these techniques for multiple cofinalities 7y and 7; simultaneously, there
is a major obstacle: in the resulting model. 71 will be collapsed to 9. so 8, will only
have cofinality 7. Instead. if 7; is of the form @, for some successor ordinal o, we
can ensure that Nog, +1 as computed in the final model has ITP. In fact, this can be
done for finitely many such cardinals.

In this section, given any finite sequence oy, ... , a, of ordinals where a; < w,, and
R, is a regular cardinal, we construct a model where the strong tree property or ITP
hold at each ®,,, 11 simultaneously. First we demonstrate the construction for X,
and R, ;1. and then we present the construction in full generality. Note that the
large cardinal hypotheses are somewhat stronger than might be expected; we require
supercompact-many supercompacts, instead of w;-many supercompacts. This is
because we want to obtain ITP at R, ;1 in our final model V[H][L, ;]. which will
be defined below. In this model, w; = u*, so we require u™-many supercompact
cardinals; since u is not fixed ahead of time, and the only upper bound we have
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is ko, we need ko-many supercompacts. The same argument, using only w;-many
supercompacts, can obtain ITP at X, DV 41 but since (w;)" is collapsed by L, (for
all u > w) this will be the successor of a singular of only countable cofinality.

THEOREM 6.1. Let kg be indestructibly supercompact, and let (k, | p < Ko) be an
increasing continuous sequence of cardinals such that the following holds:

® Kp1 = K, for all limit ordinals p < Ko
® Ky is indestructibly supercompact for all n < w.
® K, is indestructibly supercompact for all < p < ky.

Then there is a generic extension in which ITP holds at X, 1 and the strong tree
property holds at X, ..

ProoF. As in Corollary 4.8, we define

H= (H Col(k,. < /€p+1)> X l_[ Col(Kp+1. < Kpi2)

p<w w<p<Kg

Let H be generic for H. Let Index = {(u.d) | cf(u) = w.cf(0) = ut. u<d <
ko }. For each pair (u.0) € Index. let L, 5 = Col(w. u) x Col(u™.d) x Col(6++, <
ko). We wish to find (u,d) € Index such that in the generic extension of V[H] by
L, s. ITP holds at R, | and the strong tree property holds at ¥, 1.

Let I be the projection of Index to the first coordinate. Forall u € I, let [, = {0 |
U <8 < ko.cf(d) = pu*}. Foreach u € I. consider theinitial segment (k, | p < u™).
with supremum v, := k,+. We now verify the hypotheses of Theorem 4.6.

For any d € I,. Col(w. u) x Col(u™.d) has size <", while Col(d"". < ko) is
0" "-closed; moreover |L, 5| < k».

In V[H], ko is v;-supercompact; let i be the corresponding embedding. Noting

that [x — li;r#+]yo = v,.and kit e I,. we conclude that v, € i(I,). Note also that
there are generic supercompactness embeddings j,» added by Col(k,1. j(k,+3)).
This poset is k4 1-closed in V[H | [p + 2. ko)]. and V[H]is a k,-cc extension of
this poset, so in particular the product COI(K//,+1, j (n,,+3))“/’ is < k,-distributive.

Thus for each u € I, we can apply Theorem 4.6 with respect to this initial segment
and 1, to conclude that there exists some J,, € 7, such that ITP holds at v, in the
generic extension of V[H] by L,

We will now pin down the first coordinate. Consider the initial segment (x; |
i < ®), with supremum v := k. In V[H], ko is v'-supercompact; let i be the
corresponding embedding. Noting that [x — £]”]y, =v. and [ is in I, we
conclude that v € i(1). Note also that |]LW5”| < Ky forall 4 € I, so we also meet the
hypothesis of Theorem 3.14 (with respect to the first w-many supercompacts, using
I as our index set). Thus there exists u# € I such that the strong tree property holds
at v™ in the extension of V[H] by L, ,. Note that the pair (u.d,) is in Index. Then
in the extension of V'[H] by a generic L for L, 5,. ITP will hold at v;, and the strong
tree property will hold at v*.

To finish the proof, we examine the cardinal structure in the new model. In
V[H][L], wis collapsed to w. so u™ = Ny. The other parameter J is collapsed to u ™,
s00" = utt = N,. After forcing with H, we have that x,+ = &, forall p < v, and
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in V[H][L], ko becomes 4. We conclude that since ' is the successor of the limit of
(kn | n < @), v =R, . Similarly, v/ is the successor of the limit of (x, | p < @1).
SO vﬂ+ =Ny 41 -

Now we generalize this argument to apply to any finite sequence of cofinalities.

THEOREM 6.2. Let a. ..., o, be an increasing sequence of ordinals, such that for all
i < n, wy, is a regular cardinal with o; < w,,. Let kg be indestructibly supercompact,
and let (k, | p < ko) be an increasing continuous sequence of cardinals such that the
following holds:

® k,y1 = Kk, for all limit ordinals p < Ky.
e i, is indestructibly supercompact for all n < .
® K, is indestructibly supercompact for all o < p < ky.

Then there is a generic extension in which the strong tree property holds at R, . for
all i < n. In addition, if a; 11 > a; + 1. then ITP holds at Nwa,-+l~

Proor. We define

H= <l_[ COI(“/;; < ﬁ/ﬂrl)) X 1_[ CO](“/HI» < /f/)+2)

pP<w w<p<Kg

Let H be generic for H. For all 0 < i < n, define /(i) as the unique ordinal # such

that a; 41 = o; + . In particular, this means that w,, | = w;rif @) Let Index be the
set of all increasing sequences s = (d; | i < n) such thatd, < k. cf(dy) = wq,. and

forall0 <i<n,cf(6iy) = 51.”'("). For all s € Index. in V we define

Ly := Col(way.d0) x [ [ Col(cf(6:).0:) | x Col(8,*. < o).

1<i<n

Note that for all s € Index, |L;| < &a.

We wish to show that there exists s € Index so that in the extension of V'[H] by
L, the strong tree property holds at Nwa’_+1 for all i < n, and if a1 > (0y) + 1.
then ITP holds at Nwai+1.

First, we note thatin V'[H], for any 2 > v", there are generic A-supercompactness
embeddings j,.» with critical point ,,, added by Col(k,1. j(k,+3)). This poset
is k,41-closed in V[H | [p + 2.k¢)]. and V[H]1is a k,-cc extension of this poset,
so in particular the full support product Col(x,11, j(k,+3))" is < K,-distributive in
V[H]. Note also that in V[H], k¢ is supercompact. Let 7 be a v*-supercompactness
embedding with critical point k.

We need to choose J; for all i; we do so inductively, beginning at J,, and working
downwards.

For every fixed s = (Jy,....0,1) in the projection of Index to the first n
components, let 6} = 6;{("’1), and let I, = {0 < ko | cf(d) =5, }. Note that for
allo € I, s70 € Index. Consider the initial segment (x, | p < J,). and let v/ be the
supremum of this sequence.
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Note that foreachd € I, Col(d;f ", < k¢) isd T -closed, and the remainder of L
has size < d*. Note also that %" is in I, for all x. so v € n(I;). Then applying
Theorem 4.6, we conclude that for each sequence s, there exists some J; € I; such
that in the extension of V' [H] by L~ ITP holds at (v")".

Now let 0 < k < n, and let s be a fixed sequence (Jy, ...,J;_|) in the projection
of Index to the first k components. Let v = sup(k, | p < cf(d;)). Let d; = 5,:-’; (e=1)
and let I, = {0 < ko | cf(d) = J; }. Working inductively, assume that for all § € I
we have determined a sequence s; = (J; | k < i < n) of length n — k such that the
sequence s; = 57075 is in Index, and in the extension of V'[H] by L. ITP or the
strong tree property holds at Vis forallk <i <n.

Consider the initial segment <n,, |p < 6+f () ), and let v¥ be the supremum of this

sequence. Note that f-:x % isin I for all x, so v" € i([y).
We factor Ly, as LI x L}, where each term is defined as follows. with dy
denoting o:

= Col(way.00) x [ Col(cf(;).6;).

1<i<k

= ( I1 Col(cf(é,»),é,»)) x Col(57. < k).

k<i<n

Note that for all o € I, ]L?(;| <6t . If oy > a; + 1, then cf (5, 41) > 67, so we see
that ]L},é is 6T *-closed. We apply Theorem 4.6 to choose some J; € I, such that in
the extension of V[H] by Lys, . ITP holds at (v¥)*.

If cf (641) = 7. we will not have enough closure to apply Theorem 4.6. However,
noting that || < x. we can instead apply Theorem 3.14 to select J; such that in
the extension of V[H] by ]Lsé , the strong tree property holds at (v¥)*.

We repeat this argument for k = 0. Let v be the limit of (k, | p < wq,). By the
previous stages in our construction, for each u in the projection of Index to the first
coordinate, we have built a sequence s, = u~ (6! | 0 < i < n) in Index such that in
the extension of V' [H]byL;, . ITP or the strong tree property holds at v;'# foralli > 0.

If cf (9]') > p*. then setting LY = Col(wq,.dy) and L to be the remainder of the
forcing, we can apply Theorem 4.6 to obtain some u such that after forcing with Ly,

ITPholdsat v*. If this is not the case, we can apply Theorem 3.14 to obtain the strong
tree property at v*. Let dp = u. and let s := s5,,. By construction, s € Index such
that in the extension of V'[H] by L. ITP or the strong tree property hold at v;" for

alli < n.
Finally, we examine the cardinal structure in this extension. The first chosen
cardinal &, is collapsed to @,,. while J; is collapsed to & A aﬂ(f m_ Wa, -

Working inductively we see that each J; is collapsed to w,,. The cardinals between
each successive k, are collapsed. and ko will become w/ n3 It follows that each v;
becomes /<.:0 P = =Ry, -

We conclude that, in the extension of V'[H] by L, the strong tree property holds
at Nwa,-H foralli <m,andifa; 1 > o; + 1, ITP holds at N(Uai+1. —
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§7. Open problems. The natural question is, of course, can we get ITP at X,
along with ITP at every X,,? As we have shown, the difficulty isat » = 2 and n = 3.

QUESTION 7.1. Can we obtain ITP at X, and at R, simultaneously? What about
at Ry, 41 along with X, for all2 < n < w?

Another more ambitious project is obtaining the tree property, or more
optimistically its generalizations, up to ®,, ;1. There are two major obstacles. First,
we would need to obtain the tree property at the successor of every cardinal with
countable cofinality. Golshani and Hayut have shown in [7] that this can be done for
any countable initial segment of these cardinals. (Using the lemmas in this paper,
their argument immediately generalizes to the one-cardinal version of ITP, but not
to the full two-cardinal property.)

QUESTION 7.2. Can we obtain the tree property (or ITP) at every successor of a
singular cardinal below X, ?

The other obstacle comes from the reflection principles used to obtain the tree
property at the successor of a singular cardinal. To obtain the tree property at X, 1.
N, in the final model will be 4™, where u is the chosen cardinal that is collapsed to
;. To obtain the tree property at N, using standard techniques, however, X, must
be generically supercompact.

QUESTION 7.3.  Can we obtain the tree property at X, and at R, | simultaneously?
What about the strong tree property or ITP?

Finally, while we have shown that it is consistent for ITP to hold simultaneously
at the successors of small singular cardinals with different cofinalities, our argument
is limited to finitely many cofinalities.

QUESTION 7.4. Given a sequence (y, | n < w) of regular cardinals, can we obtain
the strong tree property (or ITP) at X,, .\ for all n simultaneously?
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